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Oscillation of Second Order Impulsive Differential
Equations with Nonpositive Neutral Coefficients*
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Abstract In this work, sufficient conditions are established for a class of
nonlinear second order neutral impulsive differential equations to have oscil-
latory solutions with nonpositive neutral coefficient. Our results extend and
complement some of the known results in the literature. Examples are given
to illustrate our results.
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1. Introduction

Consider the class of second order impulsive nonlinear neutral differential equations
of the form:

[2(t) + p®)z(t — 7)) + g(t,z(t),z(t —0)) =0, t # Ok, t > to, (1.1)
(E) ] (6)) = In(x(6y)), k €N, (1.2)
x/(e}j—) = Jk(xl(ek))a ke N, (13)

where 7,0 e N, 0 <ty <0 <--- <O <--- with limg_, o, 0 = 0o and 011 — O >
p = max{r,o}. Throughout our work, we assume that the following hypotheses
hold:

(A1) g € C([to — p,0) X R x R, R), ug(t,u,v) > 0 for uv > 0, % > ¢(t) for
v # 0, where ¢(t) € C([to — p,0),Ry) and ¢(t) # 0 on all interval of the form

Ok, Ok+1), k > 1, xh(xz) > 0 for all  # 0 and h'(z) > € > 0;
(A2) Iy, Ji € C(R,R), I;;(0) = 0 = Jx(0) and there exist positive numbers ¢y, cf,
dy,, dy, such that ¢ < ) < ¢ g < el < g e N

(As) p € PC(R4+,R) and p(t), p'(t) are left continuous on (0j,0k+1],k > 1 such
that p(0;7) = dip(0k), ' (0;) = dip' ().

In the literature (see for e.g. [11]), the impulse operators are often treated as
under control, that is, one may expect that either the impulse act as a control and
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cease the oscillation of the system, or operate to keep the system oscillating. In par-
ticular, impulse can make oscillating systems become nonoscillating and conversely
by the imposition of suitable impulse control (see for e.g. [5]- [9], [13]- [17], [23], [27]).

One of the important application of second order differential equations with
impulse is in impact theory. Billiard-type systems, models describing viscoelastic
bodies colliding, systems with delay and impulse are more appropriate to apply
(see for e.g. [10]). Of course, some extra conditions are required while we study
impulsive equations (see for e.g. [2,3,21,22,26,28]) to that of nonimpulsive equa-
tions. Furthermore, it is more challenging to study nonlinear neutral equations
as we find a class of second order delay differential equations as special cases. In
this respect, by using comparison technique, the second order impulsive neutral
differential equations

[r(®)(v(t) + p(H)v(t — 7)) +qt)v(t — o) =0, t # O, t > to,
() w(6) = (1+ dy,)v(0x), k € N,
V(0F) = (1+ di)v' (0k), k €N,

has been studied by Li et al. [13], where 7,0 € N, ¢(t) > 0, r(¢t) > 0, by > —1
and p(t) = p > 0; they have extended and generalised the work of [6] to impulse
equations.

By using the Riccati transfomation technique, Bonotto et al. [4] have considered
the second order neutral differential equations with impulse of the form:

[r()(v(t) +p)v(t — 7)1 + f(t,0(t),v(t —0)) =0, t # Ok, t > 1o,
(E") {v(0k) = I(v(0))), k €N,
v'(0k) = Je(v'(0;)), k€N,

where 7,0 € N, p € PC([tg,0),Ry), 7(t) > 0, 011 — 0 > 0 = max{7,0} and
g < # < ¢, Jp(u) = dyu, k € N, ¢, cg, dip > 0 and f(t,v(t),v(t — o)) >
qt)f(z(t — o)), and f(x) = = . In this work, the authors have extended and
generalised the work of [12] to impulsive equations in the range 0 < p(t) < 1.

However, it seems that there is no known results regarding the oscillation of
second order impulsive neutral differential equations when the neutral coefficient
p(t) < 0. More exactly, the existing literature does not provide any criteria which
ensure oscillation of all solutions of (E) when p(t) < 0. In view of this motiva-
tion, our aim in this paper is to present sufficient conditions which ensure that all
solutions of (E) are oscillatory.

