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1 Introduction and Result

The classical KAM theory, established by Kolmogorov!!, Arnold and Moserl®! in the last
century, is a landmark of the development of Hamiltonian systems. It gives a reasonable
explanation for the stability of solar system and brings a new method into the study of
Hamiltonian systems. The classical KAM theory established on 2n-dimensional smoothly
symplectic manifold asserts that the majority of non-resonant tori of integrable systems can
survive small perturbations under the Kolmogorov non-degenerate condition. In 1967, Mel-
nikov formulated a KAM type persistence result for lower-dimensional elliptic tori of nearly
integrable Hamiltonian systems. But the complete proof was not carried out until fifteen

(5]

years later it was provided by Eliasson[*, Kuksin!®!, Péschel(®l. The persistence of hyperbolic
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type lower dimensional invariant tori was treated in [7]-[12]. Parasyuk!'®! foremost studied
the existence of invariant tori for Hamiltonian systems with distinct numbers of action-angle
variables (coisotropic).

As the generalization of the traditional Hamiltonian systems which defined on a sym-
plectic manifold, the generalized Hamiltonian systems are defined on a Poisson manifold
which can be odd dimensional and structurally degenerate. The generalized Hamiltonian
systems can describe more general mathematical models, so in the study of the generalized
Hamiltonian systems there are some practical meanings. The symplectic structure brings
some special properties for the classical Hamiltonian systems. Since there is no symplec-
tic structure for odd-dimensional systems, some results in classical Hamiltonian systems no
longer hold. Hence the development of the KAM theory for odd-dimensional system has
been considered as a challenging problem (see [14]-[16]). The theory of KAM type has
been developed for volume preserving flows in [17] and [18]. For the case of diffeomorphism
which is volume preserving or satisfies the intersection property, it was treated by Cheng
and Sun*® | and Xial20],

In paper [21], the authors established a KAM type theorem for the generalized Hamil-
tonian systems. In paper [22], the authors formulated a KAM type persistence result for
lower-dimensional hyperbolic tori of nearly integrable generalized Hamiltonian systems. In
this paper, we proved that the majority of the lower-dimensional invariant tori in the gen-
eralized Hamiltonian system are persistent under small perturbations, the surviving lower-
dimensional tori might be elliptic, hyperbolic, or of mixed type.

Consider the Poisson manifold (GxT" x R*™, w?), where G C R'is a bounded, connected,
closed region, T™ is the standard mn-torus, and [, n, m are positive integers. The structure

matrix

I = (A”) CG X T" x R2m N R(l+n+2m)><(l+n+2m)

associated with 2-form w?

is a real analytic, anti-symmetric, matrix valued function and
satisfies the following two conditions:

(i) rank I > 0;

(ii) Jacobi identity

l4+n+2m
0A, 0Ak; 0A;;

Z Ay Ajy Mo A2 =0
t=1

8wt + awt awt -
holds for all w = (y,2,2) € G x T" x R*™ i, j k=1,2,--- 1 +n+2m.
On the Poisson manifold (G x T" x R?™,w?), we consider the generalized Hamiltonian
system

H(y,z,z) = h(y) + g(;:, M(y)z) +eP(y,z, 2), (1.1)

where £ € T", y € G C R!, z € R*™, G is a bounded closed region, 6 and ¢ are small pa-
rameters satisfying e < 4, h(y), M(y) and P(y, x, z) are real analytic functions respectively,
and M (y) is a symmetric matrix.

The 2-form w? is required to be invariant relative to T™. Suppose that the unperturbed
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system of (1.1) is completely integrable, i.e.,
Yy = (yla"' 7yl)T eG

satisfies the involution conditions

{yi,yj}zo, i,j=1,2---l.
And suppose that the part corresponding to the variable z of the structure matrix I is of
constant coefficients. That is, in coordinates (y, x, z) the Poisson structure I satisfies

(i ot ={yj, 2t} ={@i, 2} =0
and is standard symplectic in the normal z-direction, while

{zi,yx} = Bik(y) and  {z;,2;} = Cyj(y)

are given y-dependent matrices. So the structure matrix I have the following form

I(y) = < EO(Z) Oj )

B o B(y)
)= < BT Cly) ) ’

O =0ix1, O1=001n)x2m» O2=O2mx(14n);

B(y) = Bixn(y), C(y) = Crxaly), C"=-C,

where

and J is the standard 2m x 2m symplectic matrix.

