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1 Introduction

The four families of finite-dimensional simple modular Lie superalgebras of Cartan type were
constructed and studied by Zhang!!! in 1997. Now people have obtained many useful results
relative to structures and representations of modular Lie superalgebras (see, for example,
[2]-[5]). Determining the (super)derivation algebra for a modular Lie (super)algebra is of
particular interest, since a centerless Lie (super)algebra, in general, can be embedded into
its (super)derivation algebra, which possesses a natural p- or (p, 2p)-structure. As is well-
known, Lie (super)algebras with such a structure are more manageable and more interesting
than the usual ones. Moreover, the p-envelope contained in the (super)derivation algebra
can be easily computed. Certain work on the superderivations of modular Lie superalgebras
can be found in [5]-[7].

The tensor product of a finite-dimensional Special Lie algebra and an exterior algebra
as an associative algebra is a Lie superalgebra, which is called of Special type. This Lie
superalgebra is actually isomorphic to a subalgebra of the finite-dimensional Lie superal-
gebra of Cartan type S. The main result of this paper is the complete determination for
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the superderivation algebras of the special Lie superalgebras, which says that the outer su-
perderivations come from the outer derivations of the Lie algebras of Cartan type S. In
particular, the first cohomology groups are determined.

2 Basics

Throughout this paper F is a field of characteristic p > 3. Fix two integers m,n > 2 and
an m-tuple t := (t1,t9, - ,t;m). Let O(m, t) be the divided power algebra with F-basis
{z(®) | a € A(m, t)}, where

A=A(m, t) ={aeN |a; <m, i=1,2,---,m}, 7 = ph — 1.
Let W(m, t) be the generalized Witt algebra, i.e.,

Wm, )= 00m, 1),

where 9; is the derivation of O(m, t) determined by
%(xC)y =6,  i=1,2,--- m.
Denote by A(n) the F-exterior superalgebra in n variables &, 41, « -+, Zm4n. Then
W := A(n) @ W(m, 1)
is a Lie superalgebra with bracket:
[f®D, ge H] = fg®[D, H], f,g€ Aln), D,H e W(m, t).
The natural Z-grading of A(n) and the standard Z-grading of W (m, t) induce a Z-grading
structure of 20 with

W, = D An)r® W(m, t).
ktl=i

Note that 20 is isomorphic to a subalgebra of the generalized Witt superalgebra (see [4]).
For simplicity we write fD for
f®D, feAn), De W(m, t).

Put
101:{1,2,"',771}, 11:{m+1a7m+n}
and
I:= 10U11.
Let
EZ:{<i1,’i2,"' ,’ik> |m+1§11 <z'2<~~~<z'k§m+n}.
For u = (i1, 42, -+, ix) € B, write
|u| := k, T =Ty Ty - Ty 0] =0, 2 =1.

For i, € Iy, define
0i; : A(n) @ O(m, t) — A(n) @ W(m, t)
so that for f € A(n) ® O(m, t),
9i5(f) = 0;(f)0: — 9i(f)9;.-
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Let
S(ma i) = Span]F{aij(f) | Za] € 107 f € O(ma t)}

and
S :=spang{0;;(f) | {,7 € I, f € A(n) @ O(m, 1)}

Then & is a Z-graded subalgebra of 20. We note that, since
[Iu(i‘)fi, 83] =0, i,j S Io,

one can see that G is not transitive and not simple, however, it is centerless.

3 Superderivations

The following basic formulas will be used throughout without notice.

(1) 0u(f)=0,i€]lp, f € Aln)®O(m, t);

(2) 81(f) = _8j’i(f)’ i,j €lo, f € A(n) ® O(m7 1)7

(3) 1055(f), Ori(9)] = 0 (9;(f)0i(9))+0i1(8; (f)Ok(9))+0;x (0i (£)Di(9))+051(0i () Di(g)),
where i, 4, k,l € Iy, f,g € A(n) ® O(m, t).

A superderivation of a Lie superalgebra is completely determined by its action on the
homogeneous generators. Thus one needs the generator set of &. The following proposition
can be verified by a lengthy but straightforward computation (cf. [5]).

Proposition 3.1  The Lie superalgebra & is generated by T U M, where
T = {6ij(I(k€i)) | k < T, i,j S Io}, M= {6ij(Iin) | i,j S IQ, ke 11}.

The centralizer of &_1 in & is
N :=Cs(6_1) =spang{z"0; | u € B, i € Ip}.
It is clear that IV is a Z-graded subalgebra of &.
Let L be a Z-graded subalgebra of &. View G as an L-module by means of the adjoint
representation. Denote by Der(L, &) the superderivation space of L into L-module &. One
can directly verify the following lemma.

