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Abstract. This paper concerns the inviscid, heat-conductive and resistive com-
pressible MHD system in a horizontally periodic flat strip domain. The global
well-posedness of the problem around an equilibrium with the positive con-
stant density and temperature and a uniform non-horizontal magnetic field
is established, and the solution decays to the equilibrium almost exponen-
tially. Our result reveals the strong stabilizing effect of the transversal mag-
netic field and resistivity as the global well-posedness of compressible inviscid
heat-conductive flows in multi-D is unknown.
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1 Introduction

When the viscosity is neglected whereas the heat conduction and magnetic diffu-
sion are taken into account, the dynamics of compressible electrically conducting
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fluids interacting with magnetic fields can be described by the following magne-
tohydrodynamic system (MHD) [7,11]:

(9;0-+div(pu)=0,
ot (pu)+div(pu®u)+Vp=curl B x B,
3;(pe) +div(pue) + pdivu—uAd =« |curl B|?, (1.1)
J;B=curlE, E=uxB—xcurlB,

| divB=0,

where p, u, 0 and B denote the density, velocity, temperature and magnetic field,
respectively, and E is the electric field. The fluid is assumed to obey the ideal
polytropic law, so the pressure p = Rpf and the internal energy e = c,0 with con-
stants R,c, >0. >0 is the heat conduction coefficient and x > 0 is the magnetic
diffusion coefficient.

The main difficulty of studying the global well-posedness of (1.1) lies in the
absence of the viscosity. Similar to the Navier-Stokes equations, the viscous and
resistive (incompressible and compressible) MHD system has a unique global
classical solution, at least for the small initial data, see [5,9, 18] for instance. On
the other hand, it is remarkable that the ideal incompressible homogeneous MHD
system in the whole space also admits a unique global classical solution around
a nonzero uniform magnetic field [2,3, 8,22]. It is then natural to ask whether
the MHD systems with only the viscosity or resistivity admit global classical so-
lutions or develop singularities in finite time. The global existence of classical
solutions to the viscous and non-resistive MHD systems has been established
around a nonzero uniform magnetic field. For the Cauchy problem, we refer
to [1,13,15,25,27] for the incompressible homogeneous case and [24] for the 2D
compressible isentropic case. For the initial boundary value problem, the global
well-posedness has been proved only for the case of a horizontally flat strip do-
main, see [16] for the 2D incompressible homogeneous system around a uniform
horizontal magnetic field and [20] for the 3D (incompressible and compressible)
systems around a uniform non-horizontal magnetic field. The inviscid and resis-
tive incompressible homogeneous 2D MHD system has a global weak solution
in H!, but the question whether such weak solutions are unique or can be im-
proved to be global classical solutions remains open [4, 10, 12]. For a 2D periodic
domain, [28] showed the global existence of classical solutions around a nonzero
uniform magnetic field when the initial data has certain symmetries, and [23]
proved a global well-posedness around the zero magnetic field.

In this paper, we consider the compressible MHD system (1.1) in the strip
domain Q=T?x (0,1) for T=IR/Z, with the following boundary conditions:
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u-e3=0, V0-e3=0, B-e3=B-e3, Exe3=0 on 90, (1.2)

where B is the uniform magnetic field of the background. We will prove the
global existence of classical solutions to (1.1)-(1.2) around the steady state (9,0,6,B)
with the constant density p >0 and temperature 6 >0 and B3 #0.

Set

o=p—p, u=u, ¥9=0-0, b=B—B. (1.3)
Then the problem under consideration can be reformulated as

((3;+u-V)o+pdivie=0 in Q,
p(9¢+u-V)u+Vp=curlbx (B+b) in Q,
Cop (3t +1u-V)8+pdivi—uAd=x|curlb|* in Q,
dtb=curlE, E=ux (B+b)—xcurlb in Q, (1.4)
divb=0 in (),
u3=0, 939=0, b3=0, Exe3=0 on 0(),
L (Q,u,ﬁ,b) |t:0: (Qo,uo,l%,bo).

Recall that the conditions divb =0 in () and b3 =0 on dQ) in (1.4) should be re-
garded as the constraints on the initial data

divbp=0 in QO and by3=0 on Q. (1.5)

Indeed, it follows from d;b=curl E in () and E xe3=0 on dQ) in (1.4) that 9;divb=0
in Q) and d:b3 =0 on 9Q).
Note the entropy-dissipation structure of (1.4): for a smooth solution, it holds

that
dt/ <zp|u| —|—pcv<6 Glne_ 6)+R6<plnp‘_ p+p)+2|b] )

HO o2 KO 2\ _
+/()<92]V19| +3 |curlp| )—0. (1.6)

Hereafter the differential elements dx of the integrals over () are omitted. Fur-
thermore, the following conservation laws hold:

d [ dr(1 1.\ d,

where b, = (by,b2), etc. It follows that if initially

_ 1 2 1. 0\ _ / _
/QQO—O/ /Q(ZPOWM +CvP0190+2|b0| )—0, Qbo,h—O, (1.8)
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then for any time ¢ >0,

_ 102 1o2)_ _
/Qg_o, /Q<2p|u| o+ ] )_0, /Qbh_o. (1.9)

(1.9) allows the use of the Poincaré inequality for ¢,d,b;, in our analysis of the
global well-posedness.

