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Abstract. This paper concerns a kinetic model of the thermostated Boltzmann
equation with a linear deformation force described by a constant matrix. The
collision kernel under consideration includes both the Maxwell molecule and
general hard potentials with angular cutoff. We construct the smooth steady
solutions via a perturbation approach when the deformation strength is suffi-
ciently small. The steady solution is a spatially homogeneous non Maxwellian
state and may have the polynomial tail at large velocities. Moreover, we also
establish the long time asymptotics toward steady states for the Cauchy prob-
lem on the corresponding spatially inhomogeneous equation in torus, which in
turn gives the non-negativity of steady solutions.
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1 Introduction

The homoenergetic solutions to the Boltzmann equation were first introduced
by Galkin [19] and Truesdell [28] independently at almost the same time. These
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prototypical solutions not only indicate the existence of invariant manifolds of
molecular dynamics but also give a new insight into the relation between atomic
forces and nonequilibrium behavior of the gas. Recently, James et al. [25–27] and
Bobylev et al. [10] provided the systematic mathematical study of the subject. Mo-
tivated by those works, the authors of this paper also considered the smoothness
and asymptotic stability of self-similar solutions to the Boltzmann equation for
the uniform shear flow in case of the Maxwell molecule [14]. In the non Maxwell
molecule case, for instance, for the hard potentials, the problem is more subtle to
treat and still remains largely open, because the temperature of system increases
only in a polynomial rate depending on the collision kernel and the shear rate in
the rescaled equation is no longer a constant but a time-dependent function, see
the conjecture in [25] for details.

On the other hand, instead of studying the uniform shear flow as a time-
dependent state due to the viscous heating, it is also usual to introduce non-
conservative external forces to compensate exactly for the viscous increase of
temperature and achieve a steady state. This kind of force is referred to as ther-
mostats and a typical choice of the thermostat force is the friction −βv with a con-
stant β∈R, see [20, Chapter 3.4]. Inspired by this, we are concerned in this paper
with the spatially homogeneous steady problem on the thermostated Boltzmann
equation with a deformation force

−β∇v ·(vGst)−α∇v ·(AvGst)=Q(Gst,Gst). (1.1)

Here, the unknown Gst = Gst(v) denotes the non-negative velocity distribution
function of particles with velocity v∈R

3. The matrix A=(aij)∈M3×3(R) induces
a deformation force −αAv with the strength given by the parameter α>0 and the
constant β∈R is a parameter standing for the strength of the thermostated force.
The nonlinear term Q(·,·) is the collision operator defined as

Q(F1,F2) :=
∫

R3

∫

S2
B(ω,v−v∗)

[
F1(v

′
∗)F2(v

′)−F1(v∗)F2(v)
]

dωdv∗, (1.2)

where we have denoted v′ = v+[(v∗−v)·ω]ω and v′∗ = v∗−[(v∗−v)·ω]ω with
ω∈S2 in terms of the conservation laws v∗+v=v′∗+v′ and |v∗|2+|v|2=|v′∗|2+|v′|2.
Throughout this paper, we let

B(ω,v−v∗)= |v−v∗|γB0(cosθ), cosθ=ω · v−v∗
|v−v∗|

, ω∈S
2, (1.3)

0≤γ≤1, 0≤B0(θ)≤C|cosθ|. (1.4)

This includes the cases of the Maxwell molecule γ=0 and general hard potentials
0<γ≤1 under the Grad’s angular cutoff assumption.
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To consider (1.1), we supplement it with the restriction condition
∫

R3

[
1,v,|v|2

]
Gst(v)dv=[1,0,3]. (1.5)

The steady problem (1.1) is solvable only if its left hand term is microscopic,
namely, ∫

R3

[
1,v,|v|2]{−β∇v ·(vGst)−α∇v ·(AvGst)

}
dv=0.

