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1 Introduction

Exponential dichotomy plays an important role in the theory of nonautonomous dynamical
systems. When people deal with the nonlinear problems which are the perturbation of the
linear ones, exponential dichotomy is very useful. Copplel!! studied in detail the exponen-
tial dichotomy for ordinary differential equations. Coff and Schiffer!? studied exponential
dichotomy for difference equations. In 1990, Hilger!®! introduced the theory of time scales,
and then there are numerous works using this notion to unify and generalize theories of
continuous and discrete dynamical systems (see [3]—[5]).

Recently, Barreia and Vallsl% studied the relationship between nonuniform exponen-
tial dichotomy and quadratic Lyapunov function. In this paper, we firstly introduce strict
quadratic Lyapunov function on time scales. Then we study the relationship between expo-
nential dichotomy and strict quadratic Lyapunov function on time scales. We obtain that
the linear equation 22 = A(t)z has a strict quadratic Lyapunov function if it admits strong
exponential dichotomy; conversely, the linear equation admits exponential dichotomy if it
has a strict quadratic Lyapunov function with some property. And by quadratic Lyapunov
function, we investigate the instability of the zero solution of the nonlinear perturbed equa-

*Received date: Dec. 20, 2010.
Foundation item: The NSF (10671028) of China.



NO. 1 ZHANG J. et al. LYAPUNOV FUNCTION AND EXPONENTIAL DICHOTOMY 25

tion. The stability and instability of solutions to the nonlinear perturbed equation on time
scales have been studied in [7] and [8] by considering appropriate eigenvalue conditions, and
in [9] by assuming the existence of Lyapunov functions.

This paper is organized as follows. In next section, we review some useful notions and
basic properties on time scales. In Section 3, the main concepts, exponential dichotomy and
strict quadratic Lyapunov function on time scales, are given. Furthermore, our main results
are stated and proved. Finally, we study instability of the zero solution to the nonlinear
perturbed equation on time scales in Section 4.

2 Preliminaries on Time Scales

For the convenience of readers, we review some preliminary definitions and theories on time
scales. The reader may refer to [5] for details. Let T be a time scale which is an arbitrary
nonempty closed subset of the real numbers. Such as the sets of real numbers and integers
are the special time scales and the union of arbitrary nonempty closed intervals is also a

time scale.

Definition 2.1  Let T be a time scale. The forward jump operator is defined by
o(t):=inf{s € T:s>t}
for every t € T. Let u(t) := o(t) —t be the graininess function.

It is clear that the graininess function p(t) is nonnegative. In this paper, we always

suppose that the graininess function p(t) is bounded.

Definition 2.2 A function f : T — R" is called rd-continuous if it is continuous at right
dense points in T and left-sided limits exist at left dense points in T.

We denote the set of rd-continuous functions by C,.q4(T, R").

Definition 2.3 A function f: T — R" is called differentiable at t € T, if for any e > 0,
there exists a T-neighborhood U of t and f2(t) € R™ such that for any s € U we have

1£(o(t) = f(s) = fA(H)(o(t) = 8)| < eo(t) — ),
and f2(t) is called the derivative of f at t.

If f and g are differentiable at ¢, then the following equalities hold:
Fo(t)) = f(t) +u) f2(),
(f9)2(t) = 2 ()g(t) + fo()g™ (B).

The integral of a mapping f is always understood in Lebesgue’s sense and written as

t
/ f(r)Ar, for s,t € T. If f € Cq(T,R™) and ¢t € T, then
S

o(t)
/t £(5)As = u(t) £(2). (2.1)



26 COMM. MATH. RES. VOL. 27

Definition 2.4 A function p : T — R is called regressive if 1+ u(t)p(t) # 0 for allt € T,
and the n xn matriz valued function A(t) on time scale T is called regressive if Id+ p(t) A(t)
is invertible for allt € T.

