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1 Introduction

We work on a space of homogeneous type. Let 2 be a set endowed with a positive Borel
regular measure p and a symmetric quasi-metric d satisfying that there exists a constant
k > 1 such that for all x,y,z € 2,

d(z,y) < kld(z, 2) + d(z,y)].
The triple (£, d, ) is said to be a space of homogeneous type in the sense of Coifman and
Weiss!!, if ;1 satisfies the following doubling condition: there exists a constant C' > 1 such
that for all x € 2" and r > 0,

w(B(x,2r)) < Cu(B(z,1)).
Moreover, if C' is the smallest constant for which the measure p verifies the doubling condi-
tion, then D = log, C' is called the doubling order of p and we have

MB) Cp (222 )D for all balls By € By C 2,

N(BQ) TBs
where 7, denotes the radius of B;, ¢ = 1, 2.

*Received date: Sept. 9, 2008.
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We remark that although all balls defined by d satisfy the axioms of complete system
of neighborhood in 2", and therefore induce a topology in £, the balls B(z, r) for x € 2
and 7 > 0 need not to be open with respect to this topology. However, by a remarkable
result of Macias and Segovia in [2], we know that there exists another quasi-metric d which
is equivalent to d such that the balls corresponding to d are open in the topology induced
by d. Thus, throughout this paper, we assume that the balls B(z, r) for z € 2" and r > 0
are open.

Let T be a linear L?(2")-bounded operator with kernel K in the sense that for all
f € L*(Z") with bounded support and almost all z ¢ supp f,

T () = /% K(2,9)f(4)du(y), (11)

where K is a locally integrable function on 2" x Z\{(z,y) : « = y}. For b € BMO(Z'),
define the commutator generated by T and b by

Ty f(z) = b(x)T'f(x) = T(bf)(x),  feLg(Z), (1.2)
where and in the following, L5°(Z2") denotes the set of bounded functions with bounded
support. The maximal operator associated with the commutator Ty is defined by

Ty f(@) = sup|Teof (@), (1.3)
where
T v = b(@)Tef () = Te(bf)(2), [ €Ly (2),
and T, (e > 0) is the truncated operator defined by

T.f(x) = / K DI

The operator T, has been considered by many authors. When the associated kernel K

satisfies the size condition

C

|K(xay)|§m; rye X, x#y (1.4)
and the Holder smoothness conditions( A"
/ Y,y . /
K (@,y) = K@yl < O gy L@y 22dy) (15
and
(d(y,y")"

[K(y,2) = Ky, )| < OB d, ) (@)

with some n € (0, 1], for the operator 7}, Hu and Wangm proved L? weighted estimates with

if d(z,y) > 2d(y,y") (1.6)

general weight, Hu et al.l¥ established weighted endpoint estimates with general weight.
Whether one of the smoothness conditions can be replaced by the weaker one, it is of
considerable interest. To state our result, we first give some notations.

Let E be a measurable set with u(E) < co. For any fixed [ > 0 and a suitable function

f, set

IfllLagry, & = inf{A >0: ﬁ /E &;ﬂ)'lgl (e + @)du(x) < 1}.

The maximal operator M (g 1y is defined by

ML(lgL)lf(I) = %gp HfHL(lgL)l,Ba
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where the supremum is taken over all balls containing . Our main result can be stated as

follows.

Theorem 1.1  Let T be a linear L*(2")-bounded operator with kernel K in the sense of
(1.1) and b € BMO(Z"). Suppose that K satisfies (1.4), (1.5) and the following condition

oo

k/ K (y, 2) — K(¢/, @)ldu(z) < C (L.7)
h—1 2k R<d(z,y)<2F+1R

for any R > 0 and y,y' € Z with d(y,y’) < R, where C is independent of x, y, y' and R.
Then

(1) for any p € (1,00) and 6 > 0, there is a constant C > 0 such that for any weight w
and any f € LE(Z),

| @r@re@ine) <€ [ @PMuggpposn@dne: (18
Z Z

(2) for any § > 0, there is a constant C > 0 such that for any A > 0, any weight w and
any f € L (2),

wifre 2137 > 3) < 0 [ g (o4 Tty pposuopanta). 19

Remark 1.1 The iteration of the Hardy-Littlewood maximal operators on the right-hand
sides of (1.8) and (1.9) are bigger than that of Theorem 1 in [3] and that of Theorem 1.3 in
[4] respectively. We guess that this is due to the weaker smoothness condition on the second
variable of the kernel K here.

