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Abstract: Let E be a real uniformly convex and smooth Banach space, and K
be a nonempty closed convex subset of E with P as a sunny nonexpansive retrac-
tion. Let 71, 1o : K — E be two weakly inward nonself asymptotically nonexpan-
sive mappings with respect to P with a sequence {k‘f«f)} C [1,00) (z = 1,2), and
F := F(T1) F(T2) # 0. An iterative sequence for approximation common fixed
points of the two nonself asymptotically nonexpansive mappings is discussed. If
has also a Fréchet differentiable norm or its dual E* has Kadec-Klee property, then
weak convergence theorems are obtained.
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1 Introduction and Preliminaries

Throughout this work, we assume that E is a real Banach space, E* is the dual space of E
and J : F — 2" is the normalized duality mapping defined by

J(@) ={f € £ (x, f) = ll=lIF1, [If1] = [l<ll},  ze€E,
where ( -, - ) denotes the duality pairing between E and E*. A single-valued normalized
duality mapping is denoted by j. It is well known that if E is a smooth Banach space, then
J is single-valued.

A Banach space FE is said to have a Fréchet differentiable norm (see [1]), if for all z €
[l + tyll — =]l

. exists and is attained uniformly in

U={z € E:|z|| =1}, the limit lim
t—0
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b(t
y € U. In this case there exists an increasing function b : [0, 00) — [0, 00) with lim+ %
t—0
such that
1 ) 1 1 .
Sl + (b, 3(@)) < glla+ hI? < Zllal? + (b, @)+ RN, wheB (L)
A subset K of F is said to be retract of F if there exists a continuous mapping P : £ — K

=0

such that Pz = x for all x € K. Every closed convex subset of a uniformly convex Banach
space is retract. A mapping P : E — F is said to be a retraction if P2 = P. It follows that if
a mapping P is a retraction, then Py = y for all y in the range of P. Let C and K be subsets
of a Banach space E. A mapping P from C into K is called sunny if P(Px+t(x— Px)) = Px
for x € C with Px + t(x — Pz) € C and ¢t > 0.

For any = € K, the inward set I (x) is defined as follows:

I(z)={yeE:y=x+Az—1z), z€ K, A > 0}.

A mapping T : K — FE is said to satisfy the inward condition if Tz € Ik (x) for all z € K.
T is said to be weakly inward if Tx € cllk(z) for each © € K, where clIk(z) is the closure
of I'x(z).

A Banach space F is said to have the Kadec-Klee property (see [2]) if for every sequence
{zp} in E, with z,, = x weakly and ||z, | — ||z||, it follows that x,, — z strongly.

We denote by F(T') the set of fixed points of T', i.e., F(T) = {x € K : Tx = 2}, and by
F := F(T1) () F(T») the set of common fixed points of two mappings 7} and T5.

Definition 1.1 Let E be a real normed linear space, and K be a nonempty subset of E.
Let P : E — K be the nonexpansive retraction of E onto K. A nonself mappingT : K - FE
is said to be asymptotically nonexpansive if there exists a sequence {kn,} C [1,00) with
lim k, = 1 such that for any z,y € K, |[T(PT)" 'z — T(PT)" 'y|| < kullz —yl|, n > 1.
%_)z?so said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that for all
2,y € K, [T(PT)" o — T(PT)" Yy|| < Lz — yll, n > 1.

Let K be a nonempty closed convex subset of a real uniformly convex Banach space
E. Nonself asymptotically nonexpansive mappings have been studied by many authors (see
[3-8]). Chidume et al.l®] studied the following iteration scheme:
T € K,
Tpni1 = P((1 — ap)zy + a, T(PT)" tay,), n>1,

where {«,,} is a sequence in (0, 1), and proved some strong and weak convergence theorems

