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Abstract: A Riesz type product as

n
P, = H(l + aw; + bwj_H)
j=1
is studied, where a, b are two real numbers with |a| + |b| <1, and {wj} are indepen-
dent random variables taking values in {—1,1} with equal probability. Let dw be

the normalized Haar measure on the Cantor group 2 = {—1, l}N. The sequence of

P,dw
E(P,)

measure on {2, and the obtained measure is singular with respect to dw.

probability measures { } is showed to converge weakly to a unique continuous
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1 Introduction

The Riesz product is a kind of lacunary series of trigonometric. It is an important topic in
the field of harmonic analysis. The classical Riesz product measure is first introduced on
the circle group T = R/Z by Riesz, and later generalized by Zygmund! as the weak limit

of finite Riesz products
N

H(l + ay, cos(2mA,t))

1
as N tends to infinity, where a,’s are bounded by 1 and the integers A,’s are lacunary in
the sense A, 41/An > 3. In other words, there is a Radon measure u such that
N

lim / S TI(1 + an cos(@mrnt))dt = / FOdut),  Vf e o),

N—oo Jp 1 T
Moreover, this measure is continuous, that is,

u({t}) =0, vteT.

*Received date: Nov. 6, 2007.
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(2] defined Riesz products on a general non-discrete compact

Later, Hewitt and Zuckerman
abelian group. A short description of their approach is as follows.

Let G be a nondiscrete compact abelian group with discrete dual group I', A be a subset
of I', and W (A) be the set of all elements v € I" in the form of

Y= APAS AT (L1)
where ¢, € {—1,1} and A\, are distinct elements of A. Suppose that A satisfies the require-
ment that each element of W(A) has a unique representation of the form (1.1) up to the
order of the factors, and let a be any complex function on A bounded by 1. For any finite
set @ C A, define a Riesz product on G as follows:
P(®,0) = [[{1+ Re[a(\)A] : A € &}

Hewitt and Zuckerman!“' showed that there exists a unique continuous probability measure
Ha,x o1 G which is the weak limit of P(&,a)dm in the topology of M (G), where M(G) is
the convolution algebra of all Radon measures on G and m is the normalized Haar measure

(2]

on G. A famous theorem of Kakutanil® says that o, is either absolutely continuous or
singular with respect to the Lebesgue-Haar measure on G, according to whether o € 1%(A)
or not.

The Riesz product is proved to be a source of powerful idea that can be used to produce
concrete examples of measures with desired properties, such as singularity and multifractal
structure. For the latter topic, refer to Peyrierel* and Fan!®.

In this paper, we study a Riesz product type measure on the Cantor group. Throughout

this paper, let
2=[[@={-11"
1

be the cartesian product with all factors equal to
0 = {_L 1}’7 Vji=1,
and write its elements

€= (En)nEN

or

5:5152...

{2 is well known as an abelian group under the operation of pointwise product. With the
discrete topology on each factor, the product topology on {2 makes it a compact abelian
group, the so-called Cantor group. This topology can also be induced by a metric that the
distance between two elements &€ = (£, )neN, 0 = (0n)nenN in 2 equals to
o— inf{nie;=8; 0<i<n,en+1£5n+1}
Denote the projection wy, : 2 — {—1,1} by
wn(g) = ep.
Elements in the dual group I" of {2, which are continuous group homomorphisms from {2 into
the multiplicative group of complex numbers of modulus 1, are provided by the projection
functions. Precisely, let
R={wp:neN}CTI.
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Then each nontrivial element of I' can be uniquely written as
Wi Wiz =+ Wi 1<j1<je<-- <jgp<oo.
Note that for the normalized Haar measure m on {2, {w;} may be viewed as independent
random variables taking values in {—1, 1} with equal probability. We write dm as dw, and
the Haar measure on {2; = {—1,1} by dw; in the sequel.
Let M (§2) be the convolution algebra of all Radon measure on 2. As usual, we define
the Fourier transform of u € M (£2) by

ﬂ(v):/deu, yer.