Remark 1.2 We do not know if there is a Cotlar inequality linking the operators T;" and
T, when K satisfies (1.4), (1.5) and (1.7), so our argument in the proof of Theorem 1.1 is
fairly different from which was used in [5]. On the other hand, we do not have the sharp
estimate as Lemma 3 in [3], so the theorem of Lerner in [6] cannot be applied directly. To
overcome these difficulties, we use the sharp function Mg,  to estimate T} via the Calderén-

Zygmund decomposition.

We now make some conventions. Throughout this paper, we always denote by C a
positive constant which is independent of the main parameters, but it may vary from line
to line. Constant with subscript such as Cy, does not change in different occurrences. For

a measurable set F and a weight w, xg denotes the characteristic function of F, and
w(E) = / w(x)du(x).
E
Given A > 0 and a ball B, AB denotes the ball with the same center as B and whose radius
is A times that of B. For a fixed p with p € (1,00), p’ denotes the dual exponent of p,
namely, p’ = p/(p—1). For a locally integrable function f on 2" and a bounded measurable

set B, mg(f) denotes the mean value of f over E, that is,
me(f) =B [ f@an).
For 0 < s < 1, the operators My, , and Mg  are defined by
Mo, of (@) = supinf{t > 0: p{y € B: [f(y)l > 1}) < su(B)}
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and

Mj, (@) = sup inf inf{t > 0: p({y € B |f(y) | > 1}) < su(B)}

for any locally integrable function f and x € 2. Let M be the Hardy-Littlewood maximal
operator and

M f(z) = (M(fP)(@)5,  §>0.

For a locally integrable function f, define the Fefferman-Stein sharp maximal function M# f
as

M f(x) = sup ——= / |f(y Hldu(y),

Box ,U'

where the supremum is taken over all balls B containing z. For fixed ¢ € (0,1), let the sharp
maximal function be

M f(a) = (ME(|fI7) ()5
The commutator of the Hardy- Littlewood maximal operator is defined by

My (@) = sup —o / 1b(@) — b(w)| 1 () |dpa(y),

where b € BMO(Z').
The following inequalities will be used in the proof of Theorem 1.1. Let

M = ML(log L)°
For a, 8 € [0,00) and any weight w, we have
ML og £)o (ML 0g £)sw)(7) < CMp1og pyetsrrw(z) (1.10)

(see [3]). For any suitable function f, set

[ fllexp{ry, & = inf {A >0: ﬁ /EeXp { |f()\:E)| }d‘u(z) < 2}.

Then the following generalization of Holder’s inequality

/ F@)g(@)ldu(@) < Ol floez. £lglomizy. 5

holds for any suitable functlons f and g; see [7] for details.

2 Some Lemmas

Lemma 2.1  Suppose that u(Z) < oo, 0 < 6 < 1, and S is an operator which satisfies
the weak type estimate

utre 2 5 157@) >N < 6 [ L (e Mgy, (2.1)

where Cy is independent of f and X\. Then there exists a positive constant C' such that for
any x € X,

(—u(i@) /% ISf(y)I‘sdu(y))E < CMypigLf(z). (2.2)
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Proof. Repeating the proof of the Kolmogorov inequality, we see that there exists a positive
constant C such that for any f € L§(2),

1

1 / 5 B
— | ISf(y duy) <C|fllcgL, B
(o [ 5rPa))” <l
where supp f C B. It is easily known that for any = € 27, there exists a ball B satisfying
that supp f C B and x € B, such that for any nonnegative integer k,
) !
— Sf(y)|°d <C <C
(v L, 18700 40)) < Cllflusg0m < CMu1f(2)

with C independent of z, f and B. Taking the limit k — oo, we get (2.2). This completes
the proof.

Lemma 2.2  For any s with 0 < s < 1, there is a positive constant C such that for any
weight w and any nonnegative function f, which satisfies that p({x € 2" : f(x) > A\}) <
for any A > 0,
(1) if W(Z') = o0, then
[ s@u@ane) <0 [ M f@mu@ant);
(2) if W(Z7) < o0, then
[ 1w <0 [ M @) Mule)dute) + Cul2)mo ()

The proof of Lemma 2.2 is similar to the proof of Theorem 2.5 in [5], and is omitted.

For the setting of Euclidean space, this lemma was proved by Lerner in [6].