Let H*(Q), k>0 and H*(T?), s € R be the usual Sobolev spaces with norms
denoted by ||-||;» and |-|,, respectively. For an integer N >8, define the high-order
energy as

2N ) 2N-1 ) N )
Ean = Z(:) |0t (o,u) HzN—j+ Z(:) 19(8,b) HZN—]'+1+ [ GRS (1.10)
= =

The key part in proving the global well-posedness of (1.4) is to show that &x(t) is
bounded for all £ >0. To this end, we need to derive a sufficiently fast time-decay
rate of certain lower-order Sobolev norms of the solution, which will follow from
a set of energy-dissipation estimates. For n=N+-4,...,2N, define the dissipations
as

n—1 . n—2 . n .
0ui= LIkt T loien [+ Slokebl, a1
= = =

and the corresponding energies as

" ' n .
€= Y |1l i+ Il +lull3_y+ Y- [3full,
= =

n—1
' 2 2
+11(8,b) |2+ Zi Ha{(ﬂ,b)}}n_MJr 107 (8,b)]|5- (1.12)
]:
Here the anisotropic Sobolev norm |- ||, ¢ is defined as
fllmes= 3 110" fllm- (1.13)

aeN2?, |a|<l
Now the main result of this paper is stated as follows.

Theorem 1.1. Assume that u>0, k>0and p>0, >0, B3#0. Let N >8 be an integer.
Assume that 0o,ug € H*N(Q) and 8y,by € H*NT1(Q) are given such that Eyn(0) < +oo
and that the 2N-th order compatibility conditions required for the local well-posedness of
(1.4)

ANuz(0)=0, 33/0(0)=0, IE(0)xe3=0 on dQ for j=0,...,2N—1, (1.14)
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(1.5) and (1.8) are satisfied. There exists a universal constant £y >0 such that if £, (0) <
€o, then there exists a unique global solution (o,u,9,b) to (1.4) satisfying that for all t >0,

Ean(t) SEN(0) (1.15)
and
N-6 ‘ N-6 ,t .
Y (0NN j()+ Z/O(1+S)N_5_]@N+4+j(5)d5§52N(0)~ (1.16)
i=0 =0

Remark 1.1. Note that the global well-posedness of compressible inviscid heat-
conductive flows for the small initial data has been established only in 1D (see
e.g., [9, 14,19, 26]), but the one in multi-D is unknown. So our result reveals
the strong stabilizing effect of the transversal magnetic field and resistivity. In
a forthcoming paper, we will use some ideas developed here to prove the global
well-posedness of free interface problems for the compressible MHD system (1.1),
which generalizes our previous work [21] of the inviscid and resistive incom-
pressible homogeneous MHD system.

Remark 1.2. Our result here relies crucially on the consideration of the heat-
conductive flows, and it does not hold for isentropic flows or the case without
heat conduction; for example, taking B = B =3, these flows are reduced to the
1D compressible Euler flows for which in general one may expect the formation
of shock in finite time. One of the key points here is that the heat conduction
produces the dissipation control of the divergence of the velocity, as explained
below.

Note that the local well-posedness of (1.4) (for p,8 > 0) for &y < 0o with N> 8
is classical, which can be proved by using an iteration argument based on the
solvability of the compressible Euler equations [17] and the parabolic problems
for the temperature and magnetic field [6]. Hence, by a standard continuity ar-
gument, to prove the global well-posedness in Theorem 1.1 it suffices to derive
a priori the estimate (1.15).

The basic strategy in our analysis is to use first the entropy-dissipation struc-
ture (1.6) to get the tangential energy evolution estimates of the solution to (1.4) as
well as its temporal and horizontal spatial derivatives that preserve the boundary
conditions, which will be carried out in Section 2. The next step is to derive the
estimates involving normal derivatives by exploiting further the structures of the
equations and boundary conditions, and the key here is to observe the following
equations for the fluid vorticity curlu: applying curl to the second equation in
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(1.4), and then using the horizontal components of the fourth equation to replace
03by, and the first equation to replace divu, one finds

B2
p(0¢+u-V)(curlu);+ f(curlu)i

_ o B
=By, V(curlb);+ (—1)""1B30305_;b3+ (—1)"*! ?3 (kApbs_;—0¢bs3_;)

Bs_;

... B _ _
+(—1)*! 73 (Bh -Vpuz_j+B3ds_jus+

atg) +---, 1=12, (1.17)
where V), =(91,92), A,=93+093 and “+---” means plus some nonlinear terms. As
x>0 and B3#0, one thus sees that there is an induced damping effect for (curlu)j,
in (1.17). By controlling the linear terms in the last line of (1.17) in terms of the
tangential energy at the beginning, in a recursive way in terms of the number of
normal derivatives one derives the following full energy estimates:

t
52N(t)§52N(0)+/0 VEN14EN- (1.18)

Various elliptic estimates are involved in the derivation of (1.18), see Section 3 for
the details.

