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Abstract. We consider the global well-posedness of three dimensional incom-
pressible inhomogeneous Navier-Stokes equation with different viscous coeffi-
cients in the vertical and horizontal variables. In particular, when one of these
viscous coefficients is large enough compared with the initial data and the ini-
tial density is close enough to a positive constant, we prove the global well-
posedness of this system. This result extends the previous results in [9,11] for
the classical Navier-Stokes system.
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1 Introduction

We consider the global existence of strong solution to the following 3-D inhomo-
geneous incompressible anisotropic Navier-Stokes equations with initial density
3

being sufficiently close to a positive constant in the critical space, le(lR3) for
some p €]3,4[, and with a large viscous coefficient in one direction:
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dp+u-Vp=0, (t,x)eRTxR3,
p(@ru+u-Vu) —vpAyu—1y03u+VP=0,
divu=0,

(0,14)[e=0 = (po,10),

(1.1)

where p,u stand for the density and velocity of the fluid respectively, VP is
a scalar pressure function, which guarantees the divergence free condition of the

velocity field, v, and vy are viscous coefficients so that v, is much larger than

vp >0, Ay def 02 Y —|—8§2 designates the horizontal Laplacian. One may check [8] for

more background of this system. The system (1.1) has three major basic features.
First, the incompressibility expressed by fact that the vector field u is divergence
free gives

(8[| = [lool|ze-

Second, this system has the following enenrgy law

1
ST+ Vaully 2 +vvl19s2l 72 2 = ||\/_uo|| (12)

The third basic feature is the scaling invariance property: If (po,u,P) is a solution
of (1.1) on [0,T] x R3, then the rescaled triplet (p,u,P), defined by

(o, P (1,2) = (p(A%,Ax), Au(A2,02) A2P (A2 A7) ) with AE€RY  (13)

is also a solution of (1.1) on [0,T/A?] x R3. Motivated by (1.3), Danchin [7] estab-
lished the well-posedness of (1.1) in the so-called critical functional framework
for small perturbations of some positive constant density.

When the density p is away from zero, we set a def % —1. Then (1.1) can be

equivalently formulated as

dia+u-Va=0, (tx)eRtxIR3,
du+u-Vu—vy(14+a)Apu—vy(1+a)o3u+(1+a) VP =0,
divu=0,

(a,u)|t=0 = (ap,up).

(1.4)

One may check [5] and the references therein concerning the well-posedness the-
ory of the system (1.1) or (1.4). In particular, when py € L* with a positive lower
bound and initial velocity being sufficiently small in the critical Besove space,
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Bz%ll, Zhang [13] proved the global existence of weak solutions to the system (1.1)
and also provided a lower bound for the lifespan of smooth enough solutions of
(1.1).

Motivated by [9, 11] concerning the global wellposedness of 3-D anisotropic
incompressible Navier-Stokes system with different viscous coefficients in the
vertical and horizontal variables, we are going to study the inhomogeneous Navi-
er-Stokes system, which also has different viscous coefficients. Our result below
(see Theorem 1.1) ensures that given initial data ug, for small enough ay, if vy is
sufficiently large compared with v}, >0, then (1.4) has a unique global solution.

Notation. In what follows, we shall denote

def 51,5, def 5sq,s
s def ps 1,52 A€t nsy,5)
Bp =B, Bp = Bp,l .

The definitions of the above spaces will be recalled in Section 2.
The main result states as follows:

3 1
Theorem 1.1. Let p€]3,4[and 6€]|3/4,1]. Let apeB) (R?) and uOEBg’Z (R3)NH(R3)
be a solenoidal vector field. Then there exist two positive constants co and C such that if

1-0
1%
(VhHﬂoH s +llaoll s lluoll o3 +-G=5llaoll 3lluoll (15)
B} ) B,2 v B) BJ
: (Il g3 +luall )
= gluol oy (ol g1+l 3 ) Jexe 2 <o,
Vivy B, B, B3 Vivy

the system (1.4) has a unique global solution
3 .
acC([0,00);B} (R)), uec([0,00);H! (R%) )L (RHA(RY)).