(1.2)

of the iteration scheme (1.2).
Wang!* studied the following iteration scheme:
r1 € K,
1 = P((1 — an)xn + o, T(PT)" y,,), (1.3)
Yn = P((1 = Bp)zn + 5nT(PT)n71In)a n>1,
where {a,} and {3,} are two sequences in [0, 1), 71,75 : K — E are two asymptotically
nonexpansive nonself mappings, and proved strong and weak convergence theorems of the
iteration scheme (1.3). Guo and Guol® completed the weak convergence theorems of the
iteration scheme (1.3).
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Remark 1.1 If7T: K — F is an asymptotically nonexpansive mapping and P : £ — K
is a nonexpansive retraction, then PT : K — K is asymptotically nonexpansive. Indeed, for
all z,y € K and n > 1, it follows that
I(PT)"z — (PT)"y|| = |PT(PT)" "'z — PT(PT)" "'y
< | T(PT)" ' = T(PT)" "y
< knllz —yl|-

Therefore, Zhou et al.l”l introduced the following generalized definition:

Definition 1.21")  Let E be a real normed linear space, and K be a nonempty subset of
E. Let P : E — K be the nonexpansive retraction of E onto K. A nonself mapping
T : K — FE is said to be asymptotically nonexpansive with respect to P if there exists a
sequence {ky} C [1,00) with lim k, =1 such that for any z,y € K,
n—oo

[(PT)"x — (PT)"y| < knllz —yll, n=>L (1.4)
T is said to be uniformly L-Lipschitzian with respect to P if there exists a constant L > 0
such that for all z,y € K,

[(PT)"x — (PT)"y| < Llx —yll, n=1

Furthermore, by studying the following iterative scheme:
r € K,
Tn+1 = Opdp + ﬁn(PT)nmn + ’Yn(PT)nx’rw n > L

where {a, } and {8,} and {7, } are three sequences in [a, 1 —a] for some a € (0, 1), satisfying

(1.5)

On + P + v =1, Zhou et al.Il obtained some strong and weak convergence theorems for
common fixed points of nonself asymptotically nonexpansive mappings with respect to P in
uniformly convex Banach spaces. As a consequence, the main results of Chidume et al.l’!
can be deduced.
Recently, Turkmen et al.l®] generalized the iteration process (1.5) as follows:
r1 € K,
Tni1 = (1 — an)(PT1)"Yn + an(PT2)"yn, (1.6)
Yn = (1 = Bn)an + Bn(PT1)"2p, n=>1,
where {a,}, {8,} are two sequences in [0,1), 71,75 : K — E are two asymptotically
nonexpansive nonself mappings, and P is as in Definition 1.2, and obtained the following

weak convergence theorem:

Theorem 1.1 Let K be a nonempty closed convex subset of a real uniformly convex
and smooth Banach space E satisfying Opial’s condition with P as a sunny nonexpansive

retraction. Let Ty, Ty : K — E be two weakly inward and nonself asymptotically nonexpan-

sive mappings with respect to P with a sequence {k,} C [1,00) satisfying > (k, — 1) < 0o.
n=1

Suppose that {x,} is defined by (1.6), where {ay} and {B,} are two sequences in [a,1 — a]

for some a € (0,1). If F # 0, then {x,} converges weakly to a common fized point of Ty

and Ts.
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Only Theorem 1.1 has been obtained from the weak convergence problem for the sequence
defined by (1.6). The purpose of this paper is to prove some new weak convergence theo-
rems of the iteration scheme (1.6) for two asymptotically nonexpansive nonself-mappings in
uniformly convex and smooth Banach spaces.

2 Some Lemmas

Let Th, Ts : K — E be two nonself asymptotically nonexpansive mappings with respect to

. [ee] .
P with sequences {kﬁf)} C [1,00) satisfying > (kff) —1) < o0, i = 1,2, respectively. Put
n=1

kn = rnax{k,(ll), k:ff)}. Then obviously > (k,—1) < co. From now on, we take this sequence

n=1
{k,} for both T} and T.
In order to prove the main results, we need the following lemmas:

Lemma 2.1 Let E be a real normed linear space, K be a nonempty closed convex subset

of E, and Ty, Ty : K — E be two asymptotically nonexpansive mappings with respect to P
with a sequence {k,} C [1,00) satisfying > (kn — 1) < co. Suppose that {x,} is defined by
n=1
(1.6) and F # 0. Then lim ||z, — p|| ewxists for allp € F.
n—oo