Lemma 2.3  Under the hypothesis of Theorem 1.1, for any s with 0 < s < 1, there exists
a constant C' > 0 such that for any f € LF(Z),

Mg,s(Tb*f)(x) < O(|bllBmo(ayMs (T f) () + [[bllBmoca) | fll Lo 27)-

Proof. Without loss of generality, we may assume that [|bllgmo(2y = 1. By a trivial
computation, we see that for any s,q € (0,1) with ¢ < s and any locally integrable function

f)
M} f(x) < sTYIMEf(x)

and
) 1
ME(TY F)(2) < su inf<—/ Tr —cld )
q( bf)( ) BQF;CG(C M(B) B| bf(y) | u(y)
Let f € L§(Z"). Our goal is now to prove that

1 i
sup in (m /| |Tb*f<y>—c|Qdu<y>) < OMAT* @) + Clflmizry  (23)

B3z c€C
with C independent of f, x, and B. For each fixed x € 2 and a ball B containing =,

decompose f as

F) = A+ f200) = f)xes@) + fWxanasy),  C1=k(4s® +1).
Notice that (mp(b) —b)fa € L?(Z°). The LP(Z") (1 < p < o0) boundedness of T* (see [5])
states that

sup [ Te((mp(b) = b) f2)(y)| <oo,  ae.ye .
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Choose yp € B such that

sup I Te((mp(b) — b)f2)(yo)| < oo

and set
Cp =T*((mp(b) —b)f2)(yo)-

Write
Tewf(y) = Te((mp(b) = b)f1)(y) + Te((mp(b) = b) f2)(y) — (mp(b) — b(y))Tef(y).
Then for any y € B,
175 1(0) = Csl = | 5up T f )] = sup|Tu(m (1) = b)) )|
o f () = Te(m () — ) f2) (o)

< T ((ma(b) = b) 7)) + Ims (6) = bW)|T*F(9)
() = ) f2)(y) = T((m(5) = b)2)(wo)

< sup
€>

e>0
= I(y) + II(y) + II(y).
The Kolmogorov inequality, via the fact that T* is bounded from L'(.2") to L1>°(2") (see

[5]), tells us that

(o /. |I<y>|qom<y>>le ~ (g [ 1T (nn@ =0 ) @ )

C
SW/CB“”B( b1 £ (1) A ()

SOl fllpeea)-
On the other hand, a straightforward computation involving the Holder inequality leads to

that

(5 |H<y>|qdﬂ<y>)% <o [ ima) - T srantn) )
_C<L/ IT*f(y)ISdu(y))s

(o /|mB )~ bly qdu())s

< CM (T

It remains to estimate ITI(y). For each ﬁxed pomt y € B, we can write

HI(y) = sup | Te((ms(b) = b) f2)(y) = T.((m(b) — )2) (wo)|

< / K (5, 2) — K (5o, 2)|[m(b) — b(=)]|£ (=) du(z)
2\Cy

1 2sup / 1K (40, ) [ms(b) — b(2)|| f2(=)[du(2)
e>0 Jd(y, z)<e, d(yo, 2)>

= D; + Ds.
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The smoothness condition (1.7) states that

Dy < / K (4, 2) — K (50, 2)|[b(2) — mo, 5(0)||£(2)ldp(z)
X\C1B

o0
< ey Y Ime,s(®) = mare, (0)] Ky, z) = K(yo, 2)|dp(2)
k=1 chlB\QkflclB

e S / K (y,2) — K(yo0, 2)|[b(2) — marcy 5 (0)|dpa(2)
D1 J2vCiB\2+-1C1 B

< Cllfllzeca Z/ (K (y, 2) = K(yo, 2)[[b(2) — marc, p(b)|dp(2)
1 J2*C1B\2+-1C1 B

+ Cllfllpoe2)-
Recall that there is a positive constant C' such that for any ¢1,t2 > 0,

tity < C(t118(2 + t1) + exp{ta})
(see [4]). Thus by the John-Nirenberg inequality

16 —mB(b)|lexpiry,B < CllbllBMO(2),

we have
>/ K (5:2) = Ko, 2)o(z) = maic, (8)lda(2)
1 J2rciB\2+-1C1 B
- 1
<C —_ b(z) — b)|}d
<O GG TGE) fy )~ marc 5Ot
vey [ K (w.2) ~ Ko, )
k=1 2’“013\2’“*1013
x 1g(2+ 2" u(2" 711 B)| K (y, 2) — K (yo, 2)|)dp(2)
<C,
and so

Dy < C|lfllzee 2y
As for Ds, it is easy to verify that
Dy <Cswp [ K (0, 2) (=) Imis(b) — b(=)|dn(2)
e<d(yo,2)<Ce

e>0

<C L
< Csup ———
e>0 N(B(yOa 6))

S Clfllze (2
Combining the estimates for the terms I, IT and IIT yields the inequality (2.3), and then

[ me) - bl
d(yo, z)<Ce

completes the proof of Lemma 2.3.

