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1 Introduction

In this paper, we investigate the existence, uniqueness and asymptotic behavior of solutions
to the following initial-boundary value problem for the pseudo-parabolic equation in one

spatial dimension:

ou 0D?u

Frint v D?u + m(z, t)ud, (z,t) € Q, (1.1)
u(0,¢) = u(1,¢) =0, t>0, (1.2)
u(z,0) = uo(x), z €10,1], (1.3)

where ¢ > 1, Q@ = (0,1) x RT, D = 9/0x, k > 0 represents the viscosity coefficient,
m(z,t) € C**/3(Q) for some a € (0,1) and satisfies 0 < m < m(x,t) < m for any
(x,t) € Q, m and T are positive constants.

The pseudo-parabolic equations are characterized by the occurrence of mixed third order
derivatives, more precisely, second order in space and first order in time. Such equations
are used to model heat conduction in two-temperature systems (see [1] and [2]), fluid flow

in porous media (see [3] and [4]), two phase flow in porous media with dynamical capillary
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pressure (see [5]), and the populations with the tendency to form crowds (see [6] and [7]).
Furthermore, according to experimental results, some researchers have recently proposed
modifications to Cahn’s model which incorporate out-of-equilibrium viscoelastic relaxation
effects, and thus obtained this type of equations (see [8]). The pseudo-parabolic equations
with strongly nonlinear sources we considered may arise in the study of nonstationary pro-
cesses in semiconductors with sources of free-charge currents (see [9] and [10]). The processes
can be described by the system that has the explicit form of the constitutive equations con-
necting the electric field strength E with the electric flux density G on the one hand, and
the electric field strength F with the current density J in the semiconductor on the other

hand, as follows:

divG = 4men, E = —Vu, G=FE+4nP,
on

E:*diVJﬁ»Q, Ji:O'iEZ', i:1,2,"',N,

where P is the polarization vector and in some models there has the following phenomeno-
logical relation divP = kju, k1 > 0, n is the free electron concentration, u is the electric
potential, and o; is the conductivity tensor. Finally, assume that, in a semiconductor, there
are sources of free-charge currents whose distribution in the self-consistent electric field of
the semiconductor is of the form @ = m(z,t)uP. By differentiating both sides of the first
equation with respect to ¢ and taking account of the second equation, the above system can
be reduced to the equation (1.1).

The pseudo-parabolic equations have been extensively investigated. In [11]-[13], the
authors investigated the initial-boundary value problem and the Cauchy problem for the
linear pseudo-parabolic equation and established the existence and uniqueness of solutions.
The nonlinear pseudo-parabolic type equations with undefined or uninvertible operator at
the highest derivative with respect to time were studied in [14]. The degenerate and quasi-
linear degenerate pseudo-parabolic type equations were investigated in [15] and [16]. For
the local solvability of the pseudo-parabolic type equations with variety nonlocal boundary
conditions, see [17]-[19].

For pseudo-parabolic equations, classical maximum principle is invalid in general. For
the nonnegativity of a solution, not only nonnegative initial data, but also an extra condition
on the elliptic operator is needed (see [20]-[22]). Due to the special type of the problem
(1.1)—(1.3) which is included in the studies of [22], we can prove the comparison principle of
solutions, which enables us to obtain the existence of nonnegative solutions to the problem
(1.1)—(1.3). For the asymptotic behavior of solutions, we know that in certain cases, the
solution of a parabolic initial-boundary value problem can be obtained as a limit of solutions
to the problem of the corresponding pseudo-parabolic equations, see [11]. In this paper, we
show that the semilinear pseudo-parabolic equations still retain this character, namely, the
solutions of the pseudo-parabolic equations converge to the solution of the parabolic equation
as k — 0.

This paper is organized as follows. In Section 2, we show the existence and uniqueness

of nonnegative classical solutions to the initial-boundary value problem (1.1)—(1.3). Then,
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in Section 3, we discuss the asymptotic behavior of solutions as the viscosity coefficient &

tends to zero.

2 The Initial-boundary Value Problem

In this section, we discuss the solvability of the initial-boundary value problem (1.1)—(1.3).
Firstly, we prove the uniqueness of the solution.

Theorem 2.1  If the initial-boundary value problem (1.1)~(1.3) admits classical solutions,
then for any given initial datum ug € C*T[0, 1] with uo(0) = uo(1) = 0, the solution of the
problem (1.1)—(1.3) is unique.