Note that if /&x_4 is integrable in time, then (1.18) can be closed to be (1.15).
This will be achieved by using

d

Eén—i—@nSO, n=N-+4,...,2N—-2. (1.19)
(1.19) is derived in an elaborate way by controlling instead the linear terms in the
last line of (1.17) in terms of the tangential dissipation. To achieve this, one notes
tirst from the fourth equation in (1.4) that

0tb—xAb=B-Vu—Bdivu+---. (1.20)

It is then crucial here to use the third equation in (1.4) to replace divu in (1.20) to
find _

atb—KAb:BVu+§(cvpatl9—ym9)+ (121)

As mentioned in Remark 1.2, it should be pointed out here that such replacement
is effective only for p > 0 since there is no priori tangential dissipation estimates
of d;¢ if y =0, and the same reason holds also for that one could not use the
tirst equation in (1.4) to replace divu by d;0/p in (1.20). Now using the vertical
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and horizontal components of (1.21), respectively, one then gets the tangential
dissipation estimates of the following two quantities:

EV <u3 - %8319) ’ EV (Kagbh+B3uh - VTZjhagﬂ) . (122)

Thus one can use the Poincaré-type inequalities related to B-V for B3 #0 together
with the boundary conditions on 02 to derive the tangential dissipation estimates
of u. The tangential dissipation estimates of d;¢ then follow from the interaction
between the first and second equations in (1.4).

Now observe that &, <®,,;. Then by employing a time weighted induc-
tive argument based on (1.19), one concludes (1.16), which implies in particular
a decay of \/€yy4 with the rate (14-+)~(N=5)/2 see Section 4 for more details.
Consequently, this scheme of the a priori estimates is closed by requiring N > 8.

Notation. Now we list the conventions for notation in this paper. C >0 denotes
generic constants independent of the data and time, but may depend on the pa-
rameters of the problem, «,u, B, g, 6 and N, which is referred to as “universal” and
allowed to change from line to line. A; < Ay means that A; <CA; for a universal
constant C >0, A1 < Ay + Az means that A; <A, +CAjz and

;A1 +Ar<A; means 0iA1+A <Az for A1 <SAI<A; (1.23)

IN={0,1,...} denotes for the collection of non-negative integers. When using
space-time differential multi-indices, we write N+ = {a = (ag,a1,...,a4) } to em-
phasize that the 0-index term is related to temporal derivatives. For just spatial
derivatives, we write N“. For « € N'™, 9% =09{9{!---9". We define the standard
commutators

(0%, f]g=0"(fg)—fo*g and [0%f,g] =9"(fg)—fo"g—0"fg. (1.24)

2 Tangential energy evolution

In this section, we will derive energy evolution estimates for temporal and hori-
zontal spatial derivatives of the solution to (1.4) by using the entropy-dissipation
structure (1.6). It will be assumed throughout the rest of the paper that the solu-
tion to (1.4) is given on [0,T] and obeys the a priori assumption

En(t) <6, Vtel0,T] 2.1)
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for a sufficiently small constant § > 0. This implies in particular that
Lp<p<ap, 9<0<20, W(tx)E[0,T]xO 2)

Note that (2.1) and (2.2) will be always used in the following; in particular, the
smallness (2.1) is used in many nonlinear estimates so that various polynomials
of &y are bounded by Céyy.

In order to use the nonlinear structure of (1.4) to derive the tangential energy
evolution estimates at the 2N level, one applies 0* for « € IN'*2 to (1.4) to find

(0t +u-V)o*o+pdivo*u=F= in O,
0(3+u-V)3*u+V (R9%0+Rpd*9) =curld*b x (B+b)+F>* in Q,
cop (0 +u-V)0* 0+ pdivo*u — uAd* 9 = F~ in O, 2.3)
0;0*b=curld*E, 9*E=0%ux (B+b)—xcurlo*b+F** in ), ’
divo*b=0 in (),
\8“u3 =0, 838“19:0, 8”‘193 =0, a(XEX€3 =0 on BQ,
where
—[0%,u]-Vo—[0"0]divu, (2.4a)
—[9%p( E)t-i—u V)]u—V(R[9%0,8]) — [0%,b] x curlb, (2.4b)
—[0%,cop (3 +u-V)]9—[8%,p] divu+xd* (|curlb|*), (2.4¢)
—[0%b] xu (2.4d)
with notation of commutators given in (1.24).
These nonlinear terms F“* are estimated as follows.
Lemma 2.1. For |a| <2N, it holds that
| (FY*, F2*, F3* F**) Hé SEN4EN- (2.5)

Proof. Note that all terms in F'* are at least quadratic and each term can be writ-
ten in the form XY, where X involves fewer derivatives than Y. One may use the
definition of &, to estimate ||Y||3 < &N and the usual Sobolev embeddings along
with the definition of &, to estimate || X||?. < &y44. Then

IXYI < 1X][Z Y15 < Enaéan,

and the estimate (2.5) follows by summing terms. O
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For n >3, define the tangential energy by

Evi=)_ |3l u8b)[g,_, (2.6)
j=0

and the corresponding dissipation by
_ n ; 2
D”::Z}}ai(ﬁ’b)HLn—j’ (2'7)
j=0

where anisotropic Sobolev norms (1.13) have been used. Then one has the fol-
lowing tangential energy evolution at the 2N level.

