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Abstract In this paper, the invariant subspace method is utilized to obtain
some new exact solutions for the time fractional thin-film equation. The frac-
tional derivative in the considered equation is given in Remain-Liouville and
Caputo senses. Some new invariant subspaces have been obtained that are not
reported in the literature before.
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1. Introduction

Exact solutions of nonlinear evolution equations play a very important role in the
study of nonlinear physical phenomena. Many methods can be utilized for obtaining
exact solutions of nonlinear evolution equations such as Backlund transformation
method [6, 9], Lie group method [1, 3,19, 24], the tanh method [2, 5,22, 29], the
exp(—p(z))—expansion method [12,13,15,17], the exp function approach [16] and
the invariant subspace method (ISM) [7,21].

The importance of the invariant subspace method comes from it is not only
used for solving nonlinear evolution equations but also it can be used for solving
fractional nonlinear evolution equations. Very recently, it is widely utilized for
investigating exact solutions of fractional nonlinear evolution equations (see for
example [4,8,10,11,14,18,20,26-28, 30]).

In this paper, we use the ISM to investigate some new solutions of the time-
fractional thin-film equation [27]

0%u 0*u ou &u u\’
- =) (= - <1. .
ote u<8m4)+ﬁ (8x) (axi’))ﬂ(ax?) >0, 0<asl. (L)

Equation (1.1) can be used as a model for thin film flow on a substrate [7] . Here,
u(x,t) denotes the height of the fluid. The invariant subspaces and some exact
solutions of the Eq. (1.1) (when o = 1) have been obtained in [7,30]. Some exact
solution of Eq. (1.1) have been obtained in [27] using the ISM. The main aim of
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this paper is to obtain some new invariant subspaces and some new exact solutions
of Eq. (1.1).

The rest of the paper is organized as follows: The basics and definitions of the ISM
are introduced in Section 2. The new inavariant subspaces and exact solutions of
Eq. (1.1) are discussed in Section 3. Section 4 discuss the results and conclusion of
the paper.

2. ISM: Time Fractional Partial Differential Equa-
tions (PDEs)

Consider a time fractional PDE
0%u

W:F [u] =F (x,t, U, Uy, Uggsy - - - - - ), 0O0<a<l, (2.1)

where F' [u] is a nonlinear differential operator of order k. The n-dimensional invari-
ant subspace W,, = L{f1 (), f2 (z),...,fx (x)} (where n < 2k+1) can be obtained
from the solution of the following nth-order linear ordinary differential equation:

Lyl = y™(z) + ap_1y" V(@) + -+ agy (z) = 0, (2.2)

where, the constant coefficients a,,_1, an_o,...,a9 can be obtained from the con-
dition [13]
LIF [u]]‘L[u]:O =0.

The time fractional PDE (2.1) can be converted into a system of time fractional
ordinary differential equations (ODESs) through the following theorem:

Theorem 1 [13]. Let W, be the linear space spanned by n linearly independent
functions { f;(x),i = 1, 2,..., n} and suppose that W, is invariant under the
operator F'[u], which means that

F

Z Cifi (IL‘)‘| = ZFZ (Cl, Coy. .. .Cn) fi (3?) 5 (23)

for whatever constants ¢y, ¢, . .. ,¢,. Then, the fractional PDE (2.1) has the solution

of the form .

ula ) = e (1) fi (@), (2.4)
=1

where the coefficients ¢ (), ca(t), . . . .c, (t) satisfy the following system of fractional
ODEs et
d(;( ) g () (®)s i =1, 2 (2.5)

Here, the fractional order derivative %c;—f will be considered in the Riemann-Liouville

sense in some cases. In some other cases the fractional derivative ‘Z,:CE‘ will be in the
Caputo sense according to the availability of exact solutions of the obtained system
of fractional ODEs after using the invariant subspace method . Basic definitions and
properties of the Riemann- Liouville and Caputo fractional derivatives are given in

Appendix A.
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3. Invariant subspaces and exact solutions of the
time fractional thin-film Eq. (1.1)

In this section, the invariant subspaces and exact solutions of the time fractional
thin-film Eq. (1.1) will be investigated. Here, we investigate the invariant subspaces
with dimensions n = {4, 5, 6, 7, 8, 9}.