3 Proof of Theorem 1.1

We first establish a weighted inequality for the composite operator Mg Iy
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Theorem 3.1  Let T be a linear L*(2")-bounded operator with kernel K in the sense of
(1.1) and b € BMO(Z"). Suppose that K satisfies the conditions (1.4), (1.5) and (1.7). Then
for any 6 >0, s € (0,1) and p € (1,00), there is a constant C' > 0 such that for any weight
w and f € LP(Z),

| Mb L@ D@)re@in) <€ [ 1@ Muggnpau@dae). (3)
A X

Proof. Notice that for any p € (1,00), § is an arbitrary positive number. By the
Marcinkiewicz interpolation theorem, we see that the proof of Theorem 3.1 can be reduced
to prove that for any 6 > 0, s € (0,1) and p € (1,00), there is a constant C' > 0 such that
for any weight w and any f € LP(2"),

wi{z € 27« Mh (T7 )(@) > CA}) < OA~P /% F@) P Mgy ssw(@)du(@).  (3:2)

If u(Z) < oo and AP < ||f||’£p(%)[u(3&”)]’1, the inequality (3.2) is trivial. So it remains
to consider the case that AP > ||f||’£p(%)[u(%)]71. For each fixed f € LP(Z) and N >
Hinp(%-)[p(%)]*l, applying the Calderén-Zygmund decomposition (see [8]) to |f|? at level
AP, we can obtain a sequence of pairwise disjoint balls {B; }]"‘;1 and a constant Cy > 1 such
that

me, g, (|f[7) < AP <mg; (1) (3.3)
and

mp(|f[F) <X

for every ball B centered at « € £\ U; C2B;. As in the proof of Lemma 2.10 in [8], set

00 j—1 00
Vi=CyBy — | Ba, WZ@%—[UWULJB4
n=2 n=1 n=j+1
Then it follows that

B; CV;CCyB; and | JV; =|JC:B;.
J J

Decompose f as

f@)ig@)+h@):9@)+§:hﬂx%

where

g9(x) = f(@)xa\yv; () + vaj (f)xv; (x)

and
hj(x) = (f(x) = my; (£))xv; (z).
Although /\/lgy . is not sublinear, we can prove that for any locally integrable functions f;
and fo,
M J(fr+ f2)(2) < M5 o fr() + Mo, o jafa().
So we have that
w{z € 2 My (T; f)(z) > CA})

<w({ze 2 My, (Trg)(x) > CAY) +w({z € 27 : Mo o po(Tyh)(w) > CAY). (34)
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Now we deal with the first term on the right of (3.4). Let

Cs=r(4s> +1)Cy, R =|JCsB;
J
and

w* = wx 2\ -
Following an argument similar to the case of Euclidean spaces (see [9], p.159), we can verify

that there exists a constant C' > 0 depending only on the space 2 such that for any
x e CQBj,

Muw*(z) < C inf  Mw*(y).

yeC2B;
Lemma 2.3 and the fact
T7g(x) < CM(Tg)(x) + llgllLe=(2))
(see [10]) tell us that
w({z € 2\2: Mf,»(Ty9)(x) > C})
< Cw({z € Z\2: M(T7g)(x) + |lgllLe=(2) > CA})
< Cw({x € 2\ : Mpig(Tg)(x) > CA})

<ox [ iTglrme @)

<O [ 0@ Mgy 1y svs (M) @)ua)

<Ox [ 1@PMigpypiow (@)duta).
+ONPY /V v, (D Mg 2y (0)dpz),

where in the third to the last inequality we have invoked (1.10) and the inequalities
/ (Mrigrg' (@) u(z)du(z) < C/ 9" (z)[? Mu(z)dp(x)
(this conclusion isin easy consequence of Theorem f4 in [11]) and
| @d@ruaan) <0 [ @M, nin)