Proposition 2.1. It holds that

d s _
6N T DN S vV Enalan. (2.8)
Proof. Let « € N'*2 with |a| <2N. First, taking the inner product of the second

equation in (2.3) with 0*u and then integrating by parts over (), by using the first
equation in (1.4) and the boundary conditions, one has

2dt/p|8"‘u] / (RB9*0+Rpo*¥) divo*u
— / curld®bx (B+b)-9%u+ / P28 9%y, 2.9)
0 0
The first equation in (2.3) leads to

RO
— [ ROF*odive*u— / Y (0% +u-Voro—Fl)9¢
/Q Q 1IvVvo u o p ( t Q+M Q ) Q

1d [ RO 0 » [ RO,
2" Ro(@+u-V) (o Jo*oP — [ “2Fate. 210
—3ii o el =3 [ Re@ru ) () pre = [ Sreate. 210

Next, taking the inner product of the third equation with 0*¢/6 and using the
relation p = Rpf give

li % o 2 /E a 2 / . N .
Zdt/Q g 10701+ | gIVo"8"+ | Rpdiva®ud®d

_1 . 1 aql2 « 1 . « / 3,0
_2/chp(8t—i—u V)<9)|a 9| /an 19V(9) Voot [ Frate, @1
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while taking the inner product of the fourth equation with 0*b yields

Zdt/ 90| -I—K/ lcurl 9|2

- / %1 x (B+b)-curld*b+ / F4*. curla®b. 2.12)
Q Q

Consequently, combining (2.9)-(2.12) yields that, by (2.5),

1d
M/ <—|a“g| o[ ul*+ =2 (38 +[3°b| )

+/ E|V8"‘19| +1x|curlo*b| )
a\f

[ (1 Ra] A TP ) (L) a0

G AtAY (%) -vaw)

+/ < FlA9% o+ F2*. 9%+ F* 9" 94 F4* . curla"‘b)

Enva (19%0l3+ 13013+ 11*8110l Va*3llo ) + I F** o|*ello
IE ol ullo-+ | ¥ [o|3% 8o+ | F4* | curla®bl

SVEN4ENFVEN1aV Eon ([[VO*B] o+ || curld®D||o). (2.13)

By Cauchy’s inequality, one deduces from (2.13) that, by the convention notation
(1.23),

d
7 10%(01,8,) 5+ VO B[ + [l curldb[[§ < v/ En-raban. (214)
It follows by using the Poincaré inequality and (1.9) that

2

ol Ivarolie| [ ot SIvaelirenaen. 1)

Employing the Hodge-type estimates (A.3) of Lemma A.1 with r=1 and by (1.9),
one finds
9B < [|curla®|3. .16)

Then the estimate (2.8) follows from (2.14) by summing over such «. O
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Now we rewrite (1.4) as a perturbation of the linearized equations

(9;0+pdivu=G! in O,
p01u+V (ROo+Rpd) =curlbx B+G?>  in Q,
o0 0+ pdivu — uAd =G> in O, 2.17)
9tb—xAb=B-Vu—Bdivu+G* in Q, '
divb=0 in (),
\M3=0, 831920, b3=0, Kagbhz—gguh on aQ,
where p=Rpf and
G =—div(ou), (2.18a)
G?=—00su—pu-Vu—V(Rod)+curlbxb, (2.18b)
G = —p00¢0—coput- VI — (p— ) divi+x|curlb|?, (2.18c)
G*=curl(u xb). (2.18d)
The nonlinear terms G’ are estimated as follows.
Lemma 2.2. [t holds that
2N—-1 . X
Ha{L (Gl,Gz,G3,G4) HZN—j—l 51’1’111’1{ €N+4/©N+4}82N' (219)
j=0
Proof. (2.19) can be proved similarly to Lemma 2.1. O

One has the following tangential energy evolution at the N+4,...,2N —2 lev-
els.

Proposition 2.2. For n=N+4,...,2N —2, it holds that

d = 5 _ —
% (57’1 - Bn) +Dn ,_S 52]\]@71, (2.20)
where By, is defined by (2.27), which satisfies
}Bn} ,_S \V 52]\]@;1. (2.2].)

Proof. For n=N+4,...,2N —2, similarly as the derivation of (2.13), one deduces
from (2.17) that for « € N2 with |a| <n,

1d

RO 0
i (5 el oo+ 5F o ol
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H nq|2 a2
+/Q(9|va 8 +x|curld*b|?)
= / (R?f)a“c;laﬂﬁaﬂcz.a“u+a“G3a“z9+a“G4-curla“b). (2.22)
QO
It follows from (2.19) that
| (@G0 0+0G*-curlart)
QO
S 110G [lollo*8llo+ 119" G*[lo][curld®bllo S /DN aéanvVDu.  (2.23)

Now we estimate the term G!. If |a| <n—1, then (2.19) implies
| 30" G < 1%ello*G oS Dy Draban. (2.2

If |¢| =7 and a1 +a, >1, then one writes a =a'+ (« —a’) for ' €IN? with a’ <a and
|a’| =1 and then integrates by parts over () to have, since n<4N —2 and by (2.19),

/ aagaucl :/ apc—pc’Qapc+pc’G1
@) @)
<110 ollo/[0*"* GMlo S VDuv/Dn+4Eon- (2.25)

The remaining case, g =n, can be handled by the integration by parts in ¢ and
using (2.19) as

[aronct =5 [ oo~ [ ap-loayic?
d _ _
S o eaG oy el o 16

d
5E/Qa?_lQa?Gl+\/@n\/©N+4g2N- (2.26)

Consequently, combining (2.24)-(2.26) (and doing the similar computations for
the G2 term) and (2.23), one concludes (2.20) from (2.22) by summing over such
«, where

anz/ (R?_Gay—lga?cl+a?—1u-a?cz), (2.27)
Q

which, by (2.19), satisfies (2.21). O
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3 Boundedness estimates of £y

In this section, we will explore further the structures of (1.4) to derive the esti-
mates involving the normal derivatives of the solution, with the tangential energy
evolution estimates in hand.

