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1 Introduction

We consider the persistence of lower dimensional tori for a family of random real analytic
Hamiltonian systems of the parameterized action-angle form

1
H:e+<w,y>+5(2,Mz>+€P(ac,y,z,9t), (1.1)

where (z,y,2) € T¢ x R% x R?™ varies in a complex neighborhood D(r,s) = {(z,y,2) :
[Imz| < 7, |y| < 52,2 < s} of T¢ x {0} x {0}, w € O (a bounded closed region in R%), ¢ is a
small parameter, §; : 2 C R? — 2, t € R}r, is a continuous stationary stochastic processes
with 6y = id, and ({2, P, F) is a stochastic basis. Hereafter, all 8; dependence function are
of class C' for some Iy > d, and P is a small perturbation.

This kind of systems describes dynamics of harmonic oscillator under perturbations such
as white noise, or under some effects of some noise 6; which are neither periodic, quasi-
periodic nor almost periodic.

With the symplectic form

d m

Z dz; A dy; + Z de A\ dZdJrj,

i=1 j=1
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the equation of motion of (1.1) reads

.f:w—f—fa—y,

P

y_ ax7

2:JMz+Ja—P,
0z

where M (6;) is a 2m X 2m real symmetric matrix for each 6; € {2, and J is the standard
2m x 2m symplectic matrix. Hence the associated unperturbed motion of (1.1) is simply
described by the equation

T =uw,
y=0,
z=JMz,

which implies that the unperturbed system admits a family of invariant tori 7, = T% x
{0} x {0} parameterized by the frequency vectors w € O.

Similar to the classical KAM theorem (see [1]-[3]), Melnikov!*}’l posed the persistence
problem of lower dimensional tori in the deterministic Hamiltonian systems, which concludes
that under some appropriate non-degenerate and non-resonance conditions, there exits a
Cantor set O, C O, such that those lower dimensional invariant d-tori with the frequencies
w € O, will persist as ¢ sufficiently small; moreover, in the sense of Lebesgue measure
O, — O, as ¢ — 0. Some achievements on Melnikov persistence problem can be found in
(6)-[20].

However, what happens to the Melnikov persistence for random or non-periodical per-
turbed systems (1.1)7 In this paper, we are concern with this problem. We prove that for
most of frequencies w € {2, there exists a set of Cantor set {2, C {2 such that the associated
unperturbed lower dimensional invariant torus T,,, w € f2,, persists as a set of Cantor frag-
ments of the invariant torus with the“random frequency” close to w(6;) for the perturbed
system (1.1), provided ¢ is sufficiently small.

The persistence of lower dimensional tori problem can describe the stability of non-
autonom-ous systems. Different from previous, we need not to assume that the perturbation
P is periodic or not. Applying the results, we know that there is a Cantor set (2, such
that when 6; € (2,, the lower dimensional invariant tours of unperturbed system persists,

provided ¢ is sufficiently small.

The paper is organized as follows. In Section 2, we state our theorem for a general random
Hamiltonian system and the corollary A of non-autonomous systems. Then, a parameter-
depended iterative scheme is described in Section 3 for one cycle. In Section 4, we derive
the proof of our result by deriving an iteration lemma and giving measure estimates.
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2 Main Results

We consider the random parameter-dependent, real analytic Hamiltonian system
H = e(80) + {w(80),0) + 5 (M(8)2,2) + Pz, 7,00), (21)

where(z, y, z) lies in a complex neighborhood D(r, s) = {(x,y,2) : [Imz| <7, |y| <s, |z| <
s} of T? x {0} x {0} € T¢ x R% x R*™. As above, 0; : 2 — {2 is a continuous stationary
stochastic processes with stochastic basis ({2, P, F) , where 2 C R¢ is a bounded closed
region. Also, all §; dependence are of class C' for some ly > d. Then, the motion of
associated unperturbed system is simply described as

o(t) = w(fy),

y(t) =0,

2(t) = JM(6)=.

Definition 2.1 (simi-torus) Letg: T¢ x O x Q — R% be continuous and
L={z(t)eT%: & =w(b)+g(x,6)}
We call L x {0} a simi-torus with the frequency w(0;) + g(x, 04).

Definition 2.2 (Cantor fragment)  For given Cantor {2, C §2, to make the definition
clearly, we first denote
T,={t:te0,00), 6, € 2}

Then we call the set F., C T the Cantor fragment of T¢, if
Fy={a(t) € T : i = w(0:) + g(x,6:), t € T,}.

