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Abstract: The strong contact finite determinacy of relative map germs is studied by

means of classical singularity theory. We first give the definition of a strong relative

contact equivalence (or KS,T equivalence) and then prove two theorems which can

be used to distinguish the contact finite determinacy of relative map germs, that is,

f is finite determined relative to KS,T if and only if there exists a positive integer k,

such that Mk(n)E(S; n)p ⊂ TKS,T (f).
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1 Introduction

A basic idea in the classical singularity theory is that local topological properties of a generic

differentiable mapping are determined by finite terms of its Taylor series, i.e., finite determi-

nacy of map germs. It relates to the most important local characteristics of the singularity

theory. Therefore, finite determinacy is always an active research subject in the singularity

theory. When we treat various spaces of differentiable mappings with several constraints, de-

pending on situations, we need to study the corresponding finite determinacy, whose validity

depends on given mapping spaces.

In the present paper we treat the space of differentiable mappings between manifolds

with the constraint that a fixed submanifold is mapped into another fixed submanifold.

Then naturally we need to study the “relative finite determinacy”.

There are several works studying relative finite determinacy of function germs, for in-

stance [1]–[7]. However, the study of relative finite determinacy of map germs such as [8]
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is very few. This paper is a sequel to [8]. The purpose of the present paper is to give an

algebraic criterion for relative contact finite determinacy of relative smooth map germs. It

is a generalization of the algebraic criteria for K finite determinacy of smooth map germs

originated in [9].

This paper is organized as follows: In Section 2 we give some notations, definitions and

other related knowledge. Section 3 is the main part of this paper. We prove the main results

in a similar way to [9].

2 Preliminaries

Let S, T be submanifolds without boundary of Rn and Rp respectively, both contaning

the origin. Denote by M(Rn, S; Rp, T ) the set of relative smooth mappings f : (Rn, S) →

(Rp, T ) with f(S) ⊂ T and f(0) = 0. For f, g ∈ M(Rn, S;Rp, T ), we call f , g equivalent

near the origin if f = g on some neighborhood of the origin in Rn. This equivalence class

of f is called a relative map germ and denoted by [f ]. In this paper we also denote it by f

for convenience. We only consider the local case, so we may assume that

S = {0} × Rn−s, T = {0} × Rp−t.

Denote by M∗ = M(n, s; p, t) the set of relative map germs and Ef
∗=E(f, n, s; p, t) the set

of relative map germs g which satisfies g(S) = f(S) for a given f ∈ M∗. Let

CS(Rn) = {h : (Rn, S) → R | h|S = Constant}

be a local ring and

E(S; n) = {h ∈ CS(Rn) | h|S = 0}

be the maximal ideal of CS(Rn). Similarly, we can define the set CT (Rp) and E(T ; p). For

f ∈ M∗, it induces a homomorphism f∗ : CT (Rp) → CS(Rn) defined by f∗(h) = h ◦ f with

f∗E(T ; p) ⊆ E(S; n). Every CS(Rn)-module can be viewed as a CT (Rp)-module through

f∗. We denote

Ln = {h : (Rn, 0) → (Rn, 0) | h is a diffeomorphism germ at the origin}

and

K = {H | H ∈ Ln+p}.

We can also denote by

KS,T = {H ∈ K | H(x, y) = (x, y), ∀x ∈ S, y ∈ T }

the strong relative contact equivalent group, where KS,T acts on M∗ in a natural way: If

f ∈ M∗, H ∈ KS,T , then H · f is defined by

(1, H · f) ◦ h = H ◦ (1, f),

where h : (Rn, 0) → (Rn, 0), h(x) = x, for any x ∈ S is a diffeomorphism of Rn decided

only by H and 1: (Rn, 0) → (Rn, 0) is the identity map germ. We also observe that KS,T

is a subgroup of the general contact equivalent group K in [9]. More details can be found in

[8] and [9].
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Definition 2.1 We say that two relative map germs f, g ∈ M∗ are strong relative contact

equivalent if there exists H ∈KS,T such that g = H · f . We also call that f and g are KS,T

equivalent.

Definition 2.2 Let f ∈ M∗. The tangent space of KS,T orbit of f is the vector space

TKS,T (f) :=E(S; n)〈df〉 + f∗E(T ; p)En,p.

Definition 2.3 Let f ∈ M∗. We call the map germ F : (R × Rn,R × S) → (Rp, T ),

(t, x) 7→ F (t, x) a 1-parameter relative deformation of f if F satisfies

F (0, x) = f(x)

and

F (t, x) = f(x), ∀x ∈ S, t ∈ R.

