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Abstract. In this paper, we mainly investigate three topics on the renormaliza-
tion group (RG) method to singularly perturbed problems: 1) We will present
an explicit strategy of RG procedure to get the approximate solution up to any
order. 2) We will refer that the RG procedure can, in fact, be used to get the
normal form of differential dynamical systems. 3) We will also present the
approximating center manifolds of the perturbed systems, and investigate the
long time asymptotic behavior by means of RG formula.
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1 Introduction

Renormalization group (RG) method in the singular perturbation theory was
originally introduced by Chen et al. [1,2] in 1980s, inspired from the classical
renormalization idea in quantum mechanics [10]. The main goal of this method
is to give a unified strategy to compute the effective approximate solution of dif-
ferent kinds of singular perturbation problems. So far, the RG method has been
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turned out to be very useful in a large number of singular perturbed problems,
such as secular problems, center manifolds etc. [2,5,7,9,11,12,15,16,19].

Maybe the first rigorous investigation of RG method can be traced back to
Ziane’s consideration of following perturbed systems [22] in 1999:

X+ %Ax =f(x),
x(0) =xo,

(1.1)

where x € C", € is a small parameter, A is a complex diagonalizable matrix, and
f(x) is a polynomial nonlinear term. Based on the typically renormalization pro-
cedure, Ziane obtained two approximate results under certain assumptions, the
corresponding strategy is unified, concise and effective. Following Ziane’s for-
mulation, RG method has been successfully used to analyze a large kinds of prob-
lems including the singular perturbed semi-linear PDE problems [9,13,14,17,21].

In 2003, Temam and Wirosoetisno [20] considered a class of systems with the
form

x+%Lx+Ax+B(x):f(t),
x(0) =xqo,

(1.2)

where L is a real antisymmetric matrix, A is a positive-definite matrix, f(¢) is
given with |f|c = esssup,.,, |f(t)| finite, and B(x) =}_;_; Bi(x), with B;(x) the
i-linear and completely antisymmetric in x, i.e., the inner product (B(x),x) =0 for
all x € R?. The authors presented an implicit procedure to obtain the approxi-
mate solution up to any order, they also made several dynamical analysis about
the conservation, or dissipation of energy in different cases, which implies the
simplicity of RG method compared with other ones.
In 2008, Chiba [5] considered another class of singular perturbation problems
as the following form:
x=¢eg(x,t,e), xel, (1.3)

where U is an open set in C" and the closure U is compact, g(x,t,¢) is a vector field
parameterized by e€R . Inspired by the KBM theory, he presented a higher order
RG theory for above system with a key assumption that the nonlinear terms are
almost-periodic in t, and the set of corresponding Fourier exponents having no
accumulation on IR. Moreover, his work turns out that, in many cases, RG theory
can also lead to the existence of approximate invariant manifolds, inheritance of
symmetries from those for the original equation to those for the RG equation, and
unify traditional singular perturbation methods, such as the averaging method,
the multiple time scale method and the center manifold reduction, etc.
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One common feature of above two results is that the RG strategies they used
are the same as the one adopted in averaging method [18], which is, in fact, differ-
ent to the typical RG idea, and only work on the KBM conditions. While, as it was
presented in [2], there are many other kinds of problems, rather than KBM cases,
that can also be solved by RG method, such as boundary layer problem [23].
Therefore, it is necessary to develop some more systematic and unified schemes
for general perturbed problems.

However, from the original RG scheme, i.e., by introducing a free parameter
to remove the secular terms in the naive expansion, it is hard to get a consistent
and clear methodology that can be applied to other kinds of problems. In 2012,
Kirkinis [11] pointed out that the RG method for asymptotic analysis is still in
the early stages of development, and there are still many unsettled issues. One
of the interesting questions raised by Kirkinis is, “Is there a consistent and clear
methodology that one can apply to even linear, singularly perturbed PDEs?” The
main goal of the present paper is to carry out the study on above questions. We
will focus on the following n-dimensional differential system:

x=Ax+ef(x), xel, (1.4)

£ -7

where means the derivative with respect to time t, A is a complex matrix,
assumed for simplicity to be diagonalizable, U containing 0 is an open subset of
C", and f:U — C" is a vector-valued nonlinear polynomial function, i.e., it can be

rewritten as
f(x)= ) £ x*
a€IN"2<|a|<N

with f, € C" the vector valued coefficient of x* = xi‘l cexy, and || =aq +- g
We remark that, with a time scaling, system (1.4) is, in fact, the same as (1.1). In
2008, Lee DeVille et al. [6] computed the approximate solution of (1.4) by classi-
cal RG method up to second order, and referred that the RG method can be used
to compute the corresponding normal form of the given system. Here, we will
develop a newly combined technique to give a systematic and explicit strategy
of the RG method up to any order for the system (1.4), and give a complete con-
sideration of its dynamical meaning in both aspects of normal form and center
manifolds.

