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1 Introduction

The Meyer-Konig and Zeller operators were given by

Mn(fvx):z:f(nik)mn,k(m), 0<z<1,
k=0

M, (f,1) = f(1),
mn,k(x) _ <TL + k) :Ck(l _ x)nJrl’

k

which were the object of several investigations in approximation theory (see [1-3]). In recent
years there are many results of strong converse inequalities for various operators (see [4—
7]). Since the expression of the moment of the Meyer-Konig and Zeller type operators is
very complicated (see [8-10]), we have not seen any result of strong converse inequality for
Meyer-Konig and Zeller-Durrmeyer type operators. In this paper, we study the modification
of Meyer-Kénig and Zeller-Durrmeyer type operators M, (f, z):

Mn(f; 1') = Z én,k(f)mn,k(x)a f € C[Ov 1]7

k=0
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where

1
Bual) = Clys [ FOmacaia(ta

() = (n —]L— k’) xk(l _ )t
=0,

mn,—l

/m t)dt = ntl
Cn.ie = ok m+k+1)(n+k+2)

and give a strong converse inequality of type B.
We recall that for 0 < A <1, and ¢(z) = v/z(1 — z),

2 2
wi\(f,t) = sup ||A ,
cp*( ) 0o h<t || h<p*H

where
£l :== sup |f(z)],
z€[0,1)
fl@+hoM@) = 2f () + f(z — hp?(x)),  if z £ het(z) € [0,1);
A%wxf(f) =

0, otherwise,

and
2 2\ _ _ 2101, 22X 1
Kox(£,07) = i f —gll + 7™ g7l

where

D={g|g € ACuoc|l¢**¢"|| < oo}.

In this paper we use the relation wix (f,t) ~ KZ* (f,t?) (see [11]), which means that,
there exists a positive constant C' such that
CTHK2(f,£7) S wla(f,1) < CK2A(f,17).
Before state our results, we give some new notations.
For0<A<1,0<a<2 and p(x) = /z(1 —x),

Co={reCfo,1], f(0)=r1)=0}  [fllo= sup |e* AV (@) f ()],
xze (0,

CRa = {f € Co, [IFllo < o0}, £z = sup |@* D (@) f ()],
ze(0,

Cg,a = {f € 007 ||f||2 < Oo7fl € A-C-IOC}7
K{(f,1%) = geigg {If —gllo+2lglla},  f€Co.

A,
The main results of this paper can be stated as follows.

Theorem 1.1  Suppose 0 < A < 1, 0 < a < 2, and f € Cg,a' Then there exists a
constant K > 1 such that for | > Kn we have

1 L, - .
K3 (£,=) < C= (I8t f = fllo+ 130 = fllo).

Throughout this paper, C' denotes a positive constant independent of n and x, which are

not necessarily the same at each occurrence.
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2 Lemmas

In order to prove our main result, we need the following fundamental lemmas.

Lemma 2.1 Let p(z) = z(1 — z), and A 2p(x) = M, ((t — 2)*,x), p € N. Then
for n > 2p we have the estimates

CcPQ”(x),
np
An,2p (1') S
£ @0 2t
n2p—1

By simple calculations, we can obtain

Lemma 2.2  For

Lemma 2.3  For

1
—1
Cn,kJrl / (1
0

— ) g (DA < C(

x € [0,1), it holds that
My (t —x,x) =0,

k> 1, one has
n—1 )*4
n+k—1 ’

1
_ _ k —2
Cr ki /O t2m, g (H)dE < C(in - 1) ,

1
-1
Cn,kJrl/ (1_
0

n > 3.

_6 n —6
< >7.
£) O g1 (B)dE < C(n - k) o> 7

1 k- -2 n — 1 —4
-1 —2 <
Gkt /0 P (B, (t)dt < C(n +k— 1) (n +k— 1) ’

Proof.  Using Holder’s inequality, (2.4) and (2.5), we can get (2.7). The methods to estimate
(2.4), (2.5) and (2.6) are similar, so we only give the proof of (2.4).

