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1 Introduction

Rota-Baxter algebras or their corresponding Rota-Baxter relations came from [1], which
are on integral equations of fluctuation theory. After that, many mathematicians paid
attention to this concept, and especially, Rotal?! fundamental papers around 1970 brought
the subject into the areas of combinatorics and algebras. In fact, Rota-Baxter relation
may be regarded as one possible generalization of the standard shuffle relation in [2-3]. In
the case of Lie algebra, when the weight A\ = 0, the Rota-Baxter relation is just the form
of classical Yang-Baxter equation (CYBE) and when the weight A = 1, it corresponds to
the operator form of the modified classical Yang-Baxter equations. The broad connections
of Rota-Baxter algebras with many areas in mathematics and mathematical physics are
remarkable. However, the theoretical study of Rota-Baxter algebras is still in its early
stage of development. In recent years, some articles have been published about Rota-Baxter
algebras in [3-8]. Especially, An and Bail” have not only worked over Rota-Baxter operators
of weight 0 on pre-Lie algebras, but also computed all Rota-Baxter operators of weight 0 on
associative algebras of dimensions < 3; Li and Houl®! have given all Rota-Baxter operators
of weight 1 on associative algebras of dimensions < 3.

In this paper, we study the Rota-Baxter operators of weight 1 on the associative algebra
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M5 (F) consisting of 2 X 2-matrix over an algebraically closed field F. The paper is organized
as follows. In Section 2, we give all Rota-Baxter operators of weight 1 on Ma(FF). In Section
3, we analyze how to prove the previous theorem and establish the corresponding equations.
In Section 4, we give the proof of the main theorem. Throughout this paper, all algebras
are of finite dimensions and over an algebraically closed field F.

2 Main Results

We adopt the following definition from [3].

Definition 2.1 A Rota-Baxter algebra is an associative algebra A over F with a linear
operator R : A — A satisfying the Rota-Baxter relation:

R(z)R(y) + AR(zy) = R(R(z)y + zR(y)), 2,y €A, (2.1)
where A € F is a fized element, which is called the weight of R.

If R is a Rota-Baxter operator of weight A # 0, then %R is a Rota-Baxter operator of
weight 1. Thus, for the Rota-Baxter operators of nonzero weight, it suffices to determine
the ones of weight 1. From now on, RB(A) denotes the set of all Rota-Baxter operators on
A of weight 1.

Theorem 2.1  All the Rota-Bazter operators of weight 1 on 2 x 2-matriz algebra My (TF)
are R; and I — R; € RB(M»(F)), i =1,2,---,31, shown in Table 2.1, where a,b,c € F (any

denominator is nonzero and non-appeared parameters in matrices are zero).

Table 2.1 The Rota-Baxter operators set

Operators . .
b Matrix representations of operators
number
b+b?
1 13 = —T21 =@, T4 = —T22 =b, 733 = =141 =1+ b, 134 = —142 =
a—a?
2 T11 =733 =@, T21 =T43 =b, roo =r4a =1 —a, r12 =134 = b
a—a? a?
3 11 =—T41 =@, 121 = b, r22 =1—a, ri2 = —r42 = —p TR =
a® — a2
r32 =
b
—a? a® —a?
4 T1i1=0,T21 =b, T22 =741 =1 —@a, r12 =731 = —T42 = b » T32 = 2
a
T34 = 3, Taa = 1
2
5 T11 =T22 =@, 713 = T24 = b, 131 = 742 = b ,T33 =Taa=1—a
a+ a?
6 Ti4=-—T33=Q, T =—Ta3=0b, 100 =—ryn=1+4a,r12=—-"31 = b
2
a+a l1+a
7 Tia=—Tag =a, 722 =1+4a, 724 =b, T12 = —T34 = —T42 = p TR =
2
—a(l+a)
r33 =1, r3o = — 2

