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1 Introduction

Let {X,, n > 1} be a sequence of random variables defined on a fixed probability space
(2, F, P),
n
Sp=) (Xi—EX;), n>1, S =0,

i=1

and {b,, n > 1} be a nondecreasing sequence of positive numbers. Hajek and Rényil
proved that: If {X,, n > 1} is a sequence of independent random variables with finite
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second moment, then for any € > 0 and m < n,

j }Sg{z%ju zn: W%%XJ)} (1.1)

1
=D (X - BX)| >
j=1 m j=m+1

P { max
Ji=1
Héjek-Rényi-type inequality has been studied by many authors; one can refer to [2]-

m<j<n

[9]. In this paper, we study the H4jek-Rényi-type inequality under the general condition
Al below. In addition, we give some applications of H&jek-Rényi-type inequality which

Ol Let n and m be integers

generalize and improve the results of Prakasa Raol® and Soo
and C be a positive constant not depending on n and m in what follows.

A1 For any positive integers m < n,
2

2}§C’~E{Zn:X EX;) } (1.2)

J=
L2, (1.3)

E{ max Zi:(XjEXj)

m<i<n
‘7:

C’O’U()(i7 Xj) Z 0, j

Lemma 1.1([5], Theorem 1.1)  Let 81, B2, -+, Bn be a nondecreasing sequence of positive
numbers, and a1, ag, -+, ap be nonnegative numbers. Let v be a fized positive number.
Assume that for each m with 1 < m <mn,

l r m
E<ml<>7<n ij> <Y (1.4)
=="1= =1
Then
l
PIR
E< max | 2= D <1y 2L (1.5)
1<i<n 1 = P

2 Hajek-Rényi-type Inequality

Theorem 2.1  Let {X,, n > 1} be a sequence of random variables satisfying Al and
{bn, n > 1} be a nondecreasing sequence of positive numbers. Then for any e > 0 and

n>1,
k n
1 4C Var(X;) Cov(Xg, X;)
P{ max |— Y (X; — EXj)| > 5} < —{ —2 42 — I (2.1)
1<k<n | by, ; €2 ; b? 1<;<n b?

where C is defined in (1.2).

Proof. Without loss of generality, we assume that b, > 1. Let a = /2. For i > 0, define
Ai={1<k<n: o <b, <o}
For A; # 0, let
v(i) = max{k: k€ A;},
and t, be the index of the last nonempty set A;. Obviously,
AAj =0, i1# ]

and
tn

S Ai={1,2 -, n}

=0
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It is easy to see that

al < b < bv(i) < 04“'1, ke A,

f}

1
EZX — EX;)

J

By Markov’s inequality and (1.2), we have
k

1
i 200X 2

1<k<n

P{ max

P max max
0<i<t,,A;#0 k€A;

1
k

k
ZX — EX;)

tn
< P —
i=0,A;#0 j=1
t
- 1
< 2z:{Var i) +2Cov(X,,S;-1)} Z 57 (2.2)
i=0,4;20,0()>j
tn 1
Now we estimate Z — Let

=0, A, 40,0(i)>j
io=min{i: A; # 0, v(i) > j}.
Then
b < bygie) < alotl

follows from the definition of v(¢). Therefore,
t o'}
- 1 1 1 1 o 1 4
L mtlmt T TS IR @ (2:3)
i=0,4;#0,v(1)>j i=io 1- P 1—-—=" J

Thus (2.1) follows from (2.2) and (2.3).