First, for £ > 1, n = 3, by simple calculations, we can get (2.4).
Secondly, for £ > 1, n > 4, one has

/O th=1(1 — )" 3dt = R

By
(n+k+2)(n

(n—3)!

k+3)--(n+k—1)

+k+3) (ntkt1) (n — 3)!

n+1
(n+k)(n+k

nlk+ 1) (k+2)(k+3)--(n+k—1)

+1)(n+k+2)(n+k+3)

<

< 16,

we can obtain (2.4).

(n+k—1)*

(2.4)
(2.5)
(2.6)

2.7)

)
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Lemma 2.4 Forl e N, m € Z, one has
v < -l
S st <
k=1
(o] n —m
< —x) ™.
Yomus@) (=) <MO-a)
k=1
1
Remark 2.1 Forz e E, = [E’ 1), one has
_ < .
SEMATEE e
k=1
Lemma 2.5 ForneN, n>3, 0<)A<1, 0<a<?2, feC’iw we have
19> M) fllo < CV/nl| £]2.
Proof. First by direct computations (see [1]) we have
(Mnf)”(x) = (1 - l‘)72 Z An,k(f)mn,k(x)a T e (Oa 1)7 (28)
k=0
where
Ank(f) =+ k+1)[(n+k+2)Pnpia(f) = 2(n+ k4 1) Pr i1 (f) + (04 k) @i (f)],
and +1
n
My, () = m[mnﬂ,kq(x) = Mn1,5(2)],
1
mgk(x) = (e [(n4+k)(n+k+ Dmpx(x) — 2(n + k)*my 1 (z)
+(n+k)n+Ek—1myr—2(x)),
SO
1 1
Boal§) = [ Fmm st =n [ Omaiaor
0 0
Furthermore, we have
(M f)"(2) = (1 — )2 Zn/ T (O g1 () dtmy, i (2).
k=0 0
Noticing that for 2 € (0,1), n > 3, by direct computations one has
_ n+k)(n+k—1
(1—2)*my(2) = ( nz; my )mn_g,k(I),
, - n—1 k 7
mn72,k(z) - (,OQ(I) (n +k—1 x)mnfl,k(z)a
we obtain
| () (M, £)" ()|
< 20 fllap' TPV ()
00 k 1
. N —1 —(2+a(A-1))
(; ‘n o1 ” Cn’kﬂ/o ® (t)mn7k+1(t)dtmn,17k(z))
= 20| fll2p" TV (2) G (2.9)
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Using Holder’s inequality, Jensen’s inequality and Lemmas 2.1-2.3, we get
0 1
k - _
G=2 ’n+ k-1 " n%m/o o~ GO () oy ()t -1 ()
k=1

< C’n*%go*(“ra@*l))(x), n> 2. (2.10)
From (2.9) and (2.10), we have

1M, fllo < CVnl f 2

Lemma 2.6 Forne€N,n>7,0<A<1,0<a<2, fUeC (i=0123), and
@ " e CY ,, we have

- 1 - 3
|38t = £ = 3£/ @A =2, 2)|| < Cn 3.
Proof. We expand f(t) by the Taylor expansion and use Lemma 2.2 to obtain
N 1 - -1t
Sha(f.2) = £(@) = 30" @I - 2P,0) = W0 (5 [ (6= 02" 0)d, ).
x
so it is sufficient to show tha‘tc
HMn(/ (t = 0" )dv, )| < Cn 265"l (2.11)
For z € (0, 1) € (0,1), by simple calculations, we have
(t —w) _ _ _3+a(r-1) _3+a(r-1)
[ e T B L CR U ORI G (S |

Comblmng the above inequality with Holder’s inequality and Lemmas 2.2-2.4, we can get
(2.11). We have thus completed the proof of Lemma 2.6.