For the Poisson manifold (G x T™ x R?™, w?), the 2-form w? or the structure matrix I
is degenerate for all y € G when [ > n or [ + n is odd. This kind of singularity shows an
essential difference between a generalized Hamiltonian system and a standard one.

The equation of motions of (1.1) associated to the 2-form w? reads as

Y
b | = 1)V 0) + 5z Mw)2) +2Ply,2) (12

Let
l

———
E(y)grada,x)h(y) - (Oa 07 T 70a w(y))Ta

where gradam)h denotes the gradient vector of the function h with respect to (y,z). When
e = 0, the system (1.2) obviously has invariant torus

Ty[):{(y,I,Z): y:yO,IETn7Z:O}7 yOEG7
carrying parallel flows

x =x0+ w(yo)t.

Remark 1.1  There are some backgrounds for studying the system (1.1). When we study
the invariant tori on resonant surface, by some reasonable restrictions on the perturbation,
the system can be reduced to the form of (1.1), where § and € are small parameters satisfying
€ K 4 (see [23]).
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Now we study the persistence of the invariant tori under small perturbation. We make
the following hypothesis:

dw(y) .

n
i) For all x € G, rank{ oy li] <n— 1} =n, where i € Z%, |i| = 21 lij;
J=

ii) There exists a constant d > 0 such that |detM (y)| > d for all y € G.

Our main result is as follows:

Theorem A Consider (1.1) and assume the non-degenerate conditions i) and ii). Then
there are sufficiently small 9,00 > 0 (eg < ) and a family of nonempty Cantor sets
G C G such that when 0 < e < g, 0 < § < dg, the following holds:
1) For any yo € G, the invariant torus

Ty, ={(y;7,2): y=yo, v €T", 2=0}
of the unperturbed system persists and gives rise to an analytic, invariant torus of the per-
turbed system whose total frequency is of Diophantine type (v, T), where

0<y<emaimn?,  7>max{0,l—1,n—1}.

Moreover, the perturbed tori forms a Whitney smooth family;

2) The Lebesgue measure
(C\Ge| = 0T TT) =0 (e~ 0),

where

2, n=1;
a =
max(l,n), n> 1.

Remark 1.2  Theorem A shows that for the generalized Hamiltonian systems (1.1), we
only require that M (y) is a non-degenerate matrix, so the surviving tori might be of elliptic,
hyperbolic or mixed type.

Remark 1.3  If § is not small, say 6 = 1, to get a similar result, one has to require more
restrictions involving the normal frequencies such as: there exists a constant K > 0 such
that for 0 < |k| < K,

Hy e G: V=1 w(y)) = Xi(y) = Ai(y) =0}/ =0,  1<4,j<2m,
where A\ (y), Aj(y), 1 <1i,5 <2m are 2m eigenvalues of M(y)J (see (2.23), Lemma 5.3).

Throughout the paper, we shall use the symbol | - | to denote norm of vectors, matrices,
absolute value of functions and the Lebesgue measure of sets, etc., and use | - |p to denote
the supremum norm of functions on a domain D. They will have obvious meaning unless it
is specified otherwise. Also, for any two complex column vectors £, 7 of the same dimension,
(¢, m) always stands for £Tn.

Let us outline the proof of Theorem A. In Section2, we describe one cycle of KAM steps.
In Section 3 we provide an iteration lemma, which shows the validity of each step. In Section
4, we give the proof of Theorem A.
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2 KAM Step

For any yo € G, the Taylor expansion of Hamiltonian (1.1) about yo reads as

Hy, o 2.2) = hiyo) + (20), ¥ — o) + 2l M(yo)2)

2
+ (O(ly = wol*) + 60(|2*|y — o|) + eP(y, z, 2))
= No+ Fo, (2.1)
where ohy)
Yy
n = 7 .
(yO) ay Y=Yo

Using the transformation y — yg — y, we have
)
H(y7yOaI7Z) = h(yo) + <Q(y0) 7y> + §<Za M(y0)2>
+(O(ly[*) + 60(|*[y]) + eP(y + yo, x, 2))
= No+ Py, (2.2)

where

No = hlyo) + (20w0). 1) + 2z M(uo):).

