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Existence of Periodic Solutions in Impulsive
Differential Equations™

Fangfang Jiang!'

Abstract In this paper, we are concerned with the problem of existence of
periodic solutions for a class of second order impulsive differential equations.
By Poincaré-Bohl theorem, we give several criteria to guarantee that the im-
pulsive differential equation has periodic solutions under assumptions that the
nonlinear term satisfies the linear growth conditions. Two specific examples
are presented to illustrate the obtained results.

Keywords Impulse, Poincaré-Bohl theorem, Periodic solution, Existence.

MSC(2010) 34A37, 34C25, 34A12.

1. Introduction
In this paper, we consider the following second order impulsive differential equation

(2" +g(x)=e(t,z,2'), t#t, teR,
w(ty) = apa(ty), (1.1)
2 () = bea’ (), t=ty, k€Zy,

where (z(t), 2’ (tr)) = (x(t;),2'(t;)), g : R = R is a locally Lipschitz continuous
function satisfying the linear growth condition
0<lI< lim M§L<+oo,
|z|=>+00 T

e: R xR xR — R is continuous, bounded and 27-periodic to the first variable,
0 <t <tpy1 T 400, ar > 0,b, > 0 are constants and there exists a positive integer
g such that ar1q = ak,bptq = b and tyyq =t + 27 for k € Z4, Z is the set of
positive integers.

Impulsive effects widely exist in many evolution processes, in which their states
are changed abruptly at some moments. Impulsive differential equation has been
developed by many mathematicians. Please see the classical monographs [1, 13],
and [8,9,15-19,21-24] for the existence of periodic solutions. In addition, applica-
tions of the impulsive differential equation with/or without delays occur in biology,
mechanics, engineering etc., see for example [11,25-27] and the references therein.
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The continuous case of (1.1) without impulses is as follows
2"+ g(z) = e(t,z,2'). (1.2)

This type of second order differential equation is one of the typical models both in
ODE and forced vibrations. Particularly, the Duffing equation (i.e. " +g(x) = e(t))
is a class of mathematical and physical equations, it has many important applica-
tions in mechanical and electrical engineering. Recent decades, the existence of
periodic solutions has been extensively studied for the Duffing equation under as-
sumptions that the nonlinear term ¢ satisfies superlinear, sublinear or semilinear
conditions. The methods include fixed point theorem, variational method and topo-
logical degree theory [2-7,10,14].

When e(t, z,z') = e(t), (1.2) is conservative. The Poincaré mapping is an area-
preserving homeomorphism. By Poincaré-Birkhoff theorem, Jacobowitz [10] gave
the first application to periodic solutions of second order differential equations, and
proved the existence of infinitely many periodic solutions. See for example [4-6,20]
for some related researches and the references therein. Recently, the Poincaré-
Birkhoff theorem has been applied to the impulsive differential equation [12,17,18].
In [12], Jiang et al. gave the first application of the Poincaré-Birkhoff theorem to
the following impulsive Duffing equations at resonance

(2" +g(x)=et), t#t,
a(ty) = arx(ty), (1.3)
:L'/(tZ) = bkl'/(tk), ke Z+,

under the superlinear condition. By using a method of comparing rotational inertia,
the authors obtained the multiplicity of periodic solutions. In [18], Qian et al. used
a geometric method to study the periodic solutions for a superlinear second order
differential equation with general impulsive effects as follows

(2" +g(z) =e(t,z,a), t # ty,
Dx(ty) = Ik(@(te), 2’ (tk)), (1.4)
A.Z‘/(tk) = Jk(x(tk)w'(tk)), k=41,42,---

and obtained the multiplicity when (1.4) is conservative. In [17], Niu and Li studied
a conservative semilinear impulsive Duffing equation, in which their states occur one
jump only in [0, 27]. Similarly, by the Poincaré-Birkhoff theorem they proved the
existence of infinitely many periodic solutions for autonomous and nonautonomous
equations respectively. On the other hand, when (1.2) is nonconservative, Ding [7]
developed a new twist fixed point theorem used for nonarea-preserving mappings.
In [18], Qian et al. further studied the existence of periodic solutions for (1.4) being
nonconservative.

In this paper, we study the existence of periodic solutions for a class of semilinear
second order impulsive differential equations (1.1). Our aim is to estimate the time
that any solution trajectory of the system rotates one circle on the phase plane. By
using the Poincaré-Bohl theorem to obtain the existence results. As far as I know,
there is no result on the existence of periodic solutions for the semilinear second
order differential equations with the linear impulsive effects.

