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Abstract: By using Rosenthal type moment inequality for extended negatively de-
pendent random variables, we establish the equivalent conditions of complete con-
vergence for weighted sums of sequences of extended negatively dependent random
variables under more general conditions. These results complement and improve the
corresponding results obtained by Li et al. (Li D L, RAO M B, Jiang T F, Wang X
C. Complete convergence and almost sure convergence of weighted sums of random
variables. J. Theoret. Probab., 1995, 8: 49-76) and Liang (Liang H Y. Complete
convergence for weighted sums of negatively associated random variables. Statist.
Probab. Lett., 2000, 48: 317-325).
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1 Introduction

In many stochastic model, the assumption that random variables are independent is not
plausible. Many researchers focus on weakening the restriction of independence in recent
years. The concept of extended negatively dependent random variables was firstly introduced
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by Liull as follows.

Definition 1.1[1  Random variables {X;, i > 1} are said to be extended negatively depen-
dent if there exists a constant M > O such that both

P(ﬁ(xi <)) < MﬁP(X,» < @) (1.1)
and - i:1

P(_(j]l(Xi > xi)) < MT[P(X; > ) (1.2)
hold for each n > 1 and all re;; numbers xy, Ta, Zzl, Ty

In the case M = 1 the notion of extended negatively dependent random variables re-
duces to the well-known notion of so-called negatively dependent random variables which
was introduced by Lehmannl?. Recall that random variables {X;, i > 1} are said to be
positively dependent if the inequalities (1.1) and (1.2) hold both in the reverse direction
when M = 1. Not looking that the notion of extended negatively dependent random vari-
ables seems to be a straightforward generalization of the notion of negative dependence, the
extended negative dependent structure is substantially more comprehensive. As it is men-
tioned in [1], the extended negatively dependent structure can reflect not only a negative
dependent structure but also a positive one, to some extend. Joag-Dev and Proschan!®! also
pointed out that negatively associated random variables must be negatively dependent, and
therefore, negatively associated random variables are also extended negatively dependent.
Some applications for sequences of extended negatively dependent random variables have
been found. We refer to Shen®! for the probability inequalities, Liul!l for the precise large
deviations, and Chenl®! for the strong law of large numbers and applications to risk theory
and renewal theory.

The concept of complete convergence was firstly introduced by Hsu and Robbins/® as
follows. A sequence {X,, n > 1} of random variables is said to converge completely to

o0

a constant 6 if > P(|X,, — 0] > €) < oo for any € > 0. In view of the Borel-Cantelli
n=1

Lemma, the complete convergence implies almost sure convergence. Therefore the complete

convergence is very important tool in establishing almost sure convergence. When {X,,, n >
1} is a sequence of independent and identically distributed random variables, Baum and
Katz!” proved the following remarkable result concerning the convergence rate of the tail

n
probabilities P(|S,| > en'/P) for any € > 0, where S,, = 3_ X.
i=1
Theorem 1.1 Let {X, X, n > 1} be a sequence of independent and identically dis-
tributed random variables, 0 < p <2 and r > 1. Then
ZnT'_2P(\Sn| > en!/P) < oo, e>0,
n=1

if and only if
E|X|™ < oo,
where EX = 0 whenever 1 < p < 2.
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Since partial sums are particular cases of weighted sums and the weighted sums are
often encountered in some actual questions, the complete convergence for the weighted sums
seems more important. Li et al[® investigated the complete convergence for independent
weighted sums and obtained the following result. From now on, we denote always logz =
In(max{e, z}).

Theorem 1.2 Let {X, X, n > 1} be a sequence of independent and identically dis-
tributed random variables. Let 3 > —1 and {a,; ~ (i/n)?, 1 <i <n, n > 1} be a triangular

n
array of real numbers such that Y an; =1 for alln > 1. Then the following are equivalent:

() -

E|X|Y048) < oo, 1< p<—1/2,
E|X[Plog(1+|X]) <00,  B=-1/2,
E|X|? < o0, B> -1/2;

(i)

ip(‘f:amxi - nEX’ > en) <00, €>0.
n=1 i=1

Liang!®! extended the conclusions of Li et al!® from independent and identically dis-
tributed random variables to identically distributed negatively associated random variables.
The result is as follows:

Theorem 1.3 Let {X, X,,, n > 1} be a sequence of identically distributed negatively
associated random variables and r > 1. Assume that B > —1 and {an; ~ (i/n)?, 1 <i <

n, n > 1} is a triangular array of real numbers such that > an; = 1 for alln > 1. Then
i=1
the following are equivalent:

(i)

E|X|r=D/048) < oo, —-1<B<—1/r
E|X|"log(1+ |X]) < oo, g=-1/r,
E|X|" < oo, B>-1/r,

EX =0;

) k
;nT_QP( 1I§nka§n Zzzl aniXi| > en) < 00, e > 0.