Thus, as € = 0, for any yo € G, the invariant torus
Ty = {(yo,,0), = € T"}
of (2.1) corresponds to the invariant torus
To ={(0,2,0), x € T"}
of (2.2).
For convenience, in the following we study the Hamiltonian (2.2) on
D(s,r) x G = {|y| < s%, [Imz| <7, |z| < s} x G,
where M (yp) is a real analytic function defined on G and P(y,yo,x,2), I(y + yo) are real
analytic functions defined on D(s,r) x G respectively, and M (y) is a symmetric matrix. To
begin with the induction, we initially set Oy = G, My = M, By = So, So = si, 0= 51_12,
Lo = sé, Yo = sm. Without loss of generality, we assume that 0 < v, Bo, po < 1.
Clearly, as ¢ is a sufficiently small parameter we have
| PolD(so,r0)x00 < OV8™ s3110-
Now suppose at a KAM step, say the v-step, we have arrived at a Hamiltonian
H=H,=N,+P,, (2.3)

N = hulyo) + (0luo), 1)+ 5 (e Mluo)2),

where (y,2) € D, = D(sy,7), 7 < 70, S» < S0, Yo € Oy, and h,(yo), M,(yo) are real
analytic functions defined on O,, and moreover

|Plp, <0, < 89 52 (2.4)
We will construct a generalized canonical transformation @, .1, which transforms the Hamil-
tonian (2.3) in a smaller domain to the desired Hamiltonian into the nest KAM cycle (the
(v + 1)-th KAM step):

¢V+1 : Du+1 X Oqul i DD;DD+1 C Dua
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Hu+1 =H,o ¢V+1

é
= hV"rl(yO) + <“Ql/+1(y0)a y> + 5(27 Mu+1(y0)2’> + Pl/—‘,—l(ya Yo, T, Z)

w1+ Py,
and prove

am? 2
|PV+1|DV+1 XOp 41 < 67u+1 Sy41Mv+1-

(2.5)
Let

7>max{0, {(l—1)—1, n(n—1) -1}
be fixed. Inductively define
1 v+1

7“y+1=7“0{1—§z:(g)i+1}, %+1=£+E,

Sy4+1 = Sy
— 2 4 ’
i=

_Bv | Po _ _ 1 _ 1 _ 1
Brt+1 = B + 1 Bo =80, Hut1=QZpy, Q= W, [y =S5,
1 3 Ty —Ty41
Ky = [(log ul,> +1} o Du(ry —rup) = E [k[*%e™ e,

0<|k|<K 4

D, =D(3 rit o —r), Du=D(3, ritolr—ry),

D*** :D(Sv 7"++g(7"77’+)), DV:D(SV? TV)’

~ 5
D(ﬂJr) = D(ﬂJra Ty41 + g(rl/ - TVJrl))v c= max{l,cl, T ,Cg,Co},

, — 1
- 8 (TV—TV"FI))) 1= 1725"' 58'

Di = D(iOéVSV, Tv4+1 +

2.1 Truncation

Consider the Taylor-Fourier series of P(y, yo,x, 2):

W=
P(y,yo,%,2) = Z PrijytzieV 1k @)
i€zl , jez3™, kezn

(2.6)
Let

=
R= g PyijyzieV 1k @
k| <K+, 2]il+]j]<3

Z (Pioo + (Prio, ¥) + (Prot, 2) + (2, Progz))e¥ =10 @)
[k|<Ky, 2[i|+]7]<3

be the truncation of P, where K is the truncation order in z. Let
P-R= ( o+ 3 )pkijyizje\/jl(h @),
|k|>Ky  [k|<Ky, 2i+]j]>3
Lemma 2.1 = Assume that
H1 < =
Jo<g
oo 7‘77‘+
H2) / ANle 16 d\ < p.
Ky
Then there exists a constant c¢1 such that

|P — R|p, < 164 s2 2. (2.9)
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Proof.  Let
Z Prijy'aley "1k o),
|k[>K

II

Pkijyzzje‘/_uk’ )
k| <Ky, 2[il+[5]1=>3

01 I s YT
=[| — g PrijyizieVy 1k @) dy,
k| <Ky, 2]i[+]j]>3

oud
P—-R=1I+1L

94
where u = (y, 2), / is the g-order anti-derivative of — with |¢| = 3. Obviously,