Theorem 2.2  Let {X,, n > 1} be a sequence of random wvariables satisfying Al and
{bn,n > 1} be a nondecreasing sequence of positive numbers. Then for any € > 0 and any

positive integers m < n,
k

1
_ - A >
P{ max ™ ZI(XJ EX;) _5}
‘7:
4 [ &K Var(X;) Cov(Xg, X;)
< ?{ Z B2 +2 Z B2
j=1 m 1<k<j<m m
~ Var(X;) Cov(Xy, X;)
+4C_Z — - +8C Z' — (24)
Jj=m+l1 J m+1<k<j<n J
where C is defined in (1.2).
Proof. Observe that
1 o 1 & 1 <
il R N o< | — - ) _ _ )
s - x| <[ S - mxfe e [E 3 06
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thus

j=1
1 b €
- P Al > Z
er{ e i 2 0o- e >3
Jj=m

=I1+1I (2.5)
For I, by Markov’s inequality, we have

4 1 m 2
I< EE{E > X — EXj)}

j=1

4 [ & Var(X;) Cov(Xy, X;)

- S{ LT e o ceeRl) (26)
j=1 1<k<j<m

For II, we apply Theorem 2.1 to {X;4i, 1 < i <n—m} and {by4s, 1 < i < n—m}.

Noting that

max
m+1<k<n

k k

1
e 3 06 =B = g (73 o — EXo)|
Jj=m+1 j=1

by (1.2) and Theorem 2.1, we get

4C {n_m Var(Xm+;) Cov(X m+kaXm+j)}
< — — s 42
(5/2)2 j; b?nJr] 1<k<jz<nm b’l2”n+j
16C [ < Var(X;) Cov(Xg, X;)
== { S Y, ety (2.7)
j=m+1 J m+1<k<j<n J

Therefore, the desired result (2.4) follows from (2.5)—(2.7) immediately.

Theorem 2.3  Let {X,,, n > 1} be a sequence of random variables satisfying Al and
{bn, n > 1} be a nondecreasing sequence of positive numbers. Assume that

X
ZV“T +2 ) Cov( L CovlXiXi) o, (2.8)
j=1 1<k<j
Then
E(sup% )§1+24CT{ZVW 22 C’onk, )}
nzl]%n =1 bj 1<k<j
< 00, r e (0,2), (2.9)
S|’ = Var(X;) Cov(Xg, X;)
E — <4 — "I 49 Sl Rt EA 2.1
R e
J= 1<k<j J

where C' is defined in (1.2). Furthermore, if lim b, = 400, then
n—oo
1 n
nlirrgo ™ Z(Xj —-EX;)=0 a.s.
n i
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Proof. By the Continuity of Probability and Theorem 2.1, we get

T oo
E(sup i )g 1+/ lim P( max S >t1/7')dt
n>1|0On 1 N—ooo 1<n<N | b,
4CT [ = Var(X;) Cov(Xy, X;)
Sl oo {Zib’% +2 2_752
j=1 J 1<k<j J
< 0.
By (1.2), we have
2 2 - .
E(lrgixnsi) < CES2 = Zlaj, (2.11)
‘7:

where
a; =C(ES] — ES; 1) =C(Var(X;) + 2Cov(X;,5;-1)) >0,  j=1,2,---,n.

By (2.11) and Lemma 1.1,

Si

bi

Thus, by Monotone Convergence Theorem,

E( max

1<i<n

2 n n
Q; Var(X;)+2Cov(X;,S;—
)§4Zb—§=402 (X5) w2 (X5, S5-1). (2.12)
j=1 1 =1 i

2 2
E(Sup & ):E{ lim (max & )}
n>1| On n—oo \ 1<i<n | b;
2
= lim E< max i )
n— o0 1<i<n bz
= Var(X;) Cov(Xy, X;)
§4C{2752, L2y — J
j=1 J 1<k<j J
< 00.
Observe that
(U (5>9) - 7(U (ml]>2))
n=m N=m
= lim P( max |— >E).
N—oc0 m<n<N bn

By Theorem 2.2, we have that

Sn, 4 [ K Var(X;) Cov(Xi, X;)
P(m%?i‘zv_n >E)§?{ZT+2 Z — 0 }
j=1 m 1<k<j<m m
N
16C Var(X;) Cov(Xy, X;)
+ g2 { Z b2 +2 Z ‘ b2 ‘
j=m+1 J m+1<k<j<N J