Definition 1.1. A real valued continuous function z(t) is said to be a solution of
(E) satisfying the initial condition, if the following conditions are satisfied

L. 2(t) = () for tg — p < t < to, z(t) € C?[tg,00,R) and t # Oy, k € N;
2. y(t) = z(t) + p(t)ax(t — 7) € C*([to,0),R) and y'(t) € C*([to,0),R), t #
Or,t # Ok + 7,t # 0 + 0,k € N and satisfies (1.1);
3. z(0)),2(0;),2'(0)) and 2/(0;) exist, x(0,) = x(0y), 2(0;) = 2'(0x) and
satisfies (1.2) and (1.3) respectively.
Definition 1.2. A nontrivial solution z(t) of (F) is said to be nonoscillatory, if
there exists a point ¢y > 0 such that x(¢) has a constant sign for ¢ > to. Otherwise,

the solution z(t) is said to be oscillatory. (F) is oscillatory, if all its solutions are
oscillatory.
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2. Some preliminaries

Throughout the paper, we use the following notations:

y(t) = x(t) + pt)z(t — 1),

i = max{ck, di }, k € N.
PC([tg,00),Ry)={ = : [to,0) — R; z(t) and 2/(t) are continuously differentiable at
t # 0 and z(0,), x(0;), 2/ (0 ), (0} exist and z(0;) = z(0x), 2/ (0, ) = 2’ (0x)}-

Proposition 2.1. [2/] A product [[,-,(1+d)) where all the terms dy, are positive
. . . . o0
is convergent if and only if the series ) .~ dj converges.

Lemma 2.1. [11] Suppose that

(i) the sequence {0k }ren satisfies 0 <tg < 0 < -+ < O < -+ with limg_,o0 O =
00,
(i3) v,v" € PC(R4,R) and v(t) is left continuous at Oy, k € N.
(791) k € N and t > tg, we have

v'(t) < p(t)v(t) + q(t),t # O
v(0) < arv(x) + by,

where p,q € C(R4,R), a and by are real constants with ap > 0 hold. Then
the following inequality holds

o(t) <v(te) ] arexp (/: ds /tg

to<0r<t ¢

H akeXp(/ (5)d5)q(s)d8

s<Op<t

5 (1 ool [ s

to<Or<t 9k<9 <t

Lemma 2.2. [26] Let x(t) be a solution of of (E) and c},d, > 1 for k € N.
Assume that there exists T > to such that x(t) > 0 fort > T and

(A4) ff;o ]-_[T<9k<8 % ds = 00
Then y'(0;) >0 and y'(t) > 0 for t € (O, 0k1+1) and O, > T.

Proof. Let z(t) be a nonoscillatory of (E) for ¢t > tg. Without loss of generality,
we may assume that x(t) > 0, z(t —7) >0 and z(t —o) > 0for t > t; > to+p =
max{r,c}. Set

y(t) = x(t) +p()a(t — 7).

Therefore, from (E) we have

y'(t) = —g(t,x(t), z(t — 0)) < —q(t)h(z(t — 7)) <0

and hence y/(¢) is monotonically decreasing in all interval of the form (6, 0x11], k €
Nand 6y >ty > t1+0. We assert that y'(0;) > 0, 0 > t2, k € N. If not, then there
exists ; > to such that y/'(0;) < 0. Let y'(0x) = —a, o > 0. Since 041 — O > 7,
Or+1 — 7 is not a impulsive point for all k¥ € N. Therefore, from (F), we have

y(0;) = 2(OF) +p(O; )z —7)
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I (2(0k)) + dip(Or )2 (0) — 7),

< cpx (k) + diep(Or)z(0) — 7),
that is,
y(0;5) < ey (6k)
and
Y (0) = 2'(0F) + ' (0020 — 1) + p(6;)2" (0] —7),

= Jk(x/(ek)) + dkp/(ek)x(ek - 7') + dkp(Hk)x’(ek — 7'),

< dpz' (Or) + dip'(0k)x (0 — T) + drp(Or)2’ (0 — 7),

= diy'(0r),
that is,

y'(05) < diy' (Or)-
Since y/(t) is monotonically decreasing for t € (0j4;—-1,60;4:],4 = 1,2,3---, then for
t e (Hj, 9]'+1], we have

y'(0541) <Y'(0]) < djy'(6;) = —dja < 0.
For t € (0j41,6;+2], we have
y'(0542) <y'(0)1)
= 37/(93'++1) + Pl(‘g;rﬂ)x(@;rﬂ -7)+ P(9j+1)$/(9;'r+1 -7),
= Ji+1(2'(0511)) + dj110"(0541)2(0j41 — 7) + djr1p(011) 2" (041 — 7),
< dj12'(0j41) + dj+1p (0541)2 (0541 — 7) + djp1p(0541)2" (0541 — 7),

= j+1y/(9j+1)
= 7djdj+10[ < 0.