By the Cauchy estimate, we have

P 2
‘ Z Pkijylzj‘ < |P|D(s7,«)e*‘k‘r < oy 2 e kI, (2.10)
'LeZi, jezi'nt

By H2), we have

|ID S Z 5’)/4m 5% pe |k|’“e\k\(7++ (r—r4))
|k|>K
<o Y e

IN>Ky

0 r—r
< 574m252u Al A TE dA
Ky

< Gyimtg2)2, (2.11)
So

|P —I|p,.. < |Plp, + ... < 204 52 . (2.12)

By H1) and Dg C D, it follows from the Cauchy estimate on Dy, that

|II|D8 < ‘/ sz]yzzjeﬁ<k7 93>du
" k<k 2\ |+151>3

‘/‘61&‘1 B

< 26752 u

Ds

du
D***

‘/du

— 8as) (8as)3

4N\ 3
< 2583(—) yAm® g2 )2 (2.13)

where u = (y, ), |g| = 3. From the estimate above we have

|P — R|p, < 01574m2 s (2.14)
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2.2 Modified Homology Equation

In the following we will find a Generalized Hamiltonian F' such that, under the transforma-
tion of the time—1 map &, generated by X, we can eliminate all resonant terms in
R= > PrijyiZeY =102 0 < k| < Ky, 20i + ] < 3.
i€zl jezim, kezn
We first construct a generalized Hamiltonian F' of the form:

F= Z (Froo + (Frio, ) + (Fror, 2) + {2, Froa2))e¥ 1% @ 4 (Fogy, 2),
keZn, 0<|k|<K.,

(2.15)
such that F satisfies
{N, F}+ R~ [R] + (Poo1, 2) —Q =0, (2.16)
where
[R] = ﬁ - R(y,z, z)dx,
Q=Y  V=Ik BTy +y)— B (4)2uw0))
0<|k|<K4
+ (Froo(Fii0, y) + (Fro1, 2) + (2, Froz))eV 1k @),
Putting (2.7), (2.15) into (2.16) and comparing the coefficients we obtain
(ky w(yo))Froo = — Proos (2.17)
(k, w(yo))Frio = — Prio, (2.18)
(k, w(yo))Fro1 + 6M (yo)J Fror = — Prox, (2.19)
(k, w(y0))Froz + 6 M (yo)J Froa — 6Fye JM (y0) = — Proz, (2.20)
6M (yo)J Foor = — Poou, (2.21)

where
w(yo) = —B" (y0)2(yo).

(2.19) is equivalent to
[V=1(k, w(yo))Lam + M (y0)J|Fro1 = —Pro1- (2.22)

(2.20) is equivalent to
V=1(k, w(¥0))Lamz + IM (y0)J @ Iom + 612w @ (M (y0)J)] Fro2 = —Pro2, (2.23)
where ® denote the Kronecker product of two matrices. The above linear systems are

solvable if the coefficient matrices are nonsingular. Let D' and D? be the coefficient matrices
of (2.22) and (2.23), respectively. Consider the following set:

5
Oy ={yo € O : [{k, w(yo))| > W7
2m am?
detD!| > (%) , |detD?| > (%) L keZm, 0< |kl <Ky).

Obviously, (2.17)—(2.21) are solvable on O, and the solutions are unique and real analytic.
And by (2.17)—(2.21) we have found the generalized Hamiltonian F' and by the argument
above we know that F is real analytic for all yg € Oy, (y,z) € D.
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Let &, = &L be the time—1 map of the equation of motion associated to F, i.e.,
(]
T | =1I(y+yo)V(F(y,z,2). (2.24)
2
According to the theory of generalized Hamiltonian, ¢, is a generalized canonical transfor-
mation, and moreover
Hi =Ho¢y
= Hoop
=(N+R)ogp+(P—R)odp

— N+R+{N, F}+/1{Rt,F}o¢;dt+(P—R)o¢;
0
= (N + [R] = (Poo1, 2)) + ({N, F} + R~ [R] + (Poo1, 2) — Q)

1
+/O{Rt7 F}odldt + (P~ R)o ok +Q

1
= N+ R~ (P, 2)+ [ (R FYodhdi+ (P—R)o ok +Q, (2.25)
0
where
Ri={(1—t)N,F} +R.
Let
hy = h+ Pooo, (2.26)
24 = 2+ Poro, Py < 5’74m2,u7 (2.27)
wy = —BT,, (2.28)
2 2
M+ =M+ EPOOQ, Pyoo < 5,}/4m Ly (229)
1)
Ny = N +[R] = (Poo1, 2) = hi(yo) + (24 (v0), y) + 5(% My (yo)z), (2.30)
1
P+:/{Rt,F}oqﬁ%dtJr(PfR)o¢};+Q:P1+P2+P3. (2.31)
0
Then

Hy=N,+P,

is the new generalized Hamiltonian with normal form N,.