Lemma 3.1  Let L be a Z-graded subalgebra of & satisfying L1 = &_1. Suppose ¢ €
Der(L, 6) and ¢(L_1) =0. If E € L and [E, &_41] € ker ¢, then ¢(E) € N.

Lemma 3.2 Let ¢ € Der;S, t > 0. If (&g & S_1) =0, then ¢ = 0.
Proof. Assert that
P9 (%)) =0,  i,j€]l,.

It suffices to show that
d(Dyj(x*))) =0 for k > 3.

If k = 3, then by Lemma 3.1 one can write

d)(c‘)ijx(&i)) = Z awl:c“’(?l, au €F.

lelp;weB
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Since
[akt(I(Ek—i_Et))a az](x(&sl))] = Oa {kat} S IO\{";J})
we have
Ayt = Quk = 0;
and then
qf)((i‘)ij ($(3Ei))) = awin(i‘)fL‘ + aijwaj, w € B, i, ] € I,.
Note that
0 (x29)), 0 (x3))] =0,  teTo\{i,j}.
One has
Aoy = 0
and so

001 (2%))) = ay;2"0;.

Similarly, one can write
$(0ui(2®))) = bpua'0,,  t€To\{i,j}, veEB.
Using the equation
(01 (21%97), 0y (2%))] = Da(2®0)),

one gets

Qg = 0.

So
$(0;(xB))) =0,  i,j €.

By induction hypothesis and Lemma 3.1, ¢(9;;(z(¥?))) € N. Hence one can assume that
$(0;5(x+<0))) = Z Aug®" Oy, auq € F.

q€lo;ueB
Noticing that

[atl(ac(et“l)), aij(:é’“i))] =0, t,l € Ip\{4,5},
one deduces that
(725(81]1‘(’65’)) = am:c“é)i + auj:c“é)j, Qi € F, (RS E, Z,] € Io.

From the equation
[0rs(2%%), O (a*)) =0, ¢ €T\ {i, j}

one gets
Ao = 0;
and then
¢ (z*))) = ay;z"0;.
Write

¢(0ri (™)) = cpady,  t€L\{i,j}, v EB.
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From the equation
01 (w3)), 0352 *0)] = Dy a)
one gets
ayj =0,
and then
B9 (z*k=)))y =0, 4,5 €.
By Proposition 3.1, ¢(&) = 0 and ¢ = 0.

Proposition 3.2  Suppose that ¢ € Der_16 and ¢(Sg) = 0. Then ¢ = 0.

Proof. By Proposition 3.1, it suffices to show that
¢ (")) =0, ijel.

But this can be verified as in the proof of Lemma 3.2.
Lemma 3.3 Let ¢ € Der &, t > 1. If p(0;;(x*TY))) = 0 for anyi,j € Iy, then ¢ = 0.

Proof. If k <t, then
P(Dij(z*))y =0,  i,j€l,.
Note that
¢(0 (V) =0, i el
If kK > t+ 1, using induction on k one gets as in the proof of Lemma 3.2 that
0(0 (")) =0, i.jel.

Lemma 3.4  Let L be a Z-graded subalgebra of 20. If ¢ € Dery(L, 20), t > 0, then there
exists E € Nog(L) :={x € | [z, L] C L} such that (¢ —adE) |r_,=0.

Proof. The proof is completely analogous to the one of Proposition 2.6 in [5].
A direct verification shows that
Ny (6) =6 Z 2(TTiE) 0, @ Z Fxy,0p.

icly kelo
Now we can prove the main result in this paper.

Theorem 3.1 (i)
ad: 6@ Z x(wfmel')xéai ® Z Far,0r — Der(6),

i€lp kelo
X — adX
is an embedding, where § = {(m+1,--+ ,m + n);
(ii)
Der(6) =6 @ Z 2(TmED 0, @ Z Fz0r ® P(m,t),
iclo kelg
where

P(m, t):=spang{(add;)?" |iely, 1 <r <t;—1}.
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Proof. (i) can be directly verified.
To show (ii), let us consider three cases separately.
Case I: Suppose that ¢ > —1 and assert that

Der® = & & (Yoo, 0 Y Fand)

i€lg kelg
Let t > 0, ¢ € Der;&. By Lemma 3.4, there exists E € Ngg(&) such that

(¢ —adE)|s_, =0.
Let 9 := ¢ — adE. One gets
G0 (2 T=)) e Ny, G €Ty
So then we may assume that

YOS = 3 auatd, aw €F
k€lp;ueB
Since

[Org (2 H20)), Oy ()] =0, {t.q} € Lo\{i,j},
one easily gets
aut = aug =0, {t,q} € Io\{i, J},
and thereby
V(03 (2 ))) = a2 0i + ayjz0;.

