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Abstract. In this paper, the transient Navier-Stokes equations with damping are con-
sidered. Firstly, the semi-discrete scheme is discussed and optimal error estimates are
derived. Secondly, a linearized backward Euler scheme is proposed. By the error split
technique, the Stokes operator and the H−1-norm estimate, unconditional optimal er-
ror estimates for the velocity in the norms L∞(L2) and L∞(H1), and the pressure in the
norm L∞(L2) are deduced. Finally, two numerical examples are provided to confirm
the theoretical analysis.
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1 Introduction

We consider the following transient Navier-Stokes equations with damping:
ut−ν∆u+(u·∇)u+α|u|r−2u+∇p= f in (0,T]×Ω,
divu=0 in (0,T]×Ω,
u=0 on ∂Ω,
u(0,·)=u0 in Ω,

(1.1)

where Ω⊂R2 is a convex polygon domain with the boundary ∂Ω, u=(u1,u2) and p are
the fluid velocity and pressure, respectively, f is a given external force, ν is the viscos-
ity coefficient, 2≤ r<∞ and α are two damping parameters, respectively, and |·| is the
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Euclidean norm. The damping comes from the resistance to the motion of the flow. It de-
scribes various physical phenomena such as porous media flow, drag or friction effects,
and some dissipative mechanisms [1, 2].

The existence and uniqueness of global weak and strong solutions for the problem
(1.1) were analyzed in [3,4]. At the same time, some studies have been devoted to the nu-
merical analysis of the stationary incompressible Stokes or Navier-Stokes equations with
damping. In [5], the MAC finite difference scheme was presented for the Stokes equa-
tions with damping on non-uniform grids. In [6], the conforming mixed finite element
method (MFEM) was developed, and the existence and uniqueness of the weak solu-
tions were proved. In [7], the superclose and superconvergence phenomenon of some
stable MFEs were studied. In [8–10], the local projection stabilized MFEMs with the P1-
P1 element pair were proposed for the Stokes or Navier-Stokes equations with damping.
In [11, 12], the two-level and multi-level MFEMs were applied to the problem to save
computation cost. In addition, the Navier-Stokes type variational inequality with nonlin-
ear damping was also considered in [13]. However, there were few numerical methods
reported for the transient Stokes or Navier-Stokes equations with damping.

On the other hand, in the finite element methods of the nonlinear problems, some
time-step restrictions are usually required in the error estimates. In order to overcome
this disadvantage, the error splitting technique was first presented in [14] for the non-
linear Joule heating equations and [15] for the incompressible miscible flow in porous
media, respectively. Recently, this technique was applied to various nonlinear problems,
such as the parabolic equation [16–18], the hyperbolic equation [19], the Schrödinger
equation [20–24], the Landau-Lifshitz equation [25], the Ginzburg-Landau equations [26,
27], the Klein-Gordon-Schrödinger equations [28], the thermistor equations [29–31], the
Navier-Stokes equations [32], the viscoelastic fluid flow equations [33], the MHD equa-
tions [34] and so on.

In this paper, we will research the transient Navier-Stokes equations with damping.
We present the semi-discrete scheme for this problem, and derive optimal error estimates.
Then we propose a linearized backward Euler scheme. Although unconditional optimal
error estimates were obtained for the transient Navier-Stokes equations in [35, 36], the
methods cannot be applied to the problem (1.1) for the nonlinear damping term may
result in more complicated analysis, so we employ the error splitting technique in [32],
which was used in the modified characteristics finite element methods of the Navier-
Stokes equations. A time-discrete system is introduced, and the error is split into a tem-
poral error and a spatial error. Then the temporal error and the regularity of the time-
discrete system are presented. Subsequently, the space error and the boundedness of the
velocity are derived. Finally, unconditional optimal error estimates are obtained. Espe-
cially, the analysis method of the pressure is different to that in [32]. The Stokes operator
and the H−1-norm estimate are employed, and consequently we obtained optimal error
estimates for the pressure in the norm L∞(L∞), while in [32], it is optimal in the norm
L∞(L2).

Throughout this paper, we use the classical Sobolev spaces W l,m(Ω), Ll(Ω), Hm(Ω)
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and Hm
0 (Ω), where 1≤ l≤∞ and m≥ 0. Let ‖·‖0,l and ‖·‖m be the norms on Ll(Ω) and

Hm(Ω), respectively, and (·,·) be the natural inner product in L2(Ω). We use H−1(Ω) to
denote the dual space of H1

0(Ω), and 〈·,·〉 the duality product. In addition, we define the
space Ll(Y) with the norm

‖u‖Ll(Y)=

(∫ T

0
‖u(·,t)‖l

Ydt
) 1

l

and if l=∞, the integral is replaced by the essential supremum. Finally, we denote by C
a generic positive constant, which may be different in different places, but independent
of the mesh size h, the time step τ and the parameters ν, r, α.

2 Mixed variational formulation

Let

V=(H1
0(Ω))2, Q=L2

0(Ω)=

{
q∈L2(Ω)

∣∣∣∫
Ω

q=0
}

, (2.1)

and define the skew-symmetric tri-linear form b(·;·,·) on V×V×V as

b(u;v,w)=((u·∇)v,w)+
1
2
((divu)v,w)

=
1
2
((u·∇)v,w)− 1

2
((u·∇)w,v). (2.2)

Then the variational formulation of the problem (1.1) reads: for all t∈ (0,T], find (u,p)∈
V×Q such that{

(ut,v)+ν(∇u,∇v)−(divv,p)+b(u;u,v)+α(|u|r−2u,v)=(f,v), ∀u∈V,
(divu,q)=0, ∀q∈Q.

(2.3)

Some estimates of the tri-linear form b are given in the following lemma.

Lemma 2.1. The tri-linear form b satisfies

|b(u;v,w)|≤C‖∇u‖0‖∇v‖0‖∇w‖0, ∀u,v,w∈ (H1
0(Ω))2, (2.4a)

|b(u;v,w)|≤C‖u‖0(‖∇v‖0,3+‖v‖0,∞)‖∇w‖0,

∀u,w∈ (H1
0(Ω))2,v∈ (W1,3(Ω)∩L∞(Ω))2, (2.4b)

|b(u;v,w)|≤C(‖u‖0,∞+‖∇u‖0,3)‖∇v‖0‖w‖0,

∀v,w∈ (H1
0(Ω))2,u∈ (W1,3(Ω)∩L∞(Ω))2, (2.4c)

|b(u;v,w)|≤C‖∇u‖0(‖∇v‖0,3+‖v‖0,∞)‖w‖0,

∀u,w∈ (H1
0(Ω))2,v∈ (W1,3(Ω)∩L∞(Ω))2. (2.4d)
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Proof. Using (2.2) and Hölder inequality, it is easy to check that

|b(u;v,w)|=
∣∣∣∣12 ((u·∇)v,w)− 1

2
((u·∇)w,v)

∣∣∣∣
≤ 1

2

(
‖u‖0‖∇v‖0,3‖w‖0,6+‖u‖0‖∇w‖0‖v‖0,∞

)
≤C‖u‖0

(
‖∇v‖0,3+‖v‖0,∞

)
‖∇w‖0, (2.5a)

|b(u;v,w)|=
∣∣∣∣((u·∇)v,w)+

1
2
((divu)v,w)

∣∣∣∣
≤‖u‖0,∞‖∇v‖0‖w‖0+

1
2
‖divu‖0,3‖v‖0,6‖w‖0

≤C
(
‖∇u‖0,3+‖u‖0,∞

)
‖∇v‖0‖w‖0, (2.5b)

which implies (2.4b) and (2.4c). The proof of (2.4d) is similar to that of (2.4c), and (2.4a)
can be found in [35]. The proof is completed.