2.3 Estimate on the New Hamiltonian

We now give some estimates on F' and its derivatives, which are vital in proving the conver-
gence of the transformation sequence and in estimating the new perturbation.

Lemma 2.2 There are constants ca > 0, c3 > 0 such that
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1) on O,
| Froo| < colk| 852 pe™ k1T,
|Frro| < calk|™dpeIFI,
|Fro1| < colk| 0spe™FIT,
|Froa| < calk|™dpe I,
|[Foor| < cadsp;

2) on Dux x Of, D(By) x Oy,

F|, (r—r0)|Fsl, $2F,|, s|F.|, 82| Foal < c3082ul(r — 1) + c3052p.

Proof.  According to (2.17)—(2.21) and Cauchy’s estimate, we can get the conclusion.

Lemma 2.3  Assume that
c3082ul (r —ry) + c365%p _
r—Tr4
3082l (r —ry) + c36s>
H4) 305 H (r :) S99 H esoul(r —ry) 4+ cgop) < 5
=T
H5) e3dsul'(r —ry) + c3dsp < as;
H6) c3dpl’ (r —ry) + esdp < B — B
Then the following hold:
1) Let ¢t be the flow generated by equation (2.26). Then
¢p:Dy— Dy, 0<t<
2) &4 : Dy — D(s,7), D(§ — B+) — D(B);
3) There is a constant ¢y such that

H3) Ta?s?;

r—Tr4
)

|<f)37 — id|,[)+><o+ S C45MF(T — 7“+) + C45u,
| D¢l — ld|p, o, < cadpul'(r—ry) + cadp,
where 0 < |t] < 1;
4)
|04 —id|p, o, < cadpl(r—ry),

D&y —1d|p, o, < cadpl(r—ry).

To save space, we omitted the proof of the Lemma.

2.4 Estimation on the New Perturbation
Lemma 2.4  There is a constant cs5 > 0, such that when ¢ is sufficiently small the follow-
ing hold:
by — hlo, < es6v* ™ 52,
2
124 — 200, <56y p,
2
lwt —wlo, < esoy™ p,
2
|My — Mo, < esv™™ p.
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Proof.  The above inequalities obviously come from (2.26)—(2.29).

Lemma 2.5 Assume that

HT) c57dm’ op < KTH .

Then for any yo € O, 0 < |k| < Ky,

2

Y4 2m 4m
k, > detD — detD?, | > .
by @) 2 g detDl| 2 () et 2 ()

Proof. By H7) and Lemma 2.4 we have

2 T+
[k, wi(yo))] = Ik, w(yo))| — es075™ pKy > @
Similarly we can get the other two inequalities.

By the definition of P, we have
3

|Pylp xo, < Z |P|p,xo. -
=1

Lemma 2.6  Assume that

3
H8) > |Plp.xo, < YA

i=1

2
Then |Py|p, . xo, < 57?[’1 51M+-

3 Iteration Lemma

In this section, we shall prove an iteration Lemma which guarantees the inductive construc-
tion of all the transformation in all KAM steps. Let rq, so, to, Oo, Ho, No, e, 29, My, Py
be given as at the beginning of Section 2, Dy = D(sg,10), Ko = 0, and Py = id. We define
the following sequences as in Section 2 inductively for all v =1,2,---:

Tvs Suy twy Ky, Oy, Dy, Dy, H,, Ny, €, 2y, My, P, &, v=12,-,
where (y,,2) € Dy, yo € O, wu(y0) = —BT (y0)92(v0), ev(v0), 2. (o), M(yo) are real
analytic functions defined on O, respectively, and P, (y,yo,z, ) is a real analytic function
defined on D, x O,,.