This paper is organized as follows. In Section 2, we shall recall some basic facts
on Littlewood-Paley theory and some direct consequences. In Section 3, we shall
prove a regularity criteria, namely (3.2), for the local smooth solution constructed
in [12]. In Section 4, we shall prove that under the assumption of (1.5), the regu-
larity criteria (3.2) holds for any T <T*, where T* denotes the lifespan of the local

smooth solution of (1.1). In order to do so, we denote u;, def et(VhAhJ"/Va%)uo. Then
ur, solves
Opup —VpApup —yd3up =0, (tx) ERTXR3, (16)
ur | =0 = uo. '
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Motivated by [11], we write
u=ur+R,

then it follows from (1.4) and (1.6), that

(0:R+R-VR -1 ALR—1,03R+VP=F with
F=a (v ApR+1w03R+ v Apuup + 04,0311 )
—up-Vu;, —R-Vup—up-VR—aVP, (1.7)
divR=0,
| Rlt=0=0.

Indeed we shall prove that the regularity criteria (3.2) can not happen for the
remaining term R through anisotropic Littlewood-Paley analysis.

2 Preliminaries

Before we present the function spaces we are going to work with in this context,
let us briefly recall some basic facts on Littlewood-Paley theory (see, e.g., [1]).

Let ¢ and x be smooth functions supported in C def {reR", % <7< %} and

o3 def {t€RT, T<3} respectively such that

Y 9(277) =1 for 7>0,
jez
)+) ¢(27t)=1 for T>0.
=0

For ac S’ (R%), we set

Mt (g2 a)a), St F (v Hie)a),

AZad_ef]-“( (27&l)a), svadzef;f—( 271&30)a), @2.1)

2a = F T (p7lENa), s F T (x(27lEN)a),

where &, = (£1,82), € = (&n,C3), Fa and @ denote the Fourier transform of the
distribution a. The dyadic operators satisfy the property of almost orthogonality
AkA]'aEO, if |k—]| 22,

2.2
Ak(Sj_laA]‘b)EO, if |k—]|25 ( )
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Similar properties hold for A}g and Aj.
Let us recall the anisotropic Bernstein lemma from [3,10].

Lemma 2.1. Let By, (resp. By) be a ball of RZ (resp. Ry), and Cy, (resp. Cy) be a ring of
R? (resp. Ry); let 1< pa <p; < oo and 1< gy < g1 <oo. Then there hold:

o If Supp aC2"By, then [|0% LZHLpl <2k(""|+2(1/p2 r)||a| 1P (101
h v

* If Supp AC2'By, then ||3k,all gy g1y S2PTO/ BB al| gy oo
h \Lv

e If Supp aC2*Cy, then ||a\|Lp1(L31)§2_stup|(x‘:NHaihaHLﬁl(Lgl).
e If Supp aC2Cy, then ||a||Lp1 (i S27 NoX aHLm (i

Due to the anisotropic spectral properties of the linear equation (1.6), we need
the following anisotropic Besov norm:

Definition 2.1. Lef 5,51, € R, 1<p<oo, 1<g<ocoandac S,’l(]R3), we define the
norm

def /.
lalls;, = (2* 18l ) .
def (45, kst || AD
gy = (222 | apatall ) .

def
(2]S||A allLao; LP))

def (

lallzs g5 ) = "

lallgqaege) = (2952 8285l 0 o

We recall the classical homogeneous anisotropic Sobolev norm as follows:

1
all o1 d—ef< Y. 222"512%52”A2Aza”i2) g (2.3)
(k,0)eZ

For the convenience of readers, we also recall the following product laws in
the anisotropic spaces.

Lemma 2.2 ([2]). Let s1 < 3,52 < 3, with s1+s,>0. Let 0 < 1,(72 < %, with o140, >0.

51+s2— p(71+(72 p

Ifae B} (R3), be B»?(R3), then abe B,
lab]]

(R3), and

51“2** ”1*‘72** S HaHB:}"’l ||b||B;2r<72~
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As an application of the above facts, we present the following lemma concern-
ing the solution of the linear equation (1.6), which tells us the small quantities that

will be used in what follows.

