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Abstract: The existence of positive solution is proved for a (k, n — k) conjugate
boundary value problem in which the nonlinearity may make negative values and
may be singular with respect to the time variable. The main results of Agarwal et al.
(Agarwal R P, Grace S R, O’Regan D. Semipositive higher-order differential equa-
tions. Appl. Math. Letters, 2004, 14: 201-207) are extended. The basic tools are the
Hammerstein integral equation and the Krasnosel’skii’s cone expansion-compression
technique.
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1 Introduction

Let n > 2,1 <k <n—1 be two positive integers and A > 0 be a positive parameter. In
this paper, we study the existence of positive solution to the following nonlinear (k, n — k)
conjugate boundary value problem:
b (=D PuM(t) = Af(t, u(t), 0<t<l,
) {u<i>(0)—0, u9) (1) =0, 0<i<k-1,0<j<n—k-1.
The solution u* of the problem (P) is called positive if u*(¢) > 0 for 0 < ¢ < 1.

For the function f(t, z), we use the following assumptions:

(A1) f:(0,1) %[0, 400) = (—o0, +00) is continuous.

(A2) There exists a nonnegative function h € L1[0, 1] N C(0, 1) such that

f(t, )+ h(t) >0, (t, x) € (0, 1) x [0, +00).
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(A3) For each r > 0, there exists a nonnegative function j,. € L'[0, 1] N C(0, 1) such
that
f(t, ) + h(t) < jr(t), (t, z) € (0, 1) x [0, 7].

The assumptions (A2) and (A3) show that f(¢, ) may be singular at ¢t = 0 and ¢ = 1,
and may not have any numerical lower bound. Therefore, the problem (P) is singular and
semipositone. The problems of this type arise naturally in chemical reactor theory, see [1].

In applications, one is interested in showing the existence of positive solution for some
A. When h(t) = M > 0, the problem (P) has been frequently investigated in recent years,
for example, see [2-9] and the references therein.

In 2004, Agarwal et al.[® established the following existence theorem of positive solution:

Theorem 1.1([8], Theorem 2.3) Suppose that the following conditions are satisfied:
(al) f:]0, 1] x [0, 4+00) — (—o0, +00) is continuous and there exists a constant M > 0
such that f(t, x) + M > 0 for any (t, x) € [0, 1] x [0, +00);
(a2) There exists a continuous and nondecreasing function ¢ : [0, +00) — [0, +00) such
that
¢(x) >0, 0<z<+o00,

and

[t z)+ M <((x), (& x) €0, 1] x [0, +00);

AM
(a3) There exists a positive number r1 > —- such that
n!

1
< .
() max [ Gt s <
1
(ad) There exist a 6 with 0 < § < 3 and a continuous and nondecreasing function
£: (0, 400) — (0, +00) such that
ft, )+ M > &(x), (t, ) €[5, 1 =] x (0, +00);

(ab) There exists an € with

AM
0<5§1—|—, re >y
n.ro
such that
1-6
>
AE(ebrs) [ax : G(t, s)ds > rq,
where

§F(1 — o)k, n < 2k;
| SR =6)k,  n> 2k
Then the problem (P) has at least one positive solution u* € C"~1[0, 1] N C™(0, 1).
In Theorem 1.1, G(t, s) is the Green function of the problem (P) with f(¢, z) = 0. For

the expression of G(t, s), see Section 2. The function h(t) = M is a constant and the
nonlinearity f(t, ) is continuous on [0, 1] x [0, +00).
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The purpose of this paper is to extend Theorem 1.1. In this paper, we study the problem
(P) under the assumptions (A1)—(A3). Therefore, we allow h(t) to be an integral function
on [0, 1] and f(¢, x) to be singular at ¢t =0 and ¢ = 1.

We apply the Anuradha’s substitution technique and the Krasnosel’skii’s cone expansion-
compression method to the problem (P) (see [10-12]). By introducing two height functions
and considering the integrals of the height functions, we establish a local existence theorem.
Finally, we verify that the theorem extends the Theorem 1.1 and illustrate that our extend

is true by an example.

2 Preliminaries

Firstly, we list some symbols used in this paper.
Let a and § be two positive numbers with 0 < o < § < 1. In real problems, we can
3
1.
Let C]0, 1] be the Banach space of all continuous functions on [0, 1] equipped with the

1
choose « and § by the properties of f(t, x), for example o = T b=

norm

Jull = mawx u(t).