The following inequalities will be frequently used in the estimates of the nonlinear
damping terms, which can be found in [37].

Lemma 2.2. For any u,v,w∈ (L∞(Ω))2, we have

(|u|r−2u−|w|r−2w,u−w)≥0, (2.6a)∣∣∣|u|r−2u−|w|r−2w
∣∣∣≤M(|u|+|w|)r−2 |u−w|, (2.6b)∣∣∣(|u|r−2u−|w|r−2w,v)

∣∣∣≤M(‖u‖0,∞+‖w‖0,∞)
r−2‖v‖0‖u−w‖0, (2.6c)

where M is dependent on r.

In addition, the steady Stokes equations
−ν∆v+∇q=g in Ω,
divv=0 in Ω,
v=0 on ∂Ω,

(2.7)

has a unique solution for the prescribed g∈ (L2(Ω))2, and satisfies [38]

‖v‖2+‖q‖1≤C‖g‖0. (2.8)

Finally, for the sake of simplicity, we assume that the problem (1.1) has a unique solution
(u,p) with following regularity similar to that in [32]

‖u0‖k+‖u‖L∞(Hk+1)+‖p‖L∞(Hk)+‖ut‖L∞(Hk+1)

+‖pt‖L∞(Hk)+‖utt‖L∞(L2)≤K. (2.9)
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3 The semi-discrete scheme

Let Th be a uniformly regular partition of Ω. The conforming finite element space pairs
Vh⊂V and Qh⊂Q are composed of piecewise polynomials of degrees at most k and k−1
(k≥1), respectively, which satisfy the inf-sup condition

sup
vh∈Vh

(divvh,qh)

‖∇vh‖0
≥β‖qh‖0, (3.1)

where β>0 is independent of h.
Given (u,p) ∈ V×Q, the Stokes projection (Ihu, Jh p) ∈ Vh×Qh is defined to be the

solution of{
ν(∇Ihu,∇vh)+(divvh, Jh p)=ν(∇u,∇vh)+(divvh,p), ∀vh∈Vh,
(divIhu,qh)=0, ∀qh∈Qh.

(3.2)

Then we have the following classic estimates [39, 40].

Lemma 3.1. Assume that u∈V∩
(

Hk+1(Ω)
)2, p∈Q∩Hk(Ω), then there hold

ν‖Ihu‖0,∞≤C(ν‖u‖2+‖p‖1), (3.3a)

ν‖∇Ihu‖0,l≤C(ν‖∇u‖0,l+‖p‖0,l), l=2,3, (3.3b)

ν(‖u− Ihu‖0+h‖∇(u− Ihu)‖0)+h‖p− Jh p‖0≤Chk+1(ν‖u‖k+1+‖p‖k
)

, (3.3c)

ν‖ut− Ihut‖0≤Chk+1(ν‖ut‖k+1+‖pt‖k
)

. (3.3d)

The discrete Stokes operator Ah : Vdiv
h →Vdiv

h is defined by [41, 42]

(Ahvh,wh)=

(
A

1
2
h vh,A

1
2
h wh

)
=(∇vh,∇wh), ∀vh,wh∈Vdiv

h , (3.4)

where Vdiv
h ={vh∈Vh, (divvh,qh)=0, ∀qh∈Qh}.

Then we have the following properties of Ah.

Lemma 3.2. For any vh∈Vdiv
h , there hold∥∥∥∇A−1

h vh

∥∥∥
0
=

∥∥∥∥A−
1
2

h vh

∥∥∥∥
0
, (3.5a)

‖vh‖−1≤C
∥∥∥∥A−

1
2

h vh

∥∥∥∥
0
. (3.5b)

Proof. From the definition of Ah, it is easy to obtain (3.5a), and (3.5b) can be found in [41,
42].
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The semi-discrete scheme of the problem (1.1) reads: for all t∈ (0,T], find (uh,ph)∈
Vh×Qh such that

(uht,vh)+ν(∇uh,∇vh)+α
(
|uh|r−2uh,vh

)
−(divvh,ph)

+b(uh;uh,vh)=(f,vh), ∀vh∈Vh,
(divuh,qh)=0, ∀qh∈Qh,
uh(0)= Ihu0.

(3.6)

Let eh =uh− Ihu, and subtract (3.6) from (2.3), then we obtain the following error equa-
tions 

(ut− Ihut,vh)−(eht,vh)−ν(∇eh,∇vh)−(Jh p−ph,divvh)

+b(u− Ihu;u,vh)+b(Ihu;u− Ihu,vh)−b(eh; Ihu,vh)−b(uh;eh,vh)

+α
(
|u|r−2u−|Ihu|r−2 Ihu,vh

)
+α
(
|Ihu|r−2 Ihu−|uh|r−2uh,vh

)
=0,

(diveh,qh)=0.

(3.7)

Now we turn to optimal error estimates for the velocity u.

Theorem 3.1. Let (u,p) and (uh,ph) be the solutions of (1.1) and (3.6). Assume that the solution
(u,p) satisfies the regularity condition (2.9). Then it holds for all t∈ (0,T] that

‖eh‖0+h‖∇eh‖0≤CL1hk+1, (3.8)

where

L2
1 := eC K2

ν3

(
K2

ν3 +α2M2 K2r−2

ν2r−1 +
K4

ν3 +
K4

ν5

)
.

Moreover, assume that h is small enough, we have

‖∇uh‖0≤C
(

1+
K
ν

)
, (3.9a)

‖uh‖0,∞≤C
(

1+
K
ν

)
. (3.9b)

Proof. Take vh =eh∈Vdiv
h in (3.7), and note that(

|uh|r−2uh−|Ihu|r−2 Ihu,eh

)
≥0, (3.10)

then it gives

1
2

d
dt
‖eh‖2

0+ν‖∇eh‖2
0≤ (ut− Ihut,eh)+α(|u|r−2u−|Ihu|r−2 Ihu,eh)

+b(u− Ihu;u,eh)+b(Ihu;u− Ihu,eh)−b(eh; Ihu,eh) : ∆
=

5

∑
i=1

Ei. (3.11)
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Next we estimate all terms on the right hand-side of (3.11). It is easy to check that

|E1|≤C‖ut− Ihut‖0‖∇eh‖0≤C
K2

ν3 h2(k+1)+
ν

6
‖∇eh‖2

0 . (3.12)