Consequently,
Y (0j+n) < —djdjtrdjo - djina <O0.
Proceeding inductively, we obtain
y'(t) < —djdj1djin- - djpna <0,
for t € (0j4n,0;4+n+1]. Consider the following impulsive differential inequalities
y'(t) <0, t# 0, t >0,
Y(07) S dey'(O), k=G +1,5+2,--.

Therefore, by Lemma 2.1, we get

vy <y©r) 1]

0;<0r<t

Again, consider the following impulsive differential inequalities

yt)<—a [ di t#0k t>0
0; <0<t
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y(OF) < myOx), k=j+1,j+2,--.
Therefore, by Lemma 2.1, we get

MORSTCON| | wk—a/e_ IT w| I del|ds

9j <0<t Js<O <t 9j<9k<t
t dk‘
< I1 wlwen-af | I 2)as
9j<9k<t ej 0j<9k<s Tk
implies that
t dk
v < T] wfven-af | T 2%)as|. (2.1)
0; <0<t 0; 0;<6rp<s Tk

(2.1) is not possible, if y(t) > 0 due to (A4). Indeed, y(t) > 0 when p(¢) > 0. Let
—1 < p < p(t) <0. We claim that y(t) > 0 for ¢t > 5. If not, then (2.1) implies
y(t) - —oo as t — oo. Hence, there exists a t3 > to > 6; and C' > 0 such that
y(t) < —C for t > t3. We arise two possible cases:

Case 1. If z(¢) is unbounded, then there exists a sequence {s, } such that s,, — oo,
x(s}) = oo asn — oo and z(s;}) = max{z(t) : t3 <t < s, } (if s, is not impulsive
point, then z(s}) = x(s,)). Since t — 7 < ¢, then

x(s) —7) =max{z(t) 1 t3 <t < s, — 7} <max{z(t) : t3 <t < s, } = x(s)).
Therefore, for all large n
0>y(sy) =x(sy) +plsy)a(sy —7) = (1+p(s)))a(s)) >0,
a contradiction.
Case 2. If z(t) is bounded, then y(t) is bounded, a contradiction to y(t) — —oo as
t — o0.
We have noticed that y'(6x) > 0 for any 60 > 3. Since y”(¢) < 0 for any
te (9k+i—1a Gkﬂ'], then y/(t) > y’(@,j), that is,
V(1) 2 y'(0;) = ' (0) + P/ (00)(05 — 7) +p(6)2" (0] —7)
= I (2" (0)) + dip' (Or)x(0k — 7) + diep(Or) 2’ (01 — 7),
> dipx(0k) + dip' (Ok)2 (0 — 7) + diep(O1)2" (Ok — 7) > d*y' (0k) > 0.
Therefore, y'(6;7) > 0 and y/(t) > 0 for t € [fx1i—1,0k+i), t > t2. This completes
the proof of the lemma. O

Remark 2.1. Let x(t) be an eventually negative solution of (E). Then using (A4),
it is easy to prove that y’(t?;:) <0andy'(t) <0 forte (Ok,0kt1], Op > T.

3. Impulsive conditions for oscillation

Theorem 3.1. Assume that —1 < p < p(t) < 0, ¢ > 1,k € N and (A4) hold.
Furthermore, assume that there exists a function f(t) € PC([tg,00),R4) such that