(to be continued)
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(continued)
Operators . .
p Matrix representations of operators
number
a+a2 a®+a?
8 T4 = —T44 = @, T24 = b, 7"122—7"42:7[) ,T22=1+a,7“32=—7b2 )
o2
r3q = ——
b
9 0
2
10 r12 = —T42 = Q, T22 = 1, T32 = —a
11 Ti2 = —T31 = a, 22 = —T41 = 1
12 T12 =734 = Q, T22 = T'44 = 1
2
13 T12 =T31 =T34 = —T42 = —Q, T2 = T41 = T44 = 1, 32 = —a
14 —T14 = T22 = 1, T34 = —T42 = Q
15 —T14 = T22 = T44 = 1, T32 = a, T34 = b
16 T11 = T22 = 1, T31 = T42 = Q
17 T11 = T22 = —T41 = 1, 31 — a
18 ri1 =7T22 =744 = 1,731 =a, r34 = b with ab=20
19 T11=To2 =T41 =T44=1,734 = —Tg2 =a
2
20 T11 =714 =722 =1, T12 = —T31 = —T34 = —T42 = a, T'32 = —a
21 Tl =T14 =722 =T44 =1, 712 = —T31 = a
2
a ab
22 13 =-—T43 =0, T4 = —Taa =b, 33 =1+b, ro3 = ———, 124 = —
2 ) ) ) 1 + b’ 1 + b7
b+ b .
rgg = —— with a # 0,0 # 0, —1
a
23 33 =Taa = —T14 = 1, ro3 = a, 724 = b with a # 0
b2
24 ri1=1,1ra =1+a,ria =733 =—a,r13=—r43=—Tag =b, r21 = T =
2
a—+a .
T34 = with a #0,—-1;6# 0
25 T11 =T33 =T14 = 1, 13 = —T21 = —T24 = —T43 = Q, 723 = —a2 with a 7& 0
ab 2 b—b°
26 7“112—7’41Zb,7’132—7’43:@,7”33:1—1),7"21:b 1,7"232 177’3127
27 r11:r33:—r41:1,r21:a,r23:bwithb7é()
b2
28 11 =@, Taa =1, 713 =721 = —T43 =b, 33 =141 =1 — @, re3 = T
a—a?
T3y = —/——
b .
29 11 =733 =Taa = 1, 721 = @, roa = b, T23 = —ab with ab # 0
30 T12 = —T34 = —T42 =@, T13 =T21 = —T43 = b, "4 = —Taa = ¢, 722 = 1 + ¢,
ab be c a a’b a?
Ti1 = —T41 = —, T3 = —, T4 = — + —, 31 = — — —, 32 = ——,
c a a a c C c
ab .
rs3 = 1 — — with abc # 0
c
Ta
31 T2 = —T42 =T, 713 = —T43 = A, T14 = —T44 = b, T23 = C, 11 = —T41 = ?,
TC TC be Ta> Ta
T21 = 4, T2 = —,o4 = —,T31 = ——F—,T32=——,T33 = ——,
b a a be c
ab . ab + ab®c + abe
T34 = —— Wlth T = T 5. 1.2 Tabc # O
c a’c + be
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3 Analysis

Lemma 3.1 Let R be a linear operator on the algebra A. Then R € RB(A) if and only
if I — R € RB(A) (I is the identity mapping of A). In particular, 0,1 € RB(A).

Let A be an associative algebra with a basis {e1,eq, - ,e,}. Suppose that

n
_ E k
eiej = cijek,
k=1

€ [ are the structure constants. Then any Rota-Baxter operator R can be
n

presented by a matrix (r;;), where R(e;) = Zh‘j@j- Moreover, r;; satisfies the following

k

where ¢;;

j=1
equations (see [7]):
Z [cririeTii — ngjﬁ'mm — crarem] =0, i,j=1,2,--,n. (3.1)
k,l,m
Let
ep =e1, €2 =€z, €3=e€1, €4=€ (3.2)

be a basis of My (F). Since e;;jer = 0;xeil,
€1€1 = €1, €162 = €2, €263 =E€1, €264 = €2,

