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Abstract: In this paper, one-dimensional (1D) nonlinear beam equations of the form

Utt — Uzz + Uzzze +mu = f(u)
with Dirichlet boundary conditions are considered, where the nonlinearity f is an
analytic, odd function and f(u) = O(u?). It is proved that for all m € (0, M*] C R
(M™ is a fixed large number), but a set of small Lebesgue measure, the above equations
admit small-amplitude quasi-periodic solutions corresponding to finite dimensional
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technique.
Key words: beam equation, KAM theorem, quasi-periodic solution, partial Birkhoff
normal form
2000 MR subject classification: 37K55
Document code: A
Article ID: 1674-5647(2012)01-0051-14

1 Introduction and Main Result

Consider the general nonlinear beam equations of the form
on the finite z-interval [0, 7] with Dirichlet boundary conditions

w(t,0) = u(t, ) = Upz(t,0) = ugy (¢, m) = 0, (1.2)
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where the parameter m € (0, M*] C R, the nonlinearity f is assumed to be real analytic in
u and of the form
u) = au® + Z fou™, a #0. (1.3)
n>>5
We study the equations of the form (1.1) as a Hamiltonian system on

P = Hy ([0, 7)) x L*([0, 7))

with coordinates v and v = us. Then the Hamﬂtonian is

H = (o, 0)+ 5 (Au,u) + /”gw)dz, (1.4)

where
d4 d?
A—@*@*Fm, g = / f (15)
and (-, -) denotes the usual scalar product in L?. Then (1.1) can be written in the form
0H OH
Ut:%:"U, 'UtzfazfAuif(u) (16)
Let

qu(x)\/gsinjz, )\j:\/m, j=12---

be the basic modes and frequencies of the linear equation

Utt — Uzg + Uzzoa + MU =0
with Dirichlet boundary conditions (1.2). Then every solution of the linear equation is the
superposition of their harmonic oscillations and of the form

2) =Y ai(t);(),  a;(t) = /T cos(\st + 0y),
i>1

with amplitudes I; > 0 an(i_initial phases ;. The motions are periodic or quasi-periodic,
respectively, depending on whether one or finitely many eigenfunctions are excited. In
particular, for every choice

J={j1<je<- - <jguy CN
of finitely many modes there exists an invariant 2n-dimensional linear subspace E; which
is completely foliated into rotational tori with frequencies A; ,---, ;. :

Ey={(u,v) = (@1¢j, + -+ adj., Mbj +-+paudy)} = U Tr(D),
IepPn
where
"={IeR":I;>0,1<j<n}
is the positive quadrant in R™ and
Ti(I) ={(u,v) : ¢; + A7°p} = 1;, 1< j <n},
by using the above representations of u and v. In addition, such a torus is linearly stable,
and all solutions have zero Lyapunov exponents.
Upon restoration of the nonlinearity f, we show that there exist a Cantor set O C P",

a family of n-tori

’]}[O]:IUO’]}(I) C Ey over O,
€
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and a Whitney smooth embedding & : 7;[0] — &; C P, such that the restriction of & to
each 7;(I) in the family is an embedding of a rotational n-torus for the nonlinear equations.
The image & of 7;[0)] is called the Cantor manifold of rotational d-tori in [1].

Theorem 1.1(Main Theorem)  Suppose that the nonlinearity [ is real analytic and of the
form (1.3). Then for each index set J = {j1 < --- < jn}, there exists, for allm € (0, M*] C
R, but a set of small Lebesque measure, a Cantor manifold E; given by a Whitney smooth
embedding @ : T;|O] — E;, which is a higher order perturbation of the inclusion map
Py : Ej — P restricted to Tj|O]. Moreover, the Cantor manifold E; is foliated by real
analytic, linearly stable, n-dimensional invariant tori carrying quasi-periodic solutions.

Their starting point is to take (1.1) as a perturbed sine-Gordon equation. This result is
regained by Poschell’ by the infinite KAM theory and the normal form technique. Later,
the existence of quasi-periodic solutions of the Hamiltonian partial differential equations
have been studied in [2-8]. In this paper, by using the KAM approach originating from
[9-11], we can obtain that (1.1) admits small-amplitude quasi-periodic solutions for all m €
(0, M*] C R (M* is a fixed large number), but a set of small Lebesgue measure.