. € 2 l
(As)  limg 0o ftto [1:, <6, <s i (q(l) — fT(l)) exp <ft2 sf(s)ds) dl = 0o
hold, then every unbounded solution of (E) oscillates.
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Proof. On the contrary, let z(¢) be an unbounded nonoscillatory solution of (E).
Without loss of generality, we may assume that z(¢) >0, z(t—7) > 0, z(t —0) >0
for t > to > p. From Lemma 2.2, it follows that ¢'(t) > 0 and y'(6;") > 0 for
t € (0,0k41],k € N, t > t; and hence y'(t —o) > 0 for t > t; + 0. Here, we consider
two cases namely, y(t) < 0 and y(t) > 0.
Case 1. Since z(t) is unbounded for t € (6, Ox+1], then proceeding as in the proof
of Lemma 2.2 (Case 1), we get a contradiction to y(¢) < 0 for all ¢(6x, 0x+1], k € N.
Case 2. For t € (0p4i-1,0%+i], and for any 0y, k € N
y(0)F) = x(0)) + p(6;))x (6 — 1) = Li(x(0x)) + diep/ (O1)2(0k — 7),

> cx(0k) + dep(Or)z (0 — 7),

> min{cg, di }y(0r) > y(0x) > 0.
Clearly —1 < p < p(t) < 0 and y(t) > 0 implies that y(¢) < x(t). We may note that

g(t,z(t),z(t — o)) = qt)h(z(t — o)) > q(t)h(y(t — o))
for t # Oy, t > to > t1 + 0. Therefore, (1.1) can be written as
y'(t) +a(Oh(y(t — o)) <0, t # Oy, t > ta.

For t > t5, define

A
W) = S = o))

Then, w(6;") > 0 and w(t) > 0 for O}, > t,. Differentiating (3.1), it follows that

y' Oyt — o)) —y' O (y(t = 0))y'(t — o)

(3.1)

w'(t) =

h2(y(t — o))
< Z4Why(t — o)) Y ON (Yt —0))y'(t — o)
T h(y(t—o)) h2(y(t — o))
W®?
< —q(t) — ew?(t)

2(t 2(t
= (qt) - 0N cw(t) + ef° (1)
4 4
for ¢t # 0),. Since a? + b> > 2ab, then the last inequality can be written as

w(t) < - (qa) _ fj”) —cw®)f (1), fort £ by, ¢ > b,

For t = 0,

y'(6;) < diy' (0k) < dy' (0x)
hy(0F — o)) ~ hey(be — o)) ~ h(y(Ox — o))
Consider the impulsive inequalities:

e 2
w'(t) < — (q(t) — f4(t)> —ew(t)f(t), t # Ok, t > to

w(H,j) = = d;ﬂl)(@k).
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w(0;) < dyw(by), k€N
and applying Lemma 2.1, we get

) <w(ty) ][] dkexp(/ —cf(s)d ) / II dkexp(/ —5f(§)d5>

to <O <t 2 s<O<t

X (q(s) - z:‘fj})) ds

< II dkexp</ —5f(s)ds>[ (t5) — / 11 —Ql ]

ta <O <t b2 4, <9k<€
h t) = (q(t) — LW ! ds). Letting ¢ d using (A
where Q1(t) = (q(t) — =5 ) exp ftz ef(s)ds). Letting ¢ — oo and using (As),
we obtain w(t) < 0 which is a contradiction. Hence, the theorem is proved. O

Remark 3.1. Let I, = I and J = J, where I and J are identity function, then
(E) reduces to

(E') [a() + p(t)a(t — ) + a(®)h(a(t — 0)) = 0, ¢ > to.

By [1, Theorem 3.4.3], every unbounded solution of (E’) oscillates. We may note
that Theorem 3.1 improves or generalizes the known result [1, Theorem 3.4.3].

Example 3.1. Consider the impulsive differential system

[x(t) — ix(t —m)]" 4+ 2e2tx(t — 2m) = 0, t # O, t > 2,

x(0) = ,M 2 (), k€N, (3.2)
xl(alj) - k+1 (ekr) keN,
where 7 = m, 0 = 2m, p(t) = -4, q(t) = 4€** > 0, h(u) = u, and f(t) =

c,’gzckzki_ﬂ,d,tzdk:%“,ek—?)k‘w Ok+1 — 0 = 31 > 2m,k € N. Here

oo 1
/T —d_ H Eds

2

T<9k<5 2<0<s
:/2 11 Eds—i—/ 11 Eds—i—/ 11 fds+-~-
2<0<s 2<0p<s 2 2<9k<s
1 1 1 2
= — —2 — —_ — —_ —_ —
2(91 )+ 2 X 3(92 91) 2 X 3 X (93 92)
—lx(S 2)+1><3 +1x3 —&—le +
T T g oo e
1 3 3
:§><(37r—2)+7r+1><7r+g><77+-~-
1 1 1 1 =1
_§+§+Z+g+ ;;—OO

and

/ H ds—/ H (k +1)4e*ds = oo

2<9k<s 2<0<s
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By Theorem 3.1, (3.2) is oscillatory. Clearly, if (3.2) is without impulse, then
x(t) = e’ cost is an unbounded oscillatory solution of (3.2).