Let the polynomials
1

C(k=D!(n—k—-1)

'Snfk(l _ S)k,

p(t) =t —t)"*,
1

qt) = min{k, n — k} tk_l(l B t)"‘k_l,

Let the sets
K ={ueCl0,1]: u(t) = [lullp(t), 0 <t <1},
2(r)={ve K:|ul| <r},
oR(r)={uve K :||u|| =1}
Then K is a cone of nonnegative functions in C10, 1].

Let G(t, s) be the Green function of the homogeneous linear (k, n — k) boundary value
problem (P) with f(¢, ) = 0. Then G(, s) has the exact expression

k=l [k 1rd n—k+i—1> } ti(—s)n=9-1
_ t——F (1 — )"k, 0<s<t<l,
j§0|: z‘;o < ¢ J!(”—J—l)!( )
Glt, ) = k-1 k=1-j ([ ( Y ( yn—i—t
nk=l[n—k-l-j (k4 j_1 J(t—1)(1—s)n 9~
— , 1—t) , , th, 0<t<s<l.
Eo { ; ( i )( )} jHn—j—1)!
By [2],
(—-1)""kG(t, 5) > 0, 0<t s<l.
Let

1
w(t) :/0 (=1)""kG(t, s)h(s)ds.
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Then
(—1)”*pw(") (t) = h(t), 0<t<l,
w®(0)=0, uP1)=0, 0<i<k—-1,0<j<n—k—1.
Let the constants

. min{k, n — k}(k — D)(n — k — 1)!(n — 2)" 2p"

(k— 1)k 1kE(n —k— L) FL(n—k)nk

(n—1)(k—=1)!(n—k—1)!
an(1—p)m
Let [¢]” = max{0, c}. For u € K, define the operator T as follows:
1
(Tu)(t) = )\/ (=1)"kG(t, s)[f(s, [u(s) — Aw(s)]’) + h(s)]ds, 0<t<1
0
If (A1)—(A3) hold, then T': K — C|0, 1] is well-defined and Tw € C[0, 1].

Secondly, we need the following lemmas in order to prove the main results.

B =

Lemma 2.1  Assume u € C" 10, 1]NC™(0, 1) such that
(=D Fulm(t) > 0, 0<t<l,
u®(0) =0, »9(1)=0, 0<i<k—-1,0<j<n—k—1
Then
u(t) = [lullp(t), 0<t<1l

Proof. See Lemma 2.1 in [8].

1

p— 1p(t)H(s) < (=1)"FG(t, 5) < q(t)H(s) for 0 <t,s < 1.

Lemma 2.2

Proof.  See Lemma 2.1 and Theorem 1 in [7].

Lemma 2.3  max (—1)""*G(t, s) <A™, min (-1)""*G(t, s) > B~L.
0<t,5<1 a<t,s<p

Proof. Tt is easy to see that

max {s" F(1 - s)k} = <n— k)n_k<1 - k>k

0<s<1 n n
_ k‘k(n— k)nfk
i —
k— 1\ k-1 k— 1\n—k—1
k=177 _ p\n—k—1y _ B
012%)(1{t (1-1) }77(11—2) (1 n—2)
_ (k. _ l)k_l(n _ k _ 1)n—k—1
(n —2)n—2 ’
: k _ p\n—k _n—k AY. > o _ n
agmt,lsngﬁ{t (1=t """ (1—-9)"} >a™(1-p)".

By Lemma 2.2, we have

_1 nfk
Ogggl( )" TEG(L, s)

< t H
< 012%‘1( )Orgggl (s)
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! -1 n—k—1 n—
" min{k,n—kt(k— Dl(n—k—1)! orgta?l{tk (1—t)n=k= }Or?sai{l{s F(1-s)k}
I G S e ey e ) K el DL
~ min{k,n — k}(k — )!(n — k- 1)!(n — 2)n2pn
=A1

in (—1)""*G(t
Join (—1)"G(E )

\Y

min_ {p(t)H(s)}

n—1 a<t,s<g
1 . o
il com Ty Ty s L S L S G
> a”(l—ﬁ)”
T (=D =Dl —k-1)!
=B~ L

Lemma 2.4  If (A1)-(A3) hold, then T : K — K is completely continuous.

Proof. T(K) C K is derived from Lemma 2.1. The remainder is a standard argument, for
example, see Step IT in the proof of Theorem 2.2 in [12] or Step II in the proof of Theorem
1in [13].

t
Let n = sup m By Lemma 2.2, we have
o<t<1 q(t)
G t, s)
n= sup =
0<t<1
/‘H
< sup
0<t<1
:/ H(s)h(s)ds
0
< +00.