2 An Infinite-dimensional KAM Theory

We consider a small perturbation of infinitely dimensional Hamiltonian in the parameter
dependent form
1
H=N+P= ) wj(g)yj+§ZQj(u§+u§)+P (2.1)
1<j<n §>1
in n dimensional angle-action coordinates (x,y) and infinite-dimensional Cartesian coordi-

nate (u,v) with symplectic structure

n

Zdl’j A dyj -+ Z du]- A d’l)j,

j=1 j=n+1
on the phase space

PO =T" x R" x 1*° x1"° 5 (z,y,u,v),

where T™ is the usual n torus with 1 < n < co. The tangent frequencies w = (w1, ,wy)
and the normal frequencies 2 = (21, (%, ---) depend on n parameters £ € O C R". Ois a
closed bounded set of positive Lebesgue measure.

As in [2], we set

_utiv _u—iv
z= 5 zZ= BV
and
D(3,r) = {(z,y,2,2) € P : [Imz| < &, |y| <72, |2]las + |Z]las < 7},
where | - | denotes the sup-norm for the complex vector and || - ||4,s is the norm in the space
1%* which are to be defined later. We define the weighted phase norm

1 1 1,
(Wl = [Wls,r = 2] + [yl + =lI2lla,s + =[Z]las
r r r
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for W = (z,y, 2, 2) € P%® with § = s+ 1. Denote by O the parameter set [1,2]™. For a map
F: D(s,r) — P%%, define its Lipschitz semi-norm |F|L as follows:

A¢ ¢ F, F(- —F(- .
|F|£=Sup| £,¢ |7 =Sup| ( ag) ( 7C)|7,

exc [E—Cl  exc 1€ — (]

where the supremum is taken over O.

For each £ € O, there is an n-torus
Ty =T" x{0,0,0}
with frequencies

w(&) = (W1(&), -+ ywn(§))
of the linear integrable Hamiltonian V. In its norm space, described by u-v coordinates, the
origin is an elliptic fixed point with characteristic frequencies 2(£). The KAM theorem by
Poschel™ shows the existence of this linear stable rotational tori under a small perturbation
P. In order to obtain the result we have to give some assumptions:
(A1) Non-degeneracy. The real map £ — w(&) is Lipeomorphism between O and its
image. Moreover, for all integer vectors (k,l) € Z™ x Z* with 1 < || < 2,

meas{ : (k, w(&)) + (I, 2(£)) =0} =0, (2.2)
and (I, 2(€)) # 0on O, where |[| =3 |1|; for integer vectors, and (-, -) is the usual scalar
J

product.
(A2) Spectral Asymptotics. There exist d > 1 and ¢ < d — 1 such that
(&) ="+ -+ 00", (2:3)
where the dots stand for fixed lower order terms in j, allowing also negative exponents.
More precisely, there exists a fixed parameter independent sequence 2 with Dj =jl4...
such that ij ={) - Dj gives rise to a Lipschitz map 2:0— 130, where [ is the space of

all real sequences with the finite norm |w|, = sup |w;|57.

J
(A3) Regularity. The perturbation P(x,y,u,v) is real analytic for a real argument
(z,y,u,v) € D(r,s) for any given r, s > 0, and Lipschitz in the parameter £ € O. For
each ¢ € O, its gradients with respect to u, v satisfy
o (pzp ford>1;
iP,, —iP; € A(I*P, [*P) (2.4)
p>Dp, ford=1,
where A(I*P, [%P) denotes the class of the maps from some neighborhoods of the origin in [*?
into (P, which is real analytic in the real and imaginary parts of the complex coordinates.
To state Poschel’s theorem we assume that
L L —1|L
lwlg + 12250 < M < oo, |w 1|w(0) <L < . (2.5)
Moreover, we introduce the notations

(l)d:max{l, ‘Zjdlj‘}, A =1+ k|7,
J

where 7 > n + 1 will be fixed later. Finally, let
z={(k,1)#0, |l]| <2} CZ" x Z*.
We now state the basic KAM Theorem which is recited from [11].
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Theorem 2.1  Suppose that H = N + P satisfies (A1)—(A3), and

e= swp |Xplo+ s |XplF <o, (2.6)
D(s,r)xO D(s,r)xO

where 0 < a < 1 is another parameter, and v depends on n, T and s. Then there exist a
Cantor set O C O with
meas(0,/0) — 0 as a — 0,
a Lipschitz continuous family of torus embedding @ : T™ x O, — PP, and a Lipschitz
continuous map © : On — R™, such that for each & € Oy, the map P restricted T™ x {&}
is a real analytic embedding of rotational torus with frequencies w(§) for the Hamiltonian H
at &.
Each embedding is analytic on [Imx| < f, and