Consider (2.1) and let A1(6;), - , A2 (6:) be the eigenvalues of JM (6;). We assume the
weak form of Melnikov’s second non-resonance condition, i.e.,

A1) The set

{0; € 2 V=1{k,w(0)) — Xi(0:) — \j(0;) #0, V k€ Z*\ {0}, 1 <i,5 <2m)}

admits full Lebesgue measure relative to {2;

A2) 0, is ergodic on 2;

A3) M (0;) is nonsingular for each 6; € (2.

The main result of the present paper is the following.

Theorem A  Consider (2.1). Let 7 > d(d — 1) — 1 be fized, and d,. = max{dy,d}.

1) Assume A1), A2), A3). Then there exists a sufficiently small p = u(r,s,m,lo,7) >0
such that if

10h, Plpir ey < A2y <y, (2.2)
then there exist a Cantor set {2, C 2 with |2\ £2,| = O('yﬁ) and a C~1 Whitney smooth
family of C? symplectic transformations
Wy, :D(g, g) — D(r,s), 0, €%,

which is real analytic in x and C? uniformly close to the identity such that

H o WGt(xay) = 6*(9t) + <w*(9t)7y> + %<M(9t)zaz> + P*(xayaet)v
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where, for all 0; € £2, and (z,y) € D(g,

805 Pl (y.2)=(0.0) = 0,
for |j]+ k| <2, and w.(0;) —w(0;), My —M = O(p). Thus, for each 0, € (2, corresponding
to the unperturbed torus Ty, of (2.1), the associated perturbed invariant torus of Hamiltonian
(2.1) can be described as

;) , we have

E(t) = wa,

y(t) =0,

Z(t) = JM.(6)z.
Namely, the Cantor fragments of the unperturbed torus Ty, associated to the toral frequency
w(b:) as 6y € {2, persists and gives rise to a Cantor fragments FJof an analytic, Diophan-
tine, simi-torus with the toral frequency w.(0;), where

Fr={a(t) e T? i=w.(0;), teT,}.
Moreover, these perturbed tori form a C*~' Whitney smooth family.
2) There holds that
t

lim 1 2.(05(p))ds :/ 2.(q)dg a.e. 2,

t—o0 0 0
and

1
tlinolo ¥|{5 € 10,¢] : 0s(p) € 24} = |42,] a.e. {2.

3 KAM Step

In this section, we show a quasi-linear iterative scheme for the Hamiltonian (2.1) in one
KAM cycle, say, from a vth KAM step to the (v + 1)th-step. Then, one can find that
the new perturbation get smaller, and the frequencies w, 1 and matrix M, are of small
deformation. For simplicity, we set [y = d.
Set
ro=r, =7 do=1,
Ho=H, ey=e wy=uw,

MOZM; POZPa

No = cof8n) + (w0(61), ) + 5 (Mo(0h)2, ).
Without loss of generality, let 0 < rg,v0 < 1. Then, for p small, (2.2) becomes
109, Pol D(ro,s0) < 65000, |1 < d, (3.1)
where
a = (lo + 1)4m>r.
Now, suppose that after a vth-step, we have arrived at the following real analytic Hamil-

tonian:
H,=N,+ P, (3.2)

Ny = e (60) + (e (B0),) + 5 (M (6807, 2),
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which is defined on a phase domain D(r,, s,) and depends smoothly on 8, € A,. In addition,
M, (0;) is non-singular and symmetry for each 6, € A4, and,

P, = P,(z,y,0;)
satisfies

0h, Pu|D(rys) < Vosopw, I <d, (3.3)

for some 0 < p, < pp, 0 < v, < 7. We try to find a symplectic transformation @,,1 on
a small phase domain D(r,41,s,4+1) and a smaller parameter domain A,41. It transforms
the Hamiltonian (3.2) into the Hamiltonian of the next KAM cycle, i.e.,

Hu+1 =Ho ¢V+1 = NL/Jrl + Pqula
1
Nyt1 = evs1(0e) + (Wit (00), y) + 5 (Mo41(00)2, 2),
|aétPV+I|D(TU+1jsV+1) S 73+1512/+1ﬂv+1a |l| S d. (34)
Also, M, 41 is non-singular and symmetric for each 6, € A, 4.