By Lemma 2.2 and Lemma 3.1, the nonlinear damping term can be estimated as

|E2|≤αM‖u− Ihu‖0(‖u‖0,∞+‖Ihu‖0,∞)
r−2‖eh‖0

≤Cα2M2 K2r−2

ν2r−1 h2(k+1)+
ν

6
‖∇eh‖2

0 . (3.13)

According to Lemma 2.1 and Lemma 3.1, we obtain

|E3|≤C‖u− Ihu‖0

(
‖∇u‖0,3+‖u‖0,∞

)
‖∇eh‖0≤C

K4

ν3 h2k+2+
ν

6
‖∇eh‖2

0 , (3.14a)

|E4|= |b(Ihu;eh,u− Ihu)|≤C
(
‖Ihu‖0,∞+‖∇Ihu‖0,3

)
‖∇eh‖0‖u− Ihu‖0

≤C
K4

ν5 h2k+2+
ν

6
‖∇eh‖2

0 , (3.14b)

|E5|≤C‖eh‖0

(
‖∇Ihu‖0,3+‖Ihu‖0,∞

)
‖∇eh‖0≤C

K2

ν3 ‖eh‖2
0+

ν

6
‖∇eh‖2

0 . (3.14c)

Inserting (3.12)-(3.14c) into (3.11) yields

1
2

d
dt
‖eh‖2

0+
ν

6
‖∇eh‖2

0

≤C
(

K2

ν3 +α2M2 K2r−2

ν2r−1 +
K4

ν3 +
K4

ν5

)
h2k+2+C

K2

ν3 ‖eh‖2
0 . (3.15)

By Gronwall lemma, and note that eh(·,0)=0, we deduce

‖eh‖2
0+
∫ T

0
ν‖∇eh‖2

0 dt≤CL2
1h2k+2, (3.16)

which together with the inverse inequality implies

‖∇eh‖0≤Ch−1‖eh‖0≤CL1hk. (3.17)

In addition, assume that h is small enough, which ensures L1hk≤1, then we have

‖∇uh‖0≤‖∇eh‖0+‖∇Ihu‖0≤C
(

1+
K
ν

)
, (3.18a)

‖uh‖0,∞≤‖eh‖0,∞+‖Ihu‖0,∞≤C(h−1‖eh‖0+‖Ihu‖0,∞)≤C
(

1+
K
ν

)
. (3.18b)

This completed the proof.
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Next we derive the error estimate of the pressure. To arrive at this, we first bound the
term ‖eht‖−1, where the H−1-norm ‖·‖−1 is defined by

‖φ‖−1= sup
ϕ∈H1

0 (Ω)

〈φ,ϕ〉
‖∇ϕ‖0

, ∀φ∈H−1(Ω). (3.19)

Lemma 3.3. Under the conditions of Theorem 3.1, for all t∈ (0,T], we have

‖eht‖−1≤CL2hk, (3.20)

where

L2 :=
K
ν
+

K2

ν
+

K2

ν2 +

(
1+

K
ν

)
L1+αM

(
Kr−1

νr−1 +

(
1+

K
ν

)r−2

L1

)
.

Proof. Setting vh =A−1
h eht∈Vdiv

h in (3.7) leads to

‖A−
1
2

h eht‖2
0=(eht,A−1

h eht)

=(ut− Ihut,A−1
h eht)−ν(∇eh,∇A−1

h eht)

+α
(
|u|r−2u−|Ihu|r−2 Ihu,A−1

h eht

)
+α
(
|Ihu|r−2 Ihu−|uh|r−2uh,A−1

h eht

)
+b(u− Ihu;u,A−1

h eht)+b(Ihu;u− Ihu,A−1
h eht)

−b(eh; Ihu,A−1
h eht)−b(uh;eh,A−1

h eht)
∆
:=

8

∑
i=1

Hi. (3.21)

Since A−1
h eht∈ (H1

0(Ω))2, by Poincaré inequality and (3.5a), we have

∥∥∥A−1
h eht

∥∥∥
0
≤
∥∥∥A−1

h eht

∥∥∥
1
≤C

∥∥∥∇A−1
h eht

∥∥∥
0
=C

∥∥∥∥A−
1
2

h eht

∥∥∥∥
0
. (3.22)

Then we estimate the above eight terms. In fact, from (3.3c), (3.5a), (3.8) and (3.22), it is
easy to see that

|H1|≤‖ut− Ihut‖0

∥∥∥A−1
h eht

∥∥∥
0
≤C

K
ν

hk+1
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.23a)

|H2|≤ν‖∇eh‖0

∥∥∥∇A−1
h eht

∥∥∥
0
≤CL1hk

∥∥∥∥A−
1
2

h eht

∥∥∥∥
0
. (3.23b)

In view of (2.6c), (3.18b), (3.22) and Lemma 3.1, it follows for the nonlinear damping
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terms that

|H3|≤αM‖u− Ihu‖0(‖u‖0,∞+‖Ihu‖0,∞)
r−2
∥∥∥A−1

h eht

∥∥∥
0

≤CαM
Kr−1

νr−1 hk+1
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.24a)

|H4|≤αM‖eh‖0(‖uh‖0,∞+‖Ihu‖0,∞)
r−2
∥∥∥A−1

h eht

∥∥∥
0

≤CαM
(

1+
K
ν

)r−2

L1hk+1
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
. (3.24b)

Using (2.4a), (3.5a), (3.18a) and Lemma 3.1, the tri-linear terms can be bounded as

|H5|≤C‖∇(u− Ihu)‖0‖∇u‖0

∥∥∥∇A−1
h eht

∥∥∥
0
≤C

K2

ν
hk
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.25a)

|H6|≤C‖∇(u− Ihu)‖0‖∇Ihu‖0

∥∥∥∇A−1
h eht

∥∥∥
0
≤C

K2

ν2 hk
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.25b)

|H7|≤C‖∇eh‖0‖∇Ihu‖0

∥∥∥∇A−1
h eht

∥∥∥
0
≤C

K
ν

L1hk
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.25c)

|H8|≤C‖∇uh‖0‖∇eh‖0

∥∥∥∇A−1
h eht

∥∥∥
0
≤C

(
1+

K
ν

)
L1hk

∥∥∥∥A−
1
2

h eht

∥∥∥∥
0
. (3.25d)

Inserting the estimates (3.23a), (3.23b), (3.24a)-(3.25d) into (3.21) yields∥∥∥∥A−
1
2

h eht

∥∥∥∥
0
≤CL2hk. (3.26)

In addition, from (3.5b), we have

‖eht‖−1≤C
∥∥∥∥A−

1
2

h eht

∥∥∥∥
0
, (3.27)

which together with (3.26) yields the estimate (3.20).

Then based on Lemma 3.3, we have the error estimate for the pressure.

Theorem 3.2. Under the conditions of Theorem 3.1, the following error estimate holds for all
t∈ (0,T]

‖ph− Jh p‖0≤CL2hk. (3.28)

Proof. Rearrange the error equation (3.7), it gives

(Jh p−ph,divvh)

=(ut− Ihut,vh)−(eht,vh)−ν(∇eh,∇vh)

+α(|u|r−2u−|Ihu|r−2 Ihu,vh)+α(|Ihu|r−2 Ihu−|uh|r−2uh,vh)

+b(u− Ihu;u,vh)+b(Ihu;u− Ihu,vh)−b(eh; Ihu,vh)−b(uh;eh,vh). (3.29)
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The above terms can be estimated similarly as that in Lemma 3.3, and then using the
inf-sup condition, we obtain (3.28).

