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Abstract: In this paper, we combine a split least-squares procedure with the method
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into two independent sub-procedures, one of which is for the primitive unknown and
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1 Introduction

We consider the following convection-dominated parabolic integro-differential equations:

c(a:)% +d(z)-Vu— V- (A(a:)Vu + B(x)/o Vau(z, s)ds) = f(x,1), (2,1) € (2 xI),
u(z,t) =0, (z,t) € (I' x I),
u(z,0) = ug(z), x € £,

(1.1)
where I = (0,77 is the time interval, {2 is a bounded polygonal domain in R%, d = 2,3, with
a Lipschitz continuous boundary I', d is the space dimension. d(z) = (di(z),--- ,d4(z))".
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A(z) = (aij(2))axa, B(x) = (bij(x))axq are bounded, symmetric and positive definite
matrices, i.e., there exist positive constants a,, a*, b, and b* such that
a.|[€]” < (A€, €) <a™[l€]*, b.]€]* < (BE, €) <vlI€*,  €eR™
We make the following assumptions: there exist positive constants ki, ko such that
0 <k <c(x) <k, 1dll1,00 + llll1,00 < Ko
We also assume that 2 is H2-regular: for f € L?(§2) the solution of the following problem
-V -(AVw) = f in £, w|r =0

exists and |lw]l2 < K| f].

This model arises from many physical processes in which it is necessary to take into

account the effects of memory due to the deficiency of the usual diffusion equations (see
[1-2]). As we all know, the numerical simulation of convection-dominated problems requires
special treatment. Generally, they either smear sharp physical fronts with excessive numer-
ical diffusion, or introduce nonphysical oscillations into numerical solutions. The method of
characteristic has proved effective in treating convection-dominated problems (see [3—4]).
We have introduced the least-squares method for such equations when A, B are propor-
tional to a unit matrix in [5]. The least-squares finite element procedure has two typical

8 consis-

advantages as follows: it is not subject to Ladyzhenskayal®, Babuskal”, Brezzi
tency condition, so the choice of approximation spaces becomes flexible, and it results in a
symmetric positive definite system. However, it usually needs to solve a coupled system of
equations for conventional least-squares finite element procedure, which brings to difficulties
in some extent. We only get the optimal order H'(2) norm error estimate for u in [5].

In [9-10], a kind of split least-squares Galerkin procedure was constructed for station-
ary diffusion reaction problems and parabolic problems. The purpose of this paper is to
combine the split least-squares procedure with the method of characteristics for convection-
dominated parabolic integro-differential equations. The most advantage of the scheme is:
by selecting the least-squares functional properly, the resulting procedure can be split into
two independent symmetric positive definite sub-schemes. One of sub-procedures is for the
primitive unknown variable u, which is the same as a stand Galerkin characteristic finite
element procedure and the other is for the introduced flux variable o. By carefully choosing
projections, we see that the method leads to the optimal order H'(2) and L?({2) norm error
estimates for u and sub-optimal (L2(£2))% norm error estimate for o.

The paper is organized as follows. In Section 2, we formulate the procedure. The
convergence theory on the algorithm is established in Section 3. In Section 4 we give the
numerical experiment.

As in [11], we assume that the problem (1.1) is periodic with 2. In this paper we use
WkP (k> 0,1<p< o) to denote Sobolev spaces (see [12]) defined on {2 with a usual norm
I lwes(ay, and H*(2), L2(2) with norms |- [ = || - (o, || | = |- 20, respectively.
For simplicity we also use L*(H¥) to denote L*(0, T; H*(2)). The inner product (-, -) is
both used for scalar-valued functions and vector-valued functions. Throughout this paper,
the symbols K and § are used to denote a generic constant and a generic small positive

constant, respectively, which may appear differently at different occurrences.