Let a, b be regressive. Define
(@@ b)(t) = alt) + b(t) + p(t)a(t)b(t),

a(t)
ca)(t) = — —————=
(Sa)(2) 1+ p(t)a(t)
for all t € T. Then the regressive set is an Abelian group. It is not hard to verify that the

following properties hold.

Lemma 2.1  Suppose that a,b are regressive. Then we have
(1) a©a=0;
(2) & ( a) = a;
a—
3 o7
B aeb= 1 mw
4) © (a ®b) = (ca) @ (D).

Now we give the definition of exponential function on time scales. Moreover, we state
some basic properties of the exponential function which are to be used in our paper.

Definition 2.5  Let p be regressive. We define the exponential function by

bl
ey(t,s exp{/ — In(1+ TpAT}
for all s,t € T. When u() =0, we define ey(t,s) = P9,

Lemma 2.2 Suppose that a, b are regressive. Then we have
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Lemma 2.3  Suppose that a is regressive and ¢ € T. Then we have

[ea(c; )] = —alt)ea(c, o(t))

and .
/ a(T)eq(c,a(T))AT = eq(c, s) — eq(e, t),

where [eq(c,t)]2 stands for the delta derivative of eq(c,t) with respect to t.

3 Exponential Dichotomy and Strict Quadratic Lyapunov
Function

Let M be a bound of u(t), i.e., |u(t)] < M for any ¢t € T. Consider the equation
™ = A(t)r, (3.1)
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where A(t) is an n X n matrix valued function on time scale T satisfying that A(¢) is rd-
continuous and regressive. The equation (3.1) is said to admit an exponential dichotomy on
time scale T if for each ¢ € T there exists a projection P(t) : R™ — R such that

T(t,s)P(s) = P(t)T'(t, s), t,seT (3.2)

and
IT(t, s)P(s)|| < Degalt,s), t>s, t,seT, (3.3)
IT(t,5)Q(s)|| < Deal(t, s), t<s, t,s€T (3.4)

for some constants a > 0 and D > 1. Here, T'(¢, s) is the linear evolution operator associated
to the equation (3.1), and Q(s) = Id— P(s) for s € T. We say that the equation (3.1) admits
a strong exponential dichotomy on time scale T if there exists a projection P(¢) : R* — R"”
for each ¢ € T and constants a > 0, D > 1 satisfying (3.2), (3.3), (3.4), as well as a constant
b with b > a > 0 such that
IT(t, s)P(s)| < Dep(s,t), t<s, t,seT, (3.5)
|T°(t, $)Q(s)]] < Deyplt, s), t>s, t,seT.

Next we give the definition of Lyapunov functions. Consider a continuous function
V : T x R"”™ — R" The function V is called a Lyapunov function, if the following two
conditions are satisfied:

(H1) For each 7 € T, set V; := V(7,-) and

C*(Vy) := {0} UV, (~00,0), C(V;) == {0} UV, 10, +o0).
Let 75 and r,, be respectively the maximal dimensions of linear subspaces inside C*(V;) and
C*(V;) satistying
Ts + Ty =N
(H2) For every t > 7, t,7 € T and x € R", we have
V(t, T(t,7)x) > V(r,x).
Set
E; = m T(r,t)C3(V,), E! = n T(r,t)C(V;).

teT teT
Then
T(t,7)E:=E;, T(t1)E*=E}, t,7reT.

Suppose that V is a Lyapunov function for the equation (3.1). V is called a strict
Lyapunov function, if there exist » > 0 and K > 0 such that the following conditions are
satisfied:

(H3) If « € EZ, then

V2(t,T(t,7)z) < ear(t, T)V2(r, ), t>r1, t,7€T,

(H4) If = € EY, then

V2, T(t, 7)) > e (t, 7)V3(T,2), t>7, t,7 €T,
(H5) If z € E2 U E¥, then

1
V(o) z 2lal,  TET.
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Furthermore, let S(t) for each ¢ € T be a symmetric invertible n x n matrix. Let

H(t,l‘) - <S(t)l‘,l‘>, V(t,l’) = fsignH(t,z) |H(t,l‘)|

(3.7)

fort e T, x € R". If V(¢,x) in (3.7) is a strict Lyapunov function, then we say that V (¢, x)

is a strict quadratic Lyapunov function.