Theorem 3.2. Let (A4) hold and —1 < p < p(t) < 0. Assume that there exists a
positive integer ko such that c; > 1,dy, > 1 for k > ko and
(Ag) 252y ldk — 1] < o0,

(A7) h satisfies ff;o % < o0, a>0,

[e's) 0, 00
(As) > plq fg,f“ (fto [1i<o, <o iq(v)dv) ds = o0

hold. Then every unbounded solution of (E) oscillates.

Proof. Let’s assume that x(¢) be an unbounded nonoscillatory solution of (E).
By Lemma 2.2, we get y/(t) > 0 and y/(6;) > 0 for t € (04, 041],k € N, t > t; and
hence we have

05) +p(0))z(6; —7)
x(0k) + dip(Or) (0 — 7)
Ox) + p(Or) (O — 7)

y(0F) =x
C

—

(A\VARAVARLY]

that is, y(¢) is nondecreasing for ¢ € (6x,0x11], k € N. Especially,

y(t) < y(01) < y(0f) < y(b2) < -+ (3.3)

represents that y(t) is monotonically nondecreasing for t € [t;,00). From (E), we
get

y'(t) < —qh(y(t — 0)),t # O, t > t
y'(0F) < diy/ (01),k €N.
Let z(t) = y/(t), then the last impulsive inequality can be written as
Z(t) < —q()h(y(t — o)), t #Op,t > 1
2(9’:_) < dkz(ﬁk), ke N.
Using Lemma 2.1, we get
t
2(t) < z(u) H dy —/ H drq(s)h(y(s — 0))ds, u>t;
u<Op<t U s<hr<t
implies that
t
vy T] di- [ ] du@hls-onds uzt, ()
u<Op <t Uos<Op<t
that is,

Y (u) > / H dy; 'q(s)h(y(s — o))ds.

U u<fp<s
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Therefore,
L ey,
yw—o) = Ju AL Ry(u— o)
>[I0 e
U u<fp<s

We notice from (3.4) that

Il deu>ta

u<Op <t
which then implies that
y'(u) <y'(u—o) H dg, u>t; +o. (3.5)
u—o<0p<u

Let u € (g, 0k+1]. Using (3.5), we get

ey [ Vo)
/ek h(y(u—a»“/@k IT gy = oy

u—o<0p<u

Due to Proposition 2.1 and (Ag), there exists to > t; + o and a constant K > 0

such that [, . <0, <u @k < K. Therefore, the preceding inequality reduces to

Or+1 / Okt1 (o
/ y'(u) ds < K y'(u—o) du, u >t
o hy(u—o0)) o, Nylu—o0))
Y(Or41—0)
<K dv
y(0r—0o) h(U)

Ok+1 Y(Okt1-9) gy,
/ / Il d.'a(wdu)ds <K / —
s y(0r—0o) h(v)

s<0p<u

and hence

Since (3.3) holds, then the above inequality becomes
Opi1
Z/ /Hqu duds<K/ < 00
S s<fp<u y(61—0) h

due to (A7), a contradiction to (Ag). Hence, the theorem is proved. O

Remark 3.2. Let I, = I and J = J, where I and J are identity function, then
(E) reduces to

(E') [2(t) + pO)(t — 7)) + a()h(a(t — o)) = 0, t > to.

We may note that, by [1, Theorem 3.4.4], every unbounded solution of (E’) oscil-
lates. Therefore, Theorem 3.2 improves the existing result [1, Theorem 3.4.4].
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Theorem 3.3. Let —1 < p < p(t) <0 and ¢f, > 1. Assume that (As) and
(Ag) there exists B > 0 such that |h(u)| > Blul,

(A1o) limsupy_, ., feik+a (152) q(t)dt > %’f, t>o

hold. Then every unbounded solution of (E) oscillates.