2
@ = @l + 1@ — BolF < =, (2.7)
& — w| + %w — w|F < ce, (2.8)

uniformly on that domain and O, where ®y : T™ x O — 13" is the trivial embedding, and
c < v~ depends on the same parameters as 7.
Moreover, there exist Lipschitz maps w, and §2, on O for v > 1 satisfying

wy = W, .QO:.Q

and
lwy, —w| + %huy —w|* < ce, (2.9)
|QV_Q|_6+%|9V_Q|£6 < ce, (2.10)
such that
meas(0/0,) C URLZ(O[),
where

Ry (@) = {5 €0 [(k, wi(&)+{, 2(8)] < a%}, (2.11)

and the union is taken over all j > 0 and (k,l) € Z" x Z*>° such that |k| > Ko2/=1 for j > 1
with a constant Ko > 1 depending on n and T.

Concerning the measure of the bad frequency set O/Q,,, we have the following theorem.

Theorem 2.2 ([11], Theorem D) Suppose that in Theorem 2.1 the unperturbed frequencies
are affine functions of the parameters. Then there is a constant ¢ such that

meas(0/0), < &(diamO)" 1ok, (2.12)
where
1, d>1;
H= K
_ d=1
K+1—1/4 ’

for all sufficiently small o, and ¢ is any number with 0 < ¢ < min{p — p, 1}. In the case

d =1, k is a positive constant such that
2; — £
Borou 219
uniformly on O.
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3 The Hamiltonian for the General Beam Equations

We recall that the Hamiltonian of our nonlinear beam equation is

H= %(v, v) + %(Au, u) + /OTr g(u)dz. (3.1)

As in [1], we introduce coordinates q =(q1,92, ), p = (p1,p2, - ) through the relations

U*Z \/*‘ﬁaa ’U:Z\/A—jpg‘fﬁjv (3.2)

Jjz1 j>1

/2
¢; =1/ —sinjz, j=12---
T

are the normalized Dirichlet eigenfunctions of the operator A with eigenvalues
X =g+t +m,

and the coordinates ¢ and p are taken from the Hilbert space [*°. We obtain the Hamiltonian

H:A+G:%Z)\j(p§+qj / (Z )d:c (3.3)

where

Jj=1
with the lattice Hamiltonian equations
0H OH oG
§j = 5—=NPj»  Pj = —5— = —Njlj — 75— 3.4
7= Bp, i Pj j B4 19 By, (3.4)

Instead of discussing its validity, we just take the latter Hamiltonian as our new starting

point and make the following simple observation.

Lemma 3.1 Leta >0, s >0, I be an interval, andt € I — (q(t), p(t)) be a real analytic
solution of (3.4) such that

SUPZ lg; (O + [p; (1)) )j**eX < oo,
]>1

Then

_]>1

is an analytic solution of (1.1).

Next we consider the regularity of the vector field of G. Let [? be the Hilbert space of
bi-infinite square summable sequences with complex coefficients. For a > 0 and s > 0, let
the subspace [%* C I? consist of, by definition, all bi-infinite sequences with the finite norm

lal2. = laol* + Y las[?[5[*e1".

J

Let
1 y
F 1% — L2 — F :—g TR
1770 oy £

be the inverse discrete Fourier transform, which defines an isometry between the two spaces,
where L? is all square-integrable complex valued functions on [—m, ]. Through F we can

define subspaces W®* C L? that are normed by setting
[ Fqlla,s = ligllas-
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1
Lemma 3.2 Fora > 0 and s > o the space 1*° is a Hilbert algebra with respect to
convolution of sequences and
g * plla,s < Clldllaslplla,s
with a constant C depending on s. Consequently, W** is a Hilbert algebra with respect to

multiplication of functions.