Finally, by Theorem 3.1, Theorem 3.2 and the triangle inequality, we derive the fol-
lowing optimal error estimates for the problem (3.6).

Theorem 3.3. Under the conditions of Theorem 3.1, for all t∈ (0,T], we have

‖u−uh‖0+h‖∇(u−uh)‖0≤CL1hk+1, (3.30a)

‖p−ph‖0≤CL2hk. (3.30b)

4 A linearized backward Euler scheme

In this section, we consider the time discretization of the mixed finite element scheme
(3.6). Let 0= t0 < t1 < ···< tN = T be a uniform partition of the time interval [0,T] with
tn=nτ, and N being a positive integer. Set gn=g(·,tn), and for the sequence of functions
{gn}N

n=0, we define the discrete time derivative

Dτgn =(gn−gn−1)/τ. (4.1)

With above notations, a linearized backward Euler scheme of (3.6) reads: for n=1,2,··· ,N,
given fn∈V ′ and Un−1

h ∈Vh, find (Un
h ,Pn

h )∈Vh×Qh satisfying

(DτUn
h ,vh)+ν(∇Un

h ,∇vh)−(divvh,Pn
h )+b(Un−1

h ;Un
h ,vh)

+α

(∣∣∣Un−1
h

∣∣∣r−2
Un−1

h ,vh

)
=(fn,vh), ∀vh∈Vh,

(divUn
h ,qh)=0, ∀qh∈Qh,

U0
h = Ihu0.

(4.2)

4.1 The time discrete system

To obtain the bounds of Un
h , we introduce the following time discrete system

DτUn−ν∆Un+(Un−1 ·∇)Un+α
∣∣Un−1

∣∣r−2Un−1+∇Pn = fn in Ω,
divUn =0 in Ω,
Un =0 on ∂Ω,
U0=u0 in Ω.

(4.3)

For each given time level n, (4.3) is the Oseen equations, and if Un−1∈ (L∞(Ω))2, it has a
unique solution [40].
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Let en =un−Un, and subtract (4.3) from (1.1) with t= tn, then we have the following
error equations

Dτen−ν∆en+Λ1
n+Λn

2+∇(pn−Pn)=Rn
1+Rn

2+Rn
3 in Ω,

diven =0 in Ω,
en =0 on ∂Ω,
e0=0 in Ω,

(4.4)

where

Λn
1 =(un−1 ·∇)un−(Un−1 ·∇)Un, (4.5a)

Λn
2 =α

∣∣∣un−1
∣∣∣r−2

un−1−α
∣∣∣Un−1

∣∣∣r−2
Un−1, (4.5b)

Rn
1 =Dτun−un

t , Rn
2 =(un−1 ·∇)un−(un ·∇)un, (4.5c)

Rn
3 =α

∣∣∣un−1
∣∣∣r−2

un−1−α|un|r−2un. (4.5d)

Now we derive the temporal error estimate and the regularity of the time discrete system
(4.3).

Lemma 4.1. Let (u,p) and (Un,Pn) be the solutions of the problems (1.1) and (4.3), respectively.
Assume that (u,p) satisfies the regularity condition (2.9), and the time step τ is small enough.
Then we have

max
0≤n≤N

‖en‖2≤1, (4.6a)

max
1≤n≤N

(‖en‖0+‖∇en‖0)≤
C√

ν
L3τ, (4.6b)

max
1≤n≤N

(‖Un‖2+‖P
n‖1)≤1+K, (4.6c)

τ
N

∑
n=1

(
‖DτUn‖2

2+‖DτPn‖2
1

)
≤CK2

0, (4.6d)

where

L2
3 := e

C
ν (1+K2+α2 M2(K+1)2r−4)

(
K2+K4+α2M2K2r−2

)
, (4.7a)

K0 :=K+K2+αMKr−1+
(
1+K+αM(1+K)r−2) L3√

ν
. (4.7b)

Proof. We prove the following inequality

‖em‖2≤1 (4.8)

by mathematical induction for all m=0,1,··· ,N.
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Since e0=0, (4.8) holds for m=0.
We assume that (4.8) holds for m≤n−1, then it follows that

‖Um‖0,∞ =‖um‖0,∞+‖em‖0,∞≤‖u‖L∞(H2)+‖e
m‖2≤K+1. (4.9)

When m=n, multiply the first formula of (4.4) both side by Dτen and integrate it over
Ω, we get

‖Dτen‖2
0+

ν

2τ

(
‖∇en‖2

0+
∥∥∥∇(en−en−1

)∥∥∥2

0
−
∥∥∥∇en−1

∥∥∥2

0

)
=−(Λn

1+Λn
2 ,Dτen)+(Rn

1+Rn
2+Rn

3 ,Dτen). (4.10)

By Taylor formula, we can easily get

‖un
t −Dτun‖0≤Cτ‖utt‖L∞(L2), (4.11a)∥∥∥un−un−1

∥∥∥
0
≤Cτ‖ut‖L∞(L2), (4.11b)

which together with (2.6b) yields

‖Rn
1‖0+‖R

n
2‖0+‖R

n
3‖0≤C

(
K+K2+αMKr−1

)
τ. (4.12)

Again using (2.6b) and (4.9), we find that

‖Λn
1‖0≤

∥∥∥en−1
∥∥∥

0,3
‖∇un‖0,6+

∥∥∥Un−1
∥∥∥

0,∞
‖∇en‖0

≤C(K+1)
(∥∥∥∇en−1

∥∥∥
0
+‖∇en‖0

)
, (4.13a)

‖Λn
2‖0≤αM

(∥∥∥un−1
∥∥∥

0,∞
+
∥∥∥Un−1

∥∥∥
0,∞

)r−2∥∥∥en−1
∥∥∥

0

≤CαM(K+1)r−2
∥∥∥∇en−1

∥∥∥
0
. (4.13b)

With (4.12)-(4.13b) and Young inequality, (4.10) reduces to

1
6
‖Dτen‖2

0+
ν

2τ
‖∇en‖2

0

≤ ν

2τ

∥∥∥∇en−1
∥∥∥2

0
+C

(
K2+K4+α2M2K2r−2

)
τ2

+C
(

1+K2+α2M2(K+1)2r−4
)(∥∥∥∇en−1

∥∥∥2

0
+‖∇en‖2

0

)
. (4.14)

Summing (4.14) from 1 to n and multiplying by τ, we get

ν‖∇en‖2
0+τ

n

∑
m=1
‖Dτem‖2

0

≤C
(

K2+K4+α2M2K2r−2
)

τ2+
C
ν

(
1+K2+α2M2(K+1)2r−4

)
τ

n

∑
m=1

ν‖∇em‖2
0. (4.15)
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By Gronwall lemma, there exists a positive constant τ1, such that for τ<τ1, it holds

ν‖∇en‖2
0+τ

n

∑
m=1
‖Dτem‖2

0≤CL2
3τ2, (4.16)

which also implies

‖en‖0≤C‖∇en‖0≤
C√

ν
L3τ. (4.17)

Next, we consider the following equations
−ν∆en+∇(pn−Pn)=−Dτen−Λn

1−Λn
2+Rn

1+Rn
2+Rn

3 in Ω,
diven =0 in Ω,
en =0 on ∂Ω,
e0=0 in Ω.