1 1 d
Lemma 2.3. Let p€]3,4], 0€|3/4,1], and ug 682’2 NBJ. Let uy, :efet(VhAh+VVa§)u0. Then

we have
lunl vz Sluoll o,
t P 2
IVl 2y S—agluol
HURPINT T
1
[dsurl] 21 S luoll o1,
L} B;p) VhVV 2
1
03ucll 21 S—Iluoll o1
’ thHp/p) Vv g
Proof. By the definition of 1, we have
k(1=2) 55—
< || abaYu|| , <202

lARAT L] oo 1) S
which implies (2.4a).
We also observe that

g,

t
hav —ct! (V22K 1y, 220) .1
ST A at

1
™ 22k, 22 aeaiuoll,
which together with Lemma 2.1 ensures that
k(1-2)b(3 1
27 2oy
HAQAZ”LHL}(LP) 22k 4y 220 HAI}:AZMOHLz

Thanks to (2.5), for any 0 € [0,1], we infer

PK2=2)ot(3= 1)
LP) N ﬁ 1-— 922k922€1 6)

IVnaeATuL]| 1y |aga7uol| 2

k(2—5—26)2€( 6-3—75)
Vgl/\l, 6

2
S |agaguoll 2

RIS

(2.4a)

(2.4b)

(2.4¢)

(2.4d)

(2.5)
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which together with [4, Lemma 4.3] implies that for 6 €]3/4,1]

1 1
Viu < ———|lu — ||U .
Vi L“L}(Bp%’%)NVﬁV%_GH 0||B229,29§~Vﬁ1/%_9” 0||B2%

This proves (2.4b).
Along the same line, we have

ok 1—%)22 31
Ha3A]I(<IAZ”LHL}(LP)§ 122k 1y 020 HA}?AZ”OHLZ
2k(1—%)2€(%—%) 2‘%"2”%‘%)
< hav < hav
\/Vh_VVZkzé HAkAEuOHLZN N HAkAéuOHLZ’
which leads to (2.4c¢).

Similarly, we observe that

o3apA UL HL}(LP) S
< 2k(1_%)2€(%_%)

) ‘

Vv

which ensures (2.4d). This completes the proof of Lemma 2.3. O

Remark 2.1. We deduce from the law of product Lemmas 2.2 and 2.3 that for any
0€]3/4,1]

lup-Vur|l .2
L} Bpl+p/

<=
~—

ST (nvhuLu
Ipe, ') L

21 +H|osur]] 21 )
(By'") LI(BYP)

2
IollZoy Niwoll oylluoll 3 loll oy (llwoll g3+l )

B
< 2 2 2 < 2 2 2
vV Vhlv Vivy Vi vy

Finally, we also recall a lemma concerning the propagation of regularities for
the transport equation.

3
Lemma 2.4 ([1]). Let p€]3,4[. Then given aq in B}, (R®) and a vector field u in L*([0,T};
Lip(IR3)) with divu =0, the following transport equation

ora+u-Va=0, ali—g=ay (2.7)
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has a unique solution a satisfying

t
Joll 3 <laall yexp (€ [ IVutt)lusat').
P

L (Bp)

S

3 The regularity criteria

In this section, we investigate the regularity criteria for the system (1.1).

Proposition 3.1. Let (oo, 1) satisfy 0<m < po<M and uyc H'(R®). Let (p,u) be the
unique solution of the system (1.1) on [0, T | which satisfies

m<p<M and ueC([0,T[;H'(R*)NL*(]0,T;H*(R?)). (3.1)
If
[ (10190 ) i < oo 62
then (p,u) may be continued beyond T.

Proof. We remark that the unique solution (p,u) of the system (1.1) which satisfies
(3.1) has been constructed in [12]. In what follows, we just present the a priori
estimates. Without loss of generality, we may assume that vy, >1},. As a conventi-
on in the rest of this section, we shall always denote by C a constant depending
on m and M in (3.1), which may be different from line to line. We first get, by
taking L? inner product of momentum equation of (1.1) with u, that

2dt\|fu( M7z +vnll Vaullz2 + v ll9su7. =0. (33)

Integrating the above equality over [0,f] yields (1.2).
We split the rest of the proof into the following two steps.