For simplicity, we shall omit index for all quantities of the present KAM step (the vth-
step) and index all quantities (Hamiltonian, normal form, perturbation, transformation, and
domains, etc.) in the next KAM step (the (v+1)-th step) by “+”. All constants ¢;, ¢ below
are positive and independent of the iteration process. To simplify the notations, we shall
suspend the ; dependence in most terms of this section.

Define
_r, r _ 2,
T+7 2+ 47 f}/+ 2+ 4,
1 1 .
S+:§O¢5’ a:‘uﬁ’ uzsi’
1 3n
ﬂ+:é+—0, KJF:([log—}Jrl) ,
2 4 i
-1
Dia:D(r++28 (r—ry)ias), i=1,2---,8,
~ 3
Dy = Do = D(ry, 54), D+:D(T++1(T—T+),ﬁ+>7
~ 7
DE) ={yeC:lyl <& D =D(rs+5r—r4)€), €>0,
Pr—ry)= 3 [kflob+(iolam®re— 5=

0<|k|<K4

3.1 Truncation

First, we write P in the Taylor-Fourier series and let R be the truncation, i.e.,

P= 3" pry'deY o),
keZd ez

R= Z (Proo + (Pr10,y) + (Pror, 2) + (2, proaz))e¥ 10, (3.5)
|k| <Ky

where K, will be specified below.
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Lemma 3.1  Assume that
S =T
Hl)/ 43—t dt < p.
Ky
Then, there is a constant ¢y such that

|05, (P = R)|py, < c1v*s*i®, |0h, Rlp,, < c17y*s’p, VI <d,6; € Ag.

Proof.  See [20] for details.

3.2 Linearized Equations

In this subsection, we construct the time 1 map generating by the Hamiltonian F' to elimi-
nating resonant terms R. The construction of F' is as follows:
F= > (froo+ (fraoy) + (fro1, 2) + (2, froaz))e¥ 1) 4 (for, 2), (3.6)
O<[|k|<K 4
where fi, are (matrix valued) functions of 6;. Let

1
R = W/T R(z, )da.

If F matches the equation

{N,F}+ R~ [R] + (poo1,2) = 0, (3.7)
then
Ho¢p = (N +[R]) o ¢p + (P — R) o dp,
= N+ [R] = (poo1, 2) +/01{Rt7F}O¢%dt+ (P~ R)o¢p,
where
Ry = (1= t)([R] = R — (poo1, 2)) + R,
and

N, = N + [R] — (poo1, 2), Py = /Ol{Rt,F} o ¢ldt + (P — R) o ¢}
Substituting (3.5) and (3.6) into (3.7) yields
— Y VELEw() (froo + (Frio) + (fror, 2) + (2, foaz))eV TR
0<|k|<K,4
+ > (M(8)2, T fror) + 2(M (0:)z, J frozz))e¥ 1 F®)

0<[k[<K,

= - Z (Proo + (Pr10,¥) + (Dot 2) + (2, prozz))e¥ " 1E2) — (Pogy, 2).
0<|k|<K4
Comparing the coefficients above, and assuming fo2 is symmetric, we deduce the following

linear equations for all 0 < |k| < K :
V—=1(k,w(0:)) froo = Proo, V—=1(k,w(0:)) fr10 = Prro, (3.8)
—V=1(k,w(0:)) fro1 + MJ fro1 = —Prox, (3.9)
—V=1(k,w(64)) froz + M J froz — froaJM = —Proz, M foo1 = —Poo- (3.10)
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Denote
Lox = V=1{k,w(64)),
Ly = V—1{(k,w(0:)) Iz, — M J,
Lot = V—1(k,w(0:)) L2 + (MJ) @ Iy, + oy, @ (JM).
The linear equations (3.8)—(3.10) are equivalent to
Lok frjo = Prjo,  j=0,1,

L1k fro1 = Pro1, Loy fro2 = Pro2,
for 0 < |k| < K. Obviously, the above equations are solvable if Loy, L1k, Loy are invertible.
Consider the set

2m am?
Y

,y
Ay ={6,eA: |L —— |detL ———— |detL
+=1{0 € |Ok|>|k|7_7|e 1k|>|k|2m,|e 2k| >

Since M is non-singular, the above linear equations (3.8)—(3.10) are uniquely solvable. Also,

W’ 0< |k’| < K+}
the norm of F' is controlled.