The article is organized as follows. In Section 2, we will present a systematic
and explicit procedure of the RG method to obtain the asymptotic solution of
(1.4) up to any order. In Section 4, the rigorous approximate estimates in different
cases will be presented. In Section 5, the obtaining of the normal form will be
naturally presented in any order. And we will give further consideration to the
center manifolds approximation at the last section.
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2 Renormalization group illustration

In this section, we present an explicitly systematic RG procedure to get approxi-
mate solutions up to any order. Compared with the classical RG idea, our strat-
egy can be viewed as a combined method with the free parameter and the higher
order expansions.

Without loss of generality, we assume A =diag{A,---,A,}. Let

8(t,x) =G (Lx2(1))

with G(t,x,z) : R x U x C*" — C a vector-valued polynomial function, and z(t) =
(eMt,... et e=Mt ... e=Ait) " Then it is not difficult to see that g(t,x) can be
rewritten as

8(£,x) =g(x) +gn(£x) +gnr(tx)
with g(x) the terms independent of time ¢ in g(t,x), gyr(t,x) the terms having
polynomials in ¢, and gy (f,x) =g(t,x) —g(x) —gnr(t,X).
Definition 2.1. We call g(x) the resonance term of g(t,x), denoted by [g(t,x)]r, gy (t,%)
the non-resonance term of g(t,x), denoted by [g(t,x)|n, and gy (t,x) the non-resonance-
time term of g(t,x), denoted by [g(t,x)|NT-

Step 1. [Expansion of order ¢'] Expand x as
x=xp+&x;+ 0 (). (2.1)
Substitute (2.1) into Eq. (1.4), and equate the same degrees of ¢, we get
X = AXo,
x1 = Ax1+1£(x0),
and we can easily solve them as
X0 = eAtYOr
x1 = ety —|—eAt/0te_Asf(eAsy0) ds
=y, +eARM (Yo)t+eAtF(1) (£,y0) —eMFW) (0,y0),
where y,,y; €C" are integral constants to be determined, and

RO (y) = [e=f(eMy ] Z(Zf )eif

x€eN;

t ({e, Ay —A))E
F(l)(t,y):/ [e‘ASf(eAsy ]Nds—z< Y. f‘ INE y"‘) e;
/ 1

& NE
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with {e;}I"; the eigenvectors of A, and
. n
N,l,: {OCENnZ’DC’ >2, <0£,A> = Z)L][X]:)Ll}
j=1

One can note that R(V (y) is the first order resonant term so that
e MRW (eAty) =RW(y), teR,

and

F(t,y) :/t [e‘ASf(eAsy)} Nds:/t (e_Asf(eAsy) —R(l)(y)) ds.

Then, we can get the naive expansion
x=ely +e (e“”y1 +eMRM () t+-eMFV (1,y,) —eMFD (O,yo)) +0(&?)
= (yg+ey; +eR™ (yo u—eF ) (0,y,) ) +ee’ (R (yg) (=) +F ) (1,,))
+0(%)

with a free parameter y around time t. By renormalization as y = y,+ey;+
eRM (y,)u—eF1(0,y,), the naive expansion can be formally rewritten as

x=ey-+eet (RM (y)(t—p)+FV (Ly) ) + O ().