For the estimates of the normal derivatives of the velocity u, as for the Euler
equations, a natural way is to estimate first the fluid vorticity, curlu, and then
to use the Hodge-type estimates. Applying curl to the second equation in (1.4)
yields that

p(0+u-V)curlu=B-Vcurlb+curl(curlb xb) — [curl,p (9 +u-V)]u.  (3.1)
It follows from the second component of the fourth equation in (2.17) that
B-V(curlb); =By,- V), (curlb); 4 B3d3(curlb),

= Bh -Vy, (curlb)1 +B3a382b3 + % (KAhbz —0dtby +B- Vuz—Bzdivu—i— Gg) . (3.2

On the other hand, one can write, by using the first equation in (2.17), that

_ _ _ _ _ B
B-Vuy—Bydivu =By, - Vus — Bs(curlu); —i—Bgazug—i—Ez(atQ—Gl). (3.3)

Hence, as a consequence of (3.2) and (3.3), the first component of (3.1) can be
rewritten as

B2
(0t +u-V)(curlu); + ?3 (curlu)q

_ _ B _ _ B
=By, Vh(curlb)l + B30307b3 + ?3 (KAhbz —0tby+ By, - Vyup+ Bzoousz + antg)
+ % (—B—_ZGl —i—Gg‘) + (curl(curlbx b)), — [curl,p(d: +u-V)]u1. (34)
Similarly, one has

B2
(0t +u-V)(curlu), + ?3 (curlu),

_ _ B - n B
=By,- Vh(Cuﬂb)g — B30301b3— ?3 <KAhb1 —0dtb1+ By, - Vyup+ Bzoiuz+ Flatg)

_ % <_B__1G1 -|-G‘11) + (curl(curlb x b)), — [curl,p(3: +u- V)] uy. (3.5)
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Egs. (3.4) and (3.5) yield a transport-damping evolution structure for (curlu);,
which depends crucially on the positivity of the magnetic diffusion coefficient
x>0 and the non-vanishing of B #0.

Applying 9* for « € N3 with |a| >1 to (3.4) and (3.5) gives

B2
p(0¢+u-V)o* (curlu), + ?38“ (curlu), =0“L,+ Py, (3.6)
where fori=1,2,

Li=E’h-Vh(curlb)i—i—(—1)i+1l§’38383_ib3 (3.7)

B _ _ Bs_;
-I—(—l)H_l??’ (KAhb3_i—atb3_i+Bh-thg_i+3383_iu3+ % latg)

and
q)z =8”‘d>h - [a”‘,p(at—l—u- V)} (curlu)h (38)
with that fori=1,2,
®; = (—1)”173 (— B;‘icwcg*_i) + (curl(curlbx b)),
— [curlp(9¢+u-V)]u;. (3.9)

The nonlinear terms @g can be estimated as follows.

Lemma 3.1. It holds that for |a| <2N—1,
[P 15 S min{En g, Dnra}Eon. (3.10)

Proof. The proof follows in the same way as for Lemmas 2.1. O

The estimates involving normal derivatives at the 2N level are derived as fol-
lows.

Proposition 3.1. It holds that

d ) 2N . 5 2N . ’
a||<cur1u>h||2N_1+§Hai<efu>HZN_]-+§ 194(8,5) |2 41
j= J=

SEN+Don+Enrabon (3.11)

and that
En SEn+ | (curlu)y |3y 1 +Enyalan- (3.12)
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Proof. Fix £=0,...,2N—1. Let « € N> with |a| <2N—1 such that a3 <2N—1—/.
Taking the inner product of (3.6) with 0*(curlu); and then integrating by parts
over (), one obtains

1ﬂ/ 9% (curlu) |2+B—§/ 9% (curlu),
2dt Qp h K Jo h

:/Q (0*Ly+®j) -0* (curlu)y,. (3.13)

By Cauchy’s inequality, (3.7) and (3.10), it follows from summing (3.13) over such
« that

d
7l (curlu)y 5n1 e+l (curlin) 51— e S Y IO Lull§+ 1P} 1[5
o
Slullan_1-g 11015801+ 19:(B.0) 1581+ Ensalan. (3.14)

Now employing the Hodge-type estimates (A.1) of Lemma A.1 with r=2N—-¢>1
and using the first equation in (2.17) and (2.19), one obtains

el 5n—g ¢ SNutll pon—p+ Il (carlu) | [5n_1_p I dival5n_1_,
< ||”H(2J,2N+||(Cur1u)h||%N—1—é,£+||atQ||§N—1—£,£+HG1H%N—1
5||uH(2J,2N+||(Curlu)h‘|%N—1—€,€+||an||%N—1+€N+452N' (3.15)

On the other hand, consider the following elliptic problem:

{_KAb:B-Vu—Bdivu—atb+G4 in Q, (3.16)

b3 :O, Ka3bh:—}33uh on 9.