In the usual manner, we have the following:

Lemma 3.2  Assume that
H2)
|09, M — 0p, Mo|, 9h,w — 0,wo| < puu, 0< |l <d, (3.11)
where p,. will be specified below. Then, there exits a constant co such that the following hold:
(1) On A4,
|aétfk00| <epl k| IUHDT G2 o= kI
|3étfk1o| <col k|l 2ZMT o R
1), Fron < e k]I H+D2mT o [KI7
|05, froz] §02|k|“H(ulﬂﬂm%ue*lkl?, 0§, foor| < casp,
for all 0 < |k| < K4;
(2) On D, x Aq,
|F|, |Fyl, 8|F,|, s|Fs| < cos®ul’ (r —ry) + cas’pu,
and on D x Ay,
|8§t8;8((5:2;F| < ecoul(r —ry) + cop,
for all 0 < JI], |i] < d, |p| < 1, |¢] < 2.
Lemma 3.3  Assume )
H3) caul'(r —r4) + eap < S(r —m4);
H4) cosul’(r —r4) + casp < sy
Let ¢4 be the flow generated by F. We have that
1) For all0 <t <1,
qb% : D3 — Dy
are well defined, real analytic and depend smoothly on 0, € Ay;
2) Let &, = ¢L.. Then for all 6; € Ay,
¢, : D, — D;
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3) There is a constant cs such that
10p, (#% — id)|p(syxa, < casul’(r—ry),
|09, D' (4 —id)| p, x s, < capl(r—r14),
forall|l] <d,0<t<1,i=0,1, where
D = 04y,2)-

N

3.3 New Normal Form

For the new normal form N, we have

Lemma 3.4 There is a constant ¢y such that for all 0 < |I| < d the following hold:

|aét (6+ - e)|/1+ < C47a52ua

N

|aét (WJr - w)|/1+ = 047(15#7

|05, (M™* — M)|a, < cay’pa.
3.4 Melnikov’s Conditions
Lemma 3.5 Assume that
H5) cukc ]t < 215
o 2 2
mo_ m
H6) c4'uK_2‘rm7—+2m < Y 2(”2/4- :
Y0 )
4m 4m
H7) C4ILLKjlrm2T+4m2 < Y 4am2+
0
Then, for all 0 < |k| < K4, and 6; € A, the following hold:
T+
|Lgy.| > W’
i
Jr
|detL1k| > W’
4m?
T+
|detL;_k| > |k:|7_47n2ﬂ— .

3.5 New Perturbation P,
Now we estimate the new perturbation P, :

Lemma 3.6 On D, x AL, there exits a constant cs, such that
|09, Pi| < esy ("D (r — i) + 0% + 8%u%), I < d.
Let ¢co = max{l, ¢y, -+ ,c5} and assume that
H) cor®(s*u2T(r — 1) + 532 + s21%) < 722 .
Then, on Dy x A4,
|09, Pr| < vLs%ps, | <d.
This completes one cycle of KAM steps.
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4 Proof of Main Result

4.1 Iteration Lemma

Set )
HU:NV+PV) Nu:ey+<wu7y>+§<ZaMl/z>7

1 1
7/'1/:7/'0(]-7. 2i+1)’ ’}/V:’)IO(]-*ZZLT)a

<

=1 i=1
- 1 1 1 7
Bo=0(1=Y577):  mo=wd m=si=piy,
i=1
1 1 1 3n
Sy = Fw—15v-1, Qy = ,U/S, Kl/ = (|:10g i| + 1) )
8 Hy—1
i—1 , ,
Dia = D('f"y + T(Ty_l — 7“1,)720é,/_151,_1>7 1= 172, A ,87

Dl/(g) = {y € Cd : |y| < 5}’7 Dl/(&) = D(rl/ + _(7'1/—1 - Tl/)7§)a € >0,
foralv=1,2,---.

Lemma 4.1  If uo = po(ro, Bo, m,d, 7), or equivalently, = u(r,s,m,d, 1), is sufficiently
small ,then the KAM step described in Section 3 is valid for all v = 0,1,---. Consider the
sequences

A,y H,, Ny, ey, w,, M,,, P,, &,, v=1,2,---.