(4.18)

From (2.8), we can show that

‖en‖2+‖pn−Pn‖1

≤C(‖Dτen‖0+‖Λ
n
1‖0+‖Λ

n
2‖0+‖R

n
1‖0+‖R

n
2‖0+‖R

n
3‖0), (4.19)

which together with (4.12)-(4.13b) yields

‖en‖2+‖pn−Pn‖1≤C(‖Dτen‖0+K0τ). (4.20)

Summing (4.20) up from 1 to n and using (4.16) result in

τ
n

∑
m=1
‖em‖2

2+τ
n

∑
m=1
‖pn−Pn‖2

1≤CK2
0τ2, (4.21)

which also leads to
‖en‖2+‖pn−Pn‖1≤CK0τ

1
2 . (4.22)

On one hand, from (4.21), we find that

τ
n

∑
m=1
‖DτUm‖2

2≤2τ
n

∑
m=1

(
‖Dτem‖2

2+‖Dτum‖2
2

)
≤CK2

0, (4.23a)

τ
n

∑
m=1
‖DτPm‖2

1≤2τ
n

∑
m=1

(
‖Dτ (Pm−pm)‖2

1+‖Dτ pm‖2
1

)
≤CK2

0. (4.23b)

On the other hand, by (4.22) and assume that τ<τ2, which ensures

CK0τ
1
2 ≤1, (4.24)

then we have
‖en‖2+‖pn−Pn‖1≤1, (4.25)
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which also implies

‖Un‖2≤‖en‖2+‖un‖2≤1+K, (4.26a)
‖Pn‖1≤‖P

n−pn‖1+‖pn‖1≤1+K. (4.26b)

The mathematic induction is closed. Therefore, when τ < τ∗=min{τ1,τ2}, (4.6a)-(4.6d)
hold.

4.2 The boundedness of Un
h

In this section, we are devoted to derive the bounds of Un
h . First of all, the weak formula-

tion of the problem (4.3) reads as
(DτUn,v)+ν(∇Un,∇v)−(divv,Pn)+b

(
Un−1,Un,v

)
+α
(∣∣Un−1

∣∣r−2Un−1,v
)
=(fn,v), ∀v∈V,

(divUn,q)=0, ∀q∈Q,
U0=u0.

(4.27)

Let en
h =Un

h− IhUn, and subtract (4.2) from (4.27), then we obtain the error equations

(Dτ (Un− IhUn),vh)−(Dτen
h ,vh)−ν(∇en

h ,∇vh)−(divvh, JhPn−Pn
h )

+α
(∣∣Un−1

∣∣r−2Un−1−
∣∣IhUn−1

∣∣r−2 IhUn−1,vh

)
+α

(∣∣IhUn−1
∣∣r−2 IhUn−1−

∣∣∣Un−1
h

∣∣∣r−2
Un−1

h ,vh

)
+b(Un−1− IhUn−1;Un,vh)+b(IhUn−1;Un− IhUn,vh)

−b(en−1
h ; IhUn,vh)−b(Un−1

h ;en
h ,vh)=0, ∀vh∈Vh,

(diven
h ,qh)=0, ∀qh∈Qh.

(4.28)

Next we give the space error estimate and the bounds of Un
h .

Lemma 4.2. Let (Un,Pn) and (Un
h ,Pn

h ) be the solutions of the problems (4.27) and (4.2), respec-
tively. Then under the conditions of Lemma 4.1 and assume that h is small enough, we have

max
1≤n≤N

‖en
h‖0≤CL4h2, (4.29)

and

max
1≤n≤N

‖Un
h‖0,∞≤C

(
1+

K
ν

)
, (4.30a)

max
1≤n≤N

‖∇Un
h‖0,3≤C

(
1+

K
ν

)
, (4.30b)
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where

L2
4 :=exp

{
C
(

α2M2 (1+K)2r−4

ν2r−3 +
(1+K)2

ν3

)}
·
(

K2
0

ν3 +α2M2 (1+K)2r−2

ν2r−1 +
(1+K)4

ν3 +
(1+K)4

ν5

)
.

Proof. Now, we prove the following inequality

‖em
h ‖0≤CL4h2, (4.31)

by mathematical induction for all m=0,1,··· ,N.
Since e0

h =0, (4.31) holds for m=0.
Assume that (4.31) holds for m≤n−1, and h is small enough to ensure that

L4h<1, (4.32)

then by (3.3a), (4.6c) and the inverse inequality, we deduce

‖Um
h ‖0,∞≤‖IhUm‖0,∞+‖em

h ‖0,∞≤C
(
‖Um‖2+

1
ν
‖Pm‖1+h−1‖em

h ‖0

)
≤C

(
1+

K
ν

)
. (4.33)

For m=n, taking vh =en
h ∈Vdiv

h in (4.28) yields

1
2τ

(
‖en

h‖
2
0+
∥∥∥en

h−en−1
h

∥∥∥2

0
−
∥∥∥en−1

h

∥∥∥2

0

)
+ν‖∇en

h‖
2
0

=(Dτ (Un− IhUn),en
h)+α

(∣∣∣Un−1
∣∣∣r−2

Un−1−
∣∣∣IhUn−1

∣∣∣r−2
IhUn−1,en

h

)
−α

(∣∣∣Un−1
h

∣∣∣r−2
Un−1

h −
∣∣∣IhUn−1

∣∣∣r−2
IhUn−1,en

h

)
+b(Un−1− IhUn−1;Un,en

h)+b(IhUn−1;Un− IhUn,en
h)

−b(en−1
h ; IhUn,en

h)
∆
:=

6

∑
i=1

Gi. (4.34)

Next we estimate all terms on the right hand-side of (4.34). From (3.3c), we find

|G1|≤Ch2
(
‖DτUn‖2+

1
ν
‖DτPn‖1

)
‖en

h‖0

≤ C
ν3 h4

(
‖DτUn‖2

2+‖DτPn‖2
1

)
+

ν

7
‖∇en

h‖
2
0 . (4.35)
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Owing to Lemma 2.2, Lemma 3.1, and Lemma 4.1, the nonlinear damping terms can be
bounded as

|G2|≤αM
∥∥∥Un−1− IhUn−1

∥∥∥
0

(∥∥∥Un−1
∥∥∥

0,∞
+
∥∥∥IhUn−1

∥∥∥
0,∞

)r−2

‖en
h‖0

≤Cα2M2 (1+K)2r−2

ν2r−1 h4+
ν

7
‖∇en

h‖
2
0 , (4.36a)

|G3|≤αM
∥∥∥en−1

h

∥∥∥
0

(∥∥∥Un−1
h

∥∥∥
0,∞

+
∥∥∥IhUn−1

∥∥∥
0,∞

)r−2

‖en
h‖0

≤Cα2M2 (1+K)2r−4

ν2r−3

∥∥∥en−1
h

∥∥∥2

0
+

ν

7
‖∇en

h‖
2
0 . (4.36b)