3.1. Invariant subspaces when n =4

Applying the invariant subspace method to Eq. (1.1) taking into consideration the
following auxiliary equation

y @ + azy® + a0y’ + a1y’ + agy = 0,

we get the following cases:

Case 1: when § = 2,7 = —1 . In this case, the invariant subspace is
Wy = L{sin(azz),cos(azz),e (®®) 1} . The exact solution of Eq. (1.1) can be
written in the form

u(z,t) =c1 (t) sin(agx) +Cs (t) cos(azz) +e~ %% c5(t)+C4q(t), (3.1)

where a3 is an arbitrary constant. Substitute Eq. (3.1) into Eq. (1.1) and compare
the two sides of Eq. (1.1), to get

TGO oy i), (3.2)
%ﬁy(t): — ad Cy(t)Ca(t), (3.3)
%‘Z(t): —ak C3(t)Cy(t), (3.4)
%‘;(”: — 243 (C, (t)>+ Ca (£)). (3.5)

Solving the system of equations (3.2)- (3.5) assuming that the fractional derivatives
are in the Riemann-Liouville sense, we get

-1 ri—a) ,_, 1
C4(t)_ag Ti—2a) . @ %73y
C3(t)= lzt™“,

_ 1 F(].—Oé) 2 2 ,—«
CQ(t)i\/za?,S(Fu—Qa)) e
Ci(t)=1t“,

where [; and 3 are arbitrary constants.
Hence, we obtain the following exact solution of the time fractional thin-film equa-
tion (1.1)
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. 1 r (1 B Oé) ? 2 —asT
u (z, t):(ll sin (agx) + 2a3° \ T (1= 2a) —l1%cos(azx) +lge™

“1TIl—a)\ ,_,
+ )) =, (3.6)

al I'(1-2a

The plot of solution (3.6) when Iy = 1,l3 = 1,a3 = 1 and o = 0.9 is given in Fig. 1.
Also, the plot of solution (3.6) when {; = 1,I3 = 0,a3 = 1 and a = 0.9 is given in
Fig. 2.

Figure 1. Plot of the solution (3.6) when {1 = 1,l3 =1,a3 =1 and a = 0.9.

Figure 2. Plot of the solution (3.6) when I; = 1,l3 =0,a3 = 1 and o = 0.9.

Case 2: when § = 3 and v = —2. In this case, the invariant subspace is
Wy= L {1, 6_073””, e~ T sin (‘/Tgx) ,e_%mcos (\/T‘g’x> } and the exact solution of
Eq. (1) can be given by
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u(z, t)=C1(t) e~ TTeos (fx) + Cy(t) e~ ogin (ig$>

+ Cs(t) e 5+ Cu (), (3.7)

where a3 is an arbitrary constant. Substitute Eq. (3.7) into Eq. (1.1) and compare
the two sides of Eq. (1.1), to get

dagi _§12a§ (e =B ) Cu(w), (3.8)

dagi *%” (\[Cl +Ca(t )) Ca(t), (3.9)
%ﬁl(t) = —3i2a§ (3(a?+ o) +2 ), (3.10)
%t(t) =0. (3.11)

Solving the system of equations (3.8)- (3.11) assuming that the fractional derivatives
are in the Caputo sense, we get
Ca(t) =

§(12+12) N
32U (1+a)

Cs (t) = o,
Cy (t) =1,

where [; and [ are arbitrary constants.Thus, the exact solution of the time fractional
thin-film equation (1.1) is given by

a a 3a3 (I 413 o
w(z, t) =le” +%cos ({f;ﬂ) + Iy e~ T%sin (fw) - m e

Cs(t) =

(3.12)
The plot of solution (3.12) when l; =y = 1,a3 =4 and o = 0.9 is given in Fig.3.

Case 3: when 3 = % and 'y = —-. The invariant subspace in this case
is Wy = L{1, e 3% % 37} and the exact solution of Eq. (1) can be
expressed as

u(z, t)=e 270 () +e 2% Cy (t)+e 2% Cy () +Cy (1) . (3.13)

where a3 is an arbitrary constant. Substitute Eq. (3.13) into Eq. (1.1) and compare
the two sides of Eq. (1.1), to obtain

doCy(t) 45 1
ga — g CMGO -1

a3 Cl ( )04 (t) 5 (314)
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Figure 3. Plot of the solution (3.12) when Iy =1l = 1,a3 =4 and o = 0.9.