Then the following properties hold:
1) @, : D, x A, — D, _1 is symplectic for each 0; € Ay or A,, and is of class C%? and
1

i
08, D' (@, — id)| 5, ) < o
where 1 = 0,1, pe = uéf", S E, 1);
2) On D, x A,,
H,=H, 10®%, =N,+ P,
where
N, =e, + (w,,y) + %(Z,MVZ>.
For all |I] < d,
Oh,ev — B, evala, <8
|09, — D, e0la, < VG Hss
Oh,v = Db o, <55

|0p,wn — Op,wola, < VG h,

! ! o
|a‘9tMV - aGtMV*1|Au < 782_,/7
|0, My, — 0, M|, < 76 pix

0 2
|0, LoDy x4, < Vysyb:
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Moreover, M, is real symmetric and non-singular on A,;
3)

2m am?
, |detLyy| > 2 |detLy,| > 22—, K, < |k| < K,}.

Y
A, ={0, € Q,_1:|L§,.| > , ,
{6: 1 | Lokl | |27 | drm?

|k’—
Proof. We have to verify H1)-H9) for all v to guarantee the KAM cycle in section 3. For
simplicity, let 1o = B9 = 1, and sg, pp be sufficiently small. Note that

7/6)" 7/6)"
T T (4.1)
It follows from (4.1) that
1 K,
log(d + 3)! + (v + 6)(d + 3) log 2 + 3nd log ([mg —} + 1) — Seh —log .
< log(d + 3)! 6)(d+ 3)log2 + 3ndl 1 ! 2 7/6)" (7/6)"
< log(d+3)! + (v +6)(d + 3)log2 + 3 Og([og;}-l- >+( /6) — L
<0,
as po is small and (7/6)3" =1 > 2, so
/ 14+26= 5 4t < (d + 3)!2(u+6)(d+2)K3+le*755i§ < 1, (4.2)
Ky
i.e., H1) holds. Also, we have
4am? 4m?
T — Y 2
A e
Yo
m? 1
COC*/-l/l/Ku+14 S W}
so H7) holds. H6) and H5) hold similarly, and we omit the details. Note that
r,=r(r, —ry41)
< /Oo )\2d+(d+1)4m2r+lefﬁd>\
1
< (2d+ [(d+ 1)4m27_] +2)!2(y+6)(2d+(d+1)4m27—+1).
Let
a* = (2d + [(d + 1)4m>7] + 2)1642FH(d+Ddm*r41)
b* = 2d + (d + 1)4m?7 + 1.
Then
I, <a*(2")". (4.5)
It is clear that H3) and H4) are equivalent to
8copin Iy < 16a% 1,20 +D¥
Ty —Tu41
2 .
cosply, < 8a*ud 2b" v, (4.6)
Observe that H9) and (4.1) imply
a(e3,,2 3,2 1 2,2 3,2 3,2 2,2
CO’YV(SVIU’GIJFV;_SVMV +5 :uy) < 2aco( ju:uupl/ + 2Sulu’y + 25 Hy )
Yo+1Sv+1Hv+1 SpriMv+1  SypiHv+1 SpypiHu+l

< 293¢y (58 B2 4 st put 4T, (4.7)
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Then, we only to show that
1

C*‘ul(/l/3)2(b*+1)l/ § 5’ (48)
where ¢* = 29T3¢ga*. Since
/30 4Dy < (3 AW/ 0+ < (1 8)( T 9b H1yY.
(4.10) holds. Then H3), H4), H9) are verified, as po is sufficiently small. From (4.8), we
have

1
1 4
2,6/4 Ho

ply < SH S 5T
l1—0o 3
where p1, =y %, 0 > 1 50
14 v
comly < oop o < 5 (4.9)

forally =0,1---.
In the following, we are to prove H2). For v, = 0, Lemma 3.4 automatically holds. For
vy > 1, assume that Lemma 3.4 holds. Then we have

Vx
105, (My. 11 — Mo)|Dy. 41 x Ay i1 < Z 105, (Mys1 — M) Dy sy x A
v=0

Vx
<o
v=0

Vs 1
a *
70 v+1

v=0

IN

< i

< s
The case for w can be handled similarly. Then H2) holds for v, +1. Therefore all assumptions
in Section 3 hold for all v. Moreover, u, < 1 and

|(IMO)_1|AO -1
< < 2|(M
-1 (1/4)|(»7‘[0)71|A0 — |( 0) |A0ﬂ

|MV+1|AV+1

so M, 4 is invertible.

