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Abstract: In this paper, we construct a cocylindrical object associated to two coal-
gebras and a cotwisted map. It is shown that there exists an isomorphism between
the cocyclic object of the crossed coproduct coalgebra induced from two coalgebras
with a cotwisted map and the cocyclic object related to the diagonal of the cocylin-
drical object.
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1 Introduction

Getzler and Jones!! introduced a method to compute the cyclic homology of smash product
algebras AxG, where G is a group that acts on an algebra A by automorphisms. This method
is based on constructing a cylindrical object AfG, and shows that A(A§G) = Ce(A x G),
where A is the diagonal and C, the cyclic object functor. Then by using the Eilenberg-
Zilber theorem for cylindrical object, they obtained a quasi-isomorphism of mixed complexes
A(AfG) = Tote (AfG) and a spectral sequence converging to HCo(A x G). This method has
been used to computer the cyclic homology of some types of algebras in [2-4].

From the perspective of duality, it is necessary to consider the cocyclic structures of
some coalgebras. It is the starting point of this paper to construct the cocyclic structures
of crossed coproducts with invertible cotwisted maps, of which twisted smash coproducts in
sense of Wang and Lil®! are special cases.
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This paper is organized as follows: In Section 2, we recall the basic concepts of cocylin-
drical objects. Then crossed products with cotwisted maps are discussed in Section 3. The
key content of this paper is to construct cocylindrical objects in Section 4. Finally, It is
shown that there exists an isomorphism between the cocyclic object of the crossed coprod-
uct coalgebra A x7 B and A(AlrB) the cocyclic object related to the diagonal of AjrB In
Section 5.

2 Cocylindrical Objects

Let us recall cocyclic objects. If A is any category, a paracocyclic object in A is a sequence
of objects A, A1, --- together with coface operators 9" : A,, — A,41 (i=0,1,--- ,n+1),

codegeneracy operators, o' : A, — A,_1 (i = 0,1,---,n — 1) and cyclic operators 7, :
A, — A,,, where these operators satisfy the cosimplicial conditions and the following extra
relations:

Tn+1ai =91, 1<i<n, Tpy10° = O™,

Tpho10' =017, 1<i<n, Tho100 = U”TEL.

If, in addition, 7°*! = id,,, then we have a cocyclic object in the sense of Connes!®!.

A bi-paracocyclic object in a category A is a double sequence A(p, ¢) of objects of A and
operators Oy ¢, Tp.qs Tp.q a0d Oy 4y Gp gy Tpq Such that for all p > 0, ¢ > 0,
Bp(q) = {A(paq)’ U;),q’ 8;,q’ T;D,q}a Bq(p) = {A(p, q) 6;,q7 5;77q7 %P,q}
are paracocyclic objects in A and every horizontal operator commutes with every vertical
operator. We say that a bi-paracocyclic object is cocylindrical, if for all p,q > 0,
Fhlratl —4q

p.a 'pa P
If A is a bi-paracocyclic object in a category A, the paracocyclic object related to the

diagonal of A is denoted by AA. So the paracocyclic operators on AA(n) = A(n,n) are
O 10l Gl g0k, and 77T, When A s a cocylindrical object, we conclude that
(FrnTnn)" T =idy . So AA is a cocyclic object.

Throughout this paper, we works over a field k. All algebras and coalgebras are over k.
The undecorated tensor product ® means tensor product over k. Let C be a coalgebra. We
use Sweedler’s notation:

Ale) = ey @), 4%(c) = (A®id)A(e) = c(1) @) @), -+, AMe = (id® A)o A" (o),

where summation is omitted.

3 Crossed Coproducts with Cotwisted Maps

Let (A, A4, c4) be a coalgebra and (B, Ap, €g) be a coalgebra. Give a linear map T :
A® B — B® A. Then A® B has the coproduct:

Ala®b) = aq) @ bayr ® agyr @ be),
where by  ar = by ®ay =by ®ay =bx Qax =---=T(a®b) forallbe B, a € A. We
say that A ® B is a crossed coproduct which is denoted by A xr B, if A® B is a coalgebra
with the counit €4 ® ep. In this case, the map T is called a cotwisted map.
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Lemma 3.1  Using the notation as above, A X1 B is a crossed coproduct if and only if
the following conditions hold: for alla € A and b € B,

EA(GT)bT = EA(a)b, EB(bT)aT = SB(b)a; (31)
bry(1) ® bry(2) ® ar, = byr, ®@ by, @ arymy; (3.2)
br ® apy ® are) = br,1, @ aqyn, @ @)1y - (3-3)

4 The Cocylindrical Object AirB

In what follows, we always assume that the cotwisted map T is invertible, and its inverse is
denoted by T—1.