By virtual of Lemma 2.1, Lemma 3.1, and Lemma 4.1, we can verify that

|G4|≤C
∥∥∥Un−1− IhUn−1

∥∥∥
0

(
‖∇Un‖0,3+‖U

n‖0,∞

)
‖∇en

h‖0

≤C
(1+K)4

ν3 h4+
ν

7
‖∇en

h‖
2
0 , (4.37a)

|G5|≤C
(∥∥IhUn−1∥∥

0,∞+
∥∥∥∇IhUn−1

∥∥∥
0,3

)
‖∇en

h‖0‖U
n− IhUn‖0

≤C
(1+K)4

ν5 h4+
ν

7
‖∇eh‖2

0 , (4.37b)

|G6|≤C
∥∥∥en−1

h

∥∥∥
0

(
‖∇IhUn‖0,3+‖IhUn‖0,∞

)
‖∇en

h‖0

≤C
(1+K)2

ν3

∥∥∥en−1
h

∥∥∥2

0
+

ν

7
‖∇en

h‖
2
0 . (4.37c)

Inserting (4.35)-(4.37c) into (4.34), we arrive at

1
2τ

(
‖en

h‖
2
0+
∥∥∥en

h−en−1
h

∥∥∥2

0
−
∥∥∥en−1

h

∥∥∥2

0

)
+

ν

7
‖∇en

h‖
2
0

≤C
(

α2M2 (1+K)2r−4

ν2r−3 +
(1+K)2

ν3

)∥∥∥en−1
h

∥∥∥2

0
+

C
ν3 h4

(
‖DτUn‖2

2+‖DτPn‖2
1

)
+C

(
α2M2 (1+K)2r−2

ν2r−1 +
(1+K)4

ν3 +
(1+K)4

ν5

)
h4. (4.38)

Then summing (4.38) up from 1 to n, using (4.6d) and remembering e0
h=0, it follows that

‖en
h‖

2
0+ντ

n

∑
m=1
‖∇em

h ‖
2
0

≤Cτ

(
α2M2 (1+K)2r−4

ν2r−3 +
(1+K)2

ν3

) n

∑
m=1

∥∥∥em−1
h

∥∥∥2

0

+C
(

K2
0

ν3 +α2M2 (1+K)2r−2

ν2r−1 +
(1+K)4

ν3 +
(1+K)4

ν5

)
h4. (4.39)
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By Gronwall lemma, we obtain

‖en
h‖

2
0+ντ

n

∑
m=1
‖∇em

h ‖
2
0≤CL2

4h4, (4.40)

which implies (4.31) holds for m = n. The mathematic induction is closed, and we get
(4.29) immediately.

Finally, assume that h is small enough to ensure that

L4h
2
3 <1, (4.41)

then using (3.3a), (3.3b), (4.6c), (4.29) and the inverse inequality yields

max
1≤n≤N

‖Un
h‖0,∞≤ max

1≤n≤N

(
‖IhUn‖0,∞+‖en

h‖0,∞

)
≤C max

1≤n≤N

(
‖Un‖2+

1
ν
‖Pn‖1+h−1‖en

h‖0

)
≤C

(
1+

K
ν

)
, (4.42a)

max
1≤n≤N

‖∇Un
h‖0,3≤ max

1≤n≤N

(
‖∇IhUn‖0,3+‖∇en

h‖0,3

)
≤C max

1≤n≤N

(
‖Un‖2+

1
ν
‖Pn‖1+h−

4
3 ‖en

h‖0

)
≤C

(
1+

K
ν

)
. (4.42b)

The proof is completed.

4.3 The error estimates

Let ēn
h =Un

h− Ihun, and subtract (4.2) from (2.3) with t= tn, then we have the following
error equations

(un
t −Dτun,vh)+(Dτ (un− Ihun),vh)−(Dτ ēn

h ,vh)−ν(∇ēn
h ,∇vh)

−(divvh, Jh pn−Pn
h )+α

(
|un|r−2un−

∣∣un−1
∣∣r−2un−1,vh

)
+α
(∣∣un−1

∣∣r−2un−1−
∣∣Ihun−1

∣∣r−2 Ihun−1,vh

)
+α

(∣∣Ihun−1
∣∣r−2 Ihun−1−

∣∣∣Un−1
h

∣∣∣r−2
Un−1

h ,vh

)
+b(un−un−1;un,vh)+b(un−1− Ihun−1;un,vh)
+b(Ihun−1;un− Ihun,vh)−b(ēn−1

h ; Ihun,vh)−b(Un−1
h ;ēn

h ,vh)=0,
(divēn

h ,qh)=0.

(4.43)

Next based on the Lemma 4.2, we derive unconditional optimal error estimates of the
fully discrete scheme (4.2).
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Theorem 4.1. Let (u,p) and (Un
h ,Pn

h ) be the solutions of the problems (2.3) and (4.2), respec-
tively. Under the conditions of Lemma 4.1, we have

max
1≤n≤N

‖ēn
h‖0≤CeCL2

5

(
L6τ+L7hk+1

)
, (4.44)

where

L2
5 :=

(
α2M2 (1+K)2r−4

ν2r−3 +
K2

ν3

)
,

L2
6 :=

1
ν

(
K2+α2M2K2r−2+K4

)
,

L2
7 :=

(
K2

ν3 +α2M2 K2r−2

ν2r−1 +
K4

ν3 +
K4

ν5

)
.

Proof. Choosing vh = ēn
h ∈Vdiv

h in the first formula of (4.43) yields

1
2τ

(
‖ēn

h‖
2
0+
∥∥∥ēn

h− ēn−1
h

∥∥∥2

0
−
∥∥∥ēn−1

h

∥∥∥2

0

)
+ν‖∇ēn

h‖
2
0

=(un
t −Dτun,ēn

h)+(Dτ (un− Ihun),ēn
h)+α

(
|un|r−2un−

∣∣∣un−1
∣∣∣r−2

un−1,ēn
h

)
+α

(∣∣∣un−1
∣∣∣r−2

un−1−
∣∣∣Ihun−1

∣∣∣r−2
Ihun−1,ēn

h

)
+α

(∣∣∣Ihun−1
∣∣∣r−2

Ihun−1−
∣∣∣Un−1

h

∣∣∣r−2
Un−1

h ,ēn
h

)
+b(un−un−1;un,ēn

h)+b(un−1− Ihun−1;un,ēn
h)

+b(Ihun−1;un− Ihun,ēn
h)−b(ēn−1

h ; Ihun,ēn
h) : ∆

=
9

∑
i=1

Si. (4.45)