Step 1. H! energy estimate of u.
By taking L? inner product of (1.1) with d;u, we obtain

1d
I/purl 245 5 (vl Fhul 24w 9suls) < [(ou- Vulu). - (34)

Observing that
[(pu-Vulur)| < Cllv/ou| o [ul[ = [| V] 12

1
<—H\ﬁttllzerC||uH%oo||Vu||:Z

< 5l VBu et o e (vl T B v s, )
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By inserting the above estimate into (3.4) and then applying Gronwall inequality
to the resulting inequality, we find

|t e g2y v 1050 e g2y H B0 2 12
< (¥ s sl Jexp (1 [l ). 5
On the other hand, in view of (1.1), we write
— VL ApU —vV8§u+VP= —o(ur+u-Vu),
from which and the classical estimates on the Stokes system, we infer

Vi || V|| o+ [|93u| 2+ VPl 2
< C(llourll 2+ llou-Vull2) < C([loue ]| 2+ [ful| Lo | Vel 2), (3.6)

which together with (3.5) ensures that
2112 2
| VRl |22+ v |83 1202y IV PIR 12

1
SE(VhHthOH'?iz—l-VvHasuoH exp< /|| HLoodt) (3.7)

Step 2. H? energy estimate of u.

We first get, by taking the time derivative to the momentum equation (1.1),
that

p(ug+u-Vug) —vpApuy —vvaéut +VPi=—pi(us+u-Vu)—pus-Vu.

Taking the L? inner product of the above equation with u;, we write

ZdtH\/_utHLerVhHthtH Tatwy[[9aue[7
= —(pue-Vulur) — (osue|ue) — (o Vu|uy)

LN Nl (3.8)

Obviously, we have

E[ SVl || v/ouel 72
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While noticing that p; = —u-Vp, by using integration by parts, we get
F==2 [ (pu-VueJue)dx <Cllulo | Va2 | /Bl

Vh C
<7 ||Vut||iz+ﬁ [ v

To deal with G, by using integrating by parts, we have
G:/}RB((pu.Vu)-Vumt)dx—l—/w((pu@u):v2u|ut)dx
+/]R3((pu-Vu)|u-Vut)dx
L 61+G+Gs.
Applying Sobolev inequality gives
G < Cllullsl|VullZslv/ouell 2 < CIVull I V2ullZ2 | v/ourl 2,
which together with (3.6) ensures that
C
G1SEIIWHLzIIVZuIILz(HPutI|L2+||uHL°°HVuHL2)IIﬁut\le

< (Nl Il 192022 ) /e 2 [T 9202

= L L L L2 L L
While along the same line to the proof of (3.6), one has

v Viull 2 +ve|05ul| 2+ ]| VP 2

C Vh
<C(Ivpulla-+ - Vulz) < = (vFull+ [ Vuls) + 21V,
which implies
C

| VR ol o+ 1V Pl < 3 (VP a4 IV l:). @9)

Hence we obtain
Go < Cllullfe [ V2ull 2]l /el 2

C
<l (Ivpuliat Vi) Ivpulis

Cion2 2 6
sv—ﬁnunw(||ﬁut||Lz+||Vu||Lz).
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Finally we observe that
G3<C||u||26||Vu||L6||vuf||L2<C“Vu“%ZHVZMHLZHvutHLZ
— Ut||72 Ullr2 Ujlr2
||v ||7£+ —v 1721 V2ullf
By inserting the above estimates into (3.8), we conclude that
d
/P ot vn | Ve[ 72+ v |93 2
S (I9llm+ 5 et 904 V20 )
~ V2 " L2 L L

1 1
+v—||Vu||‘{2 IV2ullF2+ — [l [ V2] 2 (3.10)
h s

Due to the initial data ug € H! instead of H?, as in [12], we introduce o (t) def
min(1,¢) multiply the above inequality by o (t) to get
d
= (e Ollv/pusl ) +ot) (vnll Ve 22+ vl |3 2

1 1 1
Sllvourlliz+o(t) (||V”||L°°+ﬁ||”||%°°+£||V”“%z+ﬁ||V2”||%2> /P72

h

o(t) o(t)
+v— ||V“||iz ||v2“||%2+—2”“||%°° HV”ng
h Uh

Applying Gronwall inequality to above estimate and using the fact o(t) <1, we
obtain