Definition 2.4 We call F : (Rn ×R, S ×R) → (Rp ×R, T ×R) a level preserving map

germ if F (x, t) = (Fa(x, t), t), where Fa : (Rn × R, S × R) → (Rp, T ) satisfies

Fa(x, t) = Fa(x, 0), ∀x ∈ S.

Definition 2.5 Suppose k is a nonnegative integer. Then f ∈ M∗ is k determined relative

to KS,T (abbreviated as k.det.rel.KS,T ) if for any g ∈ Ef
∗ with jkg(0) = jkf(0), the KS,T

orbit of f contains g, i.e., f and g are KS,T equivalent.

3 Finite Determinacy Relative to KS,T

In this section, we give two algebraic criterions for judging whether or not a relative map

germ is finite determined relative to KS,T .

Lemma 3.1[8] Let f, g ∈ M∗ with jkf(0) = jkg(0). Then

TKS,T (f) + Mk(n)E(S; n)p = TKS,T (g) + Mk(n)E(S; n)p.

Theorem 3.1 Let f ∈ M∗, S = {0} ×Rn−s, and T = {0} ×Rp−t. If f is k determined

relative to KS,T , then there exists a positive integer k such that

Mk+1(n)E(S; n)p ⊂ TKS,T (f).

Proof. Let

J0
l(f, S, T ; n, p) = J0

l

denote the set of 1-jets at 0 of elements in Ef∗ . We denote by

πl : M(n)E(S; n)p → TjlfJ0
l

the canonical projection.

Since f is k determined relative to KS,T , for all g ∈ Ef∗ , with jkg(0) = jkf(0), the KS,T

orbit of f contains g. We have

{g ∈ Ef∗ | jkg(0) = jkf(0)} ⊂ {g ∈ Ef∗ | g and f are KS,T equivalent};

for any l > k, taking l-jets on both sides, we have

{jlg ∈ J0
l| jkg(0) = jkf(0)} ⊂ {jlg ∈ J0

l| g and f are KS,T equivalent};
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and then taking tangent spaces at jlf on both sides, we have

Tjlf{j
lg ∈ J0

l| jkg(0) = jkf(0)} ⊂ Tjlf{j
lg ∈ J0

l| g and f are KS,T equivalent}.

From

Tjlf{j
lg ∈ J0

l|jkg(0) = jkf(0)} = πl(Mk+1(n)E(S; n)p),

Tjlf{j
lg ∈ J0

l| g and f are KS,T equivalent} = Tjlf (Kl
S,T ·j

lf) = πl(TKS,T (f))

and

kerπl = Ml+1(n)E(S; n)p

it follows that

Mk+1(n)E(S; n)p ⊂ TKS,T (f) + Ml+1(n)E(S; n)p.

Obviously, the right hand side of the last formula is a CS(Rn)-module. Let l = k + 1. By

the Nakayama Lemma, we have

Mk+1(n)E(S; n)p ⊂ TKS,T (f).

Theorem 3.2 If there exists a positive integer k such that Mk(n)E(S; n)p ⊂ TKS,T (f),

then f is (k + 1) determined relative to KS,T .

Proof. Let g ∈ M∗ satisfy jlg(0) = jlf(0). For any t0 ∈ R, let

F = (I1+n, F̃ ) : (R × Rn, t0 × 0) → (R × Rn × Rp, t0 × 0 × 0), (t, x) 7→ (t, x, F̃ (t, x)),

where

I1+n : (R × Rn, t0 × 0) → (R × Rn, t0 × 0), (t, x) 7→ (t, x)

is the identity map germ, and

F̃ : (R × Rn,R × S) → (Rp, T ), (t, x) 7→ (1 − t)f(x) + tg(x)

is the 1-parameter relative deformation of f .

Let

Ft = F̃t,
∂F

∂t
=

∂F̃

∂t
,

∂F

∂x
=

∂F̃

∂x
.

Obviously, for any x ∈ Rn, we have

F0 = F̃0 = f, F1 = F̃1 = g.