3) is obvious.

4.2 Convergence

In this section, we prove the convergence of the sequences from Section 3. Let
Uy = @00@10---O¢V2D,/+1 XAU+1_>DO7
HoW"=H,=N,+P,,

Ny = (0 + (w0 (00), ) + (2, My (01)2),

v =0,1,---, which satisfy all properties described in Lemma 3.1. By the iteration lemma,

7
it is easy to verify that ¥" converges to a function ¥> € C’Q’dﬂ(D(EO, %) X /10), in
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C2vd_1(D(%0, %) X )\0) norm, and each Wy,, 6; € Ay, is symplectic and C2. Let

P A _ (T Bo .
AfQOAl,, G, D( )xA.

272
Then A* is a Cantor-like set, and { Wy, : 0; € A.} is a C4~! Whitney smooth family of
analytic symplectic transformations on D(%O, %O>

By Lemma 3.1 2), it is clear that e,, w, and M, converge uniformly on A*. We denote e,
Woo and My, as their limits, respectively. It follows from the Whitney’s extension theorem
(see [21]) that these limits are also Holder continuous in ;. Moreover, by Lemma 3.1 1), we
have that

|eco = €0la. = O(35 1),
|woo — wola. = O(YG 1),
Moo — Mola, = O(g 1+ )-
Thus, on G, N, converges uniformly to
Noo = oo + (Woo, ¥) + %(Z,MOOZ>,

and the perturbation P, converges uniformly to
P =Ho W™ — N.

Clearly, these limits above are uniformly continuous in 6; € A* and analytic in (z,y,z) €
ro o

p(3.3).
2 2
Note that
|PyIp, < 'VSSEMV-
It follows from Cauchy’s estimate that, for any 6, € A%, j € Z4, k € Z>™ with |j| + |k| < 2,
|ag];a§PV|D(r,,+i,%s,,) < f}/glufv'
Since, by (4.8), the right hand side of the above converges to 0 as v — 0, we have
8585P00|(y,z)20 =0
forallz € T", 0, € A*, j € Z4, k € Z2™ with |j| + |k| < 2.

Next, we prove Theorem A-2). Since 6, is stationary and ergodic, we have
t

lim 1 0.0 - /Q 2.(60(q))dg

t—o0

= / 2.(q)dg a.e. £.
Q

According to the ergodic theorem, we choose the characteristic function of 2, i.e.,

() 1, T € {2y
X x)=
(@) 0, others,

and have ,

o1 o1
Jim —{s €[0,1]: 65(p) € 2} = lim = | x(q,)(0:(p))ds
(oo} — 00 0

= / X(2,)(9)dg
2
= |12, a.e. §2.
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4.3 Measure Estimate

The measure estimate can be completed by applying the following lemmas. See Section 5.2
of [12] for the details.

Lemma 4.2  Let Al) hold and A\;(6;) (i = 1,2,---m) be the eigenvalues of JMy(6;). Then
the following hold:
1) For all k € 77,

2m

detL?, = H(\/—_l(k:,w(et)) = Xi(0r)),

=1
2m
det L), = [ (V=1(k,w(0:)) — Xi(8:) — A;(6r)).
i,j=1
2) ’
{6; € Ay : (k,w(8;)) #0, detLy # 0, detLS, #0, Vk € Z\ 0}

admits full Lebesque measure relative to Ay.

Lemma 4.3 Let A C R%, d > 1, be a bounded closed region and g : A — R be such that

[e%

9%
_— <d-— =d.
rank{a)\a lal <d 1} d
Then, for a fized T > d(d —1) — 1,

(el < ) setan ()L ez ok a0

Proof.  See [22, 23].

5 Application

Consider the system
H(yaxaot) - h(y)+€P(yaxa9t)v (51)

where (y, ) varies in a complex neighbourhood of G x T, G € R? is a closed bounded
region, 0 is defined as Section 1; h and P are real analytic in (y,x) and C' differentiable
2

0°h
in parameter 6;; h satisfies the standard nondegeneracy condition detﬁ #0in G, Pis a
Y

perturbation and € > 0 is a small parameter.