TRO_ ey, (3.15)
PO a o men, (3.16)
%‘;(t): _gag Oy (1) Cs (1) (3.17)

Solving the system of equations (3.14)- (3.17) when the fractional derivatives are in
the Riemann—Liouville sense, we get

17 (1+4+2b «o 1
Cy(t) = G#M 0 bi# =
8 T(A—-a)l'(1+a+2b) —20-b;
9as8 13 T(1—2a)I (14 2by)
Cy (t) = Ipt?r+e,
Cy(t) =1 ",
where, [; is an arbitrary constant and

—— az* 1;°T (1 —2a) (161" (14 by) I' (1 4 2by) — 13T (1 4 by — @)
> 805 T (1 — ) D(1+ b — ) ’

l3 :F(1+2b1 +O[)
The value of by can be obtained numerically from the following relation
I'(l—2a—10b) 1 l3

I'(1—3a—b) 16T (1+2b)

Oy (1) = a#y

Thus, the exact solution of the time fractional thin-film equation (1.1) is given by

_as g o,
u(z, t)y=1 t" e * "4 LE*"T ) (e723%) +
8 T(—-a)l'(1+a+2b) ( ,Qa,h)(e%s w) _if(l—‘y—le-‘v—a) 4o
9&38 ll F(]. — QOZ)F(I + 2b1) a34 F(l + 2b1)

(3.18)
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Case 4: In this case, the invariant subspace is Wy = £{1,2,22 23} and the
exact solution of Eq. (1) can be expressed as

u(z, t)=Cy(t)a® + Co(t)2® + Cs(t)z+ Cy(t). (3.19)

Substitute Eq. (3.19) into Eq. (1.1) and compare the two sides of Eq. (1.1), to get

do‘ii(t): . (3.20)

%ﬁ;(“ = 18(B + 2v) C1(t)?, (3.21)
T 128429000 C20), (3.22)
%‘;(“ — 44Oy (t)> + 66C, (1) Cs (t). (3.23)

The system of equations (3.20)- (3.23) can be solved when the fractional derivatives
are in the Caputo sense in two subcases as follows :

Case 4.1: when 3 and ~ are arbitrary constants.
This case is discussed in [27]. So, we will not discuss it here.

Case 4.2: when 3 = — 2+
. 12(—48+l1l3)’}/ o
GO=""Fira
Cs(t)= I3,
Cy (t) = o,
Cy (t) =1y,

where, l1,l5 and I3 are arbitrary constants. Thus, the exact solution of the time
fractional thin-film equation (1.1) is given by

12(—48 + ll3)y 4

u(x, t) = Lo+ lha®+ I3z — T +a)

(3.24)

The plot of solution (3.24) when I; =y =13 =1 and o = 0.9 is given in Fig. 4.

3.2. Invariant subspaces when n =5

Applying the ISM to Eq. (1.1) taking into consideration the auxiliary equation
YO + agy® + asy® + asy” + a1y’ + agy = 0, we get the following cases:
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Figure 4. Plot of the solution (3.24) when l; =1l =1l3 =1 and o = 0.9.

Case 5.1: when 3 = %'y = — % The invariant subspace is given by
Ws= L {1,sin (\/@x> , COS <\/(Tgl’> , sin (2\/(7396) , COS (2\/@‘%) } .
V5 5 Vb V5

The exact solution of Eq. (1.1) can be written in the form

u(z, t) =Cs (t) +Cy4 () cos (\/‘T3$> +C5 (t) sin <\/673x>

VB V5
Oy (1) cos <2\/j;f”) +C1 (t) sin <2\/j%f”) . (3.25)

where a3 is an arbitrary constants. Substite Eq. (3.25) into Eq. (1.1) and compare
the two sides of Eq. (1.1), to btain

dadc;;(t) == %CLsQCl(t)% (t), (3.26)
PO _ S ueennes 1), (3.27)
%‘1“) = %032(4502(003 (t) — 45C1 (t)Cy (t) — C3(t)Cs5 (1)), (3.28)
PO 0y (450, (1) 03 (1) + O () (4505 (4G5 (1)), (3:29)
%i(t): = %agz (16C1 (1) +16Cs (8 + C5 (0 + €1 (7)) - (3.30)

Solving the system of equations (3.26)- (3.30) assuming that the fractional deriva-
tives are in the Riemann—Liouville sense, we get

250" (1 — )

Cs (t) == 16221 (1 — 2a)

1
e =
) « ?é 27
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Cult) =1, t°
Cs(t) =15t
Co(t) =1o t~
CL{t)y=1 t

where, [; is an arbitrary constant and

\/ 2304a12(I'(1 — 20))° + 625(I" (1 — a))?
48231 (1 — 2a) ’

2”““ \/25F 1—a)+ \/ 2304a12(I" (1 — @))® + 625(I" (1 — a))?