Lemma 2.5 Ifu € K is a fivred point of the operator T and ||u|| > An, then u*(t) is a

positive solution of the problem (P), where u* = u — Aw.

Proof. By the definition of 1, we have
w(t) <nglt), 0<t<l.
Since ||@|| > An, one has
u(t) = dw(t) = [luflq(t) — Ang(t) 20,  0<t<1
It shows that
£t [a(t) = Xw®)P) = £(t, alt) = (),  0<t <1,
By the equality and T'u = u, one has
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(=) kaM () = A[f(t, a(t) — Mw(t)) + h(t)], 0<t<1,
a®(0) =0, a(1)=0, 0<i<k—-1,0<j<n—k-1

Since

by the properties of w(t), we get
(=) F(u*) () = Af(L, u*(t) — Mw(t)), 0<t<l,
{(u*)@)(()):o, (u*)9) (1) =0, 0<i<k-1,0<j<n—k-1.
This shows that u*(t) is a solution of the problem (P). Since
u(t) = u(t) = dw(t) = ([Juf = An)g(t) >0,  0<t <1,

the solution uw*(¢) is positive.

3 Main Results

We use the following control functions:
o(t, ) = max{f(t, [u— Mw(t)]) + h(t) : rp(t) < u < r},
Y(t, r) = min{f(t, [u = Aw(t)]) + h(t) : rp(t) < u <7},
In geometry, ¢(t, r) is the maximum height of f(¢, [u — Aw(t )] ) + h(t) on the set {t} x
[rp(t), r], ¥(t, r) is the minimum height of f(¢, [u — Aw(t)]?) + h(t) on the same set. If
(A1)—(A3) hold, then ¢(t, r) and (¢, ) are nonnegative mtegrable function on [0, 1] for

any r > 0.
We obtain the following local existence results.

Theorem 3.1  Assume that (A1)—(A3) hold and there exist two positive numbers rq >
r1 > An such that one of the following conditions is satisfied:

(b1)
1
_1yn—k .
012?%1/0 (=1)"FG(t, s)p(t, ri)dt < A7y
1
_1yn—k .
Orgtag}i/o (=D)"FG(L, s)Y(t, ro)dt > A"y
(b2)

1
max / (=1)"*G(t, s)¥(t, r1)dt > A1
0

0<t<1

1
_ n—k < —1
012%}(1/0 ()" 7FG(t, s)p(t, ro)dt < A7y

Then the problem (P) has at least one positive solution u* such that
uw+ e K, r1 < |Ju* + dwl| < ro.

Proof. ~ We only prove the case (bl).
If w € 062(r1), then
rig(t) = flullg(t) < u(t) < |ull =r,  0<t<1,
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By the definition of ¢(¢, r1), we have
Ft, [u(t) = dw(®)]’) +ht) < plt,m), 0<t<l

It follows .
ITul = A max / (“1)" R G, 8)[f(s, [uls) — w(s)]") + h(s)lds
0<t<1 J,
1
_1\n—k
< )\Orgtaécl/o ()" "G(t, s)e(s, r1)ds
S )\A71T1
= |lull-
If uw € 002(r2), then
r2q(t) = [lullg(t) < u(t) < |fluff =r2,  0<t<1

By the definition of 9 (t, r2), one has
Ft [ut) = Ao@OF) +5(0) > 9(t, 1), 0<t<1.
It follows

[Tull = A max /O (=)™ Gt 8)[f (s, [u(s) = Mw(s)]”) + h(s)lds

0<t<1

1
> A\ max / (=1)"*G(t, s)(s, 2)ds
0

0<t<1

> A"y

= ull

By Lemma 2.4, T : K — K is completely continuous. By the Krasnosel’skii fixed point

theorem of cone expansion-compression type, T has a fixed point @ € K(r2)\K (r1). Since

@] > 71 > A,

by Lemma 2.5, we known that u* = & — Aw is a positive solution of the problem (P). Further,

u 4w € K, r1 < JJu + dw| < ro.

Corollary 3.1  Assume that (A1)—(A3) hold and there exist two positive numbers r1 and

ro with ro > r1 > An such that one of the following conditions is satisfied:

(c1)
1
/ o(t, r)dt < A7 1r A,
0

B
/ W(t, ro)dt > A\ lryB;

B
/ W(t, r)dt > A1 B,
1

/ o(t, ro)dt < A 1rp Al
0
Then the problem (P) has at least one positive solution u* such that

ut +dw € K, r1 < JJu” + dw|| < ro.
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Proof. 'We only prove the case (cl).