The following result due to Lévy is needed in the next section.

Theorem 1.1  Let G be a nondiscrete metrizable compact abelian group with discrete dual
group I' and let {p,} be a sequence of probability measures on G. If [, converges everywhere
in I' and defines a limit function f, then u, converges weakly to a probability measure p on
G, and f = fi.

The classical Riesz product measure on {2 is of the form
H(l + ajwj)dw, a; € R, |aj| < 1. (1.2)
j>1
As we have known, it is a continuous probability measure, and is either absolutely continuous
or singular with respect to the normalized Haar measure m on 2 according to whether {a;}
is square summable or not. Moreover, if a; are all constants, the dimension and multifractal
structure of y are completely known (see [6]). Now it is natural to consider the following
products:
n
P, = H(l + ajw; + bjwj+1), n>1, (13)
j=1
where a;, b; are real numbers and
laj| + b <1,  Vj=1
They are generalization of classical Riesz product measure on {2 and give birth to essentially
different properties compared with the classical ones.

In the present we consider the case that a;, b; are constants. The article is arranged as

w
follows: in Section 2, we show that } converges to a certain probability measure in

E(P)
the weak topology of M ({2), and that the measure is continuous. Singularity with respect

to the normalized Haar measure on {2 is studied in Section 3. A brief discussion is given in
Section 4.

2 A Measure

Consider the finite products on {2

PR:H(1+awj+bwj+1), n>1, (2.1)

j=1
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where a, b are two real numbers with

la| + 10 < 1.
Denote
pn = E(P,) = / P,dw.
Q
We wish to prove that the sequence of probability measures { n = —ndw} converges to a
Pn
measure in the weak topology of M (42).
For 1 <k <n, let
n
Pk,n = H(l + aw; + bwj_H).
=k
Then
/ e P,dwq - --dwp = (uk + Ukwk+1)Pk+1,n; 1<k<n-1, (2.2)
o}t @2

where uy, vg are real numbers independent of w, and satisfy the following relations:
Uk11 = Uk + avg, Vg1 = bug, up =1, vy = b. (2.3)
To see this, first we have
/Q P,dw; = /Q (14 awy + bwz) Pe ndwy = (1 + bwz) P .
1 1

If (2.2) holds for k < n — 2, then

/ / Podws - dwpss
Or41 2

= / (ur + vpwis1) (1 + awpp1 + bwit2) Pegondwit1
k41

= [(uk + avk) + bukwarg]Pka,
by induction we have (2.2).

(2.3) is equivalent to

Upp1 = up + abup—1,  ur =1,  up=1+ab, (2.4)
and thus
1— tk+1
k
_ k. 2.
Uk A 1_1¢ ) ( 5)
where
1 1 A
A:5(1+\/1+4ab), )\':5(17\/1+4ab), t:X (2.6)
Furthermore,
1— k!
Pr = up = A" (2.7)

1—t "’
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which follows from that

pk:/Pkdw
2

:/ / Pedws - - - dwisr
Qg1 21

/ / (uk—1 + Vk—1wi) Pr pdwidwy41
Qpq1 72

/ / (ug—1 + ve—1wk)(1 + awy + bwiy1)dwrdwy1
Qpq1 J 2

= Ug—1 + QVk—1
= UL.
For convenience, we denote
po =1, p-1=0

which can be seen from the formula (2.7), though they are not defined in the beginning of
this section.

Lemma 2.1  For 1l <k <n, we have
(1) E(Prn) = Pn—kt1;

i) E(wkt1Pr) = bpr—1;

ili) E(wkPrn) = apn—k;

iv) E(wgwn+1Pn) = bE(wiP-1);

n—1

FEDE

(
(
(
(

v) E(wiP,) = [a+b—bth—1 — ath — atn=F+1 — ppn=k+2 4 (g 4 b))

Proof. (i)—(iv) These four formulas are easy to be established.