Lemma 4.1  The cotwisted map T satisfies (3.1)~(3.3) if and only if its inverse T—*
satisfies the following identities: for all a € A and b € B,

ealap-1)bp-1 = e4(a)b, ep(br-1)ap—1 = ep(b)a; (4.1)
le—l(l) ® le—l(Z) ® ap-1 = b(l)Tl—l ® b(2)T2—1 & ar-ipot; (4.2)
br-1® ar-1(1) ® ar-1(2) = bT1_1T2_1 ® Ay ® Aoyt (4.3)

Example 4.1 Let B be a Hopf algebra with the invertible antipode S and A be a left
B-comodule coalgebra. Define the cotwisted map
T:A®B—>B®A, a®@b—a_b®agp
Then we have the crossed coproduct coalgebra A x1 B w1th the coproduct
Ala X7 b) = aqy X1 a@)—1yba) ® ae@yo) X1 b(2), a€ A, be B.
Note that the cotwisted map 7 is invertible, and its inverse 7! is
BRA—A®B,  b®arag®5 " (a)b.
Example 4.21°] Let B be a Hopf algebra with the invertible antipode S and A be a
B-bicomodule coalgebra. Let
pr:A—=B®A, a—a_y®ap, and p.: A= AR B, aw aj @ ap
be left and right H-comodule structures on A, respectively. Then we have the crossed
coproduct coalgebra A x B with the coproduct
Ala xr b) = aq) X1 a@)-1ba)S(aeyon) @ a0 X1 be),  a€ A, be B,
where the cotwisted map
T:A®B — B® A, a®@brac 1b5( y1]) ® aqoy[o]-
We can check that T is invertible with its inverse 7! given as follows.
T':B®A—A®B, b®a— agqoy @S5 (apy—1))bS*(ap)), a€A, beB.
Proof. For all a € A and b € B, we have
T o T(a®b) = a0 © S~ (@ o)o)-1)ac-1bS (a0 )5 (@) pm)

= a)oi0) © 5 (ayo)—1))a-1bS (0o m@)S* (a0 )

= a(0)(0) ® 5~ (agoy-1))a(-1)b

= a0 ® $7H ey @)a-nmb

=a®b.
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Sowe get T"'oT =id. And T oT~! = id can be checked similarly.
For the sake of convenience of expression, for a; € A, b; € B, i,j € N, we denote
T(a; @ bj) = bjr,; © air;, T7H (b ®a;) = Gyr1 @ byp-t.
Now we introduce the cocylindrical module
AbrB = {B®(p+1) ® A®(q+1)}p,q207
where A, B are both coalgebras and 71" is a cotwisted map. We define the operators Jp 4,
Op,q> Tp,q a0d 5p,q, Op.q» Tp,q 3s follows: for all a; € A and b; € B,

aziz,q(b(),'” 7bp ‘ ag, - -+ ,(Lq) = (bOa"' abi717AB(bi),bi+17"' abp | ap, - - - 7aq)7

3521(5707"‘ sop L ao, -+ saq) = (boys 5 bpy bo1)Tyo-Too | G0T00s "+ * 5 AqTyo )
g;q(bo’... , by | ag, - - - ,aq) = (b, ,bi_1,e5(bi), bit1, - by | ag,- - ,aq),
Tpa(Dos -+ by [ a0, -+ ,aq) = (b1, by, boyee oo | G0Togs ** + AgTyo)-
52,q(bo»"' » bp | ag, - - »aq) = (bo, - - , by | ag, -+ ,ai—1, Aa(a;), Gig1,- - ,aq),
5321(b0,~-- ybp | ag, -+ aq) = (boTO;)l:"' ,prI;[)l | ao2), - 7%:%(1)@;}-@&3)’
5;,11(170#" yop | ao, -+ yag) = (bo, -+, by [ ag, -+, ai—1,64(a:), aiv1, -+ aq),
Tpa(boy -+ by | ag, -+ ,a,) = (bOToBl"” ’bPT;ol lag, - ’aq7aOT;01-~To’ol)'

where 0 <i<p, 0<75<q.
Theorem 4.1  Let A and B be both coalgebras, and T' an invertible cotwisted map. Then

At B with the operators defined above is a cocylindrical object.