Then we estimate the nine terms on the right hand-side of (4.45). By (4.11a) and (4.11b),
we can easily derive the temporal error estimates

|S1|≤‖un
t −Dτun‖0‖ē

n
h‖0≤C

K2

ν
τ2+

ν

10
‖∇ēn

h‖
2
0 , (4.46a)

|S3|≤αM
∥∥∥un−un−1

∥∥∥
0

(∥∥∥un−1
∥∥∥

0,∞
+‖un‖0,∞

)r−2

‖ēn
h‖0

≤Cα2M2 K2r−2

ν
τ2+

ν

10
‖∇ēn

h‖
2
0 , (4.46b)

|S6|≤C
∥∥∥∇(un−un−1)

∥∥∥
0
‖∇un‖0‖∇ēn

h‖0≤C
K4

ν
τ2+

ν

10
‖∇ēn

h‖
2
0 . (4.46c)
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Using the same argument as that in Lemma 4.2, it gives the space error estimates

|S2|+|S4|+|S5|+|S7|+|S8|+|S9|

≤CL2
5

∥∥∥ēn−1
h

∥∥∥2

0
+CL2

7h2k+2+
6ν

10
‖∇ēn

h‖
2
0 . (4.47)

Substituting the above estimates into (4.45), it follows that

1
2τ

(
‖ēn

h‖
2
0+
∥∥∥ēn

h− ēn−1
h

∥∥∥2

0
−
∥∥∥ēn−1

h

∥∥∥2

0

)
+

ν

10
‖∇ēn

h‖
2
0

≤C
(

L2
5

∥∥∥ēn−1
h

∥∥∥2

0
+L2

6τ2+L2
7h2k+2

)
. (4.48)

Summing (4.48) up from 1 to n and observing that ē0
h =0, we get

‖ēn
h‖

2
0+ντ

n

∑
m=1
‖∇ēm

h ‖
2
0≤C

(
L2

5

n

∑
m=1

∥∥∥ēm−1
h

∥∥∥2

0
+L2

6τ2+L2
7h2k+2

)
, (4.49)

which together with Gronwall lemma yields (4.44) immediately.

Then we are in a position to derive the error estimate for
∥∥∇ēn

h

∥∥
0.

Theorem 4.2. Under the conditions of Theorem 4.1, we have

max
1≤n≤N

‖∇ēn
h‖0≤

C
ν

e
C
ν L2

8

(
L9τ+L10hk

)
, (4.50)

where

L8 :=1+
K
ν

, (4.51a)

L2
9 :=K2+α2M2K2r−2+K4+α2M2 (1+K)2r−4

ν2r−4 eCL2
5 L2

6, (4.51b)

L2
10 :=

K2

ν2 +α2M2 K2r−2

ν2r−2 +
K4

ν2 +
K4

ν4 +α2M2 (1+K)2r−4

ν2r−4 eCL2
5 L2

7. (4.51c)

Proof. First, taking vh =Dτ ēn
h ∈Vdiv

h in (4.43) results in

‖Dτ ēn
h‖

2
0+

ν

2
Dτ‖∇ēn

h‖
2
0

≤(un
t −Dτun,Dτ ēn

h)+(Dτ (un− Ihun),Dτ ēn
h)

+α

(
|un|r−2un−

∣∣∣un−1
∣∣∣r−2

un−1,Dτ ēn
h

)
+α

(∣∣∣un−1
∣∣∣r−2

un−1−
∣∣∣Ihun−1

∣∣∣r−2
Ihun−1,Dτ ēn

h

)
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+α

(∣∣∣Ihun−1
∣∣∣r−2

Ihun−1−
∣∣∣Un−1

h

∣∣∣r−2
Un−1

h ,Dτ ēn
h

)
+b(un−un−1;un,Dτ ēn

h)+b(un−1− Ihun−1;un,Dτ ēn
h)

+b(Ihun−1;un− Ihun,Dτ ēn
h)−b(ēn−1

h ; Ihun,Dτ ēn
h)

−b(Un−1
h ;ēn

h ,Dτ ēn
h) :

∆
=

10

∑
i=1

Ti. (4.52)

Based on Lemmas 2.1, 2.2, 3.1, 4.2, and Theorem 4.1, it is not difficult to check that

‖Dτ ēn
h‖

2
0+ν

∥∥∇ēn
h

∥∥2
0−
∥∥∥∇ēn−1

h

∥∥∥2

0
τ

≤CL2
8

(
‖∇ēn−1

h ‖2
0+‖∇ēn

h‖2
0

)
+CL2

9τ2+CL2
10h2k. (4.53)

Summing (4.53) up from 1 to n gives

τ
n

∑
m=1
‖Dτ ēm

h ‖
2
0+ν‖∇ēn

h‖
2
0≤C

(
L2

8
ν

τ
n

∑
m=1

ν‖∇ēm
h ‖

2
0+L2

9τ2+L2
10h2k

)
. (4.54)

Consequently, by Gronwall lemma, there exists τ3>0 such that when τ≤τ3, it gives

τ
n

∑
m=1
‖Dτ ēm

h ‖
2
0+ν‖∇ēn

h‖
2
0≤Ce

C
ν L2

8

(
L2

9τ2+L2
10h2k

)
, (4.55)

which implies the desired result.

Now it remains to derive the error estimate of the pressure. Similar to that of the
semi-discrete case, we first estimate

∥∥Dτ ēn
h

∥∥
−1.

Lemma 4.3. Under the conditions of Theorem 4.1, we have

max
1≤n≤N

‖Dτ ēn
h‖−1≤

C
ν2 (1+K)e

C
ν L2

8

(
L9τ+L10hk

)
. (4.56)

Proof. Choosing vh =A−1
h Dτ ēn

h ∈Vdiv
h in the first formula of (4.43) yields

‖A−
1
2

h Dτ ēn
h‖2

0=(Dτ ēn
h ,A−1

h Dτ ēn
h)

=(un
t −Dτun,A−1

h Dτ ēn
h)+(Dτ (un− Ihun),A−1

h Dτ ēn
h)

−ν(∇ēn
h ,∇A−1

h Dτ ēn
h)+α

(
|un|r−2un−

∣∣∣un−1
∣∣∣r−2

un−1,A−1
h Dτ ēn

h

)
+α

(∣∣∣un−1
∣∣∣r−2

un−1−
∣∣∣Ihun−1

∣∣∣r−2
Ihun−1,A−1

h Dτ ēn
h
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+α

(∣∣∣Ihun−1
∣∣∣r−2

Ihun−1−
∣∣∣Un−1

h

∣∣∣r−2
Un−1

h ,A−1
h Dτ ēn

h

)
+b(un−un−1;un,A−1

h Dτ ēn
h)+b(un−1− Ihun−1;un,A−1

h Dτ ēn
h)

+b(Ihun−1;un− Ihun,A−1
h Dτ ēn

h)−b(ēn−1
h ; Ihun,A−1

h Dτ ēn
h)

−b(Un−1
h ;ēn

h ,A−1
h Dτ ēn

h). (4.57)

Based on Theorems 4.1 and 4.2, and using the similar argument as that in Lemma 3.3
yield the desired result.

With the aid of Lemma 4.3 and the inf-sup condition, it is easy to derive the error
estimate for the pressure.