(3.3)
€3€1 = €3, €362 = €4, €4€3 = €3, €4€4 = €4
4
are all nonzero products on this basis. Let R(e;) = E rije;, 1 =1,2,3,4. That is,
j=1
R(eq) e T2 T3 T4 el
R(e2) | | 121 122 123 T €2 (3.4)
R(es) T3] T32 T33 T34 €3
R(es) T4l T42  T43  T44 €4

We need to compute 4 x 4-matrix (r;;) to obtain R € RB(M;(F)). Because R is a linear
operator, we only check that all basis elements satisfy the following identity:

R(z)R(y) + R(zy) = R(R(z)y + zR(y)), =x,y € A. (3.5)

When x, y are substituted by eq, e, e3, e4, respectively, we can obtain the following identities:

12713 + 711 = 7”%1 + r12r21 + 1137315 (3.6
712714 + T12 = 711712 + 12722 + T13732; (3.7
713714 + 713 = r11713 + 12723 + T13733; (3.8
713712 + 7”%4 + 714 = 2r11714 + T12724 + T13734; (

712723 + T21 = T21711 + 721722 + 7137415 (

2 .
719724 + T22 = T12721 + T35 + T13742; (
714723 + T23 = 711723 + 722723 + I'13743; (3.12

713722 + 114724 + T24 = T21714 + 711724 + 722724 + T'13744;
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712733 = T12711 + 732721 + 7"14731;

711732 + T12734 = 7“%2 + 731712 + 732722 + T14732;
r12713 + 32123 = 0;

713732 = T12714 + 731714 + T'32724;

12743 = T12721 + Ta2721 + 14741;

711742 + T12744 = T41712 + 12722 + T42722 + T14742;
r12723 + T42723 = 0;

713742 = T41714 + 712724 + T42724;

722713 = T13711 + 714721 + 7"237'31;

713712 + 237132 = 0;

723711 + 724713 = 721713 + 7“%3 + 714723 + T23733;
723712 = 1721714 + 713714 + T'23734;

792723 = T'11723 + 724721 + 723741

r23T12 + 123742 = 0;

T237T13 + r23T43 = 0;

723722 = T23714 + 721724 + T'23744;

721731 + 722733 + 711 = Toar11 + 733711 + r'34721 + T'247'31;
721732 + 12 = T22712 + 733712 + 7"247'32;

723731 + 13 = 722713 + 733713 + 7'347°23;

723732 + T14 = 722714 + 733714 + T34724;

721741 + T22743 + 721 = 743711 + T22721 + 744721 + 7247415
721732 + T22 = T22712 + 733712 + 7"247'32;

723741 + T23 = T43713 + 722723 + T'44723;

723742 + T24 = T43714 + 722724 + T44724;

732713 + T31 = 711731 + 733731 + T12741;

732714 + T32 = T11732 + 733732 + T12742;

2 .
734713 + 733 = 131731 + 733 + 7127433

[\] [\ [\) [\ [\ DO — — — — — —
ot =~ W \S) = S Ne e (=) 3 I
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733712 + 734714 + T34 = 731714 + 711734 + 733734 + T12744;
732723 + T41 = 721731 + 722741 + T33741;

732724 + T42 = 732721 + T'42722 + T33742;

734723 + 143 = 731723 + 722743 + 1'337'43;

733722 + 734724 + T44 = 731724 + 721734 + 722744 + T33744;
732733 = T32711 + 734731 + 7"32741;

r32712 + 32742 = 0;

32713 + 32743 = 0;

733732 = T32714 + 731734 + 7'32744;

732743 = T32721 + 734741 + T'42741;

731742 + T32T44 = 732722 + T41732 + 734742 + Tiz;

32723 + T42743 = 0;

733742 = 732724 + 741734 + T'42744;

713732 + T43732 = 0;

743711 + 744713 = 741713 + T13733 + 743733 + 7147433
T43T12 = T41714 + 713734 + 7'43734;

742723 = 1723731 + 743741 + T24741;

793732 + T43742 = 0;