Now we recall an existence result from the Poincaré-Bohl theorem [4].
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Theorem 1.1. (two-dimension Poincaré-Bohl theorem) Suppose that F : D — R?
is a continuous mapping, where D(C R?) denotes a closed bounded region including
the origin O as an interior point, and the boundary 0D is a piecewise smooth simple
closed curve. For any p € 0D, if the image ¢ = F(p) satisfies 5?1 % AOp, A >0 is
a constant. Then, F has at least one fixed point in D.

It means that for any solution trajectory which starts from p = (x(0),2'(0)) € 0D
and moves to ¢ = (z(27),2'(27)) € R?, the points p and ¢ are not on the same ray
starting from the origin.

This paper is organized as follows. In Section 2, we present some preliminaries.
By estimating the time that any solution trajectory rotates one circle on the phase
plane, we obtain the existence of periodic solutions via the two-dimension Poincaré-
Bohl theorem (i.e. Theorem 1.1). Several existence criteria are presented by giving
different assumptions to the growth speed of g. In Section 3, two specific exam-
ples with special impulses are given to illustrate the obtained results. Concluding
remarks are outlined in section 4.

2. Preliminaries

Firstly, we recall some basic properties of the impulsive differential equation from [1].
Consider the following initial value problem

u/:f(t,u), t?étlw
{Au(tk) = I (u(ty)), keZ,, (2.1)
u(0+) = Ug, (22)

where Au(ty) = u(t]) — u(t;) with u(ty) = u(t;,), k € Z;. Assume that

(7) f:RxR™ — R™ is continuous in (tg, tx+1] X R™, locally Lipschitz with respect

to the second variable and the limits lim, ,+ , . f(t,v),k € Z exist;
ko

(13) I, :R™ — R" k € Z are continuous;
(#41) f is 2m-periodic to the first variable, there exists an integer ¢ > 0 satisfying

0<ty < - <ty <2mtpyg=tr+2mand Ip4q = Iy for k€ Z,.

Lemma 2.1. Assume that (i)-(iit) hold. For any ug € R™, there exists a unique
solution u(t) = u(t;0,up) of (2.1)-(2.2). Further, Py : ug — u(t; 0, up) is continuous
with respect to ug fort # ty, k € Z,.

It is easy to show that solutions of (2.1) exist for ¢ € R provided that solutions of
the corresponding differential equation without impulses exist for ¢ € R. Moreover,

if @ up — u)l (where w, = u(ty), uf = u(ty) = up + Ir(ug)), k = 1,2,-++ ,q
are global homeomorphisms, P; is a homeomorphism for ¢ # i, k € Z. Denote by
Po : uo — u(t1;0,up), Pk : u;r — u(tk+1;tk,u;€‘r),k =1,---,g—1and Py, : u;r —

u(2m; tg, u;) Then, the Poincaré mapping P can be expressed by

P ug — u(2m;0,up), P=PyoP,0---0PiodoPy.
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For t € [0, 27], we consider the following equivalent system of (1.1)

(' =y,
1
|y = —glz) +elt,z,y), t #t, t €10,27], (23)
1 x(tz) = apz(tx), '
ky(tz):bky(tk)’ t:tk?’ k:1a27 , 4,
and the initial value condition
z(0) = zo, y(0) = yo. (2.4)

If g(x) is assumed to be

(g0) : lim g(z) = +oo, lim g(z) = —o0,

T—r—+00 T——00

solutions of (2.3) are defined on the whole t-axis. Let xz(t) = x(¢;x0,v0), y(t) =
y(t; o, yo) be the unique solution pair of (2.3)-(2.4). Then, the Poincaré mapping
P : R? — R? is well defined by

P : (20,90) — (2(27; 20, Y0), ¥(27; 20, Yo))-
Defining the mappings P; and ®; as follows
Po : (wo,y0) — (x(t1;70,%0), y(t1;70,Y0)) = (1,%1),
S(w1,y1) = (arwy, biyn) = (27, 97),
D@7, y7) = (@(tiv120,Y0), Y(tit 15 %0, Y0)) = (Ti1, Yit1),
Qi (i1, Yir1) = (@ir1Tir1, biv1yivr) = (X741, ¥i41),
Pq : (‘r;ay;) - (96(27r;xo,yo),y(Qw;xmyo)) = (x(277),y(27r)), i=1,2,--- 4 — L.

Further, the Poincaré mapping P is of the form
P=Pgod,_10---0P1odyoPy.