Hence, by Kronecker’s Lemma, we get
Sn

(oo}
(U (

>¢)) o

1 n
lim — X, —FEX;)=0 a.s.,
bn Jzzl( J ])

n

which is equivalent to

n—00

so the desired results are proved.
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3 Applications

3.1 Application for associated random variable sequences

Definition 3.1 A finite collection of random variables X1, Xo, -+-, X, is said to be
associated if
COU{f(Xl,--- 7X'rrl)a g(Xla 7Xm)} ZO (31)

for any two coordinatewise nondecreasing functions f, g on R™ such that the covariance is
well defined. An infinite sequence {X,,, n > 1} is associated if every finite subcollection is

associated.

Lemma 3.1  Let {X,, n > 1} be a sequence of associated random variables, and f,(x)
be a nondecreasing function of x for eachn > 1. Then {fn(X,), n > 1} and {—X,,, n > 1}
are also sequences of associated random variable.

Lemma 3.2([10], Theorem 2)  Let X1, X2, -+, X, be associated random variables with
mean zero and finite second moment. Then
2
) < 2 .
E( max. SJ) < ES? (3.2)

Theorem 3.1  Let {X,,, n > 1} be a sequence of associated random variables with finite

any € > 0 and any positive integers m < n,

second moment and {b,, n > 1} be a nondecreasing sequence of positive numbers. Then for
L
" > (X, - EX;)

> s}
j=1

g %{ZVCLZ(ZXJ»)Jr2 3 %ﬁ} (3.3)

j=1 J 1<k<j<n

P{ max

1<k<n

k

1
— P A >
Pl [y 20— 202 <]
4 [ & Var(X;) Cov(Xy, X;)
< ?{ Z B2 +2 Z B2
j=1 m 1<k<j<m m
" Var(X;) Cov(Xg, X;)
+8 > TJ+16 > TJ . (3.4)
j=m+1 J m+1<k<j<n J

Proof. Since
fn(z) =2z — EX,

is a nondecreasing function of z, by Lemma 3.1, we can see that {X,, — EX,, n > 1} is also
a sequence of associated random variables. Denote

n
Y, =X, — EX,. TniZYi for each n > 1.
=1
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Observe that

2 2
E( max sz) < E( max Tj) +E< max (ij)) , (3.5)
1<j<n 1<j<n 1<j<n
and by Lemma 3.2,
2
) < ET2 .
E( max. Tj) < ET? (3.6)
By Lemma 3.1, {-Y,,, n > 1} is a sequence of associated random variables. By Lemma 3.2,
2
E( max (ij)) < B(-T,)* = ET2 (3.7)
1<j<n

By (3.5)—(3.7), we have

%

> (X; - EX)) 2) < 2E(Zn:(Xj - EX]-))Q. (3.8)

j=1 j=1
Similarly to the proof of (3.8), we can get (1.2) for C' = 2. Therefore, (3.3) and (3.4) follow
from Theorem 2.1 and Theorem 2.2, respectively.

E( max

1<i<n

Remark 3.1 Under the conditions of Theorem 3.1, Prakasa Raol® obtained the following

results:

1 k

—_ P 3 >
P{ 1Skn b ;(XJ BX5)| 2 E}
4 [ &K Var(X;) Cov(Xy, X;)
< = — —— ) )
= 52{,2 ot D bib; )’ (8.9)
j=1 J 1<k#j<n
1 k
— N A >
RE AL ERES:
4 [ & Var(X;) Cov(Xy, X;)
<H{y gty Cafed)
j=1 m 1<k#j<m m
"\ Var(X;) Cov(Xy, X;)
— - I 1
T Z b2 * Z _ bib; (3.10)
j=m+1 J m+1<k#j<n

But there are some typos in (3.9) and (3.10). (3.9) and (3.10) should be replaced by
k