NO. 1 GUO H. et al. A SPLIT METHOD FOR EQUATIONS

2 Split Characteristics Least-squares Procedure

Introduce two function spaces
H = {w ¢ (L*(2))% divw € L*(2)},

t
Letting the flux variable o = — (AVu + B/ Vu(z, s)ds)7 we can rewrite the problem
0

(1.1) as a first-order system

c%+d~Vu+diVU:f(x,t), re N 0<t<T,

t
o+ (AVu + B/ Vu(z, s)ds) =0,
0

u(x,0) = ug(x),

d
Letting v (z) = \/c(x)? + |d(z)|2, |d(z)]* = Z d?, we denote the characteristic direction
i=1

associated with the operator cu; + d- Vu by 7 = 7(z), where

0 0

S={veHY(N), v=00nT}.

re N, 0<t<T, (2.1)

T € ().

(2.1) can be put into the form
w%+diva:f(:c7t), re N, 0<t<T,
-
¢
cr+AVu+B/ Vu(z,s)ds=0, z€, 0<t<T, (2.2)
0

u(z,0) = uo(x), x € 2.

T
Given a time step At = —, where N is a positive integer, we approximate the solution

n _ . n—1
at times t" = nAt, n = 0,1,--- ,N. Let ¢" = g(z, t") and D;g" = % The
characteristic derivative is approximated basically in the following manner:
p@)(2) =)= e e —o(an
X - =clxr)—— e e’ =
or At ’ ’

where T = x — MAt, vl = (7).
c(x)

We can rewrite the system (2.2) as the following semi-discrete system:

u™ — anfl ) N . N
CT+le0' n:f + RY, x € (2,
o" + AVu" + AtBY Vu' =Ry, z€f, (2.3)
i=1
uO(x) = Uo(x), T e Q,
where
” u™ — gl ou\"™
=g —v(5) =ow,

Ry =AtB» Vu' - B/ Vu(z,s)ds = O(At),
0

i=1

B
D;Ry = BVu™ — Az Vu(z, s)ds = O(At).

tn—1
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Equivalently we have that
¢z [cu™ + Atdive™ — (ca" ! + Atf™ + AtR?)] =0, x € {2,

1 _ n—1 )

A F[o"+ AVu" + B Y AtV — R3] =0, €, (24)
i=1

ul(x) = ug(x), T € L2,

where A = A + AtB.

Define the minimization functional Ji* as

T, v) = |le” % [ev + Atdivey — (ca ' + Atf™ + AtRY)]|?

+AtH21é[w+AW+B§AtVzﬁ—R§} ‘2. (2.5)
i=1

Then the least-squares minimization corresponding to (2.4) is: find (", u™) € H x S
such that

J ", u") = min J" . 2.6
(e, u™) ¢Ergg}es1(¢, v) (2.6)

The weak formulation of (2.6) is: find (o™, u™) € H x S such that

an((o,n’ un)’ (¢7 ’U))
= (¢ M (eu" t + Atf™ + ALRY), cv + Atdivap)

- At(}rl (B ni AtVui — Rg), P+ Aw), (W, v) e HxS, (2.7
=1

where the bilinear form a,, is defined as
an((o, u), (i, v)) = (¢ (cu + Atdive), cv + Atdivap)
+AHA (o + AVu), ¥ + AVo). (2.8)

Let T}, and Ty, be two families of finite element partitions of the domain {2, which are

identical or not. Let hs and h,, be mesh parameters. Based on T}, and T}, we construct the

w?

finite element spaces Hp, C H and Sy, C S with the following approximation properties:
there exist integers k > 0, [ > 1 such that

inf - < KhFt!
o |w — wh| < Khy||w|lk+1,

. . k
0 v = wn)]| € KB . (29)
nf o= onll + BV 0 = en) [} < KA ol

for any v € S(VH'*1(2), w € H(H*H1(2))4, where k; = k+1 in the case that the space
Hyj,, is any one of Raviart-Thomas mixed elements (see [13]) and Nedelec mixed elements
(see [14]) and k; = k > 1 in the case that the space H},, is the CY-elements (see [15]).

Omitting the time truncation error terms in (2.7), we define the following least-squares
procedure with the method of characteristics.

Scheme I. Given an initial approximation (a9, u) = (Qo®, Ru°) € (Hy, x S,), which
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is defined in Section 3, we seek (o}, u}) € Hy, x Sy, such that

an((o-Za UZ)v (whv vh))

= (cHeup ™t + ALf™), cvp, + Atdivepy,)

n—1
~AHA 'BY AV, oy, + AVer), (g, vn) € Hy, X Sh,. (2.10)
i=1

Remark 2.1  Scheme 1 is still a conventional least-squares characteristic mixed finite
element scheme. Now we discuss the bilinear form a,, in the following lemma, which leads
to a decoupled system.