Step 2. [Expansion of order 2] Based on the first step, without loss of general-
ity, we can represent xg=eAly and x; =e (R (y) (t— 1) +FV(t,y)), and expand
x up to order ¢ as

x =AMy +eelt (R<l> (y)(t—p)+FD (t,y)) +e2x,+ 0 (). 2.2)
Now substitute (2.2) into (1.4), and equate the terms in €2, we have

0
Xy = AXz—l—gf(Xo)Xl,

and its general solution

t 0
xzzeAtyz—FeAt/ e 4 —f(ey)xds
"

0X
— oAy, +eMRO (y) (=) +eMF D (1y) +eMED (1= t,y) +eAF (1,y),
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where y, is the integral constant to be determined, and

RO ()= |ty ()= FU R Oy)|

- S J s d
B ey) = [ e Mt e~ FU R ds

0 0
—As 9 As Y (1) (1)
{e aXf(e y) X1 (S)} NT—I— ayF (s,y)R (y)) ds

/N /N
1
ml
b
195)

QU
-
—~
3
>
<
SN—"
| I
=
=
<
3
|
=

R<1><y><s—m+§F<1><s,y>R<1><y>)ds
N y

= 5o F YR (3) =)+ 5 3R ()R () (=

Then make renormalization as y+ €%y, +e2F?) (u,y) —y, we can rewrite (2.2) as

x=ey-+ett (M (y)+2RA (y)) (t-p)
+eM (eF D (ty) +eF D (1) )
+e2eAE? (t—ut,y)+0O(). (2.3)

Step 3. [Expansion of order ¢"*1] Assume we can expand x up to order " as
x=ey 4 et ZEZR(Z) (y)(t—p) + At ZSZF(Z) (t,y)
mooo
-|—eAtZle(l)(t—y,t,y)-1—(9(8’”“) (2.4)
with
F (- puty)= Za Ly RO () (=) +O((t=p)?), i=2,...m.

Let
x; = e MR (y) (t— 1) +eMED (1 y) +eAMED (1= tyy), i=2,...,m,
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and expand x up to order "1 as

m . . m . .
x=ey 4t ZEZR(Z) (y)(t—p)+et ZEZF(Z) (t,y)
i=1 i=1

- sieAtF(i)(t—y,t,y)+sm+1xm+1+(’)(sm+2). (2.5)

=2

Substitute (2.5) in (1.4), and equate the terms of g™t we get

dm m
=0

m
1._.
=Axm+1+2-—,a]f(xo) Y Xiy * Xk (2.6)
j=1l° R
k>1

where 9/'f, the j-th derivative of f, is a tensor with j indices (j must be contracted
with the vectors x,- - szj)- Eq. (2.6) can be solved as

t moq o
At At —A A
X1 =€y, 1+e /ﬂe °Y ],—'Bff(e °y) ) Xie -+ X, ds
j=1/" k1_|_...+k].:m

ki>1
:eAtYm+1 +eAtR(m+1) (Y) (t—y) +eAtF(m+1) (t/}’)

+€AtF(m+1) (t_‘u’t’y)_i_eAtF(m_Hl) (‘u’y), (27)

where y,, . is the integral constant to be determined, and

R(m+1)(y)
"oy "oy o .
= e M) Solf(xo) ). X+ X =) 5 F(”(tIY)R(*”“‘”(y)] ,
j=1/* ki +--tkj=m =19 R
ki>1
F(m+1)(t,y)
Hlo—asy 1) - 9 () (m+1-)
_ / e Zj_,a f(x) Y. xkl...xkj_xgp (s,y)R (y)| ds,
j=1/ ky+--+kj=m j=1 N

ki>1
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B (= ty)
([‘ASZ FEACOND DR R +ZaiF(j)(S/y)R(m“‘”(y)>ds
kyt--tkj=m Nt =%
k>1
- 9 () (m+1—j) 2
ZZ@F (ty)R (V) (t=p)+O((t=p)*).
=1

Make renormalization as y+e&"*1

as

Yt +em IR (41,y) —y, we can rewrite (2.5)

m+1 o
x=ety oM S TRO(y) (1 1) +eM 3 SFO 1)
(i
+eAt2£1F( )(t—y,t,y) +0O(e"1?). (2.8)

Step 4. [Approximate solution] By noting that x(f) should be independent of
the parameter y, we have

dx
— =0.
du =t
Taking it into (2.4), we obtain
m+1y _ At Y ALY g oAt dy
R(®
OE™ )= E € 1218 dt

_ ZgieAf Z a_F(j) (t,y)R(i—j) (y)
oA <zd-|-lze —yF )(t,y )d_y Atzng
. At i_F )( & ]R )
e <l_218 3y Zs
. i 0 i dy
=4t <zd-|— Z;e —yF( )(t,y)) n
0
et (zd—i—Zs @F (ZEJR )