Lemma 3.1(Iteration Lemma) Let
o= /1,0 -, o <L 1.
If po(eo) is sufficiently small, then for all v =0,1,--- the following hold:
1)

by holo, < 2030f st = o, < o8,
12, ~ Do, < 2030 Qi — Do, < T
lw, — wolo, < 2670/, lwyt1 —wilo, o, < gz—?ﬁ,
|M, — Mylo, < 2v0ft, My 41 — Mo, < ;Of‘l,

|P,lp,x0, < 674 s2u,.
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2) D41 7.5,,“ X Opy1 — 151, is a generalized canonical transformation, and is real
analytic with respect to (y,x,z) € f)l,H, yo € Op41; moreover,
H,y1=H,09%,44,
and on D,,H X Op41, we have

|Byi1 —id|, DBy —1d| < QV“H. (3.1)

3)
Oui1 ={yo € Oy : |(k, wy(y0))| > ﬁ

Yy 2m Yo am?
\detD| > <|k’|T) , |detD?| > (IkrIT) L K, < |k < Ky ).

Proof.  To prove parts 1), 2) of Lemma 3.1 we only need to verify the conditions H1)-H8)

in Section 2 for all v = 0,1, --. By the definition of u,, s,, we have
1/7N\2/7\"
=30 ()
1 v
Subl = sy = 1 8y = (50)(8)",

pr1 = (1) 3"
Notice that

Fu(ru o 7"1/+1) _ Z |k|-r+26, TV71:BV+1
0<|k|<Kyy1
0 Ty =Ty 41
< / AT T )
1
8\ 2 s 8\ v ([T]4+3+n)
< (Ir] +3+n)! [16 : 8(—) (—) }
7 7
<l (63)", (32)
where 8 27 ((r]+3+m) 8 (Irl+3+m)
c’{:([T]+3+n)![16~8<?) } , 03:(?) .
For any a > 0, choose A > 1, such that
1
o < )\6—% < 1.
Then )
fi1 = pg po < )\_;N(Jv
K *ﬂ%ﬂ <#% <iiﬂ
2 1 M1 o M1 )\% )\% 05

1 1 1
P = Py _qfv—1 < HG -1 < -0 < Yz Hos
and moreover )
Mg < V‘ug’ v= 1a27"' (33)
By the definition of «,,, H1) is obvious as ¢ is sufficiently small.
By the definition of r,, s,, ty, K,+1, when € is sufficiently small we have

v v 1 1 ? Y '
e =ty L L (Y () (1) g g = 1.
16 po 1618/ A8/ 16
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v v 1 :
ST e e — g )3

1
log(n + 1)! + 3nlog[log ™ +1] TG o

1 1 1
<log(n + 1)! + 3nlog[log — + 1] — 3(log —) < —log —,
0 My 1227 My

(o)
/ Ae=Mrv=rut1) /164 ) < (n+ 1)!K§+167Ku+1(TV7TV+1)/16 < i,
Ky

i.e., H6) and H2) hold.

Similarly H3), H4), H5), H7) and H8) can be verified.

It is obvious that 3) holds for v = 0. Now we suppose that for some v > 0 3) holds.
Then by Lemma 2.5,

O, ={yo € O, : |(k, wu(yo))| > ﬁ

1 ’}/y 2m 2 Pyy 4m2
|detD,| > W) |detD7| > PG , 0< |kl < K,}.

So
Oui1 ={yo € Ou : |k, wu(yo))| > ﬁ

2

Yy 2m Yo 4m
detD}] 2 (2] ldetDf] 2 () s 0< ] < Koa)
Tv

={yo € Oy : |(k, wu(y0))| > T’

d 1 Yo 2™ 2 T 4m?
etD| > (pc) ™ laenD) = () Ky < < Ko

which completes the proof of the Lemma.

4 Proof of the Main Result

Let o = uéf" and o < 1 sufficiently small. Then Lemma 3.1 holds for all v =0,1,2,---.
Denote

U =0 Py0--- P, v=12,---.
By Lemma 3.1 we have
Dyt1 X Oy C D, x Oy, v’ D, x Oy41 — Dy,
HoW"=H,=N,+P,, Ny = eu(yo) + (20 (yo), y) + (2, My(y0)z).
Let

0, = QOOV, Dy = D(%, é—iro), G, = D(%).