OBt [ o) (Va5 )
1
2 4 2,112 2 6
§<||\/l_)”t||L%(L2)+/O <E||V”||L2||V u||L2+V—}21||u||L°°||V”||L2)dt,)

t 1 1 1
X Vil +—=[[1u][?0+—|V2ul|2,+—||Vull?, |dt. 3.11
xp [ <|| i g el + 5 V24 2l @11

By using (1.2), (3.5) and (3.7), we can get

tq
/0 ZIIWII‘EHVZ“H 2t < —||Vu||4oo a 1V2ul T 2
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1
Sv—g(vh||th0||Lz+v3||83uo|| exp( /||u||Loodt)

tq 1 t
o2 6 g4 o 6 2 g
IVl e < 1Tl gz )l

1
< s (RIFwols 2Rl exp (= [l ).
vi

By substituting (3.5) and the above estimates into (3.11), we achieve

o (t)yuelin oy + [ o) (o Bz vl 2 )

C t
= (||uu%w+||w||m)dt'>

1
< v (VthhuOHLZ +v3|93u0][S )eXP ( 2

1 s 1 | 2
X exp (1/_}21||\/p_0u0||L2+1/_ﬁ (VhHthoH z+VvHa3u0HLz>eXP (/0 EH”HL‘”dt ,
which together with (3.9) ensures that

vhHa(t)V}ZluHi?o(Lz)—l—vvHU(t)E)%uHi?O(LZ)-|—||0(t)VP||2?O(L2) (3.12)

< 5 (I Va0l +211d3u0lI )exp<v—ﬁ / (||uuLw+||w||m)dt’>

h

1 1 |
xexp(;nw—ouoniﬁﬁ(vhnvhuoniz+vvua3uo||‘iz)exp( / ﬁuun%wdt')).
h h

With the estimates (1.2), (3.5), (3.7) and (3.12), we can follow the same line to
the proof of [12, Theorem 1.2] that under the assumption (3.2), we can prove the
solution (p,u) can be extended beyond T. Furthermore, by using Lagrangian ap-
proach, such a solution is unique. This completes the proof of Proposition 3.1. [

4 The proof of the Theorem 1.1

The goal of this section is to present the proof of Theorem 1.1. Indeed according
to Proposition 3.1, it remains to show that there holds (3.2) for any T < T*, with
T* being the lifespan of the solution (a,u). In order to do this, we first present the
estimate of the pressure function appearing in (1.7).



74 T. Hao / Commun. Math. Res., 38 (2022), pp. 62-80

Lemma 4.1. Let p €]3,4[. Then the pressure function V P determined by (1.7) satisfies

VPl 1.7 SIR-TRI oig 4l (1Rl g+ lsl )

P P P P
2
+vvllal|B,z;;<HasRH REPRLC T Ty
Flall 3419 gyl Furl) gy
P P P
+||R-Vur|| —1+2 1+||ML VRH 1421 (4.1)
P P

Proof. Applying the operator div to the R equation of (1.7) yields
AP =div(—R-VR+vpaA,R+vyad3R+vpadnuy,
+wyadgu, —aVP—up-Vu,—R-Vu, —up-VR),
we thus write
VP=V(-A) 'div(R-VR—v,al, R —1yad3R —vhalpuy,
—vyadiuy +aVP+up -Vup +R-Vup +urp-VR).

As V(—A)~ldiv is a homogeneous Fourier multiplier of degree 0, then by using
the product laws, Lemma 2.2, we conclude the proof of (4.1). O

Let us now present the proof of Theorem 1.1.
Proof of Theorem 1.1. Let p €]3,4[. By applying ANAY to the (1.7) and then taking
L? inner product of the resulting momentum equation with |A];<‘A‘£’R‘ | _2A];<‘A‘£’R‘,
we get
1d : : : e ,
- |ARAYR||, — /]R AP (VAR R + 1, 93RY) [ ARATR | *ABAYRI dx
— /]R APAY(R-VR) | ARAYRI|P > ARAYR dx
+p, / APAY (adyRi+adput )| ARAYRP 2 ARAY R dx
oy / ADAY (ad2RI +ad2u} )| ADAYRY [P ABAY R dx
h ' N AR AY RI|P72 Ah AV i
—/]R3AkA}’(uL~VuL+R~VuZL+uL-VRZ) |ARAYR' " “ARAYR dx