1
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e $e 0 ) (8- Fown),

1_

Then we get the m-th RG equation
% :]iij(j) (y), (2.9)
and the m-th order approximate solution
xe = ey et isiF(i) (t,y). (2.10)
It is easy to conclude that x,(t) satisfies

xg—Axg—t—eAty-i—eAtZs dt @D (t,y)

A ALy TRU) (y) 44t
Xe+e ]gs Zs at (t,y)

moo5 o
+eAt Zsla—F(’) (t,y) Zs]R(]) (y)
i-1 9 j=1
= Axc+ef(x.) +e" 1S, (t,y,€), (2.11)

where

Remark 2.1. (1) Compared with the RG procedures in Temam [20] and Chiba
[3], our strategy is more direct and much closer to the original RG idea in [2].

(2) By induction, one can easily conclude that S, (t,y,e) = O(]|y||™), this, com-
bined with Definition 2.1, promotes us to investigate the normal form of the
original equations later.

(3) The above strategy can be extended to more general perturbation f(x,t,¢),
which is polynomial in x, almost periodic in t and C" or analytic in €.
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3 Convergence estimates
In order to investigate the error estimates between the original solution and ap-

proximate solution, we make the following assumption.
(H) The solution of the initial problem

dy m 1

j—1R ()

{ dt Z] 1€ RY (Y) (31)
y(0)=y,

exists on interval (a,b) with 2 <0< b independent of ¢.

Theorem 3.1. Assume that (H) holds and A is a diagonalizable matrix with all the
eigenvalues having real parts not more than zero. Let x(t) be the solution of (1.4) with
initial condition x(0) = xg, and ||y,—xo|| = O(e") for some m € IN. Then, for any
T €(0,b), there exists ey >0, such that for any € € (0,&)

lx(t) —xe(t)| <Me™, t€[0,T/¢], (3.2)
where M >0 is dependent on T,m,eq and y,,.
Proof. Let w¢(t) =x(t) —x¢(f). Then by (2.11), we have

wg—Awg—i—s(f(x) f(xg) mHSm(,y,E),

Therefore

o 1)< e 0) 1+ [ 16Cx(5)) ~£Gx())) s
1 [0 (5,y(6),0) s, (33)

By (H), there exists a positive constant Cy which only depends on T and y,,,
such that the solution y(t) of (2.9) with y(0) =y, can be bounded as

ly(®)]|<Co, t€[0,T/g].
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Hence, there exists a positive constant C; which depends on T and y,, such that
for t€[0,1],

IRO(y(0)| <Co, j=1,...m,
[eMED (1y(1)|| <G,

9 Atg(1)
e ey <ci
Now, it is not difficult to see that both eA'F()(t,y(t)) and %eAtF(l)(t,y(t)) only
contain the terms which are exponential in f and the corresponding exponents
are non-positive. By induction, we assume that, for j € {1,...,k}, eAEU) (1y (1))
and %eAtF(] )(t,y(t)) only contain the terms which are exponential in t and the
corresponding exponents are non-positive. Then

t moq
eAtF(k+1)(t’y):eAt/ [e—As<;]__!a]f(xO) Z Xy Xk,
]:

ki tkj=m
ki>1

_ ZaieASF(]) (S’y)R(m+1_j) (y))] dS,
=19 N

which implies that eAtpU+1) (t,y) only contains all the terms exponential in ¢ with

non-positive exponents, and therefore, there exists a positive constant C, which
depends on T,m and y,, such that for any je {1,...,m} and t€[0,T /€],

[0 (t,y (1) <Ca,
H%eAtF(j)(t,y(t))H <G,

These inequalities imply that there exist a sufficiently small ¢y >0 and a positive
constant C3 which depends on T,m,gy and y,, such that for e € (0,¢9) and t €
[0,T/¢],

(I <Cs, [[Sm(ty,e)|| <Ca.
Now, for given T € (0,b) and e € (0,¢¢), let

to=sup{t€[0,T/¢] | [lwe(t)| <L te[0,t1]}
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Obviously, ty > 0 for sufficient small €y, and there exists a positive constant Cy4
which depends on C3 such that

t
||Ws(if)||§||Ws(0)||+€C4:/0 [we(s)||ds+C3Te"™, te[0,to].