——(x

24,/T (1 - «) ’
z  15(813 4 1613 — 13)
1T 811o

Therefore, we get the following exact solution of the time fractional thin-film equa-
tion (1.1)

u (@, t):(*mﬂzx cos (\@x> 5 sin (@) +ly cos <2\/@”)

1622l (1 — 2a) NG NG V5
+1; sin (2 \/\C/T%x) )t_

Case 5.2: when 3 and ~ are arbitrary constants.
This case is discussed in [27]. So, we will not discuss it here.

3.3. Invariant subspaces when n =6

Applying the ISM to Eq. (1.1) taking into consideration the auxiliary equation
y® + asy® + agy® + asy® + asy’ + a1y’ + apy = 0, we get the following case:

Case 6: when v = —= ( 2+58). The invariant subspace is given by Ws =
{1, z, 22, 23, 2%, x5} So the solution of Eq. (1.1) can be expressed as

u(x, t)=c1 (t)+ co(t)x + c3(t)x >4 s (1) 3+cs5 (t) a* +eg (t)2°.  (3.31)

Substitute Eq. (3.31) into Eq. (1.1) and equate different powers of z to zero, to
get
d*Cy(t)
dt™

daii() 2(6 58)C3(t)Cy (1) + 24((—1 + B)Ca(t)Cs (t) — 5C1(t)C6 (t)), (3.33)

- (g = 35) Ci (1) + 68Cs(1)Cl () — 24C1 (1) C5 (1) (3.32)

%ﬁl(t): (554 - 9ﬁ> Ca(t)’ + 15*2 (—4+58)Cs (1) Cs (t) +
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60 (—2+ B) Ca (1) Cg (1), (3.34)
d°Cy(t) 12

—ge = 5 (7850 (Cat)Cs (1) — 5Cs(t)Cs (1)), (3.35)

%E;(té - g(—S +5B)(2C5 (1) — 5Cs(t)C (1)), (3.36)
d*Cs (t)

dt+ =0. (3.37)

The system of equations (3.32)- (3.37) can be solved in the following special case
when the fractional derivatives are in the Caputo sense

6
CG(t):lﬁv 03(t):C4(t):CS(t):07ﬂ:2a 7:_37
Cy (t) =1,
1200,
G2 (t) = rl+a) ’

where [; and lg are arbitrary constants. Therefore, we get the following exact
solution of the time fractional thin-film equation (1.1)

120 Lilg

20 4 ptlg 2P, 3.38
T(lta) *He? (3:38)

u(z, t)=1 —

The plot of solution (3.38) when l; =g = and o = 0.9 is given in Fig. 5.

Figure 5. Plot of the solution (3.38) when l; =lg = and o = 0.9.

3.4. Invariant subspaces when n =7

Applying the ISM to Eq. (1.1) taking into consideration the following auxiliary
equation

¥ +ag ¥y + asy® + asy™® + azy® + azy” + a1y’ + aoy =0,

we get the following case:
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Case 7: when 8 = (% - %'y). The invariant subspace is given by W; =
£{1, z, 2, 23 2% 25 20}, Therefore, the solution of Eq. (1.1) can be ex-
pressed as

w(z, t)=c1 (t)+ co () + c3(t)z >4 ¢y (1) 34c5 (t) 2 e (t) P47 () 25,
(3.39)
Substitute Eq. (3.39) into Eq. (1.1) and equate different powers of z to zero, to
get

dadijft) = 4y (1) — g (24 57) Co (1) Ca (1) — 24C1 (H)Cs (1), (3.40)

dasfa(t) =3 (2 + 3’)/) C3 (t) 04 (t) -6 (2 + 5’7) CQ (t) 05 (t) — 12001 (t)CG (t) y (341)
PO 2 (043 C 07 12905 ()0 (1)~ 156457 C (0 Co 1) -

3600, (1)Cy (1), (3.42)

T 201 49 Ca (1) G5 (1) — 1006 + T)C5(1)C5 (1) —~ 150(2 +)C (1) O (1),

(3.43)

T 0 a (14 7) O3 (1) — 2 (24 37) i 1) G 1) — 6004+ 39)C (1) (1),

(3.44)

d dctﬁa(t) — 36+ 59)(2C5 (t) Co (£) — 9C4 () Cs (1)), (3.45)

dafl’;“) = (64 57)(5C6 (£)> — 12C5 (1) C7 (1)). (3.46)