Lemma 2.7 LetnGN,nZ2,0§A§1,0<0¢<2,f€02’a. Then
M fl|2 < Cnl|flo-

1
Proof.  Suppose that E,, = [—, 1). We now prove Lemma 2.7 in E,, and Ef, repectively.
n
(1) For f € E,, in view of

(M f)" () = i Bk (f)rnmni(@), @€ (0,1), (2.12)
k=0
where
rowi= (= ) (- )] - i
we have

> H D (M, ) ()]

A () i (1 ;ac)2 (k _(n+ 1)x)2¢n,k(f)mn,k(1')‘

1—=z

<

> — T 2 n T

+ Q(Afl)(x)z a-2)" " ) (k _n+ e ;:130) )(ﬁnk(f)mnk(:c)‘
k=0

+ [0 @) S0+ 1) Bk (a2
k=0

=11+ Ty + Ts.
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Now we estimate 77, T» and T5. Using the similar method of estimating (2.7), we get

L a(i=x)
- 1 k - n a(l—X)
Cn—12,k—1/0 P N (B)mn o -1 ()dt < C(n + k:) (n + k’) '

Using (2.13), Jensen’s inequality, Holder’s inequality and Lemma 2.4, one has

(2.13)

1
T3 < Cnl|f]lop™ >~ (2) Z 2 e 1/ =N ()2 g1 (8)dtmg, i (z)

< Cnllflo-

Noticing that

1—x)? n+1)z
( x ! ’k_(l—x) ‘ k() < (04 2)(Mpy2k-1(2) + My k(2))
and
i( ; )47” (z) i( - )4m (1) + (—2=) (1 —2)?
Py n+k+1 n+2,k 2 nr k1 n+2,k i
<O —xz)4,
one has
N k =y a(l—X)
< Ot(/\*l)
Ty < C|flloe kz:; (n+2)( mn+2’k_1(x)+mn’k(x))(n+k; <n+k)
< Cnlfllo
and
a(1—))

( n )a(l_/\)mn,k(z)

Ty < C| fllog®*~Y {Z; (n +k)a]’ (n—i—kz) ntk
k=1

0o a(l N)

w3 (o) o) e

< Cnl|fllo-
From the estimates of T, To and T3, we obtain the result.

1
(2) For z € ES = (O7 —), the representation (2.8) shows that
n
> (@) (M f)" ()]

< O (g)p U (n+k+1)(n+k+ 2)¢n,k+2(f)mn,k(:v)\

k=0

2+ b+ 1)? P (Fm i (a)

K

|

k=0

(n+k+1)(n + k) @n,k(f)mmk(x)‘]

K

|

el
Il
=

=11+ Ir + Is.
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The methods of estimating Iy, I, I3 are similar, so we estimate I; for an example. It
is easy to see that

0 1
o Mn—2,k+1(t)
< flop* >V (@)z Y (n+k+D)(n+k+2)Cly 00 sDa(Afl)(t)dtm,k(:f)
k=1
o] a(d—X)
k - n \o(l-2)—2
< )l DG T Gie) ).
< Clllog™* D @hentn+ 03 (57 —— o 1(2)
Using Holder’s inequality and Lemma 2.4, noticing that
1 . 12
z<=,  (1-x) <(1f—) <4
n n
for n > 2, we have
I < O fllow** Y (@)an(n + 1)
0 a(l—)) oo 2-a(1-))
k 3 no\ 2 —
(X agme@) T (X () mest)
= n+ k —\n+ k
< C1n|| fllo-
ny L

Lemma 2.8 For0<pg<1, 0<h§§, one has

// dsdt Mh? v € h1—h
5 25x+s+t)_max{g0(acih o(z)}28’ ’ '

Lemma 2.9 LetneN,n>2,0<)A<1],0<a<?2, andfeC’ga. Then
1720 fllo < €| flo-

Proof.  Using (2.13), Jensen’s inequality and Lemma 2.4, we get
@AY (@) M, (f7 z)|

1
< 10OV () Z L / o O () 1 (E)dbg g ()