2 .
741723 + 23733 + Ty3 + T24743;

743721 + 744723
743722 = T41724 + 723734 + T43744;

741731 + T42733 + 731 = T42711 + 733731 + 744731 + 7347413
741732 + T32 = T42712 + 733732 + 7'44732;

743731 + 733 = T42713 + 7“92,3 + 7347435

743732 + T34 = T42714 + 733734 + T44734;

T3 + TaoTaz + Ta1 = Taorar + Ta3Ta1 + 27aarar;

(3.41)
(3.42)
(3.43)
(3.44)
(3.45)
(3.46)
(3.47)
(3.48)
(3.49)
(3.50)
(3.51)
(3.52)
(3.53)
T42T13 = T13731 + T43731 + T'14741; (3.54)
(3.55)
(3.56)
(3.57)
(3.58)
(3.59)
(3.60)
(3.61)
(3.62)
(3.63)
(3.64)
(3.65)
(3.66)
(3.67)

741742 + T42 = T42722 + T43732 + T44742;
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743741 + T43 = T42723 + 743733 + 744743; (3.68)

2
T43T42 + Ta4 = T42724 + 743734 + Ty (3.69)

4 Proof

Now, we prove Theorem 2.1. When 795 = 0, it can be obtained that 791724 = 0 by (3.26).
In order to solve the equations (3.6)-(3.69), it suffices to compute (r;;) in the following five

cases:

4.1 Case 1. T93 = T4 = O, 21 7é 0.

Case 1.1. 7113 # 0. We have ry3 = r12 =0, 191 = —713, 732 = 0, 190 + 133 = 1, 731 = 0,
ri1 =0 or 1 by (3.6), (3.7), (3.12), (3.16), (3.24), (3.32) and (3.42).
Case 1.1.1.  ry; = 0. We have

rog—rar =1, raa =0, 7r33=1+47rw, roa+trsz=1, 17,+7r14="13734,

7"52 + 713742 = T2, T34 = —T42, 721 =—T13# 0,

Tl =T12 =T23 =T2a =731 =732 ="Ta3 =Taa =0, —rga=rgzs=1+ru=1-—ra
by (3.8)—(3.11), (3.32) and (3.34). Let r13 = a # 0, r14 = b. We get Ry in Theorem 2.1,
where

0 0 a b
—a —b 0 0
- b+ b2
R’ 0 0 145 +
2
1o MRV 0
a

Case 1.1.2. 717 = 1. We conclude that I — Ry is in RB(M3(F)) by Lemma 3.1.
Case 1.2.  r13 =0. We get

ra=0, ri1+re=1, 7r43(reo+r33—1)=0, 7r43r30 =0, 7143740 =0, 7143731 =0,
r43(r11 —733) =0, 743(r12 —734) =0, 7143741 =0, 7143(ra3 —721) =0,
r43(r22 —1r44) =0
by (3.10), (3.13), (3.44), (3.48), (3.52), (3.54), (3.56)—(3.61).
Case 1.2.1. 143 # 0. We get Ry in Theorem 2.1 by (3.44), (3.48), (3.52), (3.54), (3.56)—
(3.61) and (3.69).
Case 1.2.2. T43 = 0, where 13 = T14 = 723 = T4 = T'43 = 0, r11 + o0 = ]., T21 7é 0. It is
not difficult to obtain r33 = 0 or 1 by (3.40).
(A) rs33 =0. From (3.18), (3.69), we directly conclude that r13 = —r42 and 744 = 0 or

According to r44 = 0 and 744 = 1, respectively, we obtain R3 and R, in Theorem 2.1 by
(3.10), (3.30), (3.34), (3.35), (3.45) and (3.63).
(B) 733 =1. We conclude that I — R3 and I — Ry are in RB(M3(F)) by Lemma 3.1.
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4.2 Case 2. r9; =193 =0, 194 # 0.
Case 2.1. 713 # 0. We obtain

ri3=ro4 70, 1r41=0, 743=0, 712=0, 7111 =722, r14=0, 7r22+7r33=1,

r3a =0, r32=0, raz=rau=1—roo=1—ry, 731 ="ra2, T22—T5 =Trsrn
by (3.10), (3.12), (3.16), (3.22), (3.24), (3.25), (3.32), (3.33), (3.43), (3.45), (3.54) and (3.56).
Let 711 = a, 113 = b # 0. We get Rs5 in Theorem 2.1.