Solving the system (3.40)- (3.46) assuming that the fractional derivatives are in the
Riemann—Liouville sense, we get

T=-2, Gl =Co () = O3 (1) =0,

. T (1-32-21) n 2r (1 (4—3a+b1))
6 [‘(1_%_%) r((a-7a+b1))

1

t) = ) t7(73o¢+b1)
Ca(®) 720 ’

_ I(;(A-3a+b)) i

8 (2 (4-Ta+by))

s (t) = gt (=50,

Cr (t) = Iy £330,

where [7 is an arbitrary constant and

] _i\/%\/b (I' (dv) I' (do) + 4T (d3) I’ (ds))
‘T 2 /T (d3)/T (do)

)

1
d1: (2—30[—[)1), d221(4—704+b1)7

1
2
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1 1
d3:§(2—50é—b1), d4: 1(4—3014—[)1).
The value of b; can be obtained from the relation

I(1—o)l (3 (4—7a+b))
I'(1-2a)

r(ba-sarm) o

Thus, the exact solution of Eq. (1.1) is

=

; ( r(1-se-4) N 2r (1 (4-3a+b1))
61— T 1_970_ﬂ r %(4—7a+b )
1
L (3 (4 =30+ by)) o gt et (Themb) g5 g g (Basby) 46

8T é (4—Ta+1b))

3.5. Invariant subspaces when n = 8
Applying the ISM to Eq. (1.1) taking into consideration the following auxiliary
equation

y® a7y + a6 4 + asy® + asy™ + asy® + azy” + ary’ + agy = 0,

we get the following case:

16 _ 10

Case 8: when § = 2, v = The invariant subspace is given by

7
Wg = L{1, x, 2%, 23, z* 2°, 25 x"}. Therefore, the solution of Eq. (1.1) can
be expressed as

u(x, t)=c1 (t)+ co () + c3(t)x 2+ cq (t) 2 345 (8) 2 +eg (2) 2°
+ c7 (t) 2%4cg () 27, (3.47)

Substitute Eq. (3.47) into Eq. (3.11) and equate different powers of z to zero, to
get

d"il t_ 470 Oy (1) + ? Os(1)Cy (1) — 2401 (1)Cs (1) (3.48)

%i(t): —12 C3(t)Cy (t) + 48C5(t)Cs (t) — 120C () Cg (1) (3.49)

PO o+ 2 oy 6 )+ 2 0 ()€ (1) 360 (00 (1)
das;t t_ 772 iy (t) Cs (1) + 40Cs (1) Co (1) — @02 (t)C, (t) — 84001(15)0(83(';0)
%i(t): - 772 Cs (1) + ? Co (1) Cu (1) + ? Cs (1) C7 (1) — 360 02(t)0i;55)1’)
d‘“j; ®) _ _478 Cs () Cg (1) + 2—;6 Cy (1) Cr () — 120C5(1)Cs (1) 222
d"g;(t) _ 47006 2 + ? Cs (1) C (t) — 24C4 (1) Cs (1), (3.54)
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d*Cs (1)
dte
Solving the system (3.48)- (3.55) assuming that the fractional derivatives are in the
Caputo sense, we get

=0. (3.55)

Cy(t) =C2(t) =C3(t) = Cy(t) = C5 () = 0,

Cs (t) = ls,
o,

m(a+1)
Cs (t) = s,

Cr (t) =

where lg and lg are constants. Therefore, the exact solution of Eq. (1.1) is

5 4012

1) =lga® — ——6 ST
ule, ) =loa” = Frr gyt s

3.6. Invariant subspaces when n =9

Applying the ISM to Eq. (1.1) taking into consideration the following auxiliary
equation

y@ +asy® + a7 ¥y + a6 y© + a5y + asy® + a3y + a2y’ + a1y’ + agy = 0,
we get the following case:

Case 9: when v = —3—2, 8= g . The invariant subspace is given by Wy =
£{1, z, 22, 2%, 2%, 25 a® 27 2%}. Therefore, the solution of Eq. (1.1) can be
expressed as

u(w, t)=c1 (t)+ co(t)x + c3(t)x 24 cq (t) 2 345 (8) e (2) 2°
te7 (8) 2%4cg (t) 2T4co (t) 2%, (3.56)