Note that P is continuous to (xg, yo), and its fixed points correspond to the periodic
solutions of (2.3).
Making the polar coordinates transformation

x(t) = r(t) cosb(t), y(t) =r(t)sin(t),
then (2.3) becomes
[ 1/(t) = rcosBsinf + [e(t,r cos,rsinf) — g(r cos §)] sin b,

1
i 0'(t) = —sin? 60 + ;[e(t,rcos 0,rsind) — g(rcosf)] cosb, t #t, t €[0,27],

(2.5)
whenever r # 0, and for ¢t = t;, k € Z one has that

(r(tf) = \JaRa?(t) + bR2(th),

2.6
i 0(t;) = arctan (Z—Z tan 9(tk)). (26)
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Let r(t) = r(t;70,00), 0(t) = 0(t; 70, 00) be the solution of (2.5) satisfying the initial
value (1(0),6(0)) = (ro,60) and o = rg cos by, yo = rosinfy. The Poincaré mapping
is written in the polar coordinates form

*

r* =r(2m;rg,00), 0" = 0(2m; 19, 0p) + 2w, (2.7
where [ is an arbitrary integer. It can be easily seen that if
r(t;70,00) > 0, t € [0, 2x],

then 6(27; 70, 0p) is well defined and it is continuous to (rg,0p).

For any given Ry > 0, denote by Sp, = {(r,0) : r = Ro}. Let L(Ry) denote
the solution trajectory of (2.5), which starts from Sg, at t = 0. When ¢ € [0, 27],
L(Ry, [0,27]) denotes the trajectory arc. Assume that (r(¢),6(t)) is the solution of
(2.5), which passes (19, 0y) and satisfies 7o = Ry, 6y € [0, 27]. Under the assumption
(g0), it is easy to prove the following result.

Lemma 2.2. Assume that (go) holds, then there exists Ry > 0 sufficiently large
such that when r(t) > Ry we have that

0'(t) <0, t e [0,27)\ {tr}i_;-
Proof. Denote by
B=maxfle(tay)l),  B=mase(tr.0)),  B=minfe(t,.y).
By (go), there exists N > 0 sufficiently large such that
g(z)>E, x> N, g(x) < E, x<-—N.
Let Ry > N and consider r(t) > Rog. When |r(t) cos(t)| > N,t € [0, 2x], it follows

that

[g(r cos B) — e(t,r cos ,7sin )] cos? 6 <0

/ o anl2p
0'(t) = —sin“ 0 —

for t #tp,k=1,2,---,q. While for |r(t) cos(t)| < N,t € [0,27] then

N 2 A2
le(t,r cos B, rsinf) — g(rcosb)| <—sin29—|—i<—RO N* — Ryé

/ _ @in
0'(t) < —sin“ 0 + " o I

for t #tx,k =1,2,---,q, where § = E + max <y |g(x)|.
Therefore, 6'(t) < 0 for t € [0,27] \ {tx}!_, as long as Ry > 26 + /N2 4 162,
O

In this paper, we assume that the following condition holds.

(H1) There exists Ay > 0 such that

fhé%ﬁpl, x < —A, %S%SPQ» T > A, (2.8)

where p1, g1, p2, g2 are positive constants, and there is an integer m > 0 such

that
1 1 2 1 1 2
—+—==,

+ = .
Var 2 m VPi P2 m+1

(2.9)



58 F. Jiang

It is obvious that (2.8) implies (go) and H|x‘ﬁ+m|%\ < +o0.

Lemma 2.3. Assume that H‘m‘_)+oo|@| = b < +00, then there exist a constant
Ry > 0 and functions dy, dz : (0,+00) — (0,400) such that when Ry > Ry,

(1) dl(RQ) < T(t) < dQ(Ro), te [0,271’}, o = R(),
(2) limpy—4oo d1(Ro) = limp,— 400 d2(Ro) = 400,

where di(Rg) = %, da(Ro) = M Roe"3™ with M = max; <p<,{1,ar, by}, M =
minlgkgq{l,ak,bk}.

Proof. For any given € = 1, there exists A > 0 such that |@| < b+1 for |z]| > A.
Let r(t) > 20 with 0 = E +max|z<a |g(z)]. When t € [0,27]\ {tx},k =1,2,--- ,q,

dr
dt
Choosing Ry = 26e®t3)7™ when Ry > R; one has that

< %(b + 3)r(t).

