COMMUNICATIONS
IN

MATHEMATICAL
RESEARCH
25(1)(2009), 1-8

The Lie Algebras in which Every Subspace
Is Its Subalgebra*

WUu MING-ZHONG
(Department of Mathematics, China West Normal University, Nanchong, 637002)

Communicated by Liu Jian-ya

Abstract: In this paper, we study the Lie algebras in which every subspace is its
subalgebra (denoted by HB Lie algebras). We get that a nonabelian Lie algebra is
an HB Lie algebra if and only if it is isomorphic to g-+Cid,, where g is an abelian
Lie algebra. Moreover we show that the derivation algebra and the holomorph of a
nonabelian HB Lie algebra are complete.
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1 Introduction

The classification of Lie algebras is the most important work in Lie theory. There are
two ways to get the classification of Lie algebras: by dimension, or by structure. The
dimension approach has got a lot of useful results and some interesting applications in general
relativity. However, it seems to be neither feasible, nor fruitful to proceed by dimension in
the classification of Lie algebras when its dimension is beyond 6. We then turn to the
structure approach. In this paper we study a special class of Lie algebras.

A subspace 7 of a Lie algebra is its subalgebra with [n, ] C . The algebras in which
every subalgebra is its ideal have been studied in [1], and the algebras in which every subspace
is a subalgebra have been studied in [2]. In this paper, we study the Lie algebras in which
every subspace is its subalgebra. We also study the derivation algebra and the holomorph
of an HB Lie algebra.

Complete Lie algebras (i.e., centerless with only inner derivations: H%(g, g) = H(g, g) =
0) first appeared in 1951, in the context of Schenkman’s theory of subinvariant Lie algebras
(see [3]). In recent years, different authors have concentrated on classifications and struc-
tural properties of complete Lie algebras (see [4]-[9]). We prove that the holomorph of an
HB Lie algebra is complete.

*Received date: April 27, 2007.
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In this paper, all Lie algebras discussed are finite dimensional complex Lie algebras.

2 The Structure of an HB Lie Algebra

Lemma 2.1  If H is a Lie algebra, then the following assertions are equivalent:
(1) H is an HB Lie algebra;
(2) For any basis {x1,x2, -+ ,xn} of H, [x;, z;] € Cx; +Cxj, 1 <4,j <n.

Proof. (1)=(2). By the definition of an HB Lie algebra, it is obvious.
(2)=(1). For any basis {1,292, -+ ,zr} of a subspace Hi, let {x1,29, &k, Tpt1,
- ,xn} be a basis of H. By (2), [2;,z;] € Cx; + Czxj, 1 < ¢,j < k, and we may assume
k

k
[zi, ;] = a;jz; + bjjz;. For any x = Z a;Ti, Y = Z bjx; in this subspace, we have

=1 J=1
k k k k k k
[l‘,y] = [Zaixi, ijl‘j} = Z Z aibj [SL'Z', Z'j] = Z Z(aibjaij:ci + aibjbijxj)-
i=1 j=1 =1 j=1 i=1 j=1

Hence this subspace is a subalgebra. By the definition of an HB Lie algebra, H is an HB
Lie algebra.

Let L be a 2-dimensional Lie algebra. For any basis {x, ¢’} of L, there exists another
basis {z, y} of L, such that [z, y] € Cy or [z, y] € Czx. In fact, if L is abelian, then
0 = [z, y'] = 0y. If L is nonabelian, as [z, y'] € Cx+Cy’, we may assume [z, y'] = ax+by’.
If b #£ 0, let y = ax + by’, and then

[z,y] = [z, az +by'] = b(az + by') = by;
if b=0, let y =4, and then

[x,y] = az.

Lemma 2.2  Let H be an HB Lie algebra. Then H has a decomposition:
H = Hy+Hy+ -+ +Hs,

where H; is a subspace of H which has a basis {xi1, Tia, -+, Tin,}, such that
[Tip, Tjg] = Aip, jQ)Tip, i <j, 1<p<mi 1<q<ny
[Tipys Tip,] =0, 1 <p1,p2 <n,.