Theorem 4.3. Under the conditions of Theorem 4.1, we have

max
1≤n≤N

‖Jh pn−Pn
h ‖0≤

C
ν2 (1+K)e

C
ν L2

8

(
L9τ+L10hk

)
. (4.58)

Finally, from Theorems 4.1-4.3, and the triangle inequality, we deduce the following
error estimates.

Theorem 4.4. Under the conditions of Theorem 4.1, we have

max
1≤n≤N

‖un−Un
h‖0≤CeCL2

5

(
L6τ+L7hk

)
, (4.59a)

max
1≤n≤N

(
‖∇(un−Un

h)‖0

)
≤ C

ν
e

C
ν L2

8

(
L9τ+L10hk

)
, (4.59b)

max
1≤n≤N

(
‖pn−Pn

h ‖0

)
≤ C

ν2 (1+K)eCL2
8

(
L9τ+L10hk

)
. (4.59c)

5 Numerical implementation

In this section, we present two numerical examples to illustrate the theoretical analysis.
We take Ω=[0,1]×[0,1], r=3, α=1 for the two examples.

Example 5.1. Consider the example with the following exact solutions

u1= x2(x−1)2y(y−1)(2y−2)e−t, (5.1a)

u2=−x(x−1)y2(y−1)2(2x−2)e−t, (5.1b)

p=(x2−y2)e−t. (5.1c)

Then the source term f is determined by Eqs. (1.1) with the above prescribed velocity and
pressure.

The lowest-order Hood-Taylor element pairs, the triangular P2-P1 element pair and
rectangular Q2-Q1 element pair [43], are used. The triangle meshes are obtained from
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Table 1: The numerical results for the P2-P1 pair at t=0.5 with τ=8h3.

‖un−Un
h‖0 Order ‖∇(un−Un

h)‖0 Order ‖pn−Pn
h ‖0 Order

4×4 6.01239E-5 3.73547E-3 4.94167E-3
8×8 7.12100E-6 3.07779 1.00856E-3 1.88899 1.22546E-3 2.01168

16×16 8.28573E-7 3.10338 2.57977E-4 1.96698 3.05930E-4 2.00205
32×32 1.00939E-7 3.03715 6.49078E-5 1.99078 7.64692E-5 2.00025

Table 2: The numerical results for the P2-P1 pair at t=1 with τ=8h3.

‖un−Un
h‖0 Order ‖∇(un−Un

h)‖0 Order ‖pn−Pn
h ‖0 Order

4×4 3.61934E-5 2.26596E-3 2.99743E-3
8×8 4.31891E-6 3.06699 6.11723E-4 1.88917 7.43277E-4 2.01175
16×16 5.02544E-7 3.10334 1.56471E-4 1.96698 1.85556E-4 2.00205
32×32 6.12222E-8 3.03712 3.93686E-5 1.99078 4.63809E-5 2.00025

Table 3: The numerical results for the Q2-Q1 pair at t=0.5 with τ=8h3.

‖un−Un
h‖0 Order ‖∇(un−Un

h)‖0 Order ‖pn−Pn
h ‖0 Order

4×4 5.11023E-5 1.35802E-3 3.99666E-3
8×8 6.49058E-6 2.97697 3.38218E-4 2.00548 9.98989E-4 2.00026

16×16 8.14136E-7 2.99500 8.44598E-5 2.00162 2.49742E-4 2.00003
32×32 1.01867E-7 2.99858 2.11090E-5 2.00041 6.24355E-5 2.00000

Table 4: The numerical results for the Q2-Q1 pair at t=1 with τ=8h3.

‖un−Un
h‖0 Order ‖∇(un−Un

h)‖0 Order ‖pn−Pn
h ‖0 Order

4×4 3.09883E-5 8.23743E-4 2.42412E-3
8×8 3.93676E-6 2.97664 2.05140E-4 2.00559 6.05917E-4 2.00027

16×16 4.93804E-7 2.99500 5.12275E-5 2.00162 1.51476E-4 2.00003
32×32 6.17863E-8 2.99858 1.28033E-5 2.00041 3.78690E-5 2.00000

the uniform rectangular meshes by inserting diagonal edges. To confirm our theoretical
analysis, we take τ=8h3, then

max
1≤n≤N

(
‖un−Un

h‖0+h‖∇(un−Un
h)‖0+h‖pn−Pn

h ‖0

)
≤Ch3. (5.2)

The errors and convergence orders of the two element pairs with ν = 1 are showed in
Tables 1-4. The errors

∥∥un−Un
h

∥∥
0,
∥∥∇(un−Un

h)
∥∥

0 and
∥∥pn−Pn

h

∥∥
0 are convergent at rates

ofO(h3),O(h2) andO(h2), respectively. It is clear that all the error estimates are optimal,
which accord with our theoretical analysis completely.

To show the unconditional convergence of the scheme (4.2), we use several different
time steps with a fixed h= 1

16 at t=1.0. The errors are given in Tables 5-7. It can be seen
that for the fixed h, when the time step increases gradually, the three errors

∥∥un−Un
h

∥∥
0,
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Table 5: The errors of ‖un−Un
h‖0 at t=1 with h= 1

16 and τ= kh3.

k=2 k=4 k=8 k=16
P2-P1 pair 5.04653E-7 5.03862E-7 5.02544E-7 5.00982E-7

Q2-Q1 pair 4.93417E-7 4.93455E-7 4.93804E-7 4.95599E-7

Table 6: The errors of ‖∇(un−Un
h)‖0 at t=1 with h= 1

16 and τ= kh3.

k=2 k=4 k=8 k=16
P2-P1 pair 1.56471E-04 1.56471E-04 1.56471E-04 1.56472E-04

Q2-Q1 pair 5.12271E-05 5.12272E-05 5.12275E-05 5.12286E-05

Table 7: The errors of ‖pn−Pn
h ‖0 at t=1 with h= 1

16 and τ= kh3.

k=2 k=4 k=8 k=16
P2-P1 pair 1.85555E-04 1.85555E-04 1.85556E-04 1.85556E-04

Q2-Q1 pair 1.51476E-04 1.51476E-04 1.51476E-04 1.51477E-04

∥∥∇(un−Un
h)
∥∥

0 and
∥∥pn−Pn

h

∥∥
0 of the two pairs tend to be a constant, which implies that

the time-restriction is not necessary.

Example 5.2. Consider the lid-driven cavity flow problem. We impose the normal com-
ponent of the velocity to be zero on ∂Ω and the tangential component to be zero except
along the top boundary where it is set to one.

In the computation, we use the Q2−Q1 element and take ν=1,0.1,0.01. Three different
time steps τ = 0.1,0.01 and 0.001 with a fixed h= 1

20 at t= 1.0 are tested. The numerical
results along the horizontal and vertical centerline of the cavity are shown in Figs. 1-3.
From these Figures, we can see that almost the same numerical results can be obtained
for the three time steps, which also implies that our scheme (4.2) has excellent stability
with the large time step.
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Figure 3: Comparisons of the velocity and pressure with ν=0.01.
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