Proof.  Let uy, us be two solutions of the problem (1.1)—(1.3). Set v = u3 — ua. Then we

have )
% - kzagtv = D%v 4 gm(a,t) (ug + 0(ug — uy))? "o, (x,t) € Qr,
0(0,t) = v(1,¢) = 0, t € [0,1),
v(z,0) =0, z €10,1],

where 6 € (0,1), T > 0 is a given constant, and Q7 = (0,1) x (0,7"). Multiplying the first
equation by v, we get
1d !
24t J,

1
- / gm(z,t)(uy + 0(uz — up))9 toide.
0

1
(v* + k| Dv|?) dz + / | Dv|?da
0

It follows that . )
d
—/ (v + k| Dv|?) dz < C/ v?da

< C’/l(’u2 + k| Dv|*)dz, te(0,T).
Noticing that ’
v(x,0) = Dv(x,0) =0,
by the Gronwall inequality, we obtain
/1 (*(@.1) + k| Du(z, ) de <0, t € (0,T).
Consequently, ’

1
/ v (x,t)dz <0, te(0,7),
0
which implies that u; = us a.e. in Q. The proof of this theorem is completed.

Next, we prove that the solutions of the problem (1.1)—(1.3) admit comparison principle.
DiBenedetto and Pierrel?? discussed the maximum principle for pseudo-parabolic equations

including the equation

%(u—szu)—Au:f, (x,t) € 2 x[0,T]
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subject to the conditions
ulan = g(t), u(0) = uy,
where (2 is a bounded open set in R", and T' > 0 is a given constant. Denote
E = {u e H*(2); ulon = 9(0)}.

Their argument contains the following conclusion (see [22], P.14).

Lemma 2.1  The following propositions are equivalent:
(i) For anyug € E, f € LY(0,T;L*(12)),
up >0, f(t) >0 ae te€0,T]= ug(t,uo, f) >0, t € 10,7
(ii) For anyt € [0,T], g(t) > e t/kg(0).

In virtue of that the boundary value conditions (1.2) imply g(¢) = 0 for any ¢ € [0, T,
the proposition (ii) of Lemma 2.1 holds. Therefore, we obtain the comparison principle as
follows.

Proposition 2.1  Let u; and us be two solutions of the initial-boundary value problem
(1.1)(1.3) in Qr with initial data u1y and uzg respectively, uig, uzg € C2T[0,1]. If uyg >
uzg > 0 in (0,1), then uy > uz > 0 in Qr.

Proof.  We first prove that u; and us are nonnegative. For this purpose, we consider the
following problem:

N 9
% - kaDatm = D%y +m(z,t)(a14)7, (z,) € Qr, 2.1)
ﬁl(oat):ﬁl(]-;t):o, tE[O,T],
@1(z,0) = urg(x), z €10,1],

where sy = max{s, 0}. Since
m(z,t)(t14)? 20,  wuiex) 20,
and the zero boundary value conditions admit the proposition (ii) of Lemma 2.1, by virtue
of Lemma 2.1 we see that 47 > 0 in Qp. Hence, 414 in the equation (2.1) is 4y itself.
Because the solution of the problem (1.1)—(1.3) is unique, we have
wy =y >0 in Qr.
Similarly, we can also prove

u9 Z 0 in QT-

Set

vV =uUl — Us.

Then v satisfies

2
% - k% = D%y + gm(z,t)(Qur + (1 — 9)@@)‘1711}, (z,t) € Qr, (2.2)
v(0,t) =v(1,t) =0, t e [0,T], (2.3)

v(x,0) = u19(z) — uge(x), x €10,1], (2.4)
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where 6 € (0,1). Consider the following equation:

v oD?b

8—1’ - at” = D%+ qm(z, )(0us + (1 — Ouz) o5,  (2,8) € Q. (2.5)
Noticing that uy > 0, ug > 0, uig(z) > uge(x) and the boundary value of v equals to zero, by
Lemma 2.1 we have the solution of the problem (2.5)—(2.3)—(2.4) ¢ > 0 in Q. Consequently,

we see that o4 = © in the equation (2.5). Similarly to the proof of Theorem 2.1, we can

prove that the solution of the problem (2.2)—(2.4) is unique. Therefore, the solution of the
problem (2.2)-(2.4) v = 0 > 0 in Qr, i.e., u1 > us in Q7. The proof of this proposition is
completed.

In what follows, we prove the existence of solutions to the problem (1.1)—(1.3). For this
purpose, we first construct a uniformly bounded supersolution of the problem (1.1)—(1.3),
which enables us to obtain the upper bound of solutions. The definition of a supersolution
is as follows.

Definition 2.1 A function w is called a supersolution of the initial-boundary value prob-

% — kag—;ﬂ > D*u + m(z, t)a?, (z,t) € Q,
7(0,t) >0, w(l,t)>0, t>0,
u(x,0) > ug(x), z € 10,1].
Let u(z,t) = a(2—2?), where « is a positive constant to be determined. Then, 7 satisfies
% - kag;ﬂ — D% — m(x, t)u? = 2a — m(z,t)a?(2 — 2?)9, (z,t) € Q,
u(0,t) = 2, u(l,t) = a, t>0,
(z,0) = a(2 — 2?), z €[0,1].
We choose a to satisfy 0 < a < % (%) rl , where 7 is the upper bound of m(z,t). When
L1\ . . .
r(rol,af)c up < 5\ = , it is easy to verify that @ is a supersolution of the problem (1.1)—(1.3).
If w is the solution of the problem (1.1)—(1.3), and set v = u — u, then we have
% - kagt% = D% > m(z, t)(0T + (1 — 0)u)" v, (z,t) € Qr,
v(0,t) = 2a, v(1,t) =, te 0,71,
v(x,0) = a(2 — 2%) — ug(x) >0, z € 10,1].