Proof. When dimH = 2, the lemma holds.

In fact, there exists a basis {1, z2} of 2-dimensional Lie algebra such that
[z1, ®2] = Az
or

[Il, xg] = )\acl.

We assume that the lemma holds for dimH < n to prove the lemma holds for dimH = n.
For any basis {x1, xa, -+, ©,} of H, by the definition of an HB Lie algebra, we obtain
that Cxy + Cx;, 2 < i < m, is a 2-dimensional Lie algebra. We choose a basis {x1, y;} of
this Lie algebra such that

[T1, yi] = Niyi
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or
[z1, ] = Az
Obviously, {z1, y2, -+, yn} is also a basis of H. Denoting
A={yi | 0# [z1,y:] € Can]},
B ={yi|[z1, ys] =0},
C={yi | 0# [z1,5:] € Cyil},

and assuming

A= {y2; Ys, =y yk}a
B = {xla Yk+1y Y42, " yWL}a
C= {ym-i-l) Ym4+2, ", yn}a

we have
(21, wi] = Niw1 0, 2<i<k;

(21, vi] = \iyi =0, kE+1<i<my
[x1, yi] = \iyi # 0, m+1<i<n.
As Cy; + Cy; is a Lie algebra, we may assume
[Yi, yj] = aijyi + bijy;.
Forany k+1<14,5 <n,
(21, [y v3]] = =1, wils 3] + [ (21, w5l = (N + Aj) @iy + bijy;);
[21, [y y;l] = [21, aijyi + bijys] = Niaijyi + Ajbijy;.
By comparing the coefficients, we have
)\me = )\jaij =0.

Hence
[yis y;] =0, m+1<i,j<n;

Wi, yj] = bijyj, k+1<i<m, m+1<j<n.
Forany 2 <i<k, m+1<j<n,
(1, [yi, ysll = o1, wal, wsl + (i, (21, wyl]
= Ailzy, il + Ajlvi, vyl
= Ni\jyj + Ajlwis Yl
and by [x1, [yi, y;]] € Cz1 + Clys, y,], we have
Aijy; + Aj(aijyi + bijy;) € Car + Claizyi + bijyy)-
If a;; # 0, then

a contradiction. So
aij =0, (i, y;] = bijy;, 2<i<k, m+1<j<n.
We denote
Hy = span(Ym+1, Ym+2, *** 5 Yn), Hy = span(z1, y2, -+, Ym)-
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If Hy # 0, then dimHy < n, and Hs is an HB Lie algebra, too. By induction hypothesis,
Hs has a decomposition:
Hy = H|+H)& - +H,

where H/ is a subspace of Hy which has a basis {x;1, Zi2, -+, Zin, } such that
[mipa zjq]:A(ipa jQ)xipa 7:<j7 ]-Spgnz; 1 ngnja
[mipla xipz] = 07 1 S P1,D2 S ng.

Obviously, Hy+H]+H5+ ---+H], is the decomposition required in the lemma.
If H, =0, it means [z, y;] =0 or [z1, y;] € Cx1, 2 < i < n. Denoting
H, = span(x1), Hy = span(ya, y3, “** Yn),
we also have that Hy+H{+H,+ ---+H, is the decomposition required in the lemma.

Theorem 2.1  H is a nonabelian HB Lie algebra if and only if H = g+Cid,, where g is
an abelian Lie algebra.