Lemma 2.1  For any (o,u), (,v) € H x S, we have that
an((o, u), (¥, v))
= (cu, v) + At*(c"tdive, divep) + At(;l_lo', ) + At(AVu, Vv). (2.11)

Proof. A direct calculation shows that

an((o, ), (¥, v))
= (cu, v) + At (¢ tdive, divep) + At(A_la, ) + At(AVu, Vo)
+ At[(u, divyp) + (dive, v) + (o, Vo) + (Vu, ¥)].
By applying Green’s formula we have
(u, divep) + (dive, v) + (o, V) + (Vu, ¢) =0,
which completes the proof of (2.11).
Now, we can derive the split least-squares characteristic finite element method.
Scheme I'. Let v, = 0 and v, = 0 in (2.10), alternatively. By using Lemma 2.1, we
have the equivalent form of Scheme I
(cuf, vp) + At(AVu}, Voy,)

n—1

= (ca !, vp) + AL, vy) — At(B Y AtV Vvh>, v, € Hy, (2.12)
1=1

(A" o7, ) + At(c dive?, divep,)

n—1
= (a; !, divapy,) + At(ctfm, divepy,) — (A*IB Z AtVul, ¢h), ¥, € Hy,,. (2.13)
i=1

Remark 2.2 It is obviously that Scheme I’ is a process in which u;, and o}, can be solved
separately. Moreover, the sub-procedure (2.12) is the same as a fully discrete Galerkin
Characteristic finite element procedure for the problem (1.1).

Remark 2.3 Lemma 2.1 also tells us that the bilinear form a, (-, -) is continuous and
positive definite in H x S. So it follows from Lax-Milgram theorem that Scheme I’ has a
unique solution.
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3 Convergence Analysis

In this section, we analyze the convergence of the procedure. For this purpose we introduce
some projection operators first.
From the approximate property of finite element spaces we know that there exists a

vector-valued function Qo € Hj,_ such that

o= Qoll < Ko, -
Idiv(e — Qa)l| < Kh§t || o[l +1-
For u™ € S, we define its elliptic projection Ru™ € Hp,, such that
(AV(Ru™ —u"), Vop) + Y AH(BV(Ru' —u'), Vop) =0, vy € Sp,. (3.2)

i=1
Lemma 3.1  There exists a positive constant K independent of the discretization param-
eters At, hy and h, such that for s = 0,1
{ [u™ — Ru™||s < KR lull o (141 (2)) (3.3)
[1De(u™ — Ru™)[|s < KRG =5 [[[u]| oo e 2y + sl poe (e () '
Lemma 3.2 Let g € L°(L?). Then
72 < (1+ KA#)|qllZ, (34)

where ||q||? = (cq, q), the constant K depends only on ki and ks.

Lemma 3.3 Ifn € L°(L?) and ij(z) = n(x —g(x)At), where g and g’ are bounded, then
I —nll-1 < Klln||At. (3.5)

We are able to demonstrate our main result for the scheme.

Theorem 3.1  Let (o, u) be the solution of (2.1) and (o}, u}) be the solution of Scheme
I'. Suppose that the solution of (2.1) has regular properties that u,u; € L®(H**!), o €
L= ((H* 1Y), Then we have the priori error estimates for s =0, 1,

lu™ = ujills < K(At+ R0, (3.6)

o™ — o} || < K(At+ bl + T 4+ Atz Rk, (3.7)
where the constant K is dependent upon T and some norms of the solution (o, u), and

independent of the mesh parameters hy, h, and At.
Proof.  We prove (3.6) first. Letting ¢ = 0 in (2.7) and using Lemma 2.1, we have
n—1
(cu™, v) + At(AVU", Vo) = (ci™ 1, v) + At(f", v) — At(B Z AtV Vv)
i=1