Noticing that v(0,t) and v(1,t) satisfy the proposition (ii) of Lemma 2.1, similar to the
proof of Proposition 2.1, we can obtain v(xz,t) > 0 in Qp, i.e., u(x,t) > u(z,t) > 0 in Q.
Consequently, the following lemma holds.

Lemma 2.2  For any given initial datum ug € C*T*[0, 1] with uo(0) = ug(1) = 0, ug > 0,
if ug is appropriately small, u is the solution of the initial-boundary value problem (1.1)-
(1.3), then

0 <u(z,t) < My, (x,t) € Qr, (2.6)
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where Mo is a positive constant independent of u and k.

By means of the above lemma, we show the global existence of solutions to the problem

(1.1)~(1.3).

Theorem 2.2 For any given initial datum ug € C?*T[0,1] with uo(0) = ug(1) =0, ug >
0, if ug is appropriately small, then the problem (1.1)—(1.3) admits at least one nonnegative

classical solution.

Proof. We prove this theorem by employing the Leray-Schauder fixed point theorem.

Consider a family of relevant equations with parameter, namely
Ju 0D%u

5 k e D?u + om(z, t)u?, (x,t) € Qr (2.7)
subject to the conditions

u(0,t) = u(1,t) =0, t € 0,77, (2.8)

u(z,0) = oup(x), z € 10,1], (2.9)

where o € [0,1] is a parameter. Here and below, we denote by C' a constant, whose value
may be different from line to line and is independent of v and o. Multiplying (2.7) by v and
integrating the result over @)y, we have

1 1
l/ u2(:c,t)d:c+ﬁ/ |Du(:c,t)|2d:c+// | Du|?dzds
2Jo 2 Jo Q.
o2 1 k !
= 7/ ug(x)dl’+§02/ |Du0(:c)|2d:c+0// m(x, s)udttdzds.
0 0 :

By (2.6), we obtain

1
|Du(z,t)|?de < C,  te(0,T), (2.10)
0

// |Du|?dzdt < C. (2.11)

Multiplying (2.7) with D?u and integrating over Q;, we get

/|Du:ct|d:c+ /|D2 :ct|d:c+// | D?u|?dzds

k
= J—/ | Dug(z)|*da + —02/ |D2u0(z)|2dzfa/ m(z, s)ul D?*udzds

1
5 // |D?u|?dzds + C,

which implies that

IN

1
/ |D?u(x,t)|?dz < C, t € (0,T), (2.12)
0

// |D?u|?dzdt < C. (2.13)
T
Combining (2.10) with (2.12), we conclude that

||DU;HLO€(QT) < C. (2.14)
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o ., Ou . . .
Multiplying (2.7) with 5 and integrating over Q¢ yield
oul? ODu|? 1/t
—| dads+k ——| dads+ = [ |Du(x,t)*d
//,,31? zds + //t B $5+2/O|“(30a)|$
2 1 B
= U—/ |Du0(ac)|2dac—|—a// m(ac,t)uq—udxds
2 Jo . ot
< 1// o s+ €
— 2/ /g, |0t '
It follows that
ul?
| dzdt <C. (2.15)
.| Ot
We rewrite the equation (2.7) into the form
0D?u  10u 1 o
— = —-D*—— tul.
o " hor KD T pm@tu
Then, we have
oD’
// Y1 dzdt < €. (2.16)
.| Ot
In the following, we claim that
(a1, 1) — ulwe, t2)] < Cllar — za] + b — 12[/%) (2.17)
for any (x;,t;) € Qr (i = 1,2). It is obvious that the above inequality is equivalent to
|u(z1,t) — u(ze,t)| < Clzy — 22/, tel0,T], x1,z2€10,1], (2.18)
lu(z, t1) — u(z, t2)| < Clty — t2] /3, ze0,1], ti,ty€0,T]. (2.19)

We can easily obtain (2.18) from (2.14). To prove (2.19), we need only to consider the case
of 0 < & < 1/2. Let At = t5 —t; > 0 satisfying (At)'/3 < 1/4. Integrating (2.7) over

(y,y + (A)Y3) X (t1,t2) gives

y+(At)!/3
/ (u(z,t2) —u(z,t1))dz
y

y+(ADY ety t2
= k/ D?uydtdz + / (Du(y + (At)Y3,t) — Du(y, t))dt
y

t1 t1

yH(ADY3 ity
+o / / m(z,t)uldtdz.
Y

ty

Integrating the above equality with respect to y over (z, z+ (At)'/3), by (2.6), (2.14), (2.16)

and the mean value theorem, we have
lu(a*, ta) — u(z*, t1)| < Olta — t1]*/3,
where

2=y 0 (AN, e (mat (MDY, 6% € (0,1).