(this inequality can be obtained by the same lines to the proof of Lemma 4.3 in [5] with ob-
vious changes) for any weight u and any nonnegative functions g’. Moreover, an application
of Holder inequality via (3.3) gives that

/v [mv; (| fDIP ML (og £yp+sw™ (z)dpu(z)
< CXu(Vj) yei({*lszj Mg Lyp+sw™ (y)

< OXu(By) yeingB,. Mg Lyr+sw™(y)

< C/B~ |f($)|pML(1gL)p+5w(x)dM(x).
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On the other hand, a simple computation states that

< O3 NERHE)

< 3 uf Mul? / 7 @) Pd(a)

yEB; :
<ox [ 1@ Mute)duta).
So we obtain that |
w{z € 2 : M}y 5 (Tyg)(x) > OA}) <CAP /% |f (@) P MLag pyprsw(@)dp().
Then we deal with the second term on the right of (3.4). Noting that for any s € (0,1),
{z e 2 My, s)2(Tyh)(x) >CA\} C{z e X M(X{ye%;Tgh(z»CA})(fﬂ) > 5/2},
we can obtain that

w(fa € 2 Mo, p(Ty)(@) > CA})

w({z € 2 M(X(ye 2 1y hz)>0r)(T) = 8/2})

< O2V/sg—1/s sup TMw({x e X : X{ye%:T;h(z)>c/\}($) >7})
r>C21/551/s

IN

< O2Msg71/s /% X{ye%:T;h(x)>CA}Mw(fE)dN(93)
< C2Yes s Mw({x € 2\« |Tih(x)| > CAY) + C2Y 557 Mw(R2),
where in the second inequality we have invoked the fact that for v > 0 and any weight w,

w({z € 2 : Msf(x) >~}) <Cy ! sup tMw({z € 2 :|f(x)| > 7))

T>Cr

(this inequality follows from a similar argument as in the case of Euclidean spaces; see [12],
P.651). It suffices to prove that

w({x € 2\2: |Tyh(z)] > CA}) < CA7 /% F@) P Mg rypeswi@)da(e),  (3.5)
which implies that
w({z € 2 s Mo,y a(Tih) (@) > CA}) < CAP /% (@) P M g pyr-st0(2) dpa().
For each fixed 2 € 27\ 2, we define

Ji(xz,e) ={j:for all y € CoBy, d(z, y) < €},

Ja(z,€) = {j : for all y € CoB;, d(z, y) > €},

J3(z,e) ={j: CoB;N{ye Z :d(z,y) > e} #0
and CoB; N{y € 2 :d(z, y) < e} # 0}.
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It then follows that
Te; vh(z)| <

Ta( Y h)@|+|Ta( Y b))

Jj€J2(z,€) JjE€J3(x,€)

<| > 0@ = me, ) Tehi@)| + [T 30— ma, )y ) (@)

JjE€J2(x€) j
11 (Y =m0 @)+ [T D ) @)
JE€J3(x,¢€) jEJ3(x,¢€)
= Uc(2) + Ve(z) + Xe(z) + Ye(2).
For each fixed j, let y; and r; be the center and radius of B;. Noticing that for z € 2\
and j € Jo(z,€), we have

Tghj (I) = Th](x)
By the vanishing moment of h; we have

supUia) < 3 (o)~ m, (00 [ < S 1) (),

e>0 :E,y)))(d(:c,y))"

and so

w{x e Z\02: st>110) Ue(z) > CA})

o oy b@) — mp, Dw@)

o'y /% 11 () (d(y. ;)"

N |b(x) —mp, (b)|w(z) N
X l; /chgBj\lecSBj w(B(y, d(z,y)))(d(z,y))" dp(r)du(y)

<ot [ In@ln) inf, Mir o)
)

<ox [ 1@l Mi pol@)dna),

where in the third inequality, we have used the fact that for each fixed j, y € V; and any
positive integer k, a standard argument involving the Holder inequality and John-Nirenberg
inequality yields

b(z) — mp, (b)|w(z) I
/chsz\kaﬁj Bl d@ ) )z 2) dp(z) < Ck(2Fr;) Zelgngj Mg Lw(z).