Roe~CF™ < (1) < Roe®*3™,
For t =tk =1,2,--- ,q, it follows from (2.6) that
min{a, b }r(tx) < r(t)) < max{ay, by }r(te).
Let M = maxg_1,... 4{1,ar,br} and M = ming_; ... 4{1, ax,br}. Then
d1(Ro) < r(t) < da(Ro), t € [0,2m],
where d;(Ry) = MRoe™ 3™ and dy(Ry) = M Roe®+3)™, O
The following result is mainly used to deal with the jumps at the impulsive time.

Lemma 2.4. Let the function

( arctan(a tan )
a, T = Oa

where a > 0 is a constant. Then there exist a(a) and B(a) such that
0 < afa) < H(z) < B(a) < oo. (2.10)

In fact, a(a) and B(a) can be of the form

{a, 0<a<l, {17 0<a<l,
afa) =11 Bla) =4 a
2 a>1, a, a>1.

Proof. We only prove that H(x) < 8(a) for z > 0, other cases are similar and so
omitted. Suppose f(x) = arctan(atanz) — B(a)z, it follows that

2

oy asec’z _ a 3
) = 1+ a?tan’z pla) cos?x + a2sin’ Ala).
So f'(z) <0 for a > 0. The conclusion holds due to f(0) = 0. O

To obtain the desirable results, we further assume the following conditions.
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(H2) There exist positive constants A and B such that
(i) g(z) —pix > B, x<—Ay or g(x)—px<—-B, x> A,
(16) g(x) —qe < —B, x<—Ay; or g(x)—qr>B, x> A,

where B > %Em and di (Ry), d2(Ro) are from Lemma 2.3.
E
min(1, ¢, ¢3)d1(Ro)
Mo = 20<tk<2w [1 - O‘(Zf)] Ho<tj<tk 5(%)7
Mg = Zo<tk<2ﬂ' [ﬂ(%’;) - 1} H(]<tj<tk 5(%)

Now we are ready to state and prove our main results.

Theorem 2.1. Assume that (H1)-(H3) hold, then (1.1) has at least one 2w -periodic
solution.

Proof. By (H1), there exists R} > 0 such that ¢’(t) < 0 for ¢ € [0, 27] \ {tx}}_,.
By Lemma 2.3, there exists Ry > 0 such that for any Ry > R; the trajectory arc

L(Ro, [0, 2n]) situates in D = {d1(Ry) < r < da(Ro)}. Let Ry > max(e, Ry, 1),

where v = e(®*3)7™ and A > max(A4;, A3). In the following, we estimate the time of
L(Ry) rotating one circle in D.

Choosing My(Ryp,0p) € D, and consider L(Rg) which starts from My at ¢t = 0,
where 6y = 0(t = 0) € [0,2n]. For convenience, we assume that My € {(z,y) : © >
A}, L(Ry) successively intersects with {z = A}, {z = —A},{x = —A}, {z = A} and
{0 = 6o} at My, My, M3, My, M5 (see Figure 1 for example), and the corresponding
moments and arguments are denoted by 6; = 6(t1), 02 = 0(t2), 03 = 0(t3), 04 = 0(t4)
and 05 = 0(¢5). Let

(H3)

> max{M,, Mz}, where

pir+ fi(z), x <0, Q1w + hy (), z <0,
g(x) = ) g(x) =
p2r + fa(z), @ >0; g + ha(z),  =>0.
(2.11)
Then, it follows from (H2) that
(1) fi(x)>B, xz<—-A; or fole)<-B, z>A.
(it) hi(x) <—-B, xz<-A; or he(z)>B, z>A.
Next, we consider
fg(.l?) S —B, hg(a:) Z B, X Z A. (212)

By (2.5), (2.11)-(2.12) and Lemma 2.3, one has that
1
—0' =sin? 0 + - [g(r cos @) — e(t,r cos @, rsinb)] cosd

1
=sin? 0 + py cos? 0 + ;[fg(’l“ cosf) — e(t,rcosf,rsind)] cosf

< sin? 0 4 po cos? 0 — cos 6 +

dz(Ro) d1(Ro)’

Moreover, when 6(t;) > 0 it follows from Lemma 2.4 that

0<a()ote) <ot < (2 )otn) < .

ag
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and then by the impulsive integral inequality, one has that
oo <o TT o(ge) <2e TT 8().
0<t<t 0<ty<t
Further, when ¢ € (0,%;), one has that
1 dp

h= | T+ > o - o)
9 .
0<tp <t
0
0 do by
2 + — ) —1]0(t
_Al sin20+pgcos20—%c059+ﬁ 0<§<t1 [a(ak) ] (t)