Lemma 3.3 Fora >0 and s > 0, the vector field X is a map from some neighborhoods
of the origin in 1% into 1%°2, with
1Xclla,s+2 = Ollall3.)-

Proof.  In a sufficient small neighborhood of the origin, we can consider the nonlinearity
f =u3. Due to
™ 4 1
G=1 [ lut@)tar = 3 Gomaasara
04,7,

we have

0G
o0 sz; Gijr19iqiqr-

Hence

||Gq||3,s+2 = Z Ga, |2l2(s+2)92al
1>1

s+2)62al

1 2

I>1 titjtr=l

1?2 |QinQ7'|)2 2(s
< - 1 (s4+2) 2al
<3 (7) X (|z‘||j||r| ‘
>1 +itjtr=l
Lo s a
<o qp(@Hqx et
>1

S CZ(Q* q* q‘)2l2(s+1)62al
>1

<cllg*G*qll2 oia
< e(lgllZ o41)?
< c(llqll? ,)?

with
~ q;
q; = Ma

J
where the constant ¢ may be different at each appearance. Hence

[Galla,st2 < C(||q||a,8)3-
The regularity of X follows from the regularity of its components.

For the nonlinearity u> we find

1

T 1
G=1 [ @it = ¥ Gynaaaa (3.5)

,3,m,0
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with
1

VAN

It is not difficult to verify that G;j; = 0 unless =i £ j £ r &1 = 0 for some combination of

Gijrl = /0 Gipjrrda.

plus and minus signs. Particularly, we have

1 244
2 \i);
by the elementary calculation. In the following, we focus on the nonlinearity u3, since a

Giijj = (3.6)
non-zero coefficient in front of 3 and all terms of order five or more make no difference.
Next we transform the Hamiltonian (3.3) into some partial Birkhoff form of order four so
that it may serve as a small perturbation of some nonlinear integrable system in a sufficiently
small neighborhood of the origin. we introduce the complex coordinates
1 . 1 .
zj = —=(qj +1p; zj = —=(q; —1p;).
J \/5(‘1] p;), J \/5(% p;j)
Then the Hamiltonian is given by
s 2 + ~
H=A4+G= Aj|zj|2+/ o(> e, )ax (3.7)

with symplectic structure iz dz; A dz;.
J

Lemma 3.4  If {i,4,r, 1} are nonzero integers such that i+ j £r +1=0, but (i,j,r,1) #
(p, —p,q,—q), then for all m € (0, M*] C R, but a set of small Lebesgue measure, we have
[Ni £Xj £ A £ N| > ¢, where ¢ is a constant depending on m.

Proof. ~ Without loss of generality, we may assume that ¢ < j < r < [. The condition
i+ j+r =+l =0 then reduces to two possibilities, either i —j—r+l=0o0ri+j+k—1=0.
We have to study divisors of the form
d=NEN NN
for all possible combinations of plus and minus signs. To this end, we distinguish them
according to their number of minus signs. To shorten notation we let, for example,
Opp—tr =N+ A = A+ A,

and similarly, for all other combinations of plus and minus signs.

Case 0. No minus sign. This is trivial.

Case 1. One minus sign. Obviously,

b >0 > 6 >Vt 2 tmA A+ 2 +m > 1

so it suffices to study d = d4 4. We consider 0 as a function of m and notice that

2n— DI 1 1 1_ 1
6™ (m) = (71)"—1#@5 TN N > d >0
According to Lemma 5.1 in the Appendix,

I={m:|f(m)|<e¢,mel, c>0}<céc

so after excising a set of small measure, we obtain that §(m) > c.

Case 2. Two minus signs. Here we have §_4_4,0__44+ > d;4__, and all other cases
reduce to these ones by inverting the signs. So it suffices to study d(m) = d4__. Let

f(t) = Vtr+t2+m.
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It is easy to verify that for ¢ > 1,
t(2t2 +1)
py = 2D
t*+t+m
(3 =12+ (t —1)2 4+ 515+ 7t* + m(6t> + 1) — 3/4 .
(Vt* +t24+m)3

so f is increasing and convex for ¢ > 1. Hence we have

A=A 2 Np — A, 1<p<r
In the case I =7+ j + r, we thus obtain

A=A 2 N_(rmi) — i = Ajrai — Ag

>0

and

fll (t) _ 0,

Hence

s 2i5(25% + 1) i
5> Nigai — N >2if'(4) = > ,
= Aj+2 J = f (]) \/j4+]2+m = \/1+m

by using the mean value theorem and the monotonicity of f/. With the other alternative,

we have
i—j=r—101#0.
Hence
A= Ar 2 Ajr1 — Aiga,
and

Ajr1 — Aj > Aigo — Aig1.
So we obtain that

1
82> N1 — N1 — A+ X > X2 — 201 + N > f(0) >

Cases 3 and 4. Three and four minus signs. These ones can be reduced to Cases 1 and

0, respectively.