Hence, by Gronwall’s inequality,
lwe(£)] < ([[we(0)[| +C5Te™)e™" <Me™,  te[0,to],

where M is a positive constant which depends on T,m and y,,. Therefore, with
sufficient small ¢y, one can immediately conclude that ty=1T/e. O

Corollary 3.1. Assume that (H) holds and A is a diagonalizable matrix with all the
eigenvalues having negative real parts. Let x(t) be the solution of (1.4) with initial
condition x(0) =xg, and ||y, —xo|| = O(e™) for some m € N. Then, for any T € (0,b),
there exist eg >0 and o < a, such that, for any e € (0,¢p),

x(F) —xe ()| < Me™e™7t, te[0,T/], (3.4)

where M is a positive constant which depends on T, m, ey and y,,. Moreover, if the solution
of (3.1) is globally bounded, then (3.4) is valid for t € (0,+00).

Proof. Let Aq,---,A, be eigenvalues of A, then there exists a positive constant «
such that ReA; < —a,i=1,...,n. Therefore, there exists a positive constant Cy
which depends on «, such that

[we(t)]| < Coe‘“’*||we(0)||+8Co/0te""“‘s)||(f(x(s))—f(xe(s)))|lds
+e" ¢ /0 te_“(t_s)HSm(s,y(s),e)||ds.

From the proof of Theorem 3.1, there exists a positive constant C; which de-
pends on T and y,, such that, the solution y(f) of (2.9) with y(0) =y, can be
bounded as

ly(®)][ <Cy, te[0,T/¢],
IRD(y(t)I<Cy, t€[0,T/e], je{d,...,m}.

Furthermore, for any j € {1,...,m}, eAFY) (t,y(t)) and %eAtF(j)(t,y(t)) only con-
tain the terms which are exponential in ¢ with non-positive real part exponents.
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We note that the terms in eA'FU)(t,y(t)) and %eAtF(f) (t,y(t)) are, in fact, ex-
ponential in t with negative real part exponents, that is to say, there exist f >«

and a positive constant C, which depends on T,m and y,, such that for any
je{l,....m}and t€[0,T /¢,

IRD (y(1))|| <Ca
140 (1,y (1)) || < Coe™t,

d _
HeAtgF(])(t,y(t))H <Cpe Pt
Jxi(6)]| < Cae ¥

These inequalities imply that there exist a sufficiently small &g >0 and a positive
constant C3 which depends on T,m,eq and y,, such that for any e € (0,¢9) and
te0,T /¢,

Ixe()l <Cse™,  [ISm(t,y,e)l| < Cae™™.

For given T € (0,b) and e€ (0,¢9), let
tozsup{tle[O,T/s] | we(®)]| g1,te[o,t1]}.

With the same idea in Theorem 3.1, we can find that ty > 0 for sufficient small ¢,
and there exists a positive constant Cs which depends on Cj such that

t
e“t||w€(t)||§\|C0w€(0)\|+sC5/0 ¢ lwe(s)||ds+Cse™ 1, te[0,to)-

Hence, by Gronwall’s inequality,
[we(£)[] < (Col[we(0) || +Cee™)e 7 <Me'e", te0,t0),

here o <a—¢(Cs. Note that C3, C5,C¢ and M are polynomially dependent on ¢,
so ¢ can be chosen of order O(1). Furthermore, since M is a positive constant
which depends on T,m,¢p and y,,, with sufficient small ¢g, we can conclude that
to =T /e. Then, the whole proof can be completed by noting the fact that all
the constants obtained above will be independent of T, if the solution of (3.1) is
globally bounded. O

Corollary 3.2. Assume that (H) holds and A is a diagonalizable matrix with all the
eigenvalues having zero real parts. Let x(t) be the solution of (1.4) with initial condition
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x(0) =xp, and ||y, —xo|| = O(e™) for some m € N. Then, for any [Ty,T>] C (a,b) with
Ty <0< Ty, there exist €9 >0, such that for any e € (0,9),

|x(t) —xe(2) || < Me™, te[Tv/e,Ta/e],
where M >0 is a positive constant which depends on Ty, Tp,m, & and y,,.
Proof. The statement can be proved similar to the proof of Theorem 3.1. O

We remark that a same result as Corollary 3.2 was proved by Chiba [5] by
combining the RG method and the KBM idea [18].