6o do
ZAI sin29+p2C0829—$C089+#30)
- 2 [l 10 s()
0<tp<Iy 0<t;<tp

Similarly, when ¢ € (4, 5),

71 >/64 d0
5 —t4 2> 5
05 sm20+p200829—%0089+%

- X [ ()
D3 II 25
ta<tp<ts t4<t <tk
Noting that 65 4+ 27 = 6, so we have that

B >/94+2ﬂ e A ()
1 5 4 — .2 B E - -
o SO+ prcostl = g oSO Ty R

T Bcos _ _E
_ /94+2 [ 1 d2(Ro)  di(Ro) ] 9
0, sin?0 + pycos2 0 (sin” O 4 py cos? 0)2

+ L(Ry) — A (2—’;)

tr€(0,61)U(ta,t5)

N /64+2ﬂ' a0 . B /’z'w
—Jo, sin® 0 + pacos?  max(1, p3)da(Ro) Y

+
b + L(Ro) — A ( )

S .
min(1,p;)di (Ro) e €(0,11)U(a,Ts5)

/94“’” do N 2B En
6, sin? @ + pocos2@  max(1,p3)da(Ry) min(1,p3)di(Ro)

L(Ry) + o(RiO) - A (2—’;)

tr €(0,Z1)U(E4,55)

() - [e()lr T a(2)

! I k £ I _
tr€(0,t1)U(ta,ts5) tr€(0,t1)U(t4,ts5) t;€(0,tx)U(ta,tr)

cos 0do

S

3
k

2

where
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B cos 6
L(Ro) = /M%r (d2<RU> dl(Ro>) i
’ 01 (Sin29 + D2 cos? 9)2(Sin29 + p2 cos 20— fz?%fsog + dl(RO))’

and 1 is an angle as shown in Figure 1. It is easy to see that

A 1

Y = ¢(Ry) = arcsin 0 (Ro) = 7 (Ro) + o(R—g)7

where o() denotes the infinitesimal of higher order. Since

(37 + )

|L(Ro)| < ng X min(1, p3)(min(1, ps) — L)’

it follows that L(Ry) = O(RO)
Due to g(x) = prx + f1(z) and fi(x) > B for < —A, then

B
-0 <sin?0 +p;cos?f + —— cosf + ——
. da(Ro) di(Ro)’

Further when ¢ € (f2,?3), one has that

IR /02 de N 2B Ex
7= Jo, sin20 4 prcos?d | max(1,p2)da(Re)  min(1,p?)ds (Ro)

- A G relg)

tr€(t2,t3)

where

A ()= X [-a(@)r T a(2):

o k — —
ti€(t2,t3) tr€(t2,t3) ta<t;<tp

On the other hand, letting f1 = max_a<z<o |f1(x)] and fa = maxo<gz<a |f2(x)].
Then,

1
—0" = sin? 0 + poy cos? @ + —[fa(r cos ) — e(t, r cos @, rsin 0)] cos O
r

. fo+ FE
< sin® 6 + py cos? 0 + , O<z <A,
b2 dl(Ro)
and
fit+tFE

—A<z<0.

—0' <sin®6 + py cos? 0 + ,
= D1 dl(RO)
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Hence, when ¢ € (¢1,¢2) U (f3,t4), one has that

_3m _z 0
2 2 3 deo
to—t1 +1t4 —t3 = /ﬁ / +/ +/3ﬂ)_9,— Z [G(tZ)_e(tk)]
T JOs 02 - tr€(F1E2)U(Es Fa)
> / / 37 do
> s 5

sin @ + po cos? § 4 L21E
3

. d1(Ro)
L)

- A ‘Lk)
2 f1+E
sin® 6+ py cos? 6 + dI(Ro) k€01 T2) V(s Ta)
[+1.

3+A4 2 )sm 0—|—p2c0820 A2 /; sin 0+p1c0529
+0(io)_ /\ (bi),

_ ! _ - ag
tr€(t1,t2)U(ts,ta)

where

A (B T @ T 6(2)
tr€(t1,t2)U(t3,ta) tr€(t1,t2)U(Es,E4)

_ _ aj
t;E€(t1,tk)U(ts,t)

By (2.9) and the above several inequalities, the time T that L(Ry) rotates one
circle in D satisfies