By the standard H" elliptic estimates with r =2N —{4-1 > 2, the trace theory (as
2N —/>1) and (2.19), one has

2
16151, SIBrllG+1ellon g o 10:bl5N 10+ IGH 5N 10+ [tnlon-1

SHoallG+l3n g 0+ 1196011381 + Enaon. (3.17)

Then it follows from (3.14), (3.15) and (3.17) that

d
T [ (curlie) 3n_1—g ot utl3n_g o+ 1PN —rs1 0

Sllu ||%N—1—£,£+1 + HbH%N—MH +119:(b,0) 131 + Ensalan. (3.18)
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A suitable linear combination of (3.18) for /=0,...,2N —1 yields that

d
Tl (curlw)y By + [lelzn+ 1B ]5n 4

S ||u||%,2N+ ||b||%,2N+ 19:(8,0) 1351 + En-s4an.- (3.19)
Next, applying curl to the second equation in (2.17) yields
o;curlu=B-V curlb+curl G2. (3.20)

For j=1,...,2N -1, employing the Hodge-type estimates (A.2) of Lemma A.1 with
r=2N—j>1, by (3.20), the first equation in (2.17) and (2.19), one obtains

i 2 N2 (A 2 2
ol S l1fun g+ |3 curtul |y + [odivae 5
02 A —112 i—1 22
S19pn][o+ 19} bHZN—j+1+Ha]t GZHzN—j

197 el + 1916 oy

1

S “a{“h H§+ Ha{;_leiN—(]‘—l) + “a{;+1Q}}§N—(j+1) +Enpabon. (3.21)

On the other hand, for j=0,...,2N —1, by the Poincaré inequality and (1.9) and
using the second equation in (2.17) and (2.19), one has

(R R A
i 2 i 2 i 2
Al R [ A1 R e [
S1o iy oy HIOED Gy Ensaben. (322)

We shall use the estimates (3.21) and (3.22) repeatedly. First, letting j=2N —1 in
(3.21) yields

L T RN L RPN B2

Next, for j=1,...,2N -2, (3.21) together with (3.22) (with j replaced by j+1) im-
plies

2 i 2 i—1, 12 i+2 112
lotul 5y SRl 1124 bl gy 119 “ullon_ 10

+ Haﬁl(ﬁzb) H;N_(]‘_H)"'QSN+4£2N~ (3.24)
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Using a simple induction based on the estimate (3.24), one obtains

E Johullan ;< Z o+ Z 3B+ 1102 a3+ [[o2Vu
j=1 i=0
2N—-1
+ Z Ha] 8,b) HZN i T ENalN. (3.25)
J=

This together with the estimates (3.23) and (3.22) for j=0,...,2N —1 implies
Z [ QHZN ]+ Z Ha]uHZN —j

STl Al L Il vt G20
j=1 j=0

Now, applying d, j=1,...,2N—1, to the problem (3.16) and the standard H"
elliptic estimates with r =2N —j4-1 > 2, the trace theory (as 2N —j>1) and (2.19)
show that

2 N2 a2 1,12

193l S N000n g+ 90l o+ 101 Pl
'|'HaiG‘LHEN—j—l""a]t”h‘iN—j—%
N R Y N SRSV P

On the other hand, consider the following elliptic problem:

—uAd=—pdivu—c,p:0+G> in Q, (3.28)
d39=0 on (). '
Applying 8t, j=0,...,2N—1, to the problem (3.28) and the standard H" elliptic

estimates with r=2N —j+1>2 and (2.19) show that
i 0112 i 0112 i 2 ' 2 i 3112
(A N [ e [V [/ VPR - Te eV
S0kl 197l 191 Ollo 40y + Ensabon.  (329)

Collecting (3.26), (3.27) with summing over j=1,...,2N —1 and (3.29) with sum-
ming over j=0,...,2N —1 yields that

zua ol ]+2Hafuum +2N21Hafﬂum ]Hfi’:luafbum
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2 a2 N 12 N 2
Slulan+ Y [[omuflp+ 0 ellg+ X [19:(@.b)[I5y_;+Envalan.  (3.30)
=1 i=0

Now combining (3.19) and (3.30) leads to

d ) 2N ) 2N-1 )
7l (curlu)y |3y 1+ 3 (101 ) o+ X 19480 o1 (331)
=0 j=0
2 T 112 (122N A2 N[5 2 2
Slullan+ 2 oo+ 110 el[g+ X [19:(8b) 5+ 11blT 8+ Enraéan.
j=1 j=0
This together with the Sobolev interpolation implies that
d ) 2N ) 2N-1 )
a”(curl”)h”zN—l"‘Z(:)Ha]t(QIM)HZN_]-"‘ ) 1948.0) |44 (3.32)
= =
) 2N o 2 NS ) )
5||”||o,2N+ZHa]t”H0+Hat QHO+ ). Ha]t(ﬁzb)Ho‘F||b||1,2N+@N+452Nz
j=1 j=0

which yields (3.11) by controlling the first fourth terms in the right hand side by
&N and the fifth term by D,y

We now prove (3.12). Recalling (3.15) with £ =0, (3.26), (3.27) and (3.29) for
j=0,...,2N —1, and then summing them up, similarly as the derivation of (3.32),
one deduces

) 2N j 2 N 2 2N—-1 j 5
0,2N+Zi\\at”Ho+Hat ollo+ Z;,) |9:(8,0) |,
= 1=

+ | (curlu)y |5y 1+ Entaéan, (3.33)

EnSllu

which yields (3.12) since the first four terms in the right hand side can be con-
trolled by & O

We now deduce the boundedness estimates of &p. Set
Npa(®) = (1+HN T Ena(t). (3.34)

Theorem 3.1. Let N > 8. It holds that

t_
En(t)+ | Dan(s)ds S Ean(0)+ sup Eav(s)y/€,4(s), W EDT.  (335)
0<s<t
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Proof. First, integrating (2.8) in time implies that for N > 8,
— t —
En(t) +/0 Dyn(s)ds