Now we state and prove our main results.

The following Theorems 3.1 and 3.2 indicate that, for the equation (3.1), the strong

exponential dichotomy property and the existence of a strict quadratic Lyapunov function

are equivalent in some sense.

Theorem 3.1  If the equation (3.1) admits a strong exponential dichotomy, then it has a

strict quadratic Lyapunov function.
Proof.
+oo
S(t) = /t (T(o(v),t)P(t))*T(o(v),t)P(t)ecsa(t,o(v))Av

—/_ (T(o(v),)Q)* T (o (v),)Q(t)ease(t, o (v)) Av,

where 0 < ¢ < a. Let H(t,z) = (S(t)z, z).
When t > 7, t,7 € T, we have

+oo
H(t,T(t,r)x):/t T (0(v), ) P(r)2|2eccn(t, o(v)) Av
= [ 1T NPt otw) Ao

— 00

+oo
S/ IT (o (v), T)P(7)al|*cca(r, o (v)) Avecoalt, 7)

— [ @ el o (0) Svease 7).

— 00

Since c&a = %u(i)a <0,a6c= ﬁ > 0 and t > 7, we obtain
ecoalt,7) < 1, eace(t,7) > 1.
Thus,
+oo
H(t,T(t,m)z) < / HT(O’(’U),T)P(T)l‘HQec@a(T,O'(”U))A’U
- [ 170 Qs el a(w) A = H(rz).
Set

V(t,x) = —signH (¢, z)\/|H(t, x)|.

We define subspaces
E;

P(t)(R"), EY

QM)R"), teT.

Thus
E® E =R", teT.

(3.8)

(3.9)
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When z € Ef/{0}, we have H(t,x) > 0, and hence V (¢,z) < 0; when = € E}*/{0}, we have
H(t,z) <0, and hence V(¢,z) > 0. We also get that H(t,z) = 0 if and only if = 0 which
implies S(t) is invertible for each ¢ € T. Note that S(t) is symmetric for each ¢ € T.

When t > 7, from (3 9) we have

V(t, T, m)x) =—HT(t, 7)) > —/H(T,2) =V(T,2), x € E}

V(t, T(t,7)x) = /|H(t,T(t,7)x)| > /|H(T,z)| = V(1,), r € B

and

Therefore, when ¢ > 7, we get V (¢, T(t,7)x) > V (7, z). It follows that V (¢, x) is a Lyapunov
function.
From (3.3), (3.4) and Lemmas 2.1-2.3, we have

+oo
H(t,2)] < / 170 (0), ) P(t)2] Pecoalt, o(v)) Av
+ / IT (o), Q)] 2eace(t, o(v) Av

—00

+oo
s D?eca(0(v),t)eca(0(v), tecsa(t, o(v)) Avl|z|?

+[ D?eq(0(v), t)ea(o(v), tease(t, o(v)) Av|z]?

_D2 A 2
= [ calease(t. )3 Avle]

‘ -D? A 2
+ ———[es(ame)(t, V)], Avllz|”.

—oo O(a®c)
Since
adc=a+c+ p(t)ac>a+c
and ) ) )
- _ 1+ p@)(a+c+ p(t)ac) < Y

oadc) a+c+ u(t)ac a+c

we obtain , ,
D D 2 2 2 20,12
< —_— .
H(t,2)] < (a+c o A MD?) ol = (S M) Dl (3.00)

Thus

Vt,x)| =+/|H t:c|<D“—+MH:c||

Next, we show that the function V'(¢,z) is actually a strict Lyapunov function. To do
this, we only need to verify that (H3)—(HS5) hold.
If x € ES for 7 € T, there exists y € R™ such that x = P(7)y. Then for t > 7, t,7 € T,