Case 2.2. 113 =0. It is not difficult to obtain 717 = 0 or 1 by (3.6).

Case 2.2.1. 7117 = 0. It is easy to know 792 = 1 + 714 by (3.13).

(A) 743 # 0. We get Rg in Theorem 2.1 by (3.9), (3.30), (3.37), (3.44), (3.48), (3.52),
(3.60), (3.68) and (3.69).

(B) 743 = 0. We can get 7"%4 + 714 = T12724, T22 = 7”52 + 724742, T12 = —T42, 41 = 0,
ras + 14 =1, 733 = 0 or 1 by (3.9), (3.35), (3.34), (3.37) and (3.40).

According to r33 = 0 and r33 = 1, respectively, we obtain R; and Rg in Theorem 2.1 by
(3.17), (3.30), (3.39) and (3.45).

Case 2.2.2. 113 = 1. We conclude that I — R; are in RB(M»(F)) (i = 6,7,8) by
Lemma 3.1.

4.3 Case 3. T93 = T91 = Ty = 0.

We can obtain r13 = 0, 43 = 0 and 733 = 0 or 1 by (3.24), (3.40) and (3.60).

Case I. 733 =0. It is easy to get 11 = 0 or 1 by (3.6).

(I) 711 = 0. We can obtain r92 = 0 or 1 by (3.11).

(I.1) reg = 0. It is not difficult to obtain 714 =0 or 1 from (3.11).

(I.1.1) 714 = 0. We obtain m9 = 131 = r32 = 734 = 741 = 142 = r44 = 0 by (3.31), (3.38),
(3.39), (3.41), (3.42), (3.43) and (3.45). So we get Ry = 0 in Theorem 2.1.

(I.1.2) r14 = —1. We can get r12 = 0 by (3.31), r14 = 0 by (3.33), which is inconsistent
with 714 = —1. Hence, the system of the equations (3.6)—(3.69) has no solution in this case.

(I1.2) 799 = 1. By (3.7) and (3.9), we can get 113714 = 0 and 714 = 0 or —1.

(I1.2.1) 714 =0. We can get r44 = 0 or 1 from (3.69).

(A) 744 = 0. It is not difficult to obtain rz4 = 0 from (3.65), r41 = 0 or —1 from (3.66).

By r41 = 0 and r4; = —1, respectively, we get Ry and Rj; in Theorem 2.1.

(B) r44 = 1. Similarly, we obtain Rj5 and Ry3 in Theorem 2.1.

(1.2.2) 714 = —1. In the same way, we get R14 and R;5 in Theorem 2.1.

(IT) ry1; = 1. Here r13 = ro; =193 =794 = r33 = r43 = 0 and r92 = 0 or 1.

(I1.1) r9e = 0. We can get r11 = 0 from (3.30), which is inconsistent with ry; = 1.
Hence, the system of the equations (3.6)—(3.69) has no solution in this case.

(I1.2) 799 = 1. From (3.7) and (3.9), we can conclude risrj4 = r12 and r14 = 0 or 1.

(I1.2.1) 714 = 0. We can get 744 = 0 or 1.

(A) 744 =0. We get r41 =0 or —1 by (3.66) and we get Ry and Ry7 in Theorem 2.1.

(B) r44 = 1. Similarly, we get Rjs and Ry9 in Theorem 2.1.

(I1.2.2) 714 = 1. In the same way, we get Rog and Rp; in Theorem 2.1.



NO. 1 LI J. Z. et al. R-B OPERATORS OF WEIGHT 1 ON 2X2-MATRIX ALGEBRAS 79

Case II.  r33 = 1. We conclude that I — R; (i = 9,10,---,21) are in RB(M>(F)) by
Lemma 3.1.