1
—_ R N >
P{ 1562 by, ;(Xj EXj)| = E}
8 [ = Var(X; Cov(Xk, X;)
S EUN )
=1 3 1<k#j<n K
1 k
- . 3 >
SEA LTSRS
4 [ & Var(X;) Cov(Xy, X;)
< 5_2{ Z b2 T Z b2
j=1 m 1<k#j<m m
" Var(X;) Cov(Xg, X;)
+8 Z Tj +8 Z Tj ; (3.12)
p— J m+1<k#j<n k%
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respectively. Since {b,, n > 1} is a nondecreasing sequence of positive numbers, the right-
hand side of (3.3) and (3.4) are dominated by the right-hand side of (3.11) and (3.12),
respectively. Hence, Theorem 3.1 improves the result of [6].

Remark 3.2 Under the conditions of Theorem 3.1, Sool) obtained the following result:

k n

1 Cov(X;,S;) 16 Cov(X;,S;)

g 00Xy 2o} < 53 G g 57 G
J=1 m j=m+1 7

There is also a typo in [9] (the factor 16 should be 64). Since Cov(X;,Xx) > 0 by the

definition of associated random variables, the right-hand side of (3.4) is dominated by
Cov( X], S;) 64 <~ Cov(Xj,S))
22 Z Jr 2 Z b? :

Jj=m+1

P{ max .

m<k<n

Hence, Theorem 3.1 improves the result of [9].

Remark 3.3 According to the proof of Theorem 3.1, we can see that (1.2) and (1.3) are
satisfied for associated random variable sequences. Thus, Theorem 2.3 holds for associated

random variable sequences. Furthermore, since

zn:Var(Xj)+2 Z Cov(Xk,Xj)Szn:Var(Xj)+ Z Cov(Xy, X;)

2 2 2 . J
i=1 bj 1<k<j<n bj j=1 bj 1<kAj<n ;b
" Var(X;) Cov(Xy, X Cov( X],S
j=1 J 1<k<j<n

and the integrability of supremum for r = 2 is obtalned, the results of Theorem 2.3 for
associated random variable sequences generalize and improve Theorems 3.3-3.4 of [6] and
Theorems 3.1-3.2 of [9].

3.2 Application for strongly positive dependent stochastic sequences

Definition 3.2 A finite collection of random wvariables X1, Xo, ---, X, is said to be
strongly positive dependent if
P(Xl 6/11; Xg 6/12) ZP(Xl EAl)P(Xg 6/12) (313)

for all Borel measurable and increasing (or decreasing) set pairs (A1, A2) C Ry X Ry (A set
A is said to be increasing (or decreasing) if x < (or >)y implies y € A for any x € A), where
Xi=(Xs,i€l), Xo=(X;,icI, IcC(1,2,---,n), I°=(1,2,--- ,n)\I,
Ry =RHII Ry =Rl (|1 stands for the base of I).
An infinite sequence {X,,,n > 1} is strongly positive dependent if every finite subcollec-
tion is strongly positive dependent.

Remark 3.4 Zheng'!l has proved that (3.13) is equivalent to
Efi(X1)f2(X2) > Efi(X1)Ef2(X2)
for all Borel measurable and nonincreasing (or nondecreasing) function pairs (f1, f2) such
that the expectations above are well defined. Thus
Cov(X;,X,) =EX; X, — EX;EX;; >0 for all 7,k > 1.
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Lemma 3.3([11], Theorem 1)  Let {X,,, n > 1} be a mean zero strongly positive dependent
stochastic sequence with finite second moment and q > 1. Then for each n > 1,
q q
E( max |sz-|) < <L> E|S,|°. (3.14)
1<i<n qg—1
Theorem 3.2  Let {X,,, n > 1} be a sequence of strongly positive dependent random
variables with finite second moment and {b,, n > 1} be a nondecreasing sequence of positive

numbers. Then for any € > 0 and any positive integers m < n,

1< }
> ¢

P{ max EZ(XJ-—EX]-)
< 16{iVa7“(Xj)+2 Z C’ov(Xk,Xj)}, (3.15)