By Lemma 2.3 and (c1), one has

max /01(—1)"_kG(t, s)e(t, r1)dt

0<t<1

1
< _1\n—k
< max (<1)"GG ) [l mar

§ Ail)\ilT‘lA

= /\_17“1,

max /1(—1)”kG(t, $)(t, ro)dt
0

0<t<1

V

> max /ﬁ(—l)"‘kG(t, S)U(t, ra)dt

a<t<p

> min (-1)""FG(t, s) /IB Y(t, ro)dt

a<t,s<f
> B '\ 'r,B

-1
= A T9.

By Theorem 3.1(b1), the proof is completed.

4 A New Extend

In this section, we demonstrate that Theorem 3.1 extends Theorem 1.1.

Proposition 4.1  Theorem 1.1 is a special case of Theorem 3.1(b1).

Proof. Let 11, r2, ((z), {(z) be as in Theorem 1.1.
Since ¢(z) is nondecreasing on [0, +00), by (a2) and (a3), one has, for 0 <t < 1,

It follows

olt, r1) = max{f(t, [ — o)) + h(t) : ra(t) < & <1}
< max{f(t, x) +h(t): 0 <z <mr}
< max{¢(z): 0 <z <r}
=¢(r1)

</\_1{max /01(—1)"—’@(15, s)ds] .

0<t<1

max/o (—=1)""*G(t, s)p(s, 71)ds

0<t<1
-1

S)\l[max /01(1)”’%:(7; s)ds} 71 - max /01(1)”kG(t, s)ds

0<t<1 0<t<1
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Let

Then

< i t).
< 5§I§1§1?_5p()

Since h(t) = M, by Lemma 2.2 in [8], one has
1
wlt) < - Mp(0)

So )
n< —M.
n!
By (ab), if

rop(t) <z <o, 0<t<1-4,
then NY

z — Mw(t) > 1 [1 - Trz}p(t)

Z 697“2

>0, 0<t<1-04.
Since £(x) is nondecreasing on (0, +00), by (a4), one has, for § <t <1 -4,

P(t, ro) = min{f(t, x — Aw(t)) + h(t) : rap(t) <z < ro}
> min{&(z — Aw(t)) : rop(t) <z < 1o}
> 5(697‘2)

1-68 -1
> )\_1[ max G(t, s)ds} ro.
0<t<1 Js
By (ab), we get

1-5
max /5 (—=1)""kG(t, s)(s, ro)ds

0<t<1
-1

ZAl{max /:5(—1)“0@, s)ds} S /516(—1)”’60(@ 5)ds

0<t<1 0<t<1

-1
= A 9.

Since (A1)—(A3) hold, Theorem 1.1 now can be derived from Theorem 3.1(b1).

Example 4.2  Consider the (2, 4 — 2) conjugate boundary value problem

u® () = A[2000000\/u(t) — 1], 0<t<1,
{ u(0) = v (0) = u(l) = /(1) = 0.
In this problem,
f(t, ) = f(x) = 2000000y — 1,  h(t)=M = 1.
Since

f(z) + h(t) = 2000000/

and 2000000+/z is upward convex, Theorems 1.1 is nonapplicable to the problem.
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But the problem has one positive solution for some A > 0.
In fact, let

1 3
o= —, 6 = Z
Since
n =4, k=2,
one has

1
)= ~t(1—t

q(t) = 5t(1 = 1),

A =128,

B = 196608,

1
WSIM:

)

ool = 2] =

Orgggoq(t) =
For any 0 <t <1, one has
(t, 16384 x 10%) < max {2000000y/z : 0 < z < 16384 x 10%}
= 256 x 10%°.
Since w(t) < nq(t), if A <192 and = > 30, then for 0 <¢ <1,

x— Aw(t) > x — Anq(t)

> 192 LI
=7 248
=r—1
> 0.
Since
t) ==
min = —,
igtggq 32
1 3
has, for = <t < =
one has, for - <t < .,

W (t, 320) = min{20000004/ [z — Aw(t)]’ : 320¢(t) < z < 320}
> min {2000000vz —1: 30 < z < 320}
~ 10770330.
If 11.6830 < A < 81.92, then

3
4
/ ¥(t, 320)dt > 5385165 > A~'3208,
1
1

1
/ o(t, 16384 x 10%)dt < 256 x 1010 < A\7116384 x 10%A.
0

By Theorem 3.2(c2), the problem has a positive solution u* such that
u A w e K, 320 < |lu* + \wl|| < 16384 x 108
for any A with 11.6830 < A < 81.92.
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