4.4 Case 4. T23 7é 0, T19 = 0.

We have
ri2=—r42 =0, 7ri3=—ry3, 7T32= —h:;l:z =0, rura=-ri3ri2=20
by (3.20), (3.21), (3.28), (3.52), and by (3.12), (3.36), we get
711+ 741 = T4 + T4a. (4.1)

It is easy to get r99 = 0 or 1 by (3.11).

Case 4.1. 199 = 0.

Case 4.1.1.  r14 # 0. We have r3; = 0, 741 = 0 and r1; = 0 or 1 by (3.17), (3.21) and
(3.6).

(A) 711 = 0. It can be obtained that r?, + r14 = 713734 and 721 = 0 by (3.9), (3.22).

According to r%4 +714 = 113734 # 0 and r%4 4114 = 113734 = 0, respectively. We get Roo
and Ra3 in Theorem 2.1 by (3.12), (3.13), (3.24), (3.25), (3.45), (3.68) and (4.1).

(B) 711 = 1. Similarly, we get Roy and Rgs in Theorem 2.1.

Case 4.1.2. 714 = 0. From (3.25), (3.69), we conclude r34 = 0 and 44 = 0 or 1.

(A) 744 = 0. We can get 111 = —ry;1 by (4.1) and ro4 = 0 by (3.37). According to r13 # 0
and 13 = 0, respectively. We get Rgg and Rp7 in Theorem 2.1 by (3.6), (3.8), (3.10), (3.12),
(3.22), (3.24) and (3.36).

(B) r44 = 1. Similarly, we get Rog and Rgg in Theorem 2.1.

Case 4.2. 19 = 1. We conclude that I — R; (i = 22,23,---,29) are in RB(M>(F)) by
Lemma 3.1.

4.5 Case 5. 13 #0, 112 # 0.

We have
T12T13
T12T23 = 7"13(7‘14 +1—-ry —7“33) 7’5 0, 7T40=—-r12, 743 =—T13, T32 = — r s
23
7“%3 12723
T14T41 = —T12713, T11+7T41 =714+ 744, T2 =1—711 +7114+—>, 121 = —,
23 14
2 2
_ Ti2T13 | M2r2s _ TigT13  TiaT23  2T12Ta4 712
rgg=———-—rggt1l——— r3=-——5— - - -T2+ —,
T14 T13 T14 T13714 T14 T14
2
_ 2ro3T4q  Ti2023 | T23  T12793
Ty =r3———— ———+— ——5

T13 T14 13 T13
by (3.7), (3.8), (3.10), (3.12)—(3.14), (3.21), (3.23), (3.27), (3.28), (3.36) and (3.68). r14 +
raa = 0 or 1 from (3.6).
Case 5.1. 714+ 744 = 0. We have (113714 — m12723) (114723 — T13724) = 0 by (3.37).
Case 5.1.1. 13714 = r12793. Let 112 = a, r13 = b, r14 = ¢. We get R3g in Theorem 2.1
by (3.50).
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714723
Case 5.1.2. 19y =

# 0. We get

T13
7‘%37‘14 + 113714723 + 7‘137‘f47‘23 - 7“127“%37“23 - 7‘127"147“53 = 0. (4-2)
Let T2 =T,7T13 = Q, T4 = b, T23 = C. We get R31 in Theorem 2.1 by (310), (3.21), (323),
(3.25), (3.29), (3.32), (3.62) and (3.68).
Here Tabc # 0, a®b + ab?c + abc — Ta?c — Thc? = 0 by (4.2), that is,
Sb 2
o a’b + ab’c + abce 20,
a?c + be?
where abc # 0. In fact, we have a®b+ ab?c + abc # 0 and a?c + bc? # 0 by (3.12) and (3.69).
Case 5.2.  ri4+rg = 1. We conclude that I — Ry and I — R3; are in RB(M>(F)) by

Lemma 3.1.
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