1<k<n

j=1

= 22 2 2
U4 bj 1<k<j<n bj
L
_ - N>
P{ mnglg)gin ™ ;(Xj EX;) _5}
]:
4 [ &K Var(X;) Cov(Xy, X;)
< ?{ Z b2 +2 Z B2
j=1 m 1<k<j<m m
" Var(X; Cov(Xy, X;
+16 Y %ﬂn 3 %} (3.16)
j=m+1 J m+1<k<j<n J

Proof. By the definition of a strongly positive dependent random variable, we can see that
{X, — EX,, n> 1} is also a sequence of strongly positive dependent random variables. By

Lemma 3.3 for ¢ = 2, we have
E< max Z(Xj — EXJ)
=1

1<i<n
‘7:

Similarly to the proof of (3.17), we can get (1.2) for C' = 4. Therefore, (3.15) and (3.16)

follow from Theorem 2.1 and Theorem 2.2, respectively.

2) < 4E<zn:(Xj EX]-))Q. (3.17)

j=1

3.3 Application for martingale difference sequences

Definition 3.3  Let {X,,, n > 1} be a sequence of random variables and {F,, n > 1} be
an increasing sequence of o fields with F,, C F for each n > 1. If X,, is F,, measurable for
each n > 1, then o fields {F,, n > 1} are said to be adapted to the sequence {X,, n > 1}
and {Xn, Fn, n > 1} is said to be an adapted stochastic sequence.

If{X,, Fn, n>1} is an adapted stochastic sequence with

E(X,|Fn-1)=0 a.s. for each n > 2,

then the sequence {X,,, Fn, n > 1} is called a martingale difference sequence.

If {X,, Fn, n> 1} is an adapted stochastic sequence with

E(Xp|Fn-1) = Xpa a.s. for each n > 2,

then the sequence {X,,, Fn, n > 1} is called a martingale.
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Remark 3.5 By the definition of a martingale difference sequence, we can see that
EX, =0, n > 1.
Let j <k, X; € F; C Fr—1. Then
EX; Xy, = E{E(X; Xk|Fi-1)} = E{X,; E(Xi|Fr-1)} = 0.
Thus
Cov(X;,Xy) = EX; X, — EX;EX; =0, i #k.

Lemma 3.4([12], Corollary 3.3.2)  Let {T,,, n > 1} be a martingale or nonnegative sub-
martingale. For fized q > 1, suppose that
E|T,|? < oo, n> 1
Then
q q
E( max |T|) (—1) E|T,|1, n>1.
q—

1<i<

Corollary 3.1  Let {X,, n > 1} be a martingale difference sequence with finite second
moment and {b,, n > 1} be a nondecreasing sequence of positive numbers. Then for any
€ > 0 and any positive integers m < n,

Var( i)
> _ .
j=1 J
k n
1 Var Var
P{ max |— E X; ZE}S—Q{ E + 16 E } (3.19)
m<k<n | by = 2l Gt b2, Pl

Proof. Tt is a simple fact that

Denote

Thus, {W,,, n > 1} is a martingale satisfying the conditions of Lemma 3.4. By Lemma 3.4

for ¢ = 2, we have
n 2
< I .
<1ré11a<xn ) < 4E<Z:1X]) (3.20)
]:

Similarly to the proof of (3.20), we can get (1.2) for C' = 4. Therefore, (3.18) and (3.19)
follow from Theorems 2.1 and 2.2, respectively.

Remark 3.6 According to the proof of Theorems 3.2 and 3.3, we can see that (1.2)
and (1.3) are satisfied for strongly positive dependent stochastic sequences and martingale

difference sequences, and thus, Theorem 2.3 also holds for them.
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