5 t
SE(0)+ s (9 B [ 10

0<s<t

SEN(0)+ sup Ean(s)y/ EN4(8)- (3.36)

0<s<t

Next, a Gronwall type argument for (3.11) yields

- t —_
[ (curlu), (1) [1En_1 SEN(0)+ sup Exn(s)+ ; Dan(s)ds
2

0<s<t
+ sup (Ean(5)En+a(s))” (3.37)
0<s<t
Hence, one concludes (3.35) from (3.36), (3.37) and (3.12). O

4 Decay estimates of En 4

In this section, to close the full energy estimates (3.35), we will derive the decay
estimates of €y4. This will follow from a set of energy-dissipation estimates
related to ¢, and ©,,.

Note that the tangential dissipation estimates of D, control only the tempera-
ture ¥ and magnetic field b. The tangential dissipation estimates for the velocity
u rely on the coupling between the fluid and the magnetic field and the presence
of the heat conductivity, and one has the following.

Proposition 4.1. For n=N+4,...,2N, it holds that
n—1 .
Y [[ogu
j=0

Proof. Let n=N+4,...,2N. It follows from the fourth and third equations in (2.17)
that

2 —
01—j—1~ PntON1abaN- (4.1)

atb—mb:B-ng(cvpatﬂ—yw—cﬁ) +G* 4.2)

By the vertical component of (4.2) and using the fifth equation in (2.17), one ob-
tains

B-V (ug—%8319) EBh'Vh (—%8319) +B'V1/l3—y7§38%l9 (4.3)
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= Bh : Vh (—%8319) —|—8tb3 —KAhbg,-l-Kag dth bh - % (cz,patﬂ—yAhﬂ— G3) - Gg

As B30 and since u3=0 and d39=0 on 9}, by the Poincaré-type inequality, (4.3)
and (2.19), one deduces that for j=0,...,n—1,

. 2 ) 2
a; <u3 - E_ag,ﬂ) S HBVE)]t <M3— 3_8319)
p 0,n—j—1 p 0,n—j—1
' 2 ' 2 i 302 42
Sl@ DI, 10 @bs) g, HIGI - +IGA
SDu+DN14éon. (4.4)
This implies
Aus|> . <||9] Faso) || Jjo|?
I t”3Ho,n—j—1~ t ”3_5 3 , +]0 Hl,n—j—l
On—j—1
SDu+ON14E0N- (4.5)

Now by the horizontal components of (4.2), one finds
> > 1By
B-V (Ka3bh + B3uy, — fagﬁ) (4.6)
_ p _
= Bh : Vh <Ka3bh - %830) + Bg (Kagbh +B : Vuh - ‘quhagﬂ)
_p _ P‘_Bh P _ _ & 0.9 3\ _ 4
=By,- V), | x93by, 5 030 | +Bs | 9tby, — kA by, 7 (cop0t®—uA,9—G°)—Gj ).

Since 938 =0 and xd3by, + Bsuy, =0 on 0Q), by the Poincaré-type inequality again,
(4.6) and (2.19), one deduces that for j=0,...,n—1,

5 2
a{L (Kagbh+B3uh - V—Z_Bhagﬂ)

P 0,n—j—1
_ _ B 2
< HB-vag (Ka3bh+33uh— ”—_’18319)

p 0,n—j—1

‘ 2 i+1 2 i 3112 )
(CAC] (e o (/A G201 IS [ T | PR o 70/

AR ZA

Dy+DN14EaN- (4.7)
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This implies, using B; #0 again, that

5 2
. ’ . B B . 2
[ <Ka3bh+33uh_“_ﬁa319) i,
’ p 0,n—j—1 ’
SDu+DN14EN. (4.8)
This together with (4.5) gives (4.1). O

Next, we derive the dissipation estimates of 9/~ 'o.

Proposition 4.2. For n=N+4,...,2N, it holds that

d _
5 P e 2 [0 el S Dot VD @9

Proof. Let n=N+4,...,2N. One applies 9" to the first equation in (2.17) and

then takes the inner product with %68?_1Q to have
RO, 1 2 A= - qiei— RO, 4 e
/QEW | +/QRea;l Lodiva! 2”:/038? Lodi2G1, (4.10)
By (2.19), one obtains
RO, g e - _
/Q e LA N e SV Tt ()

Integrating by parts over (2 and using the second equation in (2.17), one has
/Q RO Lodiva! 2y =— /Q Vv (RAD!1g)- 9" 2u

— /Q (997u-+V (Rpoy—18) —curld) ~1bx B—ay1G? ) -3 2. 4.12)

Integrating by parts in time yields
- d _ _ _1 2
= 2 ~yn—1 2 ~|qn—1
/Qpa?u-E)? u:%/ﬂpa? u-of u—/ﬂp‘af ul”. (4.13)

One obtains directly

— [ (V(Ro3;18) —curld b B) -0 2us [or(0,0)] 0 Pull, (419
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and by (2.19),

[ e g0 2us[or G o9 2ully S VBN iE VD (415)

Consequently, combining (4.10)-(4.15) yields, by Cauchy’s inequality,

d e .
E N TR Ll
<11 2,3 3u) |2+ |27 71 (8,6) |2+ v/ Ean D (4.16)

One thus concludes (4.9) by controlling the first term in the right hand side by
using (4.1) and the second term by D,,_1, since n> N+4. O

Now we derive the full energy-dissipation estimates.