+oo
H(t, Tt m)z) = /t |T(o(v), 7)P(T)x|*ecaalt, o(v)Av

+oo
S/ 1T (o (v), T)P(7)al|*cca(r, o (v)) Aveccalt, 7)

= ecoa(t, T)H(T, 7).
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Therefore,
VAt T(t,7)1) < ecoalt, T)VA(r2),  w€ B,

i.e., (H3) is satisfied.
If x € E* for 7 € T, there exists z € R™ such that © = Q(7)z. Then for ¢t > 7, t,7 € T,

|H(t, T(t, 7)) = /_ T (o(v), )Q(T)x||*ease(t, o(v)) Av

Z/WHTWWLﬂQ&ﬁW%@&J@DAw@ALﬂ

- eaec(ta 7—)|H(Ta :L')|
Therefore,
VA(t,T(t,7)7) > eace(t, )V (1,2),  w€ B,
i.e., (H4) is satisfied.
Now we establish the condition (H5). From (3.3)-(3.6), when ¢ > 7, t,7 € T, we have
1T, Dl < T@7) Pl + 1T 7)Q(T)]]
< Degq(t,7) + Dep(t, 1), (3.11)
and when t < 7, t,7 € T, we have
1T, DIl < IT@ )P + 1T 7)Q(T)]]
< Dey(7,t) + Deg(t, 7). (3.12)
If x € B, 7 € T, then P(7)x = z and

+o0
/ 1T (o (v), ) P(7) ]| *ecca(r: o(v)) Av

" 7"33”2 e T,0(V v
> | Ememypre o0

e |z*ecoa(r, o(v))
/7_ [Deb(O'(’U),T) +Dea(770(v))]2AU

H(r, x)

Y

I 1 (. 0(0))enan(r. (W) A
= 4D2 i €coal\T,0\V))Ebpp\T, 0V v
el .
T 4D2 | (bDb)D(coa)\T, OV V.
Since
b b — 2+ w0 + (1) (2D + (D7)
(&)@ (& a) =2+ p"+ T g THOCH O e

< 2b+c—a+ Mb? + 2Mbe + M?*b?e,

and obviously (b @ b) @ (¢ © a) > 0, we have
1 1

> .
bab)d(coa) ™ 2b+c—a+ Mb?+ 2Mbc + M?b2c

Therefore,

H(r, x)

Y

2 /+°° —leqanaeon (T, V)]
4D? /. (b d)® (cea)

S ?

T 4D2(2b+ ¢ — a + Mb2 + 2Mbe + M2b2c)’

(3.13)
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If x € E*, 7 €T, then Q(7)xr =z and
|H(7,z)| = / 1T (0(v), T)Q(7)z*ease(r, o (v)) Av

—00

! 7”1'”2 (& T,0lV v
> [ st o)A

- el Peace(r.o(v)) )
= /,m [Des(r,0(v)) + Den(ro @)

> L [ cocetroto)essalotroe

— 00

_ Ll oA
T AD? (ac)o(bob)\T, 0(V))AV.

— 00
Since
a—c
———— — (2b + p(t)b?
Trage o)
1+ pa(t)(2b + pu(t)b?)
< 2b—a+ c+ Mb? + 2Mbe + M?b?e,
and obviously —(a&c¢) & (b @& b) > 0, we have
1 1
> :
—(aec)o(b®bd) ~ 2b+c—a+ Mb%+2Mbc+ M3b%c

—(acc)o(b®b) =

Therefore,

V

|H (7, )| [lz]? /T _[e(aGC)e(bﬂab)(TvU)]vA
—4D? J_ o (acc)e(badbd)

]|

> . 3.14
T 4D%(2b+ ¢ — a+ Mb%2 4+ 2Mbe + M?b%c) (3:.14)
From (3.13) and (3.14), we obtain
[ElS
[H(t2)l =2 s (3.15)
where
K? =4D*(2b+ ¢ — a + Mb? + 2Mbc + M?bc).
Thus, we get
[l]
Vv =+|H > —
V()| = VIH )] 2

i.e., (H5) holds. The proof is completed.