<Clfllo, n= 2~

3 Main Results

Theorem 3.1  Suppose that 0 < A <1, 0< a <2, and f € Cg,a' Then there exists a
constant K > 1 such that for | > Kn we have

I -
K (£, 7) < O (I8 f ~ fllo+ |80 ~ fll)

1 .
Proof. By the definition of K¢ (f, 5), for M2(f,z) € Cia, using Lemma 2.9, we have

o 1 ~ 1, - ~ 1, ~
K (£.5) S I = B2 o+ I3 o < CIf = Maf o + V3 o (3.1)
From Lemma 2.6, we have

|2 ) = A2~ SN - 2, )| < ORI .



8 COMM. MATH. RES. VOL. 28

Therefore, combining Lemmas 2.2, 2.5, 2.7 and 2.9, we get
4%||M,%f|\2 < (MM f = Mo f)llo + [ Mi(Mo f = F)llo + 1Mif = fllo+ |1 f = Maflo
| Mo f = M2 fllo + Ol 2 /n(| Muf — M2 fll2 + 1V £ 1)
< Col|Muf = fllo+ |IMif = fllo + Col™3/n(Chanl f — Mufllo+ | M2 f]2)
< Co||Muf — fllo + I Mif — fllo + Cal ™30 || f — My fllo + CLl™ 2 V/n| M2f]|2.
For [ > Kn, we can choose K > 1, such that C’ll_%\/ﬁ < % Then
SINE2 < Gl f — Fllo + IS ~ flo (32)

In view of (3.1) and (3.2), we get

K§(£,%) < CINET — flo+ ~(8C5 1380 ~ fllo + SIS ~ fllo)

- .
< Co—([|Mnf — fllo + IMif — fllo)-
n

Corollary 3.1  Let A=1, and f € C[0,1). Then there exist a constant K > 1 such that
1 ~ -
2
—) < - — fID. .

w3 (7)< O = fIl + |tienf = /1) (3.3)

Proof. For A =1, K¢(f,t?) is the usual K-functional (see [11])
K3 (f,#) = mf{||f = gll + £]|" |, ¢’ € A-Curoc},

which is equivalent to wi (f,t) (see [11]). One immediately obtains (3.3) from Theorem 3.1.

Corollary 3.2 For0<a<2,0<A<1, and f € C[0,1), we have
| My (f,2) = f(x)] = O(n~ 2"V (2)) = w2, (f,1) = O(t*).

Proof. From the condition
| My (f,2) = f(a)] = O(n~ 2>V (@),
one has
HMnf - fHO < Cn™2.

By using Theorem 3.1, there exists a constant K > 1 such that for [ > Kn we have
1 I - .
[e3
V< (2 _ _
K3 (£,%) < C=(I3af = fllo + I ¥%f = fllo)

l (o7 (o7
< 05(0171_7 + CQZ_E)

< 0377,7%.
1 1
For 0 <t < 1, we can choose n € N such that —— <t < —. Then
vn+1 n
1 (o7
KS(f,1?) < K¢ (f, —) < Csn~% < Oyt (3.4)
n
By the definition of K{(f,t*), we can choose g € Cia such that
I1f =gllo+ n7 gl < 2K5(f,n7Y). (3.5)

Now we estimate |A,2L¢Af(x)|.
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1
i) For fixed h € (0,=), z € [h,1 —h] and f € C? _, one has
8 A,

|AG s F(@)] < [f(x+het (@) + 2| f(@)] + | f(x — he? (2)))]
< A fllom(z, o),
where

m(z, he?) := max{lp(z + het ()], le(@)], lp(z —ho*(2))]}.

(ii) Using Lemma 2.8, for any g € Cia, one has
ho? (x)
2
83 pat@ <lolls [ [ o7 0N s oldst
- 2
< Cllgllah®m(z, hp*)(@=2 0=,
By (i), (ii), (3.4) and (3.5), one has

A7 f ()] < Ch,

which implies

W (f.1) = O(1%).
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