In the following, we prove that Ft and Ft0 are KS,T equivalent for any t in a neighborhood

J of t0. To see this, we only need to prove that there exists two level preserving map germs

H and H ′ which satisfy the following conditions:

(1) H ′

t(x, y) = (x, y) for any x ∈ S, y ∈ T , t ∈ J , Ht(x) = x for any x ∈ S, t ∈ J ;

(2) H ′

t0
(x, y) = (x, y), Ht0(x) = x for any x ∈ Rn, y ∈ Rp;

(3) H ′
−1

t ◦ (In, Ft) ◦ Ht = (In, Ft0), i.e., H ′
−1

(F (H(t, x))) = F (t0, x),

where

H ′ : (R × Rn × Rp, t0 × 0 × 0) → (R × Rn × Rp, t0 × 0 × 0),

H : (R × Rn, t0 × 0) → (R × Rn, t0 × 0).
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We observe that Ht is determined only by H ′

t, so our problem turns to construct a smooth

map germ H ′

t which satisfies conditions (1)–(3). We claim that it suffice to construct a

smooth vector field germ Θ at the origin of Rn × Rp for which

(A) ξi(x) = 0, for any x ∈ S, ηj(x, y) = 0, for any x ∈ Rn, y ∈ T ;

(B)
∂F

∂t
=

n∑
i=1

ξi(x)
∂F

∂xi

+ η(x, Ft(x)),

where

Θ : (Rn × Rp, 0) → (Rn × Rp, 0),

(x, y) 7→
n∑

i=1

ξi(x)
∂

∂xi

+

p∑

j=1

ηj(x, y)
∂

∂yj

.

Since if such a vector field germ Θ exists, by integrating this vector field, it has a flow,

i.e., a map germ H ′

t of the required type, which can be supposed to satisfy the “initial

condition” (1). A minor computation shows that the conditions (2), (3) are also satisfied.

It remains to prove the existence of a vector field germ Θ which having the properties

(A), (B). Since Mk(n)E(S; n)p ⊂ TKS,T (f), g ∈ Ef
∗ and jlg(0) = jlf(0), by Lemma 1.1

we have

TKS,T (g) + Ml(n)E(S; n)p = TKS,T (f) + Ml(n)E(S; n)p.

And then

Mk(n)E(S; n)p ⊂ TKS,T (g) + Ml(n)E(S; n)p.

Let l = k + 1. By the Nakayama Lemma, we have

Mk(n)E(S; n)p ⊂ TKS,T (g). (∗)

Next we have

F̃ (t, x) = (1 − t)f(x) + tg(x).

Thus F̃ and f have the same l-jet, for any t ∈ J . By (∗), we have

Mk(n)E(S; n)p ⊂ TKS,T (F̃t),

and then we have
∂F

∂t
=

∂F̃

∂t
=

∂F̃t

∂t
= g(x) − f(x),

g(x) − f(x) ∈ Mk(n)E(S; n)p.

Thus
∂F

∂t
=

∂F̃

∂t
=

∂F̃t

∂t
= g(x) − f(x) ∈ TKS,T (F̃t).

According to the definition of TKS,T (F̃t), the result is proved.

Corollary 3.1 Let f ∈ M∗, S = {0}×Rn−s and T = {0}×Rp−t. f is finite determined

relative to KS,T if and only if there exists a positive integer k such that

Mk+1(n)E(S; n)p ⊂ TKS,T (f).



6 COMM. MATH. RES. VOL. 26

References

[1] Porto, P. F. S. and Loibel, G. F., Relative finite determinacy and relative stability of function-
germs, Bol. Soc. Brasil Mat., 9(1978), 1–18.

[2] Porto, P. F. S., On relative stability of function-germs, Bol. Soc. Brasil Mat., 14(1983), 99–108.

[3] Izumiya, S. and Matsuoka, S., Note on smooth function germs on varieties, Proc. Amer. Math.

Soc., 97(1986), 146–150.

[4] Kushner, L., Finite determination on algebraic sets, Trans. Amer. Math. Soc., 331(1992), 553–
561.

[5] Kushner, L. and Leme, B. T., Finite relative determination and relative stability, Pacific. J.

Math., 192(2000), 315–328.

[6] Sun, B. and Wilson, L. C., Determinacy of smooth germs with real isolated line singularities,
Proc. Amer. Math. Soc., 129(2001), 2789–2797.

[7] Grandjean, V., Finite determinacy relative to closed and finitely generated ideals, Manuscripta

Math., 103(2000), 313–328.

[8] Chen, L., Sun, W. Z. and Pei, D. H., Strong relative finite determinacy of map germs (in
Chinese), Dongbei Shida Xuebao, 36(2004), 16-20.

[9] Mather, J. N., Stability of C
∞ mappings, III: Finitely determined map germs, Inst. Hautes

Etudes Sci. Publ. Math., 35(1969), 279–308.