Proposition 4.3. For n=N+4,...,2N, it holds that

d )
i (H(curlu)h||$Z_2+/Qpa?—1u-a?—2u) +9, <D+ ENDn (4.17)

and that
¢ SEn+ || (curlu)y |3 s+ Enrabon. (4.18)

Proof. Letn=N+4,...,2N. It follows similarly as the derivation of (3.32), with 2N
replaced by n—1, that

d n—1 . n—2 .
g lcurtilfio+ X [0 e i1+ X IA@D (4.19)
j= j=

n—1 . n—2 .
Slullg -1+ 21 |ullg-+ 127 ellg+ ZO 1938,0)[g 161131 +D v aan
= =

One may appeal to (4.1) to control the first two terms in the right hand side, and
the fourth and fifth terms are bounded by D,,_,. One then combines the resulting
inequality and (4.9) to conclude (4.17).

We now prove (4.18). Taking ¢ =0 and replacing 2N by n—1 in (3.15), taking
j=0and replacing 2N by n—1 in (3.27) and (3.29), and then combining them yield

o511 (80117 S Nual[§0—1 + | (curlie) |52+ [ (8,6) I3
+110:(0,9,b) |52+ En 14Ean- (4.20)
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Replacing 2N by n—1 in (3.30) (but without estimating ||¢]|2) leads to
n P2 n P2 n—1 j 5
X lotell, i+ Ll 2 9O DI
= = j=

n ) n—1 .
S Z;HaiuH‘SﬂLHa?@HﬁﬂL ZO [}(8.0) 5+ En-saban. (4.21)
= =

Hence, combining (4.20)-(4.21) gives

n—1
— 5 2
&y SEut [ (curlwy o+ [2uel2 o+ X [1@ D)+ Enabon.  (422)
j=0

This together with the Sobolev interpolation implies that
n-1
xSt (curlinll o+ (3l + 1 [3400)] 5+ e
St || (curlu)y |7 o+ Enabon. (4.23)
This is (4.18). O
With the previous estimates in hand, we now derive the decay estimates.

Theorem 4.1. It holds that

t N-6 ) N—6 .t )
/0@21\1(5)6154' Y (A4+H)N e () + Y /0 (1+s)N "> TD N1 ay(s)ds
=0 =0
,ngN(O)—l- sup 521\](5) @%+4(S). (4.24)

0<s<t

Proof. First, taking n=2N in (4.17), one deduces that for &y <J small,
d -
g (el By o [ g N ) e oy SO, 429
Integrating (4.25) in time and by (3.35) gives in particular that
t ) t_
/0 Don(s)ds SEN(0)+En () +/O Dyn(s)ds

SEN(0)+ sup Ean(s)y/ EN4(8) (4.26)

0<s<t
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Next, it follows from (4.17) that for n=N+4,...,2N -2,

d _
o (|| (curlu),, ||$Z_2+/Qp8?_1u-8?_2u) +9,<D,. (4.27)
On the other hand, it follows from (4.18) that
¢, <&+ || (curlu)|)?_,. (4.28)
One can deduce from (4.27), (4.28), (2.20) and (2.21) that
d
7€t D, 0. (4.29)

Observe that € <®,, ;. Then we will employ a time weighted inductive argu-
ment here. To begin with, it follows from (4.29) that for j=0,...,N —4,

d
27 EN+a+j T ONG41 SO (4.30)

Multiplying (4.30) by (1+¢)N=>/ and using ENta+j SDN+54+j, One gets
T (1+pN-5e T+H)NTD N 4y
i (( +1) N+4+]>+( +1) N+4+]

S(N=5=/)(A+N TN 4 SA+HON U D ). (4.31)

Integrating (4.31) in time directly and using a suitable linear combination of the
resulting inequalities, one obtains

N-6 .
Y (AN T E N (H) + Z / (145)N DN j(s)ds
j=0
SEN(O / Don-1( (4.32)
This together with (4.26) implies (4.24). O

5 Global well-posedness

We are now ready to present the proof of Theorem 1.1.

Proof. The estimate (4.24) implies in particular (1.16), for &;n < J small. Then
combining the estimates (3.35) and (1.16) yields (1.15). This closes the a priori
assumption (2.1) if E;5(0) <egp for gy > 0 sufficiently small. Therefore, the global
well-posedness follows by using a standard continuity argument. O
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Appendix A . Hodge-type estimates

Lemma A.1. Let r >1 be an integer. Then it holds that

ol S llolloy+ [ (curlv)y |1+ [|divol[ . (A1)
If v3=0 0n 0Q), then
[ollr Sllonllo+ || curloll, 1+ || divoll,—1. (A2)
If3=00n0Qand [v,=0, then
[l < [l curlol]; -1 +[|divoll,—1. (A3)

Proof. One may refer to [21, Lemma A.9] for the proof of (A.1). Now for v3=0
on dQ), by the standard elliptic estimates on —Av; = (curlcurlv)s; —dsdivo, one
obtains

loslls S Il (curlo)y 1+ | divoll, 1. (A4)

On the other hand, one has

Vol S 1V osl[r—1 + || curlo||,—1 + [|divo],—;. (A.5)
Then (A.2) follows from (A.4)-(A.5), and (A.3) follows by using further the Poin-
caré inequality. O
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