The main purpose of this paper is to generalize and improve the result of Theorem 1.3
to the case of sequences of extended negatively dependent random variables. We investigate
the complete convergence for weighted sums of sequences of extended negatively dependent
random variables under more general conditions. Equivalent conditions of complete conver-
gence for weighted sums of sequences of extended negatively dependent random variables
are established. As a result, we not only promote and improve the results of Liang[® from
negatively associated random variables to extended negatively dependent random variables
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without necessarily imposing any extra conditions, but also relax the range of 5. As an appli-
cation, the Baum-Katz type result for sequences of extended negatively dependent random
variables is obtained.

Throughout this paper, the symbol C' denotes generic positive constants, whose value
may vary from one application to another, and I(A) denotes the indicator function of A.
Let a,, < b,, denotes that there exists a constant C' > 0 such that a,, < Cb,, for sufficiently
large n, and let a, =~ b, mean a,, < b, and b, < a,.

By Definition 1.1, the following properties of extended negatively dependent sequences
can be obtained directly.

Lemma 1.1  Let random variables {X,, n > 1} be extended negatively dependent. Let
{fn, n > 1} be a sequence of Borel functions, all of which are monotonically increasing (or
all are monotonically decreasing). Then random variables { f(X,), n > 1} are still extended
negatively dependent.

The following lemma is the Rosenthal type inequality for extended negatively dependent
sequences and is obtained by Shen![*.

Lemma 1.2 Let {Xi, i > 1} be a sequence of extended negatively dependent random
variables with
EX; =0, E|X;|'< oo, i>1, t>2.

Then there exists a positive constant C' depending only on t such that
n t n n t/2
E’ Yox| < C(ZE|Xi|t n (ZE\XiP) )
i=1 i=1 i=1

By Lemma 1.2 and Theorem 3 in [10], we can obtain the following lemma.

Lemma 1.3  Let {X;,i > 1} be a sequence of extended megatively dependent random
variables with
EX; =0, E|X;|"< o0, 1>1, t>2.

Then there exists a positive constant C' depending only on t such that

J t n n t/2
Yoxi| < Clogtn(ZE|Xi|t n (ZE|XZ»|2) )
i=1 i=1 i=1

From the proof of Lemma 1.10 in [11] and by Lemma 1.2 we can obtain the following

FE max
1<j<n

lemma.

Lemma 1.4  Let {X,,,n > 1} be a sequence of extended negatively dependent random
variables. Then there exists a positive constant C such that

n
_ ) 2 ) < ) > > 1.
(1 P(lréliagxn|Xl| > 1)) Z;P(pq > 1) < CP(lréliaSXn|Xl| >z), x>0,n>1

Using Fubini’s theorem, the following lemma can be easily proved.
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Lemma 1.5 Let X be a random variable. Then
(i)
/ PE|IX|I(|X] > u)du < B|X|PHD/Fe 0 >0, 9 >0, 8> —1;
1
(i)
/ uP loguE| X |*I(|1X| > u")du
1

< E|IX|PHF0g(14 X)),  a>0,7>0,8> -1

2 Main Results and Proofs

Theorem 2.1  Let {X, X,,, n > 1} be a sequence of identically distributed extended neg-
atively dependent random variables, r > 1, p > 1/2, 8+ p > 0 and suppose that EX =0 for
1/2 < p < 1. Let {an; ~ (i/n)?, 1 <i < n, n > 1} be a triangular array of real numbers.

Then the following are equivalent:

E|X|0=D/45) < oo, —p < B<—p/r,
E|X|"/?log(1 + | X|) < oo, B =—p/r, (2.1)
E|X|"/? < oo, B> —p/r;
(i)
k

an 2P( max > enp) < 00, e>0. (2.2)
1<k<n

Z i X
i=1

Proof. Firstly, we prove that (2.1) implies (2.2). Note that a,; = a, — a_;, where

ni’
a; = max{an;, 0} and a;; = max{—a,;, 0}. Thus, to prove (2.2), it suffices to show that

o

ZnT*ZP( max a ) < 00,
— 1<k<n | &

o

Zn“zP( max i ) < 00.
— 1<k<n | £

So, without loss of generality, we can assume that a,; > 0, 1 < ¢ < n, n > 1. Choose a
0 > 0 small enough and an integer K sufficiently large. Set, for any 1 <¢<mn,n > 1,
XY = P (a4, X < —nP70) + ani XiI (|ani Xi| < nP7%) + nP 0 (ani X; > nP~%),

X(Z_) = (aniX; — nP"NI(0P° < api X; < en?/K),
X(g) (aniXi +nP ) (—en? [K < aniXi < —nP7%);
X5 = (@i X+ 0" ) (ani Xi < —en? [K) + (ani X; = 0" )(ani X; 2 en” /K).