Similarly, since ¥(0;;(2(2%))) € Ny, 4,5 € 1o, one can write
Y0 )) = > bygr"dy,  byg €F.

q€lo;veB
From the equation

[0i(x®<)), 0;;(x®))] = —Dj; (2= F<)), i€l
one can deduce that

Qyi = Qyj = 0.

Hence
(045 (zlEite)y = 0.
Since
(03 (2=40)), 0y (222)] = 20y (),
one has
byvg =0, q € o,
and then

Noting that
(8 (xE)xy)) € Ny, i,j€ly, kel

one can assume that

1/1(3”( (El)xk)) = Z Cwa’waq, Cwq € F.

q€lp;weB
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Note that
[0 (@), 0i(x )] = =0 («Vay), i jelo, ke
Applying 1, one gets ¢,; = 0 and hence
D053 (@ay)) = ez ;.
Since
0 () ay), 022 =0,  di,jely, kely,

one can deduce that

cw; = 0.
And therefore,
Y(Dyj (zE)x)) = 0.
Summarizing, we have
¥(So) =0
showing that
P(GoDG_y) =

This combining with Lemma 3.2 gives (&) = 0, that is, ¢ = adFE.
Now suppose ¢ € Der_;&. Noticing that ¢(d;;(z(5i+))) € N_;, we may suppose
(;5(8 (e +€J Z ¢r0, Ty Cr € Fa 1,J € Io.

relp
Applying 1 to the equation

[Org(a&¥e)), 9y ()] =0, {t,q} € Lo\ {i.j},
one obtain by a direct computation that
B0 (xE+E))) = ¢;0; 4 ¢;0;.
Similarly, suppose
$(0;5 (%)) = > " by0y, by €F, i, j €T,

q€lp
From the equation

(013 (@E+9)), 04y (220)] = 2055(23)
it follows that b; = 0. Thus
¢(0y5 (%)) = b;0;.
Write

¢ 7] xzxk‘ ZG/T T a,-GF, i7j6107 kell
relg

Apply ¢ to the equation below
[0 (%)), 8i(2=Dy,)] = 0.
This yields a; =0, € Ip \ {j} and
¢(0i (zizr)) = a;0;.
One can write
OO (zizxy)) = di0y, telpg\{i,j}, kel
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Since
00 (2®)), 035 (2" ap)] = Oui(wizn),

it follows that
¢y (wiwy)) = 0.
Put
=0 — Y ar(add,).
rely
Then ¢ (&) = 0. By Proposition 3.3, ) = 0 and then
¢=>_ a(add,) € adS_;.

relp
We conclude that

Der_16 = ad&_;.

Since
ad: 6@ z" ™09, @ Z Fz;.0r, — Der&
kely

is a monomorphism, one has for ¢ > —1,
Der® = &, @ (Y al" )2, ).
¢ + @ Zx 2°0;® ) Fardy )
i€lg kelg
Case II: Suppose k& > 1 and k is not a p-power. Then, as in the proof of Proposition 3.5

in [5], one can show that
Der_;6 = 0.

Case III: Suppose k = p” where r is a positive integer. Claim that
Der_;,& = spang{(add;)* | i € Ip}.
Let ¢ € Der_;&. Since
2d (03 (' FFD)) = —1,

one may suppose that

¢ (TN = > a0, ar€F, i,jel.
rely
Note that

[Du(a®te)), oy (V=N =0, t1elo\ {i,j}.
Applying ¢ to the equation we obtain that
ar =a; =0,
and consequently,

d)(a” (IL'(IH_l)Ei))) = a;0; + ajaj.

Similarly, since

[0 (227), 0y (! BTV = 0,

we can get a; = 0 and then
¢(Dij (xFFV)) = a;0;.
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Putting
bi=¢— Y ar(add,)",
relp
we have

$(0i (BT =0, i,j €.

Now Lemma 3.3 ensures that ¢» = 0. The proof is complete.

Theorem 3.2  The outer superderivation algebra of & is isomorphic to the Lie algebra
whose underlying space is
L= VaeWw,

where I' is an m-dimensional vector space with F-basis {v1, - ,Ym}, V is an m-dimensional

m

vector space with F-basis {v1,--+ ,vm}, W is a vector space of dimension Y t; —m and the
i=1

Lie bracket is given by

[Vi, vj] = —bij, i,jel, m
eV, W=V, V]=[W, W] =0.
Proof. This follows from Theorem 3.1.

Remark 3.1 By Theorem 3.2, the first cohomology space H'(&; &) is of dimension

m —+ E: tb
i€lg
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