Proof. Let z(t) be an unbounded nonoscillatory solution of (E) and we assume
that x(t) > 0 for ¢ > t3. By Theorem 3.1, we get y(¢) is nonincreasing for ¢ €
(0%, Ok+1], k € N. From (1.1) and (Ag), we have

y'(t) < —q(t)h(y(t — o)) < —Ba(t)y(t — o) <0, > t;. (3.6)

We note that

/ Y (s)ds = / " (s)ds + / " (s)ds + / " )ds o+ / Y (s)ds

t1 t1 01 02 0

= y(01) —y(t) + y(02) — y(0F) + y(0s) —y(05) + - + y(t) — y(6;)
=y(t) —y(t) + Z [y(0k) — Tx(y(Or))],
t1 <0<t
and since c¢; < L (y(Or)) < ¢k, then the last integral can be viewed as
k y(Ok
t
[ v @ds<u® -yt + Y w6 - ciolon)
1 t1 <0<t
=y(t) =yt + Y (1—ci)y(Or)
t1 <0<t
<y(t) —y(t]).
Therefore,
t
u0) 2yt + [ ¥ 6=y O —t), 2 1
ty
that is,

y'(t), t >ty > 2.

y(ta)Z( 5 )y'(ta), t>ty3>ta+o

and hence (3.6) becomes

t—o
2

y'(t)+ 8 ( ) qt)y' (t — o) <0. (3.7)

Integrating (3.7) from 6y to 0, + o, we get

Oto (o
6+ o) - 65)+ 6 | <> 4Oy (t — o)dt <0,
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that is,

Or+o —
Vo) =0+ a0 [ (57)atar <o.

Consequently,

Or+o —c
Y (0 +0) + 9/ (6)) Li/e (t 5 ) q(t)dt — 1] <0

which is not possible due to (A19). This completes the proof of the theorem. O

Remark 3.3. The prototype of h satisfying (Ag) could be of the form
h(u) =u(B+ |u]”), v e R, v> 0.

Example 3.2. Consider the impulsive differential system

[2(t) — ta(t — 1)) + (t+ D[zt —2) + 23t —2)] =0, t # Ok, t > 2,

z(0)) = Fta(0x), keNE>ky, (3.8)
'(07) = 72’ (0), ke N, k> ko,
where 7 =1, 0 = 2, p(t) = =3, q(t) = (t+ 1), ¢ = = 5L, dj, = dp = 1,

O =25 Opy — 0, =28 > 1,k €Nk > ko =1, h(u) = u(1 + u?). Clearly,

oo dk

T<O0r<s
/ 1<9k<8
92 94
/ H ds+/ ds+/ H Cds+
1<0y <5 92 1<9k<s 03 1<9k<5
1 1
=(0y—1 — 03 — 0 - X = 04— 06
(2 = 1) + 5 x (65— 02) + 2><3><(4 3) +
1 1 1 1 1 1
:2+§X22+§X§X23+§X§Xix24+"'
1 1 1 =1
> e T ~ =
145zt ZZ

and let’s choose 0 > 2h + 1 for 0 < h < i Then 0, = 2k and G,j = 2k + 2h,

Or+o O +o t _
lim sup (/ (t+1) ( ) > lim sup (/ ( ) dt)
k—o0 O k—o0 O 2

By Theorem 3.3, (3.8) is oscillatory.

Next, we show the Kamenev-type oscillation criteria for (F) when f(t) =

Theorem 3.4. Let -1 <p < p( ) <0. If (A4) and
(A11) limsupy . = fek“ Mq(s)ds = oo for somem > 1
hold, then every unbounded solutzon of (E) oscillates.
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Proof. We proceed as in the proof of Theorem 3.1 to obtain
W'(t) < —q(t) for t # O, ¢ > o,

Clearly, w(t) is nonincreasing and positive for t > t5. Multiplying (¢t — )™ (t > s)
for some m > 1 to both sides of the above inequality and then integrating from 6y
to Ok41, we get

9k+1 9k+1
/ (t — s)™w/(s)ds < — / (t — 5)™q(s)ds.
O O
Indeed,
Ort1
/ (t —s)™w'(s)ds
0

' Or41
:/0 mlt — )™ Vw(s)ds + (t — Os) ™0 (Br1) — (t — Op)™w(67).