Proof. We only check the commutativity of the cyclic operators and the cocylindrical
condition. First, we check that every horizontal operator commutes with every vertical

operator, that is, 7, ¢Tpq = Tp.qTp,q- Indeed, for all a; € A and b; € B, we have

Tp.aTp.a(bos -+ 3 bp | @g, -+, a,)
=T b1, b 1| ay,  ,ag, An—1 —1
p,q( 0T50 ) pro | 1, s Ugy OTpO Too )
= (blTl—Ol gttt ,prp—ol y bOqu~~~T1o | [GUATERRN ,aqqu, aOTI;)l-anOl)
and
Tp,aTp,g(bos =+ by [ @0, -+, ag)

= %P,q(blv T ’bp’ bOqu--'Too ‘ A0Te) " " * aaqqu)
= (blTl_Ol’ T 7prp_Ol ) bOTqO"'Tm | a1y, » AqTy05 a()Tzzjl’... ’T1—01)~

From above, it follows that 72117441 = 7at17041 for any p,q € N. Then, we check that

q p.a 'pya
p+1-g+1 _
Ty = idy . In fact,

7_5;17—_;1;1(1)0’ ey by lag, ooy ag)

— spFlzq
= Tpa Tp7q(b0To’01’ ) prI;; | a1, » Qg a’OTI;)1~~T&)1)
— ptl=q-1

Tp.a Tpa (I’OT(J*(legll7 ; prpz,lTrjll a2, 0 Qg Qo bt alTrjll»--TfllTojl)
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— ptl=q—k e
= Tp,q Tp,q (bOT&JlT&I“‘T(;;’ 9 prI;JIH.T;k_l
a a Anp—1 —1p—1, *°° Ay -1 —1p—1
| a1, v S BTt T Tt ?OURT Ty Ty, )
— ptl=
= T T, b1 -1 b 11 -1
p.q p’q( 0To0 Tor Thg_1y’ > TPTh0 Ty Tyg—1)
a Qnp—1 —1lp—1, **° a —1 -1 -1
| @ 0T, Ty Too ’ (q_l)Tp(q—n"'T1(471>T0(r171>)
— +ptl
= T o171 - Y VSN P -
D,q ( 0750 To1 "'TO(;fl)Toql’ ) prolTpl ...qul
Anp—1 —1lp—1, *** a -1 -1 -1 a -1 —1p—1
07,5 ~T1o Too ’ P DT gy g1 To—1)" 9 ra - Tig Tog )
— P
= T b —1p—1 -1 —1, - b —1p—1 —1 b
p’q( 1Ty Ty Ty g1y Tig ? ? T Ty Tpg 0
Anp—1 B T a —1 —1 a -1 -1
0Ty T1o P @ DT gy Tigoy” T Tee T )
= Tp7]€(l)(lc4r1)T*1 -1 .-t =t sty bypipepeny by s b
Pq (k+1)0" (b+ 1)1 (k1) (a= 1) (k+1)g Ppo Sp1 7 opa
Anp—1 —1 a -1 -1 a -1 -1
| 0T Try1yo’ P DTy T -1 Tea Ty,
= Tpoalb r—17-1 -1 —1, by, +++, bg | ayp-1, -+, a -1 a -1
pv‘l( T T(pl"'Tp(q—l)TP‘I s Y0, y Yk | 0Tt ’ (q_l)Tp(q71)7 qTpq )
= (bo7 ey bp‘a,()7 ey aq).

Corollary 4.1  For two coalgebras A and B, if the cotwisted map T is invertible, then
A(AnrB) is a cocylic object.

5 Relation of A(AfrB) with the Cocylic Object of the
Crossed Coproduct A xr B

Let B be a coalgebra. The cocyclic object C*(B) is defined by C™(B) = B®™+1) n >0,
with coface, codegeneracy and cyclic operators given by:

Di(bo @by @ @bp) =bg @by @+ @bj1) b2y @+~ Dby,  0<i <,

Ont1(bo @ b1 ® -+ ®bp) = byra) @ b1 @ -+ @by, @ by(1),

oilbo @b @ @by) =by @by @ @b; @e(biy1) @ @by, 0<i<n—1,

Talbp @01 @ ®b,) =b1 @+ ® by, & by.
Applying the above operations to the crossed coproduct A x1 B, we have a cocyclic object
C*(A xr B).