(v) For convenience, we denote
Poiin=1.
By (i)—(iii) we have
E(wiP,) = E(wgPr—1(1 + awy + bwg11)Pry1.n)
= E(wpPr—1)E(Pry1n) + aE(Py—1)E(Pry1,n) + VE(wp Pro—1) E(wkt1Prt1n)
= bpk—2Pn—k + aPk—1Pn—k + AbPr_opn k1.
Substituting (2.7) into the right hand side of the above equation and using the equation
A =\ + ab,

we have the desired result.

By this lemma, we have

P,
Proposition 2.1 {un = ndw} converges to a probability measure p in the weak topol-

ogy of M($2). !
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Proof. We prove that [i,, converges everywhere in I" and then apply Lévy theorem. Noticing
that

Pn—k
and
L (wPin) — )
—FE(w n) — — as n — 00),
pa R A
we have )
fin(w1) = / widp, = —/ w1 P pdw — g (as n — 00).
7] Pn Jo A
For 5 > 2,
fin(wj) = / wjdpin
Q
1
= —/ w; Ppdw
Pn J0
1
= — / Pj,1Wj(1 + aw; + ij+1)Pj+17ndw
Pn J0
1
= / Pj-1(a+wj+bwjwji1) Pip1ndw
Pn J0
1
= p—[apj—lpn—j + E(Pj—1wj)pn—j + bE(Pj_1w;j) E(wj41Pjt1,n)]
— Nl 7t)(a—|—b—btj71 —at’) (asn — o0).
For1 <4<y,

1

fn (Wiw;) = —/ wiw; Ppdw
Pn J0
1

= — wiijj,l(l + aw; + ij+1)Pj+17ndw

Pn Jo
1
— p_ {pn—jE(wiijj—l) + apn_jE(win_l) 4 bE(w’ijj—l)E(Wj+1pj+17n)}
1 3 N . .
- m{(a + b)2 - (ab + bQ)tl_l — (a2 + ab)t" _ abt]—z—l

— (@ + ) —abt! T 4 (ab + D) 4 (a® + ab)t'}  (as n — o0).
And similarly, for 1 < j; < jo < -+ < Jg,

ﬂn(wjlwh o 'wjk)

1
= —/ Wi Wy, - wyy, Ppdw
DPn 0

1

= ijflelw]é e 'wjk(l + awy,, + bw]'kJrl)ijJandw
DPn 0
1

= p—[pn—jk (BE(wj, -+ wj, Pjy—1) + aB(wj, -+~ wjy,_, Pj,-1))
+0E(wj, - - wjy, Pj—1) E(Wjy+1 P +1,0)]

1 ab
~ {E(le o w P-1) +aB(wyy o wj Pi-1) + - B(wg o wy Pr-1)
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1

o AE Wi wi Pj—1) + aB(wj - wj Pj-1)] - (as = 00).

Thus, we have proved that [i,, converges everywhere and defines a limit function f in I
By Theorem 1.1,

f=i
for some probability measure p € M ({2), and

w
Hn — K.
Moreover, we have the following result.
Proposition 2.2  p is a continuous measure.

Proof. Notice that p is continuous if and only if
p{e}) =0, Vvee s,
if and only if
p(82,) — 0 asn — oo, Ve € {2,

where
Eln = €162+ Ep
for any e = €162+ € £2, and
Nuyugon, ={e=€162--- €261 =ui,e9 = U, ,Ep = Up}.
Since {2, is open and closed in {2, we have
M('Qsln) = lim Nm(ﬂs|n)

m—00
. P,

= lim dw
m—00 Qs‘n pm
. P, 1P,

= lim n B dw
m— 00 0 pm

1
= lim — H (]. + ag; + b€j+1)/ (]. + awy, + bwn+1)Pn+17mdw

j=1 eln

. 1
= (14 aej +bejp1) lim — [(1 + agn)pm—n + VE(Wnt1Prt1.m)]

m—00 Py

n—1

= @(A + aey) H(l +ag; +bejy1).

We only consider the case of ab # 0 because, in the case a or b is zero the corresponding

j=1

measure is continuous, which has been discussed in Section 1.