Proof. =-. Let the basis of H in Lemma 2.2 be
P = {mu, 12, ", Ting, T21, 22, *°°y L2ngy "y Tsly, Ts2, ", zsns}-
Forany 1<i<j<s,1<p<mn;,1<qg<n; 1<r<n,,
[Zjq, Tsr + Tip] = A(jq, sT)xjq — A(ip, jq)Tip € span(xjq, Ter + Tip),
so we obtain
A(ip, jq) = 0.
Hence
[H;, H;] =0, 1<i,j<s-—1.
Forany 1 <j<s—1,1<ty,t2 <ng 1 <qg<ny,
[Tstys Tsty, + Tjgl = =M1, st1)Tjq € span(Tst,, Tst, + Tjg)-

If x5, , Tst, is linearly independent, then

)‘(jq’ Stl) =0.
Similarly,

A(jg, st2) =0.
So H is abelian, a contradiction.

dimH, = 1.
Byl1<i<j<s,1<pi,p2<n;1<q<ny,
[1'5; Tip, + xipz] - 7>‘(ip1a S)xipl - )‘(ip% S):L'ilb € span(:cs, Tip, + xipz)a
[x& Lipy + qu] = *)\(ipl, S)Zipl - )‘(j% S)qu € span(ms, Lipy + xj‘l)v

so we have

A(ip1, s) = A(ip2, s), A(ip1, 8) = A(jg, s),
and then
(s, i) = Awie,  Vau € P\{as}
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Hence
H = g+Cid,,

where g is an abelian Lie algebra.
<. If H = g+Cid,, where g is an abelian Lie algebra, then H has a basis {Id,, z2, x3,
-, Zn}. For any basis {y1, y2, -+, yn} of H, where

n
yi = arddg + g Aki Tk,
k=2
we have

n n
i, y;] = |:a1'i]dg + > agiay, agldg + ) aijk}
k=2 k=2

n n
= a4 E AkjLE — A1j E Qi Lk
k=2 k=2

= ay; — a1;y; € Cy; + Cy;.
From Lemma 2.1 we know that H is an HB Lie algebra.

Corollary 2.1  If Hy and Hs are HB Lie algebras, then Hy = Hs if and only if dimH; =
dlmH2

As all HB Lie algebras are isomorphic to g+Cid,, where g is an abelian Lie algebra with
dimension dimH — 1. So all n-dimensional HB Lie algebras are isomorphic to each other.

Corollary 2.2 Let L be a Lie algebra. If dim[L, L] = dimL — 1, [[L, L], [L, L]] =0,
and for any x € L\[L, L], y € [L, L], [z, y] = \y, then L is an HB Lie algebra.

3 The Derivation Algebra and Holomorph of HB Lie
Algebra

Lemma 3.11'%)  Let L be a centerless Lie algebra, L* := () L* and n(L*) be the holomorph
i=1
(i.e., a Lie algebra with its derivation algebra) of L. If there exists an ideal ¢ of n(L*) such
that ( 2 L and L¥ C (, then
dimDerL < dimDerL* + dimC(L*),

and DerL is a complete Lie algebra.
Theorem 3.1  The derivation algebra of a nonabelian HB Lie algebra is complete.

Proof. By Theorem 2.1, we obtain H = g+Cid,, where g is an abelian Lie algebra. Obvi-
ously,

H* = H' = () (g+Cidy)" = g,

i=1 =1
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n(H“) =n(g) = g+Derg = g+gl(yg),
and then
[H, n(H*)] = [g+Cidy, g+gl(g)] = [g, 9l(9)] + [Cidy, g] Cg C H.
Hence

H <n(H”).

And obviously, C(H) = 0, H is isomorphic to H, H¥ = g C H. We have that H is the ideal
in Lemma 3.1, so DerH is a complete Lie algebra.

Lemma 3.2  Let H be a nonabelian HB Lie algebra, and A be the matriz of linear trans-
formation of ¢ with respect to the basis

¢: {Zla T2, -, In}a
where

(1, z3] = 245, [2s, 25] =0, 2<4,5<n.