Proposition 3.1  For any index set J = {j1 < -+ < jn}, and all m € (0, M*] C R, but
a set of small Lebesgue measure, there exists a change of coordinates I' in a neighborhood

of the origin in [“®° such that the Hamiltonian
H=A+G
with the nonlinearity (3.5) is changed into
Hol'=4+G+G+K,
where X, Xg, Xg 1 19° — 19°F2 and
G=3 Y 0y
one of {i,j}eJ

with coefficients
~ 6 4—46;
Gyi=—- —”7
/ Aidj

3

and
Gl=0(I2l20), IKI=0(=15),  2={z}ies

Moreover, the dependence of I' on m is real analytic for almost all compact m-interval in

(0, +00) .
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Proof. It is convenient to introduce coordinates (---, w_s, w_1, wy, wa, «-+) in {** by
setting

Z5 = Wy, 25 = W—j.
Let

i = (sgn i)\
The Hamiltonian under consideration then reads as
H = Z)\nwnw,n + Z Gijriw;w;wypw. (3.8)
n 7,7,
Consider a Hamiltonian function
F = Z Fijriw,w;w,ewy
%,5,7m,0
with coefficients
Gijri
B ) B ] STy l S L N ;
=] T S LI € LN

0, otherwise,

where
Ly = {(i,j,'l’,l) € Z4 : one of {|Z|a |]|a |T|a |l|} €J= {jla T ajn}}a
Nn = {(iajaral) € Z4 : (iajaral) = (p7 —-p,q, _q)} - ‘Cn
Let I' be the time-1 map of the flow of the Hamiltonian vector field F'. Expanding at ¢t = 0

and by Taylor’s formula, we obtain

Hol = H+{H,F}+/1(1 —t){{H,F},F}o XkLdt

1
=A+{AF}+G+{G, F}+ / (1 —-t){{H,F},F}o XkLdt,
0
where
{AF}y = =1 ) N+ N 4+ AL+ ) Fyrwgwywpwg.
©,5,7,1
Hence
G—I—{A,F}: Z + Z Gij,.lwiijrwl: G-i—é
(3,7 )ENR (4,5, D)ELn
Returning to the notations z;, Z;, we have
_ 1 _
G=5 > Gylallal

one of {i,j}eJ

with
24 1 o
24Giij; = — 55 UFT;
_ BY
Gij = 18 1 )
RGug; =5y 17
(28]

by (3.6), where G is independent of {#;};¢1. Hence, formally we have
Hol'=A+G+G+K

as claimed.
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To prove analyticity and regularity of the preceding transformation we first show Xp :

[*% — [%5%2 Indeed, by Lemma 3.4 and (3.5) with
1

wj = m(|wj| + [w—j1),
we have
oF
o] = Yo | Fnllwiwjw,|
L N
< © 3 |wiw;wy|
2] tidjtr=l [ijr]
< % N diyi
| |:ti:tj:tr:l
c - -
= m(w * W * W);.
By Lemma 3.2, we have
[Fullas+e < clld* @ @41 < [Jw]lG - (3.9)

The analyticity of F, follows from the analyticity of each component functions and its local
boundedness. Hence in a sufficiently small neighborhood of the origin in [** the time-1-map
I' is well defined with the estimates

1T = idla,s42 = O(|[w]]2 ,), |DI — I|qs42,s = O(Jwl]?.,),
where the operator norm || - ||4 75 is defined by
Awll, =
Al = sp 1400
w#0 lela,s

Obviously,
IDF = Ilaszore < IDT = Iassa,
while in a sufficiently small neighborhood of the origin, DI" defines an isomorphism of [%512.
Since X : [%* — [%*%2 we have
"Xy =DI'Xyol = Xpop : 1%° — [“52
The same holds for the Lie bracket: the boundedness of | DX |
(Xr, Xu| = Xgpy : 19° — [5F2

These two facts show that Xg : (%% — [%*T2 The analogous claims for X5 and X are

a,s+2,5 implies that

obvious.