+ At(R},v) + At(RY, Vv), vES. (3.8)
Subtracting (3.8) from (2.12), we obtain
(c(u” — up), vn) + AHAV (" — ), Vur)

n—1
= (c(a™ ™t —apt), vy) — At(B Z ALV (u' — ub), Vvh)
i=1

+ At( e Uh) + At(RZ, V’Uh), v, € Sh, - (3.9)
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Write v™ — vy = u” — Ru™ + Ru™ — uj, = p" + 0". Since the estimates of p" are known,
we need to find only the estimates of . From (3.9) we see that 6" satisfies the following

error equation

(c(0™ —0"Y), vp) + At(AVO", Vuy,)

= (c(p"™" = p"), vn) — AP(BY VO, Vo) + At(RY, vy) + AHRS, Vo),  (3.10)
i=1
where we have used the equation

(AVp", Vop) + Y AHBVp', Vo) =0.
i=1
Setting v, = " — 0"~ = AtD,0™ in (3.10), we have
1
At(cDy0", DO™) + 5[(AV0”, Vo) — (AVO"H VOmTH £ (AV(9" — 9T,
v(gn o gn—l)]
= —(e(6" =47, D)+ (e — ), D) — At(B Y v, v(en - 9”*1))
i=1

+ At(RY, D0™) + (Ry, V(0™ — 6™ 1))
=T1+T0+---+1T5. (311)
Using Cauchy’s inequality, we estimate (3.11) term by term.

Ty = —(c(0™ ' = 6", Do)

< KAt|Ve"—H[|1Dg"]
< KA ATV 12 + 5At|c? Dyo™ |2, (3.12)
Ty = (c(p" ™" = p" ™), Df™) + (c(p" " = p"), Di")
= To1 + Taa. (3.13)
From Lemmas 3.2 and 3.3, we have
Tor = (e = o), 6") = (el = p), 0" 7] = (e(Dug" — Dup), 67)
1

< E[(C(ﬁ” —p"), 0™) = (c(p" "t = p"h), ")) + KAt Dyp™ |
+ KAt(||cz0m||? + || Az Vo™ |?)

1 -n n n —n— n— n—
g (P = p"), ") = (c(p" " = p" ), 0 D]+ KAt

IN

+ KAL(||c20™|? + || A2V ||2), (3.14)
Ty = —At(Dyp", Di0")
< KAU|Dyp" || + 6At]|c= Dy |2
< KAth?MD 4 5At|e? D,6" ||, (3.15)

Ty = —At(B Zn:vei, V(" — 9"—1))
i=1



8 COMM. MATH. RES. VOL. 31
n n—1
= -at|(BY_ v, vor) - (BY Vo', vor)
i=1 i=1
n n—1
- (B Y ve - BY Ve, venfl)}
=1 =1
n ) n—1 .
<-at(BY ve,ver) - (BY ve,ver )]
=1 =1
+ KAL(|| A2V + || A2V 1), (3.16)
T, = AR}, D,6™)
< KAt|R}|? + §At|c2 D,6™ |2, (3.17)
Ts = (R3, V(0" — 0" 1))
= [(R5, VO") — (R; ™, V0" ™') — AU(D, Ry, V6" )]
< [(Ry, VO") — (R, V"~ 1) + KAt(| DRy |* + || A2V " ||2). (3.18)
Therefore, combining these estimates, we can obtain
|AZVO™ || + 2At|c2 D,0™ ||
< A2V P + KAH([e2 0" |? + [ A2V + [ A2 V0" |?)
+ KAt(R2HD 4 || RP|12 + || D.RE|%) + 6At||c? Dyo™ ||
1 —n— n— n—
+ g leP" = p"), 6") = (e(p L—ptTh), 0]
n n—1
—al (B ve, ver) - (BY. ve, vor )]
i=1 i=1
+[(R3, V") — (R3™, Vo' )], (3.19)
Summing (3.19) for n from 1 to J we have
|AZV67|? + 2Atz le2 Dy0" |2
n=1
J 1 1 1
ALY ([lez6"|” + | AZVe" | + (| A2 Vo |?)
n=1
J J .
+ KALY (WD + A) 4+ 6AL Y [|le2 D" |1?
n=1 n=1
1 J
_ AN % J n J
+ 57 (elp” = p"). 07) At(BZVG,VG)—I—( n ove'), (3.20)

where we have applied the initial approximation u) = Ru®, §° = 0.