Combining the above inequality with (2.18), we arrive at

(e, t1) — (@, t2)| < |ulz, 1) = u(e”, t)] + [u(e”, ) = u(@”, to)| + [u(z, t2) — u(a”, 12)]

< Clty —to|V/3.
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Now, we define a linear space X by
X ={ueC'3@Qyp): u(0,t) =u(l,t) =0, Vt € [0,T]},
and an operator

F: X —X, U — w,

where w is a solution of the following linear problem:

ow  0D*w 5 g
Efkwa w + m(z, t)ul, (z,t) € Qr,
w(0,t) = w(l,t) =0, tel0,T],
w(zx,0) = up(x), z € 10,1].

By the classical theory (see [23]), the above linear problem admits a unique solution w €
C*H8148/3(Q.), B € (0,1). So, the operator F is well-defined. We can also obtain that the
operator F' is compact by means of the compact embedding theorem. Moreover, if u = o Fu
holds for some o € [0, 1], then u satisfies the problem (2.7)—(2.9). Clearly ¢ = 0 implies
u=0. If o # 0, from the above argument we see that ||ul/c1.1/5g, ) is bounded and the
bound is independent of u and ¢. By the Leray-Schauder fixed point theorem, the operator
F has a fixed point u, which is the desired classical solution of the problem (1.1)—(1.3) in
Q7. As above, we consider the problem in Q27), Q@r37): * 5 Q((n—1)T,nT) N turn.
Then, we infer that the problem (1.1)—(1.3) admits a classical solution in (). The proof of
this theorem is completed.

3 Asymptotic Behavior

In this section, we discuss the asymptotic behavior of solutions as the viscosity coefficient
k tends to zero. Here, we denote by C a constant independent of v and k, and by C(k) a
constant independent of w.

Theorem 3.1  If ui is a nonnegative classical solution of the initial-boundary value prob-
lem (1.1)—(1.3), then ug(x,t) is uniformly convergent in Qr as k — 0, and the limit function
u(zx,t) is a nonnegative classical solution of the following initial-boundary value problem:

ou

E = D% + m(:c,t)uq, (Zat) € Qr, (31)
u(0,t) = u(l,t) =0, te[0,T], (3.2)
u(z,0) = uo(z), x €10,1]. (3.3)

Proof.  From Lemma 2.2, we see that

lurllL=(@r) < Ma.
Multiplying (1.1) by D?uj, and integrating over Q;, we have

/1 | Duy (z,t)|*dz < C + C(k), te (0,T), (3.4)
0

// |D?uy,|*dzdt < C + C(k). (3.5)
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0
Multiplying (1.1) by % and integrating over Qr, we get

1,5

Rewrite the equation (1.1) into the following form:

8uk 2
dzdt < C. (3.6)
t

0D2uk é)uk 2
= %k p2y, a.
k pr ot up — m(x, t)uy
Then, we arrive at
D%y |
k// T“’“ dadt < C + C(k). (3.7)

By a proof similar to that of Theorem 2.2, from (3.4)—(3.7), we can obtain
Jur (@1, t1) = un (@2, t2)| < (C+ C(k))(Jzr — w2]'/2 + |t — ta] /) (3-8)
for any (v;,t;) € Qp (i = 1,2). Therefore, there exists a function u € H>Y(Qr) N
CY/21/6(Qr) such that
8uk ou

PR 2 N 2 : 2
B 5 D?uy, — D*u in L°(Qr), (3.9)

as k — 0. Recalling the equation (1.1), we see that for any ¢ € C?(Qr) satisfying (0,t) =

ouy, Oug 2

= / D2ukgpdzdt+// m(z, t)uiedzdt.
Qr T
Taking k — 0, by (3.9), we have

0
/ —ugodxdt = / D*updxdt + // m(z, t)ulpdadt,
Qr ot Qr T

which implies that u satisfies the equation (3.1) in the sense of distribution. Noticing that
u € CY%1/6(Q,,), by the classical theory (see [23]) we can deduce that u € C*+51+8/3(Q ),
B € (0,1/2). It is obvious that u is nonnegative and satisfies the conditions (3.2) and (3.3).
Hence, u(z,t) is a nonnegative classical solution of the problem (3.1)—(3.3). The proof of

ur — u uniformly in Qr,

(1,t) = 0, we have

this theorem is completed.
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