Theorem 3.2  If the equation (3.1) has a strict quadratic Lyapunov function and satisfies
sup [[S(#)[| < oo,
teT

then it admits an exponential dichotomy.

Proof. Let V' be a strict quadratic Lyapunov function for the equation (3.1). Then V
satisfies the conditions (H1)—(H5). For each 7 € T, set
E = ()T(r,t)C*(Vy),  Ef:=[)T(r,t)C*(Vb).
teT teT
Then we have

T(t,r)E: = B,  T(t,7)E" = B
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By condition (H1), there exist subspaces Fy C Ef and F}* C E} satisfying F & F}* = R".
Consider the projections
P(t) : R" — F/, Q) : R" — FX.
Obviously, Q(t) = Id — P(t) for each t € T.
Since sug IS@®)|l < oo, there exists a constant L > 0 such that sug S®#)] < L? < <.
te te

Then

V(7,2)] = VIH(r,2)| = V[(S(t)z, 2)| < ngpHS(lﬁ)HHﬂfll2 < L] (3.16)

If x € F? for 7 € T, then, by (3.16) and (H3), we obtain
IT(t, T)z]|* < K2V (T (t, m)a)|* < K?eop(t, 1)V (r,2) < K*LPeq, (t, )|z
when t > 7, t,7 € T. Therefore,

IT(t,7)|re|| < KLlean(t, 7))z (3.17)
Now we need to find some constat a > 0 such that
leer(t,7)]? < ecalt,7), t>7 t 7T, (3.18)

By the notion of exponential function on time scales, we have

esr(t,7) = exp {/Tt ,u(lv) In (1 n ;(U)T)Av} .

It follows that we only need to find a > 0 such that

‘“p{[fué>m(1+ian%A”}ﬁf“p{[fué>m<1+JZwa)A”}' (3.19)

Note that if
( 1 )2< L (3.20)
L+p()r) = 1+ p(v)a’ '

then (3.19) holds. The inequality (3.20) is equivalent to
Lt (o) > 1+ 2u(v)a + p(o)a,

and hence
p(v)a® + 2a <.

Since p(v)a® 4+ 2a < Ma® + 2a, we only need find a > 0 such that

Ma? +2a <, (3.21)
v1i4+Mr—1 V14 Mr—1
ie,0<a< +TT Therefore, if 0 < a < +Tr’ then the inequality (3.18)
holds and, by (3.17), we have
|T(t, 7)|F:s || < K Lega(t, 7). (3.22)

If z € F* for 7 € T, then, from (3.16), (H4) and (H5), we obtain
1
1Tt T)al* = |V (5Tt 7))

> t,'r)VQ('r, x) t,T)H:c||2, t>r1, t,7TeT.

1
2 > gz
Therefore,

IT(r, )| pel|* < K2L2ecy(t, 7).

By (3.18), we get
T (7, t)|ppl| < KLesa(t,7) = KLeqo(T,1t). (3.23)
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Next, we estimate || P(¢)|| and ||Q(t)||. From the definitions of P(t), Q(t), the quadratic
Lyapunov function and (H5), we have

VA(t, P(t)z) = (S(t)P(t)x, P(t)x) > QHP( )|, (3.24)

V3(t,Q(t)z) = —(S()Q(t)z, Q(t)z) > e ||Q( )z||?. (3.25)
Since S(t) is symmetric, by (3.24) and (3.25), we obtain