—% do 5 do by, 1
Y R S R AV
1 sin? 6 + py cos? -z sin” 0 + p, cos? 0 tkE(AO,ts) (ak) (RO)
+ 2B n 2B - Er 7 Er
max(1,p2)da(Ro)  max(1,p?)da(Ro) min(l,p?)di(Ry) min(l,p3)ds(Ro)
_2r 2B 2B
“m+ 1 max(1,p3)da(Ro)  max(1,p?)ds(Ro)
Er Er br 1
- — - — ) +tol=5),
min(1, p?)d;(Ry) min(1,p )dl(Ro) \ e/(o\t : (ak) (RO)
k 11253

(2.13)
where

(E)- X e T4
tre(0,%5) tr€(0,t5)

7 t;€(0,tx) aj
By using the right-side inequality of (2.10) and the similar arguments, we have
that

2B _ Er
max(1,¢?)da(Ro)

min(1, ¢?)d1(Ro)
1
e T D) T o) ()

(2.14)

m max(1, g3)da2(Rp) +
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max(1,p7,p3)d2(Ro)

Since b1 > q1,pP2 > q2 and B > min(l,q%,q%)dl(Rg)

Em, it follows from (H3) that

2B n 2B
max(1,p3)da(Ry)  max(1,p?)da(Ro)
Er Er
— — — — —2M,m > 0,
min(1,p?)d1(Ro) min(1,p3)di(Ro) (2.15)
2B n 2B )
max(1,q35)da(Ro) ~ max(1,q?)d2(Ro)
- Em - Em — 2Mym > 0,

min(1,q¢?)d1(Ry) min(1,q3)d1(Ro)

b b b
where Mo =30y, <or [1_04(&)] o<, < 5(%) and Mg =304, cor [’B(i)_
b
1 Moce, <, B(22).
Combining with (2.13)-(2.15), when Ry > 0 is sufficiently large we have that

2 2
T <t
m—+1 m

(2.16)

This implies that the number of rotation of L(Rp) in [0, 27] is greater than m but
less than m + 1. Hence, by Theorem 1.1, (1.1) has at least one 27-periodic solution.
O

Figure 1. Schematic diagram

Remark 2.1. In (1.1), when ax = bg,k € Zy, it follows from Lemma 2.4 that
M, = Mg = 0. Further, by (H1)-(H2), the time T that any solution trajectory of
(1.1) rotates one circle satisfies

27 n 2B Er Er n ( 1 )
— — 0
m+1  max(1,p3)ds(Ro) min(l,p?)di(Ro) min(1,p3)di(Ro) Ry
2w 2B Er Er 1
<T<——

m [max(l,qg)dz(Ro) T (L, @)di(Ro) min(l,q%)dl(Ro)} +0(PT0)'



64 F. Jiang

When ay = by, =1 (i.e. M = M = 1), (1.1) degenerates into a continuous system
without impulsive terms. Hence by (H1)-(H2), it is easy to verify that

27 n [ 2B vyET yEm ] 1 ( 1 )
_ _ 4ol =
m+1 " lmax(1,p3)y min(l,p7) min(1,p3)] Ry Ry
cr<T o[ 20 o 0BT IR ().
m max(1,¢3)y min(1l,¢?) min(1,¢3)] Ro Ry

and (2.16) holds since B > %{g@;’;;szw and Ry > 0 is large sufficiently. About
141,93

the periodic solution problem of the Duffing equations without impulses, there have
been many interesting results, see [3—7,10,20] for example and the references therein.

Corollary 2.1. Assume that (H1),(H3) hold, and

Jim (g(2) —pie) = +oo; or - lim (g(z) = paz) = —o0,

: . (2.17)
Jim (g(2) —quz) = —o0; or  lim (g(2) = g27) = +o0.

Then, (1.1) has at least one 2w-periodic solution.

(H1)" There exists A; > 0 such that

@Spla J:S_Ala M§p27 '1:21417
x x

where p; > 0,p2 > 0 are constants satisfying \/% + \/% =2, and
mxﬁfoog(iw <E<E< liiml‘ﬁﬁ»oog(x)'

. max(l,pz,pz)dz(R )
(H2)" There exist A >0 and B > WMEW such that

9(@) —prx =2 B, w<—Ay or g(x)—pr <—B, z>A,
where dy (Rp), d2(Ro) are from Lemma 2.3.

E b b;
mln(l,p%,p%)dl(R()) > Maa where Ma = 20<tk<2‘n’ [l_a(ﬁ)] H0<tj<tk IB(E)

Theorem 2.2. Assume that (H1)'-(H3)" hold, then (1.1) has at least one 2m-
periodic solution.