It is obvious that

k k k
YIIEED DECHED LIRS JEE IS D
i=1 i=1 i=1
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Note that i
o] > 1) < U X2 > enr).
(s [ 2 o | ]
Hence, to complete the proof of (2.2), it suffices to show that
') k
R r—2 (]) p) e
1; Zln P(lrgrll?%(n ZXM ‘ > enP ) < oo, ji=1,23,4. (2.3)
o —
From the definition of Xr(é), it is easy to see that
k
; X P
(lrgnlggn Z;Xm ) - (121?;1 |an: X;| > en /K)
Noting that am ~ (/n)ﬁ we obtain from Lemma 1.5 that
I, < ZnT 2E:P(mmX | > —np)
n=1 i=1
<SSP (|X|> _E B 6)
n=1 i=1
~ / / | X| > J:p"’ﬁ )dydx (letting u = P Py=P v =1y)
ul/P
7/ du/l u(?’—1)/(P+ﬁ)—1vﬁ(7‘—1)/(z>+/3)p(|X| S CT{“)d”
/ u(r= 1/ (P +8) 1P(|X| > C—Ku)du —p< B < —p/r;
~~ / u'/P 110guP<|X| > O—}(u)du B =—p/r;
/ u'/P 1P(|X| > —CKu)du B> —p/r
EB|X|r=0/p+8), —p< B < —p/r;
< EIX[Plog(1+|X]), B=-p/r (2.4)

E|X|"/?, B> —p/r.

Therefore, by (2.1), I4 < co. From the definition of X@ it is clear that X(Q) > 0. Using

ni

Definition 1.1, we deduce that
( max

1<k<n ;
= P(iX,(j) > en”)

i=1
< P (there are at least K indicesi € [1, n]such that a,; X; > n?~%)

K
< Z H Pani; Xs; > np_‘s)

1<i1<ip < <ig<n j=1

)
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< (znjp(anjx > np*(s))K

j=1
Since (2.1) implies E|X|"/P < oo, one has by Markov’s inequality and (2.5) that

an 2(Z:P an; X > nP~ 6))

S (anwré/pm |r/pE|X‘T/P)
n=1 Jj=1
Zn’“ﬂfm(pwfé)/p’ —p < B < —p/r;
n=1
< Z n 2 K=1=r/P) 160, B=—p/r;
n=1
Z r—2—K(r—1— ré/p) B> —p/r.

Noting that r > 1, p + B > 0, we can take & small enough and take integer K sufficiently

large so that
r—2—Kr(p+p—-9)/p<—1,
r—2—-K(r—-1-ri/p) < —1.

Thus, by (2.6) we get Iy < oo. Similarly, we can show I3 < co. In order to estimate I, we

first verify that

n~P max as n — oo.

1<k<n

ZEX

i=1

Note that (2.1) implies E|X|"/? < 0o and E|X|'/P < co. When p > 1, noting that

XDl <nr=? XD < JaniXal,

we obtain by Hoélder’s inequality that

k n
SoEX | <n Yy EIX)
' i=1

< p-1-6(1-1/p) ZE|am-Xz'|1/p
=1

n
< n—1—0(1-1/p) Z |am,‘1/p
i=1

n 1/r
< SN0 (3 )

=1

n~ P max
1<k<n

< B0 (37 el v

i=1
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RSP =1/r=B/p _p < B < —p/r:
~ ¢ n =P jogn, B=—p/r;
n-80-1/n), 8> —pfr
-0 as m — 0o. (2.7)
When 1/2 < p < 1, noting that EX = 0, by choosing a ¢ small so that
—d(1—r/p)+1—-1r<0,
we have
P EXP| <2077 Blan X (|an: X;| > n?~°
™" max Z W] < 2n z; |ni Xil I (Jani Xi| > nP~?)
< opr—0=r/p) ZE|amXi|r/p
i=1
< pro0=r/p) Z |ani|"/?
i=1
< pr=80=r/p) (anrﬁ/piﬁr/p)
i=1
n= 0= Hi=0)/p, —p < B < —p/r;
~ § e logn,  f= —p/r;
n—é(l—r/p)—&-l—r, /8 > _p/,,,
-0 as n — oo. (2.8)
Therefore, by (2.7) and (2.8), it suffices to prove that
S ) M
_. r—2 D
: Zn P(lrgn}?%cn E(X —-EX,, )‘ > en ) < 00. (2.9)

n=1

Note that {X

ni

1 <i<n,n > 1} is still extended negatively dependent by Lemma 1.1.