3| P - K;S(t)zHQ + oz [Qe + KTQS(t)xHQ

< (SO)Pt)z, P(t)z) — (SH)Q(t)z, Q()z)
K4
+ TIIS(t)aﬂH2 —(S(t)z, P(t)z) + (S(t)z, Q(t)z)
K4
= L1180
Thus,
1P@all < ||P) zf—s H+H S(t)a
< V2K?||S(t )x|| (3.26)
< V2K2L? 2| (3.27)
and
IQ(el < [latte - “st0e] + | st
< V2K?||S(t )x|| (3.28)
< V2K2L?|2|. (3.29)
By (3.22) and (3.27), we have
T, m)P(r)z|| < |T( 7)|r (M| < \/§K3L3eea(t,r)|\x||, t>7, t,7€T.
Then
|T(t, 7)P(7)|| < Deca(t,7)|z|,  t>7, t,7€T, (3.30)
where D = 2K3L3.
By (3.23) and (3.29), we have
1Tt 7)QT)x| < Tt e Q)] < V2K*Lieq(t, 7)|zll,  t<7, t,7€T.
Then
IT(t, Q)| < Dealt,T)el,  t<r treT, (3.31)

where D = +/2K3L3. Therefore, by (3.30) and (3.31), the equation (3.1) admits an expo-
nential dichotomy.

4 Instability of the Solution to the Nonlinear Perturbed
Equation

In this section, we discuss the instability of the nonlinear equation
z® = A(t)x + f(t,z), (4.1)
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where f: T x R"” — R" is an rd-continuous function in T satisfying f(¢,0) = 0. We have
the following theorem.

Theorem 4.1  Assume that the equation (3.1) admits a strong exponential dichotomy with
projections P(t) for t € T and constants b > a > 0 and D > 1. There exists R > 0 such
that
If(t2) = fEyll <Rz —yl, teT, zyeR"
Assume also that Q(o(t))f(t,x) = Q(o(t))f(t,Q(t)x), where Q(t) = I — P(t). If R is
sufficiently small, then there exist constants N > 0 and d > 0 such that
llz(H)]|> > Nea(t,7)]|2(7)|?, t>r, teT, (4.2)

whenever z(T) € F¥. Here F* is the same as the one in the proof of Theorem 3.2.

Proof.  Set H(t,z) = (S(t)zr,z), t € T, x € R™ with S(¢) given by (3.8). If z € F¥, we

have x(t) = T'(t,7)x € F} for each t > 7, t,7 € T, and
¢

H{t, x(t)) = —/ IT(o(0), T)Q(T)z]|*ease(t, o(v)) Av

</ T T(0(0), Q) Pease (T, o (0)) Avense £, 7)

= easc(t, T)H(T, 7).

Then
p(t)HA (t,2(t)) = H(o(t), 2(o(t))) — H(t,z(t))
< [ease(o(t), 1) — 11 H (t, 2(1))
- [exp {/t " ﬁ In(1 + p(v)a © C)Au} - 1}H(t,x(t))
— u()(a s OH (L a(t)).
Thus,

H (1, 2(1)) < (a© )H(t, (1)) (43)
Since H(t,x(t)) = (S(t)x(t), z(t)), we have

I
™
(S
=
+
)
3
=
b
=
+
e
*
=
)
9
=
+
=
=
=
*
=
)
3
=
b
=
)
=
8
=

Then by (4.3) we get
S2(t) + S(a(t)A(t) + A" (D)S (0 (1)) + u()A* (£)S(a(t))A(t) < (a © ) S(t).

Suppose that y(t) is a solution of the equation (4.1) satisfying y(7) € F¥. Let z(t) :=

Q(t)y(t). By (3.2), we know that
Q(t) = T(t7 S)Q(S)T(Sa t)' (4'4)
Differentiating (4.4) on both sides, we obtain
Q2(1) = AM)Q(t) — Qo (1) A(t).