From Lemmas 3.2 and 3.3, we have

1
E(C(p']—p‘])ﬂ )<K ||,0 = l-1167 s
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< Kllp”|I1167 11
< Kh2HD 4 5(||c207 || + | A7Vo7||2), (3.21)

2 1
+ 6| A2ve7 |2

J J
. At(B; v, veJ) < KAtQH ; v

J
< KAEY VO + 6]l A= Vo7 |12, (3.22)
=1
(R],V07) < K||RJ|? + 6| A2V’ |> < KA + 5| A2 V6|, (3.23)

Applying (3.21)—(3.23), we obtain

J
1A2V07 | + At et Do |

n=1

J
< KAEY ([l 6™ + (| A2 Vo~ + [ A2 Ve |2)

n=1
+ K(h2HD 4 At?) + 8[|z 67 |2 (3.24)
Applying a known inequality
J J
lez07 (|2 < [[c26°)> +6 Y Atfle2 D" |2 + K> At]lc2 0™, (3.25)
n=1 n=1

and the discrete Gronwall’s Lemma to (3.24), we derive the estimate

J
107117 + V07| + At Y | D,0")* < K(R2TY + At?), J < N. (3.26)
n=1

Noticing u™ —ujy = p" + 6", we are able to demonstrate (3.6). Now we analyze the error
estimate for o. Letting v =0 in (2.10) and using Lemma 2.1, we have

(A" o™, ) + At(c Ldive™, divep)
= (@"71, divep) + At(c ' f7, divap) + At(c I RY, divap)

n—1
—(A'BY AtV ¢)+ (A 'Ry ), Ve eH. (3.27)
i=1
Let 7" = Qo" — o}, € = o™ — Qo". Subtracting (3.27) from (2.13), we see that 7"
satisfies the following error equation

(A_lﬂ", b)) + At(crdiva™, divapy,)
= (A, 4y) — At(c dive®, divep,) + (@ — ay !, divepy,)
n—1
+ At(c Ry, divep,) + (A Ry, ) — AHA BY V(ut —uh), ). (3.28)

i=1
Setting 1;, = ™ and using Cauchy’s inequality and Lemma 3.2, we have

~ 1
A 272 + At| e 2 diva™||?

< K([le"[I* + | B3 |1*) + K At(||dive"[|* + | R [|*)



10 COMM. MATH. RES. VOL. 31

n—1
+ KA " = P+ KA [V — )2
=1
~ 1
(A w7 + Atlle 2 diva)?). (3.29)

Therefore
7™ + At||diva™||? < K(At? 4+ b2 4 At~ p20HD 4 2+ 1 App2k1y) - (3.30)
Hence, by using (3.1) and the triangle inequality, we are able to demonstrate (3.7). The
proof of Theorem 3.1 is completed.
From Theorem 3.1, we see that the method leads to the approximate solutions with

accuracy optimal in H' and L? norms for u and sub-optimal in (L2(£2))? norm for . The
method is reasonable for such problem.

4 Numerical Example

In this section, we carry out the numerical example to demonstrate the theoretical results.
Consider the model equations

t
% +d(z) - Vu—-V- (aVu+/ Vu(z,s)ds) = f(z,1), re N, 0<t<T,
0
u(z,t) =0, zxel, 0<t<T, (4.1)
u(x,0) = sinwasinmrs, x € 12,

where 2 = (0,1] x (0,1], a = 1073. The exact solution is chosen to be u = e'sinmz;sinTza,
and the source term f(z,t) is determined by the above data.

In computing the example, we use the C++ software package: AFEPack; it is available at
http://dsec.pku.edu.cn/rli. Let Sy, be piecewise linear spaces and Hp_ be Raviart-Thomas
element of the lowest order, that is, I = 1, k =0, ky = k+ 1 = 1. We adopt the same
mesh for T} and 1}, and (2 is triangulated into triangular elements with N nodal points.