Substitute Eq. (3.56) into Eq. (3.11) and equate different powers of z to zero, to
get

dadc,;l(t) == 47503 ()% + 15 Co(t)Cy (£) — 24C1 (1) C5 (1) (3.57)
%ﬂ(ﬂ: *? Cs (t) Cy (t) 4 36C5()C5 () — 1200 (t) Cs (1), (3.58)
dac?;(t) - 970 Ca(t)” + % C3 (t) Cs (1) +30 O () C (t) — 360 C1(t)Cr (1),
(3.59)

%i(t): - %804 (1) Cs () + @ Cs (1) Cg (£) — 60 Cy (1) Cy (1)

—840C, (t) Cs () (3.60)

d“Cs (t 108 135 330
40 1) _ 108 C5 () + == Co (1) Ca () + -

i - Cs (1) Cr (£) — 315 Ca (1) Cs (1)
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1680 C1(£)C (1), (3.61)
da;‘;“) - —%8 Cs (1) Cy (1) + @ i (1) C (1) — 60C5 (£) Cis ()
L8400, (1) Co (), (3.62)

d°Cr(t) _ ?cﬁ 02 + 372 Cs (1) s () + 30C1 (£) Ci (£) — 360Cs (£) Co (£).

dte (3.63)
dadcti(t) - 206 () Cr (t) +36 C5 () Cs (t) =120 Ca () Co (), (3.64)
dadcfa ) _ _ g(,*? (t)> +15 Cs () Cs (t) — 24 C5 (1) Co (1) (3.65)

Solve the system (3.57)- (3.65) assuming that the fractional derivatives are in the

Riemann—Liouville sense, to get
Ci1(t)=Co(t)=C5(t) =Cs(t) =0,
C’5 (t) = l5 tia7
Ci (t) = lg 37270,
Cr (t) = Iy t2(3a7b0),
Ci (1) = Iy (T2,
Cy (t) =l t7207 01,
where lg is an arbitrary constant and
s — — s (m5)
> 71087 (mg)
o 16°T (m3) T (mo)
"7 2 (11T (ms) T (my) + 9T (mg) T (my))’
lg _ QOZS’F (mG)F(mg))F(ml)F(mg)
7(7T (ms) T (mq) + 3T (mg) T (m3)) (11T (ms) T (ma) + 9T (mg) T (my))’
o 15 (312 — 7lsls) I' (1 — 3a — by)
T 74T (1—3a—b) + L (1—2a—by))’

m 1_117a_3b1
1= 1 1
m2—1—5—a b
2 2’
m3—1—7—a—3—b1
4 4"’
3 by
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mg =1 — 2a.
The value of by can be obtained from the relation

FA-%-%) I(-a) _,

r(1-2_%) TI(1-2a)

Thus, we get the following exact solution of Eq. (1.1)

wla, t) =I5 t %t g t305000 5 43 (=Bamb) a6y ya(=Ta=3b1), 7

g t7207 0148, (3.66)

4. Conclusion

In this paper, we have investigated the time-fractional thin-film equation (1.1) using
the ISM. We have concentrated on higher dimensional invariant subspaces (when
n=4,5,6,7,8,9). These higher dimensional invariant subspaces are usually ignored
in research works due to the difficulty of solving the resulting system of fractional
ODEs. Many new exact solutions of Eq. (1.1) have been obtained which have not
been reported in [27]. Also, a new invariant subspace (namely, when n = 5, ﬁ:%

and y= —Z) have been derived.

Appendix A

In this Appendix, the definition of the Riemann-Liouville and Caputo fractional
derivatives are introduced. Also, we introduce some basic properties of these frac-
tional derivatives.

Definition 1 [23,25]. The Riemann-Liouville fractional derivative is given by

Dnf (a) = T () " (e =0T @ dt <o <m
()" S (@), a=m_1,

where m is an integer number.
Definition 2 [23,25]. The Caputo fractional derivative is given by

o Jo (=" T M ()dt, m—l<a<m
m—1
(%) f(x)7 a:m_]_7

where m is an integer number.
The Riemann-Liouville and Caputo fractional derivatives satisfy the following
properties [23,25]:

§DYf(z) =

o D3 (f(2) + g(x)) = 0D f(z) + 0 D3 g(x),
6D, (f(x) + g(x)) = § D, f(x) + § Dyg(x),
Do ﬁ) 0, if B>-1 and a—p€{0,1,2,....,mm— 1},
xr € = —Q .

0 %tﬁ , if B>-1 and a—pB &N,
p 0, if pe€{0,1,2,....,m—1},
§ D (") :{ r(B+) 46—
L(B—a+1) ’

if BEN and p>m, or BEN and [>m-—1.
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