Lemma 2.28/  Let K be a nonempty closed convex subset of a real uniformly convex Ba-

nach space E, and Ty, Ty : K — E be two asymptotically nonexpansive mappings with respect

to P with a sequence {ky} C [1,00) satisfying > (kn—1) < co. Suppose that {x,} is defined
n=1

by (1.6), where {a,} and {B,} are sequences in [a,1—a] for some a € (0,1). If F # 0, then

nh_)rr;o |lzn — (PTy)zy| = nh_}rrgo |z — (PT2)x,| = 0.

Lemma 2.3 Let X be a uniformly convexr Banach space and C be a convex subset of X .
Then there exists a strictly increasing continuous convex function 7 : [0,00) — [0, 00) with
~v(0) = 0 such that for each S : C' — C with Lipschitz constant L,

1
[laSz+(1—a)Sy—S[az+(1—a)y]|| < L'y_l(||£C—y|\—z||5:v—5y||), zyeC, 0<a<l.

Lemma 2.4  Let X be a uniformly convex Banach space such that its dual X* has the
Kadec-Klee property. If{z,} is a bounded sequence and f1, fo € Wy,({zn}), where W, ({zn})
denotes the set of all weak subsequential limits of a bounded sequence {x,} in X such that
nl;rgo loaz, + (1 — a)f1 — fo| exists for all a € [0,1], then f1 = fa.

Lemma 2.51%  Let E be a uniformly convex Banach space, K be a nonempty closed convex
subset of E, and T : K — K be an asymptotically nonezpansive mapping with F # (). Then
I —T is demiclosed at zero, i.e., for each sequence {x,} in K, if {xn} converges weakly to
g€ K and {(I — T)x,} converges strongly to 0, then (I —T)q = 0.

Lemma 2.68  Let E be a real smooth Banach space, K be a nonempty closed convex subset
of E with P as a sunny nonexpansive retraction, and T : K — E be a mapping satisfying
weakly inward condition. Then F(PT) = F(T).
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3 Main Results

In this section, we prove weak convergence theorems for the iterative scheme (1.6) for two
asymptotically nonexpansive nonself-mappings in uniformly convex and smooth Banach

spaces.

Lemma 3.1 Let K be a nonempty closed convex subset of a real uniformly convex and
smooth Banach space, and Ty, Ty : K — E be two nonself asymptotically nonexpansive

mappings with respect to P with a sequence {k,} C [1,00) such that Z (kn —1) < 00 and

F # 0. Let {x,} be defined by (1.6), where {ay,} and {B,} are sequences in [0,1). Then for
all q1,q2 € F, the limit li_>m ltxn + (1 — t)q1 — g2l exists for all t € [0, 1].

Proof.  Set an(t) = ||tzy, + (1 —t)q1 — g=2||. Then nl:ngo a,(0) = ||¢1 — g2||, and from Lemma
2.1, lim an(1) = Jim |z — g2]| exists. It remains to prove that the Lemma 3.1 holds for
all ¢ € (0, 1).

Define the mapping H,, : K — K by
H,x = (1—ay,)(PT1)"[(1=Bn)x+Bn(PT1)" x|+ a,(PT2)"[(1 = Bp )z + Bn(PT1)"x], =z € K.
Then, for all z,y € K, by (1.4) we have

[Hn — Hyyll < (1= an)kall(1 = B)(z = y) + Bu[(PT1)"x — (PT1)"y]|
+ anknl|(1 = Bn) (@ — y) + Bul(PT1)"x — (PT1)" ]|
< k(1= Bo)llz — yll + &3 Bullz — yll