Therefore,

/ = aymg(s)ds

" Ok +1
< —/9 it — )™ w(s)ds — (£ — Br)™w(Bhsr) + (¢ — 60) w(6])

< (t— k)" w(0])
< di(t — )" w(Or),

that is,
Ot t— 0y
7/ (1 — )" q(s)ds < di ("= (6y).
As a result
I Ok
limsup—/ (t = $)™q(s)ds < dp(1 — 25y < o0

k—oo U 0, t

which contradicts (A11). Hence, the theorem is proved. O

Theorem 3.5. Let 0 < p(t) < ps < 0o and o > 27. If (A4), (Ay) and
. Ok+7T (t—0o
(Ay2) limsup,,_, . —+  Jo, wt (552) Q(t)dt > H%
hold, then every solution of (E ) oscillates, where Q(t) = min{q(t),q(t — 7)},t > 7.
Proof. Suppose on the contrary that z(t) is a nonoscillatory solution of (FE).

Proceeding as in the proof of Theorem 3.1, we get '(¢) is nonincreasing for t €
(0k,0k+1], k € N. From (1.1), it is easy to see that

0> y"(t) + Ba(t)z(t — o) + pay”(t —7) +p2Ba(t — T)a(t — 7 — o)
>y (t) + pay (t = 7) + BQ)[x(t — 7) + poz(t — 7 — 7))
>y

"(8) +p2y”(t = 7) + BR)Y(t - ),
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that is,
y"'(t) + p2y (t — 7) + BQ)y(t — o) < 0. (3.9)

From Theorem 3.3, it follows that

Therefore, (3.9) becomes

t—o
2

' (t) + pay/"(t — 7) +5( )Q(t)y’(t o)<,

Integrating the above inequality from 6y to 6y + 7, we get

e

Op+T1 -
O+ 7) = O+ oo 6 a0 - 1)+ 5 [ (157 Qe - o <

Using v/ (0 +7) < y/(0x) and ¢/ (0;) < y/'(6) — 7) in the above inequality, we find
Y (O +7) +p2y/ (O +7) — /(0 —7) — p2y/ (0 — )

Op+T1 7
wo [ (557) ey - o <o

that is,

Op+1
(L4 p2)y (O +7) — (L+p2)y' (0 —7) + By (O + 7 — cr)/o

<t — U) Q(t)dt < 0.

Since o > 27, then the above relation reduces to

Or+1
(14 p2)y/ (O +7) — (1 + po)y/ (6F —7) + By/ (B — 7) /9

(t;”) Q(t)dt <0,

that is,

(e +oo; o[ [ (57) w4 ) <o

which is not possible due to (A;2). Thus, the theorem is proved. O

Remark 3.4. We may note that, Theorem 3.5 improves the known result [1, The-
orem 3.4.8].

Remark 3.5. Theorem 3.5 extends the result of [25, Theorem 3.2] when T = R,
~v=1and r(t) = 1. In fact, when ¢} = ¢, =dj =di =1 for k € N, (F) is no more
a impulsive differential system. Therefore, (A;2) reduces to

t+T1

t— 1

lim sup/ ( 0) Q(t)dt > + P2
t—o00 t 2 ﬂ

which is same as in [25, Theorem 3.2].
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4. Conclusion

Remark 4.1. We may note that, Theorem 3.1- Theorem 3.4 gives a partial answer
to the open problem raised by Bonotto et al. [4], that is, every unbounded solution
of (E) are oscillatory when the neutral coefficient —1 < p < p(t) < 0.

Remark 4.2. In [26], the authors have studied the impulsive system (E) and
established the sufficient conditions for oscillation in the range 0 < p(t) < 1. In this
work also, we have made an effort to establish sufficient conditions for oscillation
when —1 < p(t) <0 and 0 < p(t) < <.

On the basis of Remark 4.1 and 4.2, two interesting problems for future research
can be formulated as follows:

o Is it possible to suggest a different method to study (E) and obtain some
sufficient conditions which ensure that all solutions of (F) are oscillatory?

o Isit possible to establish oscillation criteria for (E) for the range —oo < p(t) <
-17
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