By Lemma 3.1, it clear that e,, 2,, M, converge uniformly on O, say, t0 €xo, o0, Mso

respectively. Hence N, converges uniformly on Dy x O, to

Noo = exo(¥0) + (200 (y0), y) + (2, M(y)2),
which implies the uniform convergence of ¥”. Let ¥ — ¥°°. Then

v =id+ )y (- v, [0 —idip, = O(h) = O ")
i=1
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35
Thus ¥ is uniformly close to the identify and is real analytic on D(@, —4r0>. Similarly,

one can show the uniform convergence of D ¥.,. By a standard argument using the Whitney
extension theorem, one can further show that ¥ is Whitney smooth with respect to yy €
O..
By Lemma 3.1, 2) we have
B
|®, —id|p,x0, < o

By the definition of ¥¥, we have
1d+z —pr Y vl — w0 = ¢ —id,
| v — ![/D71|D0><(9* =|®0 452 @y — Q1o Py Dy q|pyxo.
1
= ’/ D(P10Py--- Py_1)(id + 0( P, —id))dO( P, — id)
0 DoxO,
<|D®1(Pr0---0 P,_1)(id + 6(P, — id))|pyx0, -

|ID®, 1 (id + 0( P, —id)) id|pyx o,

f f

< ~ L

<(1r§) (1 35)5

< el

— 21/,

so ¥¥ converge uniformly on Dy x O,. Let ¥ — ¥, Then
1d+Z (0" = 9", | —id|p,xo. = O(F) = O(u ).

This indicates that W” are uniformly close to the identity, and real analytic on Dy. In
the same way we can prove the uniform convergence of D¥”. By the standard Whitney
extension theorem, we can prove that, for all yg € O,, ¥ are Whitney smooth. Hence
P,=HoW¥"—-N,
converges uniformly on Dy x O, say, to
Py =Ho ¥ — N.
By Lemma 3.1, we have
P, < 6vim™ s2u,.
Thus
|6§aépm|p(o,%) =0, p| +2[I| < 2.
So for any yg € O, the generalized Hamiltonian
Ho = Noo + Px
admits an analytic, quasi-periodic, invariant torus
Ty, = {0} x {0} x T"
with Diophantine frequency
W (Y0) = —B" (40) 200 (y0)-
Moreover, these invariant tori form a Whitney smooth family.
For the measure estimate 3), it has been proved in detail in [22], and therefore we state

it without proof here.



NO. 1 LIU B. F. et al. KAM THEOREM FOR HAMILTONIAN SYSTEMS 51

This completes the proof of Theorem A.
Below, we list three technical Lemmas which have been used in the previous sections.

5 Technical Lemmas

Lemma 5.124  Let 4 ¢ R? (d > 1) be a bounded closed region and suppose that g :
A — R? satisfies
rank{@ Dl <d-— 1} =d.
o\ -
Then for a fixed T > d(d — 1) — 1,

H)\e/l:|<g(>\),k>|§ 7 ch(/l,d,T)( i )_ ke zd\ {0}, v > 0.

k[ |7 +1
Lemma 5.2 Let G C R, w(y) : G — R™ is real analytic and for ally € G
o -
ank{% :|i|§n—1}=n, where i€ Z7, |z|:;|zj| (5.1)
Denote
Y n
Gt ={y: Itk wl) + o)l < g} ke ZM {0
Then there exist constants ¢ > 0 and n > 0, such that if
lg(y)len-1 <,
then .
k T\t
|G"| < C(w) :

Proof.  According to the proof of Lemma 2.4 of [24], Lemma 5.2 can be easily proved.

Lemma 5.3  Let A\ (y), -, Aam(y) be eigenvalues of M(y)J. Then the following hold:
forallk e Z™

det(vV=1(k, w(y))Iom — M(y)J) = H(\/—_l(k, w(y)) — Ni(y)),
det[v/=T(k, w(®))Tame — (M()J) @ Tom — Tom © (M (y).])]

2m

=[] V=1l w®) = Niw) = ().
ij=1
Proof.  Since, for any square matrices A, B, C, D of the same dimension, we have
(A® B)(C® D) = (AC ® BD).
It follows that
(T @ TN (MJ) & Iy + o @ (MI)NT @T) = E® Ly + Iy @ E.
So
det[y/ =Tk, W) Tame — (M(Y)T) @ Fom — o & (M (y)])]
= det[vV=1{k, w(y))am> — E @ Ipp — Iopm @ E]

2m

= [ V=1tk, w®) = Xiy) = X ().

i,j=1
The other equality can be proved similarly.
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