- /IR APAY((a+1)3;P) |ARAYRI|P2ARAYR dx. 4.2)
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It follows from [6, Lemma A.5] that there exists a positive ¢ so that
[ AARATRO AL AR P Ay RO e % |y RO
2 Ah )| Ah N [P=2 Ah ' =72(|| AR ) ||P
—/]R383AkAZR(’) ABAYR(i) |72 ARAYR W) dx > 22| | ARAYRO)||P,

By inserting the above inequalities into (4.2), we get, by a standard derivation,
that

JARATR g+ IRATR] y+022 | AR 1

<||ARAY (R-VR) Moz +h||ARAY (aALR) e —|—1/VHAhAV aaz R)[ 2o
+un | ARAY (abnur,) HLl 'H/VHAhAV (a03ur) HL}(LP)_FHA}:AZ ”L'V”L)HL}(LP
+[|AFAY(R- V) HL}(LP)_FHA}:AZ ur-VR) HL}(LP)+HA};AZ((Q_FDVP)HL}(LP

By multiplying the above inequality by 2*-1+3)25 and then summing up the

resulting inequalities for k,/ € Z, we obtain
.3, %)+VV||R||L1(B—1+%,2+%) (4.3)
o HAhRH e
}82RH p1+%';)+vh|la||£?o( p% L5,
|

+vy|la E)uL .21 + ML'VML _
el (WH H s L

RV | s +ur VRII ez A+ VP,
L}(B PPy L} (B

4 P t\"p

IR iz +vh||R||
LB, "7)

SIIR-VR]|
L}

+vyllall
L

It follows from the law of product, Lemma 2.2, that

IR-VR| 2 SIR|| _Hu(nvhku
Ll Loo(B p’'p

-1+ £,+
p'p
BP t 14

Yet we observe from interpolation inequality that

||R|| Lt (4.4)
P

1
2 /
4 S IRC s IREN

24
p'
P
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As a result, it comes out

<
SIRI, ez (IRI,

p i (Bp L} (B
Along the same line, we have

—1+

IR-VR]|
Ll

<IN
<=
N

’

2
*tp

"le
N

1+
P

+IRI iz )
L}(Bpl—«—p,fz—«—p)

, <
[ VRIIBPHH S ||ML||B§,; ||VR||BP1+;;,;

1 1
Sl gy 19w ) (19081 g HIBRI 31)
1+p,p PP

B, B B,
<||ML|| 1421 NSl 21+||vhR||2_1+2 1+||33R||2 12,
P P P
Notice that
||VhRH2 1+HNHRHZz 1 N||R|| 1+2 1 IRl b
;7 P P
||33R\|2_1+%% ||R||:2 143 1+1N||R|| _1+21||R|| _— 2541,
B, By
so that there holds
lup-VR| 21 Sllucll 21 [[Vaurll 21
e, ) Ipm, 77 LB
FIRE g (IR vz +IRE ey ).
e, PPN e, ) Lis, 77
Obviously, we have
IR VMLH 1+%,% N/ IR( 1+%,% (HVh”L(t/)HBp%,%+||83uL(t/)||Bp%,%)dt/~

By substituting the above estimates and (4.1) into (4.3), and using [4, Lemma 4.3]
we achieve

HRHE?"(BPH%’;)+Uh||R||L}(B;+%’17)+UV||RH ;1+p2+}7)
<|IR ( R R )
SIRI g (IRL, g +IRE, gy,

lal s (WIR g 4 RI 1)

I:(8]) (s, PPy e,

p
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+lal s (vldwucll yay Fwlful
Nw(B;) L}(BpHp'p) vil¥3 L}(BPH'

<IN

<k
—

v

+ || ur, 21 ( Vhur + |19z || z;)
bl gy (19wl g+l )

B,;)dﬂ. (4.5)

=i

p

Let us denote

T*“sup{t<T*:wpllall 5 +|RI 2,
Le(B) LrB, "7
+vp R 21 FW|IR| 2,0 §2C0Vh}/ (4.6)
t B}17+p p) \4 L}(BPHP’HP)

where ¢y is a small enough positive constant, which will be fixed later on. Then
for t<T*, one has