(H3)'

Proof. By the similar analysis to Theorem 2.1, it follows from (H1)’-(H3)" that

s

-3 do 3 de 1
—3z sin” 6 + p; cos? § —z sin” 6 + py cos? 0 Ry

2B 2B Er En

+ + - — - — > 2,
max(1,p2)da(Ry)  max(1,p?)da(Ry) min(1,p?)di(Rg) min(1,p2)d;(Ro) T

Then, the number of rotation of any solution trajectory rotating in D for t € [0, 27]
is less than one. Hence, by Theorem 1.1, the conclusion holds. O

Corollary 2.2. Assume that (H1)',(H3)" hold, and

lim (g(z) — p1z) = +o0; or lim (g(z) — poz) = —o0.

Tr——00 r—+0o0

Then, (1.1) has at least one 2m-periodic solution.
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Theorem 2.3. Assume that (H3) holds, and
(H4) there exists Ay > 0 such that

x x
%S%Spl, r < —Ayp, %S%Spm x> A,

where p1,q1, P2, g2 are positive constants, and there is an integer m > 0 such

that
2 1 1 1 1 2

< + <—4—=< =
m+1 b1 P2 Voo 2 m

Then, (1.1) has at least one 2m-periodic solution.

(2.18)

Proof. By (H4), there exist positive constants pj(> p1), p5(> p2),q;(< ¢1) and
¢;3(< g2) such that

1 1 2 1 1 2

Vi VE T i m

and then (H1) holds for such p3,p5, qf,¢5 and Ay, m. Moreover, it follows that
9(x) =pox < (p2 = p2)2,  9(x) =g > (@2 — g2)z, = > Ay

Hence, (2.17) is satisfied, and by Corollary 2.1 the conclusion holds. O

Corollary 2.3. Assume that (H3)" holds, and

(H4)' there exists Ay > 0 such that

Mﬁph r < —Ay, @Sp% x> Ay,
x x

where p1,pa are positive constants satisfying \/%1 + \/1172 > 2, and

mxﬁfoog(x) <E<E< himz%Jroog(x)'
Then, (1.1) has at least one 2m-periodic solution.

L+ L =2
NG
Moreover, g(x) — pjx < (p2 — p3)x for x > A;. So all conditions of Corollary 2.2
hold. L]

Remark 2.2. In (H4), if (2.18) is substituted into the following condition.
For any integer n > 1, there exists an integer m > 0 satisfying (n, m) = 1 such that

2n<1+1<1+1<2n

m+1 " \p1 P2 JO Ve om

Then, all conclusions on 2m-periodic solutions can be changed as the existence of
2nm-periodic solutions which are not 2lm-periodic for 1 <1 < n.

In fact, by the similar arguments to Theorem 2.1, for any integer n > 1 then the
time T that any solution trajectory rotates one circle in D for ¢ € [0, 2n7] satisfies

Proof. By (H4)', there exist pj(> p1) and p3(> p2) such that

(2.19)

2nm 2nm
<T<—.

m+1 m

Hence, by Theorem 1.1, there exists at least one 2nm-periodic solution. Moreover, it
follows from (n,m) = 1 that the periodic solution is not 2lr-periodic for 1 <[ < n.
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3. Examples

In this section, we give two special impulses to (1.1).
Example 3.1. Consider the following impulses form

{ Az(ty) = cz(tk),
Ay(tk) = cy(tk), ke Z,

where Ax(ty) = @(ty )~ (t), Ay(tr) = y(t;)—y(te) and (z(tx), y(tr)) = (x(t;), (1)),
¢ > 0is aconstant, 0 < t; < --- <t, < 27 satisfying ty 1, =ty + 27, k € Zy..
The equivalent system of (1.1) with (3.1) is as follows

(3.1)

I{ xl =Y,

[y =—g¢ x)+e(t,z,y), t#ty, t €R,

1 Ax(ty) = cx(ty), (3.2)
LAy(te) = cy(te),  keZy,

By the transformation z(t) = r(t) cos0(t), y(t) = r(t)sinf(t), when ¢t € [0, 27]
(3.2) becomes

{ 0'(t) = —sin?0 + — [ (t,rcos,rsinf) — g(rcosf)]cosb,
) =

{ r'(t 06961119 + [e(t,7cos@,rsin6) — g(rcos )] sin b, t 4y, t €[0,2n),
! G(tk) ) 9( ) =0,
L Ar(te) = ( 5 —r(ty) = er(ty), k=1,---,q.

(3.3)
Noting that 6(¢) is continuous with respect to ¢, so Lemma 2.4 is invalid. We give
the following result.