4 Normal form

As referred in Remark 2.1, we make a further investigation on some properties
related to the normal form.
Lemma 4.1. Forany jEIN, p€Rand ycC",
RU) (eAHy) —AHR0) (y), 4.1)
eAMFU) (1,eAMy) = eAHHED) (£ 4-p,y). (4.2)
Proof. Firstly, for j=1,

RW (eAyy) _ [e—Atf(eA(tﬂi)y)} _ AN [e—A(t+y)f(eA(t+y)y)} :eAyR(l)(y),

R R

t
R )= [ ey R )
t
EVICEY / (emACT1E(eACH1y) ~RO)(y) ) ds
t+
_ Al+) / ! (e ##(e%y) —RD(y) ) ds

— Al R (t+1,y).

Now, by inductions, we assume that (4.1) and (4.2) hold for all j € {1,...,m}, then
forany je{1,...,m},ycRand zeC",

3 i 9 JAtg(

ZEU) (0417 == At ZpALRU) (1 oAt Z) e AN

oyt (betz)=em o e EN (tez)e
:e—Ataa_ZeA(tJru)F(j)(t+y,z)e_A”,

X;j (t,eAVz) = X]‘(t+“l/l,z).
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Hence
R(m+1) (eAyy)
m
_ 1.,
e Atzj—,a]f(xo(“rﬂ)) Y Xiey (E41) - X, (E+ 1)
=1/’ ki kj=m
ki>1
_Atz d A t—&—]/t t—l—y Z) (m—i—l—j)(y)] :eAyR(m+1)(y),
R
t moq o
:eAf/ le_ASZ,—'aff(xo(s—i—y)) Y. Xiy (S+p) X (s+p1)
=1/’ ki +k=m
ki>1
—Asi J F S-I— ) (m+1—j)( ) ds
dy wy y
j=1 N
t+u .
:eA(H-H)/ {e‘ASZ,—'a]f(Xo(S)) Z X, (S)"'ij(s)
=1l ki kj=m
ki>1
o—As m+1—j)
zay SRy ds
—eA(t+V)F(m+1)(t—|—pt,y).
The proof is complete. O

Theorem 4.1. For any m €N, Eq. (1.4) locally has a C™ normal form as

jf _Az+]21ef1z (2)+O (", ||z|") 43)
with the normal form transformation
x=h(z)=z+ isiF(i)(O,z). (4.4)
i=1
Proof. For given m €N, let

m . .
H(ty)=eMy+ ) eFi(ty),
i=1
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then, by Lemma 4.1, we know that

m . .
H(t,eMy) =AWy Y B (14 p1,y).
i=1
So the transformation (4.4) can be viewed as

x=h(z)=H(0,z) =H(t,e z).

Denoting by Z= e~ 4tz, and taking (4.5) into Eq. (1.4), we obtain

Ax—i—sf(x):Ax—l—eAt%—l—eAtis J Atz
dt = at =~
dz "=l/d
_ At At LAt 1+1
_AX-I—e E—FE) <d€l (e Z+e ZEF >|g 0) +
i ara O (j) i) At
1 = 1— —
i;se EEF] (t,z)RV71)(z) Ze]R
L0 dz
At iY r)g 5\ 94
+e lge 8yF (t,z) i

= Ax+ef(x) +el! <zd+2€ ay (¢, Z)) (a_ZEJR '

i=1 j=1
m . .
—sf(eAtz-i—eAtZs’F(’)(t,z))
i=1
m—1 dl )
+l;) (@ (eAtz—i—eAtZsF ),8 0)€l+1
2m ) Ati—l o) 0) (i—))
1 = 1— —
— ) e Jgglﬂ (t, )RV (z)

i=m—+1
dz

mooa
— j i 7 () i j
Ax+ef(x)+<zd+i;s ayF (O'Z))<dt Az— ZeR )
>|s 0) I+1

=

—sf(z-l—isiF(i)(O,z)) -|—mi:1( (z-I—ZeF

i

_ Z Z a RE—7) (z),

i=m+1 j=

(4.5)
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which leads to
id+i€iip(i)(0 z) dz_ . isz(j) (z) ) +&"18,,(0,2,6) =0
= ay , dt ].:1 m\V,&y 7
that is to say

dz mo meooy . -
g IR (7Y — (i i 9 g m—+1
T Az—i—]gs RY(z) (zd—i—gs ayF (O,Z)) " 8,,(0,2,¢€)
=Az+ Y RV (z)+ 0", ||z||™).
j=1

Then, the proof can be completed by combining the locally convergence from
Theorem 3.1. O