On the other hand, because 7™ is bounded from L(”H)/Q(%,ML(lgL)<p+1>/z+aw) to
LPHD/2( 27 ) (this conclusion can be obtained from [5] with some obvious change in the
proof there), we have

w{z e Z\2: sgfo)Ve(ac) > CA})

_ptl b+l pt1l .
<on Z /%w(x)mej(bn Pl @I F () inf, Mgy sul)
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p+1

p+1 p—1 2p
< Tz )\ T D . o
= COA ZJ:N(VJ) (/V, |f(2)] dﬂ(f)) yelélngj Mg Ly /245w (Y)

< C)\_p/ Nf@P Mg nywen/zrsw(z)dp(z).
Notice that fogrgac € 2\ and j € Js3(z,¢€), we have CoB; C B(z,Cse)\B(z, Cse), where
C4 and Cj are two positive constants satisfying Cy > C5 . Therefore, for all z € 27\ (2,
Sup(Xe () + Ye(w) < OM (32 1o = mas, (] 2) + Mo (3 1) a),
which leads to ' ’

w({z e Z\02: it;%)(Xé(:E) +Ye(x)) > CA})

<oy, |hj<x>|Pdu<x>y€ggBjMLugL)mw(y)

+Or*z/ b(z) — m, (0)] 3 [y (@) *F da(z) inf Muw(y)

yGCgB

< oA /% F(@)P Mg 1o w(e)du(a),

where in the first inequality we have used the boundedness of M (see [11]) and invoked a

consequence from [4] that for any weight u and ¢’ € L§°(Z),
| Mg @)y u@anta) < € [ 15 @ Muggaypisute)into)

Combining the estimates for the terms sup U, sup V. and sup(X +Y.) yields (3.5), and
e>0 e>0
then completes the proof of Theorem 3.1.

Proof of Theorem 1.1 We may assume that M, y2e14s5w(x) is finite almost ev-
erywhere; otherwise there is nothing to prove. Fixed s with 0 < s < 1/2, Theorem 3.1
tells us that Mg’sTb* is bounded from LP(2Z", Mg pyp+14+sw) to LP(Z7, w). For each fixed
p € (1,00) and 6 > 0, choose ¢ = 3p/(3p+ ¢) and v = p/q. It follows from the duality that

( / <Tb*f<x>>pw<x>du<x>); _ sup | (@ ) hiaauta).
x h>0,]| k]| 1 <1JZ

LY (@ wl="")

Lemma 2.2 states that if u(

| @@y / (Mb (7 £) ()T Mh(z)dpu(z)

1

I /\

") >>wmgwHa/zw(x)du(x))

1
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x < [y(Mh(x))v’<ML<lgL>wm-/gw(x))lV’dum)

< C(/% |f<x>|wmgL>2v+1+dw<x>d“<”> 7

.

([ @ v ) )
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1
<o [ 1#@PMug s sut@ant)
where in the third inequality, we have invoked (1.10) and the following inequality that for
any weight v and g € LY (2 ,u'™""),
[ Ma@) Mgy zyosseu@) = dua) < € [ o)l u@)' = du(o)
(see [3]); if u(Z") < oo, we firstly prove that T} is an operator satisfying (2.1). For s €

(0,1/2), we have
Mif < CMMS f

and
[MFllLeczy < CIM o)

(these two inequalities can be proven as in the case of Euclidean spaces; see the proofs of

Lemma 3.7 in [13] and Theorem 5 in [14]), and so
| mr@rane < [ a0z 1)@ ane)
<c /%_<Mﬁ<|T;f|s><x>>p/Sdu<x>
< CIMMG (T D50y
< CIME (T DY )
< CIFIR a0

where in the last inequality we have used Theorem 3.1. Using the same argument as in the
proof of Theorem 1.3 in [4], we know that T} satisfies the weak type estimate (2.1). With

Lemma 2.1 we can obtain that

W2 Yo (L)) < C /%(MngLf(fc))"h(fv)du(x)

<o <ML1gLf<x>>pw<x>du<x>) .

(i)
<[ If(x)Ipr(x)du(fc))w-

Consequently,

/ (Tb*f(x))qh(x)du(:c)§0< / |f<x>|wmgL>2p+1+sw<x>du<m>>”
X x
+ CH(2 Y (T3 )

< c( /. |f<x>|wmgL>zp+1+aw<x>du<m>> |

which implies that (1.8) is true. Repeating the argument used in the proof of Theorem 1.3
in [4] we can get (1.9), and then we complete the proof of Theorem 1.1.
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