R 21(R 21+R 2 1>§2C0R 21, (47)

IR, et (R gy HIRE, aogany ) <200lRI gy

lal,_. 3, (IR ;1+Vv\|RH oy ) S2omllall 5. @9)
1P (8)) KB, 7T L, ) I (B])

By substituting (4.7) and (4.8) into (4.5), and using Lemma 2.3, we achieve

IRE iz +0lRE gy +wlRI o
i‘t”(Bp —1+5 ) (B;, 5 p) v L} Bp 1+5.2+5
1 0
gc(vhnau Dl |
) W =) 2

1
Hlal 3 ol o3+ g ol 01(\|uou oy ol 1)
(B ) Vh B;

,%>dﬂ). (4.9)

+ [ IR Hu(uvhmwn 2y s (8
pp B;fp B

RSN

Applying Gronwall inequality to (4.9) yields

421 +1vy||R 25,1 (410)
i PAIRL g,

IR 21 +1/h||R||
W8l 5,34,

p L; (B

1 0

< | vn|a +— uol| 1+fla 3 |[Uoll o1
( | |IL?O(BP) e glla H H ||B22 I Hi?o(B;)H ”32’2

‘S



78 T. Hao / Commun. Math. Res., 38 (2022), pp. 62-80

) Clluoll o3 +luoll 4)
exp

+———FU 7( u 1+ [|u 7) 2 ]
ngxl,_GH 0||B(2J,% H 0||B(2J,% H OHBZ% VﬁV&_G

On the other hand, by using interpolation inequality, we have

VR ;170 S|[VR 21 S[VRR 21 +|[03R 21
IVRI =) S HL}(B;’P) | HL}(B;’P) I HL}(B;’P)
SIIR 21 +||R 2,1
L
1 1
<|R +/ R . IR(E)]? ar'
IRI, g+ VRO g IR
Then applying Young inequality, we get
VR 170y SR 21 +||R 24,1 . (4.11)
VRl SIRI,, g IR gy

So it follows from Lemma 2.4 that

t
<ol yexp (' [[IVu(t)a')
) B} 0

lall s
Le(BY
t
< / / /
<lioll gexp ([ (19w )] ) #1050, 3
VAR 3y IR0 5 ) ).
B)? B)?
Then for t <T*, we deduce from (2.4b), (2.4¢), (4.11) and (4.6) that
Clloll o3+l )
lall 5 <llaoll sexp e |- (4.12)
L (B))) B} Vivy

Then we deduce from (4.10) that, under the small condition (1.5), for all t < T*

we obtain
IRl 21 +w|R] 21 IR 2,00 (4.13)
Lo, 77 e, Py e, )
1-0
< | vnllaol| 3+Vh—\|ﬂ0\| s [Juoll 1+1aoll 3 lluoll 41
B B/ o’ B B2 B} By?
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2 2

Vpvy

1 C(Jluoll o,1+||u0||B%)
+W||u0||80,% <||u0||80'%+“u0”3%>> exp

h"Vv 2 2 2

which contradicts the definition of T*. This in turn shows that T* = T*. More
precisely, thanks to (4.13), we infer

1 1

2,, 2
2l SCOVRVY
t(Bp y p)

NI=

%
SIIR]l

21 21
PP 455
L{(B)") L}(B, 7’7

193 R]| IR

so that we deduce from (4.6) that

*

1

| (VAR =+ v 03R (0w ) dt < Ceovi

And we also have

t

||R||L2 1) <HRH2 %% S ; IR(# 1+2 1\|R(f/)|| 1+ 1dt'
12(B} By
SR 2,1 IRl 21
L, Tk, )
SR 1+21 ||R|| 21 <Cchwy
L{*(By L, "7
Similarly, by Lemma 2.3, we have
[|uo| o,%HuoHB%
Uur, o S ML|| 1421 ||ML|| 21 § 2 — 2
| HLZL Sl L, 77y LB, 77 it
[uoll o1+ luoll 1
[Vur|l 21 HthLH 21 +osurll 21 < . .
L))"~ 18] ‘8] vive ™

Consequently, there holds

[ (198001 a0 ) e <

Then by Proposition 3.1, we get T* = 4-co. This completes the proof of Theo-
rem 1.1. U
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