Remark 4.1. Based on the above discussions, it can be shown that the RG scheme
we developed can be used to formulate the normal form for general differential
equations by setting e=1. Here, we should point out that the obtained RG normal
form is, in general, different from the classical Poincaré-Dulac normal form up to
any finite order. On the one hand, RG normal form is explicit, while the later one
is implicit. On the other hand, it is not hard to see the fact that the RG normal
form contains more terms rather than the latter one up to any order. For example,
let us consider the following planar system:

dx1

——= =x1 x50+ %343,

dt (4.6)
dXQ o P 2 2

E——XZ—F X1x2+x2+X1x2,

where ¢ is a parameter. By direct calculation, one can get the RG normal form for

(4.6) to order ([|(y1,y2)[1?)

d
=iyl

dy> 2
TR +Y1Y2,
while the corresponding Poincaré-Dulac normal form is
dy;

dy,
a7
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Further, the RG normal form for (4.6) to order (||(y1,y2)||®) can be obtained as

dys

3 Yty
d
_dytz =—y2+(1+0)y1v3,

while the corresponding Poincaré-Dulac normal form is

dy,

3~y
d
=t (1o

One can note that, in each order, the RG normal form contains more terms than
the Poincaré-Dulac normal form. Especially, when § =0, even the RG normal
form to order (||(y1,y2)||?) contains more terms than the Poincaré-Dulac normal
form to order (|| (y1,y2)||%)-

5 Approximating center manifold

In this section, we try to investigate how does the renormalized solution asymp-
totically approach to the center manifold. We remark that Chiba considered this
topic in [4] by means of KBM idea. Here, we carry out it in our strategy, and try
to give more detailed results.

For simplicity, we consider the case when matrix A in (1.4) can be represented

as
B O
(o)

where B is a d xd matrix having eigenvalues with zero real parts, C is a g X g matrix
having eigenvalues with negative real parts, O denotes zero matrix, d+q=mn. In
what follows, for xe C", we represent it as x= (X,X) with x& C4,%€C1. Then, (1.4)
can be rewritten as

(5.1)

and it has local center manifold around the original point. Furthermore, we have
following observations.
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Lemma 5.1. The m-th RG equation can be rewritten as

d m

dg f;f 0 (5.2)
]

T ]>::1€R (y),

and the m-th order approximate solution
i) i)
xe=eMly+ Zsll-"cl (t,y)-i—Zs’Psl (t,y)
i=1 i=

where RV () is obtained by the first d parts of RV (y), RY) (y) is obtained by the last
q parts of RU) (y)), Fg]) (,§) contains the oscillation terms in eAFU)(t,y), Fg]) (t,y) con-

tains the exponential decay terms, and RY (¥)ly=0=0, ng) (tY)ly=0=0,j=1,...,m.

Proof. Firstly, one can note that

-ty £ (5 )
=1 MyeNj
L

eAtF(l)(t Y) :eAt/tL [e—ASf(eAsy)} ds— i < £ el At yzx) e
’ N ! gNi & <[X,A> —A !
=F" (t,y)+E" (1y),

where Fgl) (t,§) contains the oscillation terms in eAF) (£,y), Fgl) (t,y) contains the
exponential decay terms which are also polynomial in ¥, and the lowest order in
y is at least 1. By inductions, we assume that for j€ {1,...,k},

]
RO (y)= RO )
eAtF( )( y) (]) (t,}_’) ( )(t,y)’

where ng ) (t,§) contains the oscillation terms in eAFU) (,y), ng ) (t,y) contains the

exponential decay terms, and RY (¥)|y=0=0, Fg]) (t¥)ly=0=0,j=1,....k. Then

k k
1_. d . .
k —A k+1—
RED (y) = |e tzi:j_!a]f(x()) Z_ | Xkl"'xkj—z; @F(])(t,y)l{( 10 (y)
j=1 ky+--+ki=kk;i>1 j=1 R
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o Bt k1 . .
=17 ) Sppee)  E : Za (ty)RE171)(y)
z

i k1+ +kj=kk; >1 R
=c,5,l= 1 uJ
R* Y (y)
\R* ()
with RV (¥)ly=0=0, and
eAtF(k—H) (t/}’)

tr k1 . .
:eAt/ {e Asjgj—!aff(xo) Z X, *- xk—za (s,y)R R(k+1 ])(y)] ds

k1++k]:k,k121 N
— At t e_Asilajf(x) Z Fkl---ij—Z—F(j)(s )R(k+1—]')( )| ds
B 1= 0 0T gy WY y
j=1 ki+--+kj=kk;>1 j=1 N