For n € N, we define a map ¢, : AirB(n,n) - C"(A xr B),
an(bOa"‘ , b | ag, - ’an)
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= o mgt @ borg @ Gt @bipgir @ © oy ® bpg g g
The following theorem reveals the relations between A(AfrB) and C*(A x1 B).

Theorem 5.1 ¢ = {¢n}n>0 defines a cocyclic map between A(AyrB) and C*(A xr B).

Proof.  We show that ¢ commutes with the cylic and cosimplical operators:
(1) T¢n = OnTnnTnn In fact, for all a; € A and b; € B, we have

¢n7—n,n7—_n,n(b03 e 7bn | ag, - ,an)
= QSnTn,n(bOT&)l gt ,bnTn—Ol | A1, ,0n, aOT;01,<-~ 1T151T(i)1)
= ¢n (bleol’ - 7bnT;01 , bOTrLO"'TIO ‘ 1Ty, " s AnTgs aOT;ﬂl,w 7T1701)

= Qyp—1 1 @by 1t Aoyp—1 —1 Dorr— 111
1T,y T 1Ty T1, ® 2T, Ty ® 2T5q Ty Ty
X Aorr—1 1 @ bogp—1—l—1—1 X A1 —1 byr—1—1—1 -1
3,5 - Ta3 3T30 Tay T3y Ty ® ® KT Tk ® kao Ty Ty T,

Q- ® Q-1 ® bnT;(JlT*lT*lmT;,} X aOTT;olv"' Tl Tigt ® bOTJOl

nl *n2

and
T¢’I’L(b07"' 7bn | ap, - - - 7a’ﬂ>

=T(Qn -1 —1p—1 b1 Aqpn—1 —1 byp—1p—1 Qa — b —1p—1 —
( 0T,5 - Tig Tyo ® 0Ty ® 1T, T ® 1T Ty ® ® nTpn ® nT, o T,y Tﬂnl)
=017 1 @ b1T;01T;11 Q- ®ap-1 @ bnT;(,lT;llmT;,} Q Gop—1. i1 ® bOT(;Ol'

(2) 0"t ¢, = ppy10"T1 OrtL For all a; € A and b; € B, one has

n+l,n~n,n

an+1 n—+1
¢n+1an+1,nan,n (bOa T 7bn | ag, -+ 7(1”)
= ¢n+1 (bO(Q)Vo?)l 5 blUl—Ol s, an;01 5 bo(l)TnO'“TloTOOU&)l
| @0Too(2) A1T10," "+ 5 AnToo %TOO(1)U(;)1U;(}..‘U;)lvo;l)

= Oom ()T Ty T Xa, @ Poyvigt ot @ Gt et © Viutrgty?

n nl

® Gopy it Tt © sz;(ngolT;T;zl Q- Qayp roirst @ anTjolT;OIT;ll.--T;;

n2

® AT (1) Ug Uik Urg! Vg Yo ! ® bO(l)TnO--~T10T00U&)1T&)1TJ11~~TO:L1Y051

(4.3)

BTt Tig Xaot @ Po2)vie! Xt ® Mmors rtmyt @ Vv gyt

® gy g 1 1t @ bavg i et © 1 © ot @ by i)
® Qo1)yu Ui Vg Yogt © Do) Tuor TroTgy T Vi

(4.3)
= Qom0 T X' ® bo(z)voglx&)l Qa1 1ttt © bl(z)Ufngfolell

® a2T20T051T721"'T2;1 ® b2Uzioszio1712711712721 Q- anTnoTo:LlTr:nl ® b”T7L701T71"'T{711

n nl

Anr— _ _ _ _ _ _ _
® OTnol(1)U(n171)0"'Ulolvoolyoo1 ® bO(l)Tnﬂ“'Tlonl"'TOnlyool
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(4.3)

A1 - _ b - a 1 - b e
OTnolT(nl—l)O'”Tlol(2)X001® 0(2)V001X001® 1Tlonlel”'Tu1® 1(2)T101T111

® oo Ty Tt Ty ® szillTleTlengl Q- O T Ty Tk ® bnT;(JlT;llmT,fnl

n

Anp—1p—1 —1 —1y,—1 b -1 —1y,—1
® 0T, T(7L71)0”'T10 (MVeo Yoo ® 0()Tno - T10T51 Ty Yoo