If a, b have the same signs. Since
la| + 0] <1 <A,
the right hand side in (2.8) tends to 0 as n — oo.
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If a, b have the different signs, without loss of generality, we assume that
|a| > [b].
Then

n—1
max{ (1+ae; +bejsr) e € xz} = (14 |a] — [B)™2(1 + |a| + [b]).
1

<.
[

But
1+ al —[b] < 1+ +/1—4|ab|] = 2,

and thus the right hand side in (2.8) also tends to 0 as n — oo. This completes the proof.

3 Singularity

In this section, we show that p defined in the previous section is singular with respect to
the normalized Haar measure m on {2 in case a + b # 0.
Set
a a+b
g():]., g1 =w1 — 7, g]:wj—twj,l——

A

Lemma 3.1  {g;};>0 forms an orthogonal system in L*(u), and

/ lgiPdp <M, j=0,1,2,- (32)
Q
for some constant M > 0.

Proof. By the calculation in Proposition 2.1, we have
a

ﬂ(wl) = Xa

fi(w;) = ﬁ{‘l*b* b/t —at’} (j>2),

e pElet b)2 — (ab+ b))t "t — (a® + ab)t’ — abt?

—(a® + ) —abt! T 4 (ab+ V)T 4 (a® + ab)t?)

fwiw;) =

for 1 <i <j.

By the above formulas, a straightforward calculation gives
/gzgjd:u:oa Za]ZOa 27&.77
Q

which indicates that {g;};>0 forms an orthogonal system in L?(p).

/ |90|2d,u‘ = ]-a
2

2
a
/Q|gl|2du=1—p <1,

Now we prove (3.2). Since
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2
[loPau= [ w —torapan- (‘”b)
2 2 A

+0\* .
1+t2* (aT) —2tu(wj,1wj)

b\* 2t
—>1+t2—(aj\_ ) —)\2(1715)[@2+b2+ab(1+t)] (as j — 00)

- %(\/1 F4ab+a+b)(VI+dab—a — b)

>07 j:273a"'a
we have
/|93|2d,u§M, j:O71527"'
2

for some M > 0.

Proposition 3.1  If a+ b # 0, the measures u and the normalized Haar measure m on

2 are mutually singular.

1
Proof. Let {c;};>1 be a sequence in [2, but not in I!; for example, take ¢; = ~. Then the
B J

!
series Y ¢jg; converges in L?(u). We also have {dj =cj — XC]‘J,_I} o, € 1% since I? is a
iz

j=1
vector space, whence the series Y d;w; converges in L?(m). So we can choose a subsequence
Jj=1
of positive integers {Nj} such that >~ c¢;g; converges for p-a.e. ¢ € 2 and > djw;
1<G<Ni 1<G<Ni

converges for m-a.e. € € (2, respectively, as k tends to infinity. If 4 and m are not mutually
singular, then there exists € € {2 such that these two series converge at the same time. But

bey a+b
Yoo Y, dw= N T eNerwN >
1<j<Ny, 1<j<N 1<j<N

which implies that the limit lim > ¢; exists and is finite, a contradiction.
Fmo0 1< <N

4 Discussions

(i) By formula (2.8) we know that p is a quasi-Bernoulli measure on 2. The fractal
analysis and the validity of multifractal formalism of such a measure were studied extensively
by Brown et al.[7].

(ii) Our approach may be applied to the products

n
P, = ]:[(1 + aw; + bwjﬂ + CquJrQ),
j=1
which can have even more items in the bracket, where a, b, ¢ are real numbers with
la| + [b] + || < 1.
(iii) For the general case of
n
P, = [0+ ajw; + bjw;11),

j=1
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where {a;}, {b;} are two sequences of real numbers with |a;| + |b;| < 1 and additional
conditions such as periodicity, uniformly distribution, etc., does { P = —ndw} also converge
Pn

to certain measures in the weak topology of M (§2)? If these measures exist, what properties
do they possess? These are left to be discussed in future publications.
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