Theorem 3.1. Assume that (H1) holds, and there exist Ay > 0, B > max(lr’r‘:lll{ff)q(lz_c))%E”
1242
such that

(1) g(x) —prx > B, x<-Ay; or g(x)—per < —B, x> A4y,
(i) g(x) —qz <—B, x<-Ay; or g(x)—qr>B, z>A.
Then, (3.2) has at least one 2m-periodic solution.

Proof. With the similar analysis, then the time 7" that any solution trajectory of
(3.2) rotates one circle during [0, 27] satisfies

27 n [ 2B Evyrm Evyrm ] 1 n ( 1 )
_ _ — 1ol =
m+1  lmax(L,p3)(1+c)y min(l,p}) min(1,p3)] Ro Ro
27 2B E~vm E~vm 1 1
<7< _ [ _ - — (—)
) max(1,¢2)(1+c¢)y min(1,¢?) min(1,4¢3)] R to Ry
Hence, (2.16) holds when Ry > 0 is sufficiently large. O
Example 3.2. Assume that g(z) is given by
T+ v, z <0,
g(x) = (3.4)
H2T + v, z >0,
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and consider the following impulses

Ax(tg) =0,
{ Ay(ty) = dy(ty), k€ Zy, (3-5)

where p1 > 0,2 > 0,d > 0 and v are constants. Then, the equivalent system of
(1.1) with (3.4)-(3.5) is as follows

(' =y,
|y =—g(x)+elt,z,y), t#t, teR,
{ A(ﬁ(tk) = 0, (36)

CAyt) = dy(ty),  kez..

Let (z(t),y(t)) = (x(t; zo,v0), y(t; o, yo)) be the solution of (3.6) satisfying the
initial value (2(0),4(0)) = (zo,yo), and assume that z(tx) = 0,k € Z. Denote by

P : (0,9x) = (0,97,

where yr = y(tx), yi = y(t}). We choose My(xo,y0) € {(z,y) : © > 0,y > 0}, and
consider the solution trajectory Lz, of (3.6) which starts from My at t = 0 (see
Figure 2 for example). When |(zg, yo)| is sufficiently large, Ly, moves clockwise in
{z > 0} and {x < 0} respectively. Assume that Ly, intersects with {z =0,y < 0}
at My(0,y1) and ® maps it to M, (0,y,"). Later Ly, starting from M, enters into
{x < 0}. It intersects with {z = 0,y > 0} at M5(0,y2), ® maps M, to M, (0,y5),
and next intersects with {6 = 6o} (where 6y = arctan £2) at M3(z(t*),y(t*)). By
the similar analysis, we estimate the time 1" = ¢* that L, rotates one circle on
(z,y)-plane. Noting that

Pt* : ($07y0) - (I(t*;x()vyo)a y(t*,l’(),yo)) Pt* = PQ © q)2 o 7)l o (pl © 7307

where (20, 50) =2 (0,11), (0,57) =5 (0,92), (0,55) 22 (x(t*), y(t*)) and (0, y;) =
0,y;7),i=1,2.

Mz

-1+ \/1 + mlﬁge;“j)’;}a ], where b = max(ul,ug), Then (3.6) has at least
1272

one 27T-pem0dzc solution.

Proof. Choosing p; = ¢ = p1 and ps = g2 = o, there must be an integer m > 0
such that

> 411
m+1 7P Vh2 Vo e m
or ) 1
ﬁ + \/ﬁ >
Due to a = 1,b; = d + 1, it follows from Lemma 2.4 that
by b;
> [roeGo] L 5(G) =1
0<ty<t* <t;<tp
S (%) I A%) =
0<tp<t* 0<t;<

Let g*(z) = g(x)—v and e*(t, z,y) = e(t, z, y)—V. When A; > 0 is large sufficiently,
all conditions of Theorem 2.3 or Corollary 2.3 hold. O



68 F. Jiang

I (x (£%), y (t9)

Mz‘ Mo (Xu, Yo)

o\\
0

M, (0, v)

M

Figure 2. Schematic diagram

4. Concluding remarks

In this paper, we have studied the existence of periodic solutions for a semilinear
second order differential equation with linear impulsive effects. We first analyzed
the properties of solutions, and estimated the time that any solution trajectory
rotates one circle on the phase plane. Then, by the two-dimension Poincaré-Bohl
theorem (i.e. Theorem 1.1), we obtained some existence criteria of periodic solu-
tions. Finally, two examples with special impulses are presented to illustrate the
effectiveness of the obtained results.
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