< kplle = yll. (3.1)
Set
Rn,m - n+m,—1Hn+m—2 T an m Z 1. (32)
From (3.1) and (3.2), we can obtain that
n+m—1
1Rz = Fonyl < ( T] B2 )le—ul,  wyek, (3.3)
j=n
and Ry, Ty = Tpim, Rpmq = q for each ¢ € F. Let
bom = ||[tRnm®n + (1 — )Ry mqs — Rum(tzn, + (1 —t)q1)|- (3.4)
Using (3.3), (3.4) and Lemma 2.3, we have
n+m—1 n+m—1 _1
w< (T 8 (lea—all=( TT #2) 1Rumwn — Rumall)
j=n j=n
1
(H k)7 (llen — |l - (H k) | Bumn — Roma])- (3.5)
It follows from Lemma 2.1, (3.3), (3.5) and hﬁm H k? =1 that hm bn,m = 0 uniformly

for all m. Observe that
a/n-i—m(t) S ||txn+m + (1 - t)(h — Qg2 + Rmm(txn + (1 - t)Q1) - tRn,mxn - (1 - t)Rn,quH
+ | = Ruym(tzn + (1 = 1)q1) + tRym@n + (1 — 1) Ry ma||
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= ||Rn,m(t$n + (1 - t)(h) - QZH + bn,m

- ||Rn,m(t$n + (1 - t)(h) - Rn,mq2” + bn,m
n+m—1

<(CTT #)ltwa+ (1= t)as = gall + b (3.6)

j=n
By lim [ k¥ =1, Jim by, =0 and (3.6), we have

n—o0 j,

limsupa, < lm by, + liminf a,(¢).
n—oo n,m—00 n—oo

That is, ltzy, + (1 — t)q1 — ¢2f| exists for all ¢ € (0,1). This completes the proof.

lim
n—oo
Lemma 3.2  Let E be a uniformly convex Banach space which has a Fréchet differentiable
norm, K be a monempty closed conver subset of E, and Ty, Ty : K — E be two nonself
(o]
asymptotically nonexpansive mappings with a sequence {k,} C [1,00) such that Y (k,—1) <

n=1

oo and F # 0. Let {z,} be defined by (1.6), where {a,} and {Bn} are two real sequences in
[0,1). Then for all q1,q2 € F, the limit nler;Q(mn, j(lp — q)) exists. Furthermore, if Wy, ()
denotes the set of all weak subsequential limits of {x,}, then (x* —y*, j(q1 — q2)) = 0 for
all 1, q2 € F and z*, y* € Wy (z,).

Proof.  This follows basically as in the proof of Lemma 4 in [1]. For completeness, we sketch
the details. Set x = ¢; — g2 and h = t(z, —q1), 0 <t < 1in (1.1). Since b is increasing, and
|z — q1]] < M for some M > 0 and all n > 1, by Lemma 2.1, we have

1 .
§||Q1 — @|? + tzn — a1, J(@1 — @2))
1
< gllten + (1= t)a - e
1 .
< §||q1 — @l* + t{zn — a1, jlar — q2)) + b(tM). (3.7)
It follows from (3.7) and Lemma 3.1 that

1 . .
sl - go||* + tlimsup(x,, — q1, j(q1 — q2))

n—roo

1 .
< 3 lim |[tz, + (1 —t)q1 — go|?
n—oo

1 .. .
< §||q1 —q|*+ tliminf(z, — g1, j(g1 = g2)) + b(tM). (3.8)
So by (3.8) we have
. . .. ) b(tM)
limsup{x, — q1, j(q1 — q2)) < hrglnf@n —q1, j(g1 —q2)) + o 0<t<1. (3.9)
n— o0 n o0
From (3.9) and
lim LtM) = lim 7Mb(tM) =0,
t—0+ t t—0+ tM

we know that the limit lim (x, — q1, j(¢1 — ¢2)) exists. Furthermore, there exists a sub-
n—oo
sequence {z,, } of {z,} such that kli_)rr()l@(xnk —q1, (@1 — @) = (" — q1, jlg1 — ¢2)), and
0
lim (2, — q1, jl1 — @) = (=" —qu, j(@ — @), 2" € Wy(za).

n— oo
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This shows that (z* — y*, j(q1 — ¢2)) = 0 for all ¢1,q2 € F and z*, y* € Wy, (). This
completes the proof.