- aOT;olT(;lq)o“'Tfol(2)X&)l ® bO(Q)Vo?JlX&Jl ® alT;f'“Tﬁl ® bl(Q)Tfolell
Qap-1.71Q sz;ol Tl Tt ® Qa1 ® bnTgolT;f-uT,:nl
® aOTrfolT(:Llfno'“Tfol(I)VOBIYOBI ® bO(l)YoT)l

= aOT;01T(;1_1)0_“T1701X0—01 () ® bo(z)X&)l ® Qyp-—i.pt ® b1(2)W1701T1’11
® aTn_zl"'T2_21 ® b2T2_01T2_11T2_21 ®---® a"T;nl ® bnT7L_OlTn_11”'T7T77,1

& Ayp—10—1 —1y—1 -1 b —1.
0T, T o+ Tie X oo (D Yot @ P0(1)vg
Also

n-+1
a ¢’I’L(b07"'7bn|a07"')a”ﬂ)
= Qnp— PP by Ay _ PP
OTnol"'T101T001(2)U00 ® OTool(Q) ® 1Tml”'Tu1 ® blTlolTul
D ot ® by @
Q g, _1)p-1

1 Qb 1 -1 -1
n(nfl)T(nfl)(nfl) (n=1)T, nfl)OT(nfl)l.“T(nfl)(nfl)

®a,p-1 & bnT,jOlT;f it @ Qo b T Togt (1) ® bOTgOl(l)Uoo

(4.2)

A 1y b . Ay _ by 17—

OTnol”'TlolToolXool(Q)UOO ® 0(2)T001 ® lTnll”'Tul ® 1TlolTu1
Aop—1 —1 b —1p—1p—1

® 2T, Ty ® 2T50 Tyy Toy ®

X a -1 -1 Qb -1 -1 1
(n_l)Tn(nfl)T(nfl)(n—l) (n_l)T(nfl)OT(nfl)l.“T(nfl}(n—l)

Qa1 & bnT;(,lT;f Tt @ Qor b T T X gt (1) ® b0(1)x(;)1 Uoo
(4.3)

= Qnp-1 —1p—1 -1 b —1 Qqm— — byp—1p—
0T, - T1o Tho (2)200 Uoo ® 0(2)T00 ® lTnll‘“Tul ® 1T101T111
QX Qor—1 -1 bDorm—t 11 cee

2T Ty ® 2T50 Tyy Toy ®

QA _1yp-t -1 ®b_yr=t 7

n(n—1)"(n—1)(n—1) (n—1)0 -1,

—1 . 1
(n=11"H(n-1)(n-1)
D st @ bttt © Gori g gt () xg @ o)X Zegt U
= Qo7 T T (2) ® bo(Q)T(;O1 Qayp-1.p1 @ bleolT;ll

© or gt O Vargrgagt @

KR a -1 —1 Qb —1 —1 —1
(”*I)Tn(nfl)T(nq)(nfl) (”*1)T(n71>oT<n71)1"'T(n71>(n71)

Q-1 @ bnTgolT;fu.T;,j @ Qo b T Tog (1) X g0 ® bo(1)x&}-

By comparing the above equations, we can get the desired result. With the same argument,
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using Lemma 4.1 and with direct computations, we can check that
8i¢n = ¢n+15;+1,n3;,n7 Gid)n = (bn_léib—l,no-f’b,n’ 0<i<n.

Theorem 5.2  Let A and B be two coalgebras and T an invertible cotwisted map. Then
we have an isomorphism of cocyclic objects

A(AhTB) = C.(A X7 B)
Proof. For n € N, we define a map ¢, : C"(A x1 B) — AirB(n,n),
(pn(a0®b0®®an®bn)
= (bOToov b1T11T10’ b2T22T21T207 e bnTnnTn(n—l)'”TnU

| A0To0T10*Tro) A1T11To1++Tn1 s A2T20 50 Thas * " ° 7aﬂTnn>'
Since

Son(bn(b()a 7bn ‘ ag, - - 7an)

= ¢nl@or ) rimgt ® borgt ® Gyt @ bypirn ® 0 @ ot @ bypip pnt)

no Ln1 nn
Z(b PSR S P I /NSy —1
0Ty Too? "1Ty T, T11Tho nT o Ty Ton TnnTnn—1)""Tho
l aOT;ol"'TQIT&)ITOOTIO'“THO’ alTyjll'”T1711T11T21"‘Tnl’ o ’anTJannn>
= (b07"' ab’n. ‘ agp, - ;an)~

So it follows that vn¢n = iday, Bnn)-
Pnpn = idgon(ax,B) can be checked similarly.
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