We denote 9
w(y) = 8—y(y) = (w1(y), -+, wa(y)).

w(y) is called nonresonant if (k,w(y)) # 0 for any k € Z¢\ {0}. Otherwise, w(y) is resonant.

w
Let a;; = —. If each a;j is a rational number, then the vector w is commensurable. It

wj
is obvious that there exits a rank d — 1 subgroup Gq_1 of Z%, such that (k,w(y)) = 0 for

any k € Gg_1 and (k,w(y)) # 0 for all k € Z%\ G4_;. Thus
O(Gy-1,G)={yeG: (kyw(y) =0, k€ Gg_1}
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is a one dimensional surface and we call it G4_1-resonant surface.

By the group theory, there are independent integer vectors 7q,---,7q_1,7q such that
det(7y, -+ ,Ta_1,7a) = 1, Gq_1 is generated by 11, --- ,74_1 and Z? is generated by 71, - - -,
Td—1, Td- We say that h(y) is G4—1-nondegenerate if h(y) is nondegenerate and

0%h
det(ry, - 7Td—1)Ta—y2(y)(Tl, ,7a-1) #0, y € 0(Ga-1,G).
For the general case, Gj is a given subgroup generated by independent integer vectors
Ty, , Tz, such that (k,w(y)) = 0 for any k € G7 and (k,w(y)) # 0 for all k € Z¢\ G.
Then

O(GJa G) - {y €G: <kaw(y)> =0, ke G(i}

is called a G g-resonant surface, and its dimension is d=d—d.
We set

K= (7—{7"' aT(/i”aTla"' aTti)a K= (T{a"' 77}%)7 K= (7—17"' aTti)a
where K, K, K are d x d, d x d~, d x d matrices respectively, K generates Z%, and det/C = 1.
h(y) is called G z-nondegenerate if h(y) is nondegenerate and

_0%h _
det (ICTa—yQ(y)IC) £0, forallye O(Gy Q).

Write P(y,x, 6;) in its Fourier’s expansion:
P(y,z,0;) = Z PeVHka),
kezd
For the subgroup G; C Z%, let
By, 00) = > preY TR = N eVl (5.2)
kEGq 1ezd
where ¢ = KTz. Clearly, p has at least d critical points on T<. For the subgroup G, _1,
there are at least two critical points (see [24]).

We have the following Poincaré Theorem for the random Hamiltonian system (5.1).
Theorem A1l  Suppose that H = h + P is analytic, w is commensurable and all the
critical points of p(¢,y) are nondegenerate. Then there exits an eo (depending on h, G4—1,p)
sufficiently small such that for 0 < e < gg the system (5.1) has at least two periodic solutions.

For the resonant group Gz, we have the following resonant KAM theorem for (5.1).
Theorem A2 (General Case) Suppose that H = h + P is analytic, and p(p,y) has an
analytic family of nondegeneracy critical points for all y € O(Ggz,G). Then there exists
an go (depending on h, Gz, p) sufficiently small and a Cantor set A, C O(Ggz,G) such
that for 0 < e < gg the system (5.1) admits a set of Cantor fragments of an analytic,
Diophantine d-dimensional invariant torus 1y, parametrized by yo € A.. Moreover, the
measure of |O(Gaq-1,G) \ Ax] — 0 ase — 0.

For any yo € O(G ), we expand the Hamiltonian (5.1) into Taylor’s series:
2

1/,0%h )
H(y,z,0;) = (w(y0),y — yo) + §<8—y2(y0)’y - yo> +eP(y,z,0:) + O(ly — yol*).

And then we use the linear transformation.

y—yo=Kp, q=K"z,
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and the symplectic canonical coordinate transformation

(p, ¢ mod2w) — (Y, X mod2r): p= LS(;q’ Y), X = 7356(;;1’)’
where
vV—lhg V=1{k,q
= (Y. q')
S=(Va+e ) ) 1 ),
keZ\{0}
with

hy = /P(q,O)eﬁ“’q”dq’,

P =Y +vV=1e Y kSpeV 1),

kezd
v —1hy
Sk = ’
(k,w)
p// =Y+ O(E),
X =q.

Hence, we get the desired normal form:
1)
H(y, @, 2,01) = w,y) + 5 (Mz,2) + O(e?) + £(Oly[* + [yllz] + [2]*),

where ¢ is a small positive number and (z,y,z) € T? x R? x R2? varies in a complex
neighborhood D(r,s) = {(x,y,2) : [Imz| < r,|y| < s?,2 < s}. By the Main Theorem, we
can prove Theorems Al and A2.

See [25] for details.
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