For simplicity, we also take At = h in our test. The results of the scheme are as follows

1
(T = 5) Table 4.1 lists the numerical results with different mesh sizes. Figs. 4.1-4.3 show

1
the approximate solution at At = h = 30" We see that our numerical results, as anticipated,

are accordant with our theoretical prediction.

Table 4.1 The numerical results for Scheme I’

h [l — unl| Rate luw — unllx Rate lo — ol Rate

% 1.05e-001 - 6.01e-001 - 2.08e-001 -
% 6.01e-002 0.80 3.36e-001 0.84 1.11e-001 0.90

% 3.28e-002 0.87 1.83e-001 0.88 5.79e-002 0.94
1

—  1.73e-002 0.93 9.75e-002 0.91 2.96e-002 0.97
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Fig. 4.1 The approximate solution up

Fig. 4.2 The approximate solution O'ELD
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Fig. 4.3 The approximate solution df)

5 Conclusion

We derive a split least-squares characteristic procedure for convection-dominated parabolic
integro-differential equations in this paper. The resulting procedure can be split into two
independent symmetric positive definite sub-schemes, and they are not subject to the LBB
consistency condition. We have proved the method yields optimal estimates in the corre-
sponding norms. Numerical experiments are given to confirm the efficiency of the scheme.

6 Appendix — Proof of Lemma 3.1

We first prove the first inequality in (3.3). The proof of the second one is similar. It is clear
that when n = 0, (AV(Ru® —u°), Vuy,) = 0. It is clear that the projection operator Ru® is
the orthogonal elliptic projection operator, then the following inequality holds (see [15]):
lu® = Ru®||s < KR [u’ 141 (6.1)
Let mpu™ € Sh,, be the interpolant of «”. From the definition we have
(AV(Ru™ — mpu™), Vup)

= (AV(@u" —mpu), Vo) + Z At(BV (mpu’ — Ru'), Vuy,)

i=1

+ Y AUBV(u' — mu'), Von),  vh € Sh,. (6.2)

i=1
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Letting vy, = Ru™ — mpu™, we have that
|42V (Ru" — mpu™) |
1 n n n n
< K[ A2V(Ru" — mu”) [V (u" — mpu®)|

n n

+ 3 A A V(R — mpud)|| + 3 AV (ul — mud)]- (6.3)
=1 =1
Therefore
|42V (Ru"™ — mpum)|
< KAt ARV (R’ — mpud)|| + KR |[ull oo i1, (6.4)
=1
Gronwall’s inequality shows that
IV(Ru™ — wpu™)[| < KR [[ul e g1 (6.5)

Combining with the estimate of ||m,u™ — u™||; = O(hl)) completes the proof of the first
inequality with s = 1.
Now we estimate ||Ru™ — u™||. For this purpose we define w satisfying
{ -V - (AVw) = Ru" — u" in £,
w|p = 0.
By using the H2-regular assumption we have that
Jwll2 < [[Ru™ — u"|. (6.6)
Now we consider ||Ru™ — u™||. Direct calculation shows that
[ Ru™ — |
= (Ru" —u", Ru" —u")
= (AV(Ru" —u™), Vw)
= (AV(Ru" —u"), V(w — mpw)) + (AV(Ru" — u™), Vrpw)
= (AV(Ru" —u"), V(w — mpw)) — Z At(BV(Ru' —u'), Vrpw)

=1

= (AV(Ru" —u"), V(w — mw)) + Y AH(BV(Ru' —u'), V(w — mw))

=1
+ i At(Ru' — ', V- (BVw)). (6.7)

Therefore
| Ru™ —u”|?
n . .
< K| V(R"" = u™) |||V (w = mpw)|| + K Y AL V(Ru' — u?)|[[|V (w — mw)

=1

+ K> At|Ru’ — |||V - (BVw)|

i=1

< Khif wllz + K Y Atl|Ru’ — | [w]]2- (6.8)
i=1
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Noticing (6.6), we have
|Ru™ = u™|| < KhiH full poe gy + K> ALl Ru’ — ||, (6.9)
i=1
By Gronwall’s inequality, we have
[Ru™ — u"|| < ChE |ull poo g1y, (6.10)

The proof of the second inequality is similar.
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