Then
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= A)QW)y(t) + Qa(t))f (L, y(t)).
Hence, we have
HA(t,2(1) = (S(OQy (1), Q()y ()
= (S2(MQM)Y(1), Q()y (1) + (S(a(1))Q (1)y(1), Q()y (1))
+(S(a(1)Qa(t))y™ (1), Q)y (1))
+(S(a(1))Qe()y(a(1), Q% (H)y (1))
+(S(a(1)Q(a(t))y(a(1)), Qo (t)y™ (1))
= (S2(1)z(t), 2(1)) + (S(a()A(t)=(t), 2(1))
+(S(a(®)Qo () f(t, (1)), 2(t))
+ (S(a(t)z(a(t)), A(t)z(t))
+(S(o(t)2(a(t), Qo (1) f(t, 2(t)))
= ([S2(t) + S(a()A(t) + A*(£)S(a (1))
+ () A" ()S (o () A(1)]2(t), 2(1))
+ ([n@)A®)z(t) + 2(t) + 2(o(1))], S (o () Qo (2)) f (2, 2(1)))
< (a0 )H(t, 2(t) + 2u(t) A(t)z(t), S(a(1)Q(a () £ (£, 2(1)))
+(22(1), S(a(1))Q(o (1)) f (¢, 2()))
+ (u(t)S(o(1))Q(a (1) f(t, 2(1), Qo () £ (t, 2(1)))- (4.5)
Since S(t) is defined by (3.8) and P(t)Q(t) = 0, we have
(n(@)S(o(£)Q(a (1) f(t, 2(t)), Qo (1)) £ (t, 2(1)))
= - u(t)/ OIT(o(v),o(r)Q(o()Q(o (1) f (2, 2(t)) [P cacc(o(t), o(v)) Av < 0. (4.6)
By the formul;;?)f variation of constant, it follows that
T(o(t),t) =1+ /U(t) A(8)T (s, t)As = Id + p(t)A@)T (¢, t) = Id + p(t)A(t).
From (3.11), we have t
IT(c(t),t)]| < Degal(a(t),t) + Dey(o(t),t) = . Jri(t)a + D + Dbuf(t).
Therefore,
[ Id 4+ p(®)AQ®)| < 1T il)a + D + Dbu(t) < 2D + DbM.
Then we have
I AW < 11d+ p(@)A®)]| + [1d] < 2D + DbM +1. (4.7)
From (3.10), we get
IS < (= + 1) D (4.8)

By (4.5)-(4.8),

HA(t,2(t) < (a & ) H(t, 2(1)) + 2/ @) A= (@) Qo OIIF (E, z()]

+2[z@ONIS @@ @)L z(@)]]
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< (a©c)H(t,2(t)) + 2(2D + DbM + 2)DR(GL+C + M>D2||z(t)|\2

< (a© ) H(t, 2(t)) + 2K2D3R(2D + DbM + 2) (aiﬂ + M) \H(t, 2(1))]

(a©c)H(t,2(t) + E|H(t, 2(1))| < (E —a+c)[H(t 2(1))], (4.9)

where
E = 2K2D*R(2D + DbM + 2) (i + M).
a+c
Set u(t) :== H(t, z(t)). Let R be sufficiently small so that a — ¢ — E > 0. Thus, by (4.9)
we have u”(t) < (a — ¢ — E)u(t). Then
[u(t)ea(a—c—p)(t TIE = u® (t)ea(—c—r)(@(t), ) + u(t)(S(a — ¢ = B))es@—c—p)(t:7)
< [wB(t) — (a — ¢ = B)u()]esa—c—m)(t,7) < 0.

Therefore,

Vo ame-) ()~ ulr) = [ ulv)ecgo-or) (0. 7)) A0 0.
That is, H(t,2(t)) < eq—ep(t, 7)H (7, 2(r)) < 0. Tt follows that
|H(t,2(1))| = ea—c—p(t, T)|[H(7, 2(7))|. (4.10)
By (3.10), (3.15) and (4.10), we have
[Ht, 2O o eaeptDIHT2(0)] _ Caenlt,7)]2(D)]?

= = 4 -ty O 5 cocecsfd DAL
M )D M )D K?D?| —+ M
(a+c+ ) (a+c+ ) (a+c+ )
1
Let N := 5 and d = a—c— E. Then (4.2) holds. The proof is completed.
K2D?(——+ M)
a+c
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