4 Proof of the Main Theorem

We now prove Theorem 1.1 by applying Theorems 2.1 and 2.2. In Section 3 we see that
there exists a real analytic, symplectic change of coordinates I' , which takes H into

H=Hol'=A+G+G+K
with the notation of the previous section:

A= (o, 1)+ (3, 2), G:%<A1,I>+<BI,Z>, G = O(||4]

as) KI=0(lg,),
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where
a = (Aj)jer, B = (65)jg7, A= (Gij)ijer,

B = (Gij)jeigs, I'=(|z1")jeu, Z = (|2*)je-
Moreover, the regularity of the nonlinear vector field is preserved. We introduce symplectic

polar and real coordinates by setting

V& + e, JEJ;
1 . .
ﬁ(ﬂj‘i’n}j), i ¢J,

zj =
where the parameter £ € O = [0, 1]”. Then the Hamiltonian H o I" can be read as
H=N+P={(w(),y)+ (20, +v) + G+ G+ K
with the frequency
w() =a+Af, 2§ =0+ B¢
and perturbation
P=G+G+K=0(y? +0(yllu* +v?|) + G + K.
Now, we only have to verify (A1)-(A3) of the infinite KAM Theory for the above Hamil-

tonian. Since
1 ) .2 m 1
A=Vt +i2+m=j +---+f+0(,—3),
2j J

one has
v, I
Qj—n:(ﬁ‘i‘Bl)j—n:)\j‘f' <>\>
j
with 04
= 2207t oo a0,
v 7'('( 1 > )y 'n )

This gives the asymptotic expansion

On =gttt Bl o(D) <2 B o)

with
So (A2) is satisfied with
and

which is a Lipschitz map from O to HL .
Moreover, since

3 4 4
)‘Jl )‘Jl )‘jl )‘32 )‘]1 )\jn
4 3 4
_ 6 . BV By
A= (Gip<ig<in = )\”'Ah )\”.)\” )\”.)\J" :
4 4 3
Nin i AjuAjs g A
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we have - )
det (6A> (4n 1)1S]H§n % £ 0.

So the matrix A is non-degenerate and the map £ — w(§) is a lipeomorphism of R™ onto
itself. The measure condition is satisfied, since (k, w(€)) + (I, £2(§)) is a non-trivial affine
function of ¢ which vanishes on a codimension 1 subspace. Finally, clearly (I, 3) # 0, for
1 < |I| €2, and B¢ is small because of |¢| small and B = (Gj)je igs. Then we have
(1, 2(£)) #0 on O. So (A1) is satisfied.

Since

G =O(lyP*) + Olylllu® +*[l),  |R| =G+ K = O(]2[*) + O(|z[°),
we have
Xp=Xg, g:l" — [ +2,
and thus, (A3) holds true with
p=Ss, p=s-+2.
Moreover, since the frequency
w(§) =a+ A

with the matrix A is invertible, we find that the condition (2.5) is satisfied.

Finally, as in [7], we can chose v, « such that

cr? < ya < eor®/?,
where ¢1, ¢ are constants. The Hamiltonian H is well defined on the phase space domain
D(3,r) = {(z,y,u,v) : [Ima| <3, |y| <7°, Jullas + [v]la,s <7}
and the parameter domain
Our =UsO,p, O, ={:0< || <3},
where U,Q, is the subset of all points in O, with boundary distance greater than a. On
these domains, we have
Gl =0, |Gl=0(*), |K|=0(").
Using Cauchy estimates, we obtain
1Xeallrs2.06/2.02) + 1 X llrs2,0032,0/2) + 1 XK |lrj2,D(5/20/2) = O(r?).
Similarly, with respect to £ on O, -, we have
X&)z + 1Xallr e + 1Xk 72 = OF* /a).
According to the equality above, we obtain
IXPllrj2,002,0/2) + NI XPIE 9 p(sj2.rj2) = O0) < ar,

Thus the equation (2.6) holds true.

Thus, all the conditions of Theorems 2.1 and 2.2 are satisfied, and we finish the proof of
the main theorem.

5 Appendix

Lemma 5.1  Suppose that f(m) is an n-th differentiable function on the closure I of I ,
where I € R is an interval. Let
Io={m:|f(m)| <c,mel, c>0}
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If|f™(m)| > d >0 on I, where d is a constant, then I. < écw with

E=212+3+-+n+d").

The proof can be found in [12].
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