By using Markov’s inequality, C,. inequality and Lemma 1.3, we get that for a suitably large

t, which will be determined later,

k
P( max. Z(XT(L? - EX())| > en)
< nP(logn) (ZE|X (ZE(X,%))Z)W).

i=1

Taking a sufficiently large ¢ so that

—2—-0t+r(d—p)/p< -1, —1—-(t—r/p)d < —1,

(2.10)
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we have

inr n~ P (logn) ZE|X |"dx
n=1

i=1

< Z n_Qn—zS(t—T/P)(]Og n)t Z |am‘|r/p
n=1 =

< Z n*2*5(tfr/p)(10g n)t Z iTB/pp—TB/P

n=1 i=1

<

< 00.

(o9}

Z n—276t+r(5*ﬂ)/1’(]og n)t, —p< B <—=1/r
n=1

N 20 (logn)ttY, p = —p/r;

n=1

(o9}

Zn—l—(t—r/p)t?(logn)t, B>—p/r

n=1

(2.11)

When 7/p > 2, (2.1) implies EX? < oo. Noting that p + 3 > 0, p > 1/2, and choosing a
sufficiently large ¢ so that

r—2—tlp+p) < -

we obtain

(o)

2

Zn n~ P (logn)* (

< Znr727pt(10gn)t<Zi26n725>t/2
i=1

n=

<

< 00.

r—2—(2p—1)t/2 < -1,

E(x())? )t/z

n

t/2
5\
pi

M:

2n"Pt(logn) (

(2

M:l

1

3 .
Il

1

8

Z nr—2-t(p+h) (logn)?,
1

3
Il

nr—2—(2p—1)t/2(10g n)St/27 B — _1/2;

M2

n=1

nr727(2p71)t/2(10gn)t’ ﬁ > _1/2

hE

3
Il
-

When r/p < 2, choosing a sufficiently large ¢ so that

r=2=[0(2=r/p)+r(p+B)/plt/2 < -1,
r—2—[002-r/p)+r—1]t/2 < -1,

—-p<f<—1/2;

(2.12)
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we have

Zn n~ P (logn)" (iE(XE))Q)t/z

i=1
t/2
n=1
oo t/2
<« S nr2n SN (0 n)t(z iTﬁ/”n—Tﬂ/p)
n=1 i=1
Z n" 2= B@=r/P)Hr(B) /P12 (166 )t —p< B <=1/
n=1
< Z =2 0@ /p)tr=11t/2 (100 )31/2, B=—p/r;
n=1
Z nr’2’[5(2*r/p)+r71]t/2(log n)t, B> —p/r
n=1
< . (2.13)

Thus, by (2.9)—(2.13), we have shown that I; < oo. Therefore, (2.1) holds by (2.3) and
I, < o00,i=1,2,3,4.
Next, we proceed to prove that (2.2) implies (2.1). Since

mkax |ank Xk| < 2 max ‘ E aniX;
1<

)

by (2.2), we have

Z o 2P( max. |anka| > enp) < 00, (2.14)

( max |ankXi| > en”) -0 as n — oo. (2.15)

Therefore, by Lemma 1.4 and (2 15), we obtain

ZP |an; Xi| > en?) < P( max |anka| > enp) (2.16)
=1
Combining with (2.14) and (2.16), we deduce that
Z n"? Z P(lan; X;| > en?) < . (2.17)
=1 i=1

From the proof of (2.4), it is obvious that (2.17) is equivalent to (2.1).

Remark 2.1 It is obvious that Theorem 1.2 of Li et all8 is a special case of p = 1,
r = 2 of Theorem 2.1 in this paper. Thus, we not only extend the result of Li et al.®
for independent and identically distributed random variables to the case of sequences of
extended negatively dependent random variables without necessarily imposing any extra
conditions, but also the method used for proving Theorem 2.1 is different from that of Li et
al.l8l,
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Remark 2.2  Since negatively associated random variables are a special case of extended
negatively dependent random variables, taking p = 1 in Theorem 2.1, we obtain Theorem 1.3
of Liang!®!. So Theorem 2.1 generalizes and improves the corresponding result of Liang!%.

Applying Theorem 2.1 with § = 0 and p replaced by 1/p, we can get the following
Baum-Katz type result for sequences of extended negatively dependent random variables as
follows.

Corollary 2.1  Let {X, X,,n > 1} be a sequence of identically distributed extended neg-
atiwely dependent random variables, 0 < p < 2 and r > 1. Then

) k
E nT*2P( max E X;

1<ksn |

i

n=1

if and only if E|X|™P < 0o, where EX = 0 whenever 1 < p < 2.

>en1/”) < 00, € >0,
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