Theorem 3.1  Let E be a real uniformly convex and smooth Banach space which has a
Fréchet differentiable norm, K be a nonempty closed convex subset of E with P as a sunny

nonexpansive retraction, and Ty, To : K — E be two weakly inward nonself asymptotically
o0

nonexpansive mappings with respect to P with a sequence {kn} C [1,00) such that Y (kn —
n=1

1) < oo and F # 0. Let {x,} be defined by (1.6), where {a,} and {Bn} are sequences in
[a,1 — a] for some a > 0. Then {x,} converges weakly to a common fized point of Ty and
T5.

Proof. By Lemma 2.1, {z,} is bounded. Since F is reflexive, there exists a subsequence
{zn,} of {z,} which converges weakly to some ¢ € K. By Lemma 2.2, we have

7}1_{20 |Zn, — (PT1)wn, | = nll}n;o |2, — (PT2)xp, || = 0.
It follows from Remark 1.1 and Lemma 2.5 that ¢ € F'(PTy) () F(P1:), where F(PT;) is the
set of fixed points of the asymptotically nonexpansive mapping PT;, i = 1,2. By Lemma
2.6, we know that F'(PT;) = F(T;). So, we have q € F.

Now, we prove that {x,} converges weakly to q. Suppose that there exists some subse-
quence {x,, } of {x,} such that {x,,} converges weakly to some ¢; € K. Then by the same
method as given above, we can also prove that ¢ € F. So q,q1 € F(\Wy(x,). It follows
from Lemma 3.2 that

lg — aill> = (g — a1, j(g—q1)) = 0.

Therefore, ¢ = g1 and so {z,} converges weakly to ¢q. This completes the proof.

Theorem 3.2  Let E be a real uniformly convex and smooth Banach space E such that its
dual E* has the Kadec-Klee property, and K be a nonempty closed convexr subset of E with
P as a sunny nonexpansive retraction. Let Ty, Ty : K — E be two weakly inward nonself
asymptotically nonexpansive mappings with respect to P with a sequence {ky,} C [1,00) such

&)
that > (kn, — 1) < 00 and F # 0. Let {x,} be defined by (1.6), where {an} and {Bn} are
n=1

sequences in [a,1 —a] for some a > 0. Then {x,} converges weakly to a common fized point
of Th and Ts.

Proof.  Using the same method as given in Theorem 3.1, we can prove that there exists a
subsequence {z,, } of {z,} which converges weakly to some ¢ € F.

Now, we prove that {x,} converges weakly to q. Suppose that there exists some subse-
quence {x,, } of {z, } which converges weakly to some p € K. Then, for ¢,p € F, it follows
from Lemma 3.1 that the limit li_>m ltz, + (1 — t)g — p|| exists for all ¢ € [0,1]. Again,
since q,p € Wy (x,), and so p = qnbyooLemma 2.4, we know that {z, } converges weakly to a
common fixed point g. This completes the proof.

Remark 3.1 (1) It is well known (see, for example, [11]) that some Banach spaces,
such as L, space with p # 2, do not satisfy Opial’s condition. Also, it is well known that
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every Banach space, which is both uniformly convex and uniformly smooth, has a Fréchet
differentiable norm. In particular, L, space, 1 < p < oo, has a Fréchet differentiable norm.
That shows that a Banach space which has a Fréchet differentiable norm is different from
the Banach space satisfying Opial’s condition.

(2) Tt is also needed to point out that even if a Banach space neither has a Fréchet
differentiable norm nor satisfies Opial’s condition, its dual still may have the Kadec-Klee
property. For example, see [9], [12]. Take X; = R? with the norm defined by |z| =
Vzll3 + ||z]|# and Xy = LP[0,1] with 1 < p < co and p # 2. The Cartesian product of X;
and X, furnished with {?>-norm is uniformly convex, it does not satisfy Opial’s condition,
and its norm is not Fréchet differentiable, but its dual does have the Kadec-Klee property.
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