T=c,s,1=1,...,j

—F ) (1,9) D (1y)

with ngﬂ) (t,§) the oscillation terms in eA'FU) (t,y), and ng ) (t,y) the exponential
(k+1)

decay terms satisfying F;" " (t,y)|y—0=0. Then the proof can be concluded. [

Lemma 5.2. §={yeC"|§y=0} is an invariant manifold of system (5.2). Furthermore,
ME;crH(t,S)=H(0,S).

Proof. The first statement is obvious. For any given p € R and y€ S, ety € S,
therefore, by Lemma 4.1,

H(u,y)=H(0,e*y) €H(0,S)C | JH(t,S).
teR

Hence the proof can be concluded by the arbitrary choiceof yc RandyeS. O

Theorem 5.1. There exist eg > 0 and open set U C C* with 0 € U, such that for any
e€(0,e0), Mo=H(0,U x {0}) is the local center manifold of system

z=Az+ef(z)+e" 1S, (1y,e). (5.3)

Furthermore, My is an O (") approximation of a local center manifold M. of (5.1).
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Proof. Firstly, for any zy € M, there exists y, €S, such that zg=H(0,y,), therefore,
the solution z(t) of (5.3) with z(0) =z can be, in fact, presented as

z(t)=H(t,y(t)) €H(0,8) =M,

this implies that M is an invariant manifold of (5.3).
Secondly, consider the equations

(1)-(1) Eres

or

(5.4)

Then, by the implicit function theorem, there exist some ¢y >0 and open set 0 €

U C CY, such that the first equation in (5.4) can be written as § = 1_1_1(2,8) =Z+
O(]|(z,)||?), which is analytic in (z,&) in U x (0,&9). Hence

m a7 _- —
2=Y ¢t (087 (2e) =0 (|2lPe), zeR(U,(0,5)), c€(0),  (55)
i=1
this means

m .

Mo=H(0,U x {0}) = {z cC'2=Y ¢ (0,h ' (z,¢), zeh (U, (0,0)) }
i=1

is the local center manifold of (5.3).

Furthermore, it is easy to note that, there exists an open set V C V CU with
0€V, such that H(0,V x {0}) is normally hyperbolic and (5.3) is an O(¢"*!) per-
turbation of (5.1), then, by Fenichel theorem [8], we can get a normally hyperbolic
manifold M, of (5.1), which is an O(¢"*1) perturbation of H(0,V x {0}), with no
loss of generality, we can express M as

x=) B (057(0) +e" (%), XER(V,(00), € (0e).  (56)
i=1

Taking (5.6) into (5.1), and combining with the property of (5.5), one can easily
conclude that hy(%,e) = O(]|x||?), which implies that M_ is indeed the local center
manifold of (5.1). O
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Corollary 5.1. There exist some ey >0 and an open set V C C% with 0€ V), such that, for
any e€ (0,¢p),

dist(z(t),M:) <M (" e, te[0,T/¢,

where z(t) is the solution of (5.3) with z(0) =zo € H(0,V xC1), —u is the biggest real
part of eigenvalues of C, and T,M >0 are constants only depending on g and V.

Proof. From Theorem 5.1, we only need to prove that for ¢ € (0,¢]
dist(z(t),Mo) <Me ™, t€[0,T/e]. (5.7)

In fact, we can consider the solution w(t) of (5.3) on M such that w(0)=H(0,y,)
with §, =¥,,§; =0, here y, € V satisfies H(0,y,) =z¢. Then

_ Aty v g (4 5 - igl)
z(t)=eMy+) €F(4y)+ ) _F(ty),
i=1 i=1

w(t)=et (g) +i_21€iF£i) (ty) € Mo,

where y(f) is the solution of RG equation (5.2) with y(0) =y,. Based on the dis-
cussions in above sections, for any ¢ € (0,¢¢], there exists T >0 such that

w(t)e My, te]0,T/e,

and furthermore, there exists M >0 depending on gy and V such that

)l Ee

So (5.7) holds and the proof is complete. O

1z(#) —w(t)]| <

£ (t,y) H <Me ™, te[0,T/e.
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