Then ¢ € DerH if and only if A has the following form:

0 0o --- 0
a1 Az2 -+ Q2p
apl Ap2 - Gnn
Proof. =. Since ¢ € DerH,
olzy, zj] = [pz1, 5]+ [z1, pxj],
we obtain
n n
Z ATk = a11T; + Zakjack.
k=1 k=2
Hence

a1l = ai; = 0.

n

n
<. Forany z =Y a;x;, y= Y, bjz; € H, we have

=1 j=1
n n
olz, y] = @{Zaﬂu ijxj:|
L
=Y aibjelni, )
im1 =1

n n
= Zalbjgazcj — Zaiblga:ci,
j=2 =2
oz, y] + [z, py] = [Zampxi, me} + [ZM ijsowj}
i=1 j=1 i=1 j=1
= Zalbjgazcj — Zalblga:cz
j=2 =2
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So
elz, yl = [pz, y] + [z, ¢y, ¢ € DerH.

Lemma 3.30'%  Let g be a Lie algebra, and n be a Cartan subalgebra of g. If g and n
satisfy:

(1) n is abelian;

(2) The decomposition of g with respect to 1 is

g9=n+>_ ga;

aEA
where A C n*\(0),

Ja = {l‘ €y | [h,l‘] = O‘(h)xv h € 77};
(3) There exists a basis {a1, a2, -+, a;| a; € A} of n*, such that
dimg:taj <1, [gajag*aj] 7& 0, —Qj € Av
(4) n and {g+a,,1 < j <1} generate g,
then g is a complete Lie algebra.

Theorem 3.2  The holomorph of a nonabelian HB Lie algebra is a complete Lie algebra.

Proof. By Theorem 1.1, H has a basis {z1, z2, ---, 2, } such that
[z1, zi] = @i, [2i, 7] =0, 2<i,j<n
We view a transformation of H as its matrix with respect to {1, z2, -+, x,}. Let

n = Cx1+CEy»+CE33+ - - +CEp,,
where Fj; is the elementary matrix in which the element in the j-th column and i-th row is
1 and the others are 0. Denoting by e; the linear function which extracts the i-th entry of

a diagonal matrix; by « the linear functional

Oé(h) = a(alxl—i— zn:aiEii> =ai, Vh € n,

i=2
we have

[0, m] =05

[h, En]=ei(h)E;;
[h, ;] = (e; + @)(h)z, 1>2;
[h, Eiy]=(ei —ej)(h)Ey,  i,j>2.
Now we let
ap=exta, =€y, Q3 =€3—€3, --°, Qp=~C, — €Cn_1.
Obviously,
N(H)a, =Caa, n(H)ay = CE2n(H)a, =CE32, -+, n(H)a, =CEyppn-1.

If

n
B=> aio; =0,
=1



8 COMM. MATH. RES. VOL. 25
by
B(w1) = a1, B(Ea)=a1+az—a3, B(E33)=a3— aa,
B(EBa) =as —as, -+, B(En—in-1)=0n-1—an, B(Epn)=an,
we have
ap =ag =+ =a, = 0.
Hence {a1, g, -+, ay} is linearly independent. By
dimn* = dimn = n,
we obtain that {ay, ag, ---, an} is a basis of n*. As
n(H)-a, =0, n(H)-a, =0,
and
N(H)—o, = CE;_1,, >3,
[Eiiz1, Ei—1] = Eii — Ei—1, i—1 # 0,
we have
M(H)a;, n(H)-a;] #0,  —o; €A
By
Eii =1 [[Eii-1, Ei—1,i-2], Fi—2,i-3], -+, Ery14], t <1, 3<14;
Eit = [+ [[Biiv1, Birrivel, Eiv2ira]s -5 Eio14l, i <t, 2<1i,

we know that {E;; | ¢,7 > 2} can be generated by {n(H)+q, | ¢ > 3}. By
[Bi2, Ea1]l = Ei1, [Ei2, x2] =, i > 2,
n(H) can be generated by 7 and {n(H)+q,, 1 < j <1}
Hence by Lemma 3.3, n(H) is a complete Lie algebra.
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