This together with (1.5) implies that

β=−α

∫

R3
v·(Av)Gst dv

∫

R3
|v|2Gst dv

=−α

3

∫

R3
v·(Av)Gst dv. (1.6)

Plugging this back to (1.1) gives

1

3

∫

R3
v·(Av)Gst dv∇v ·(vGst)−∇v ·(AvGst)=

1

α
Q(Gst,Gst). (1.7)

From (1.7), the deformation strength α > 0 plays the same role as the Knudsen
number, and we then expect to adopt the perturbation approach as in [14] to
construct smooth solutions for any small α>0.

To present the main results of this paper, we first introduce some notations.
To this end, associated with the condition (1.5), we define the reference global
Maxwellian µ by

µ=(2π)−
3
2 e−

|v|2
2 , (1.8)

and use the velocity weight function

wl =wl(v) :=
(

1+|v|2
)l

(1.9)

with an integer l > 0. Let ζ =(ζ1 ,ζ2,ζ3) and ϑ=(ϑ1,ϑ2,ϑ3) be multi-indices with
length |ζ| and |ϑ|, respectively, and write

∂ζ =∂
ζ
v=∂

ζ1
v1

∂
ζ2
v2

∂
ζ3
v3

, ∂ϑ =∂ϑ
x =∂ϑ1

x1
∂ϑ2

x2
∂ϑ3

x3
, ∂ϑ

ζ =∂
ζ
v∂ϑ

x ,

for simplicity. We define ζ′≤ζ if each component of ζ′ is not greater than the one

of ζ, and write ζ′< ζ in case of ζ′≤ ζ and |ζ′|< |ζ|. We also let Cϑ′
ϑ be the usual

binomial coefficient for two multi-indices ϑ and ϑ′ with ϑ′≤ϑ.
The first result in the paper is to establish the existence of smooth solutions to

the steady problem (1.1) and (1.5) for the steady state Gst with β given by (1.6) .
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Theorem 1.1. Assume (1.3) and (1.4) for the collision kernel. Let A=(aij)∈M3×3(R)
be a non scalar matrix and

G1=−
3

∑
i,j=1

aijL
−1

{(
vivj−

1

3
δij|v|2

)
µ

1
2

}
, (1.10)

where L is the linearized collision operator as in (2.1). Then, there is an integer l0 > 0

such that for any integer l≥ l0, there is α0 =α0(l)>0 depending on l such that for any

α∈ (0,α0), the steady problem (1.1) and (1.6) under the condition (1.5) admits a unique

non-negative smooth solution Gst=Gst(v)∈C∞(R3) of the form

Gst=µ+αµ
1
2 G1+α2G̃R, (1.11)

such that ∫

R3

[
1,v,|v|2

]
G̃R dv=0

and for any integer m≥0,

∑
|ζ|≤m

∥∥wl∂ζ G̃R

∥∥
L∞ ≤ C̃m,l, (1.12)

where C̃m,l > 0 is a constant depending only on m and l but not on α and wl is given

in (1.9).

Similar to [14], we point out that the obtained steady solution is a non Maxwel-
lian state and may have the polynomial tail at large velocities, which is the main
feature of the problem. In order to justify the non-negativity of the steady so-
lution Gst constructed in Theorem 1.1, we introduce a spatially inhomogeneous
model in torus T3=[0,2π]3

∂tG+v·∇xG−β∇v ·(vG)−α∇v ·(AvG)

=Q(G,G), t>0, x∈T
3, v∈R

3, (1.13)

G(0,x,v)=G0(x,v), x∈T
3, v∈R

3. (1.14)

It turns out that the steady solution Gst can be used to describe the large time
asymptotics of the unsteady problem (1.13) and (1.14). We state this result as
follows.

Theorem 1.2. Let Gst(v) be the steady profile obtained in Theorem 1.1 and the constant

β be defined in (1.6). Assume further that βI+αA is invertible. Then, there are constants

λ>0 and C>0 independent of α such that if it holds that G0(x,v)≥0,
∫

T3

∫

R3
[G0(x,v)−Gst]dvdx=0,

∫

T3

∫

R3
vG0(x,v)dvdx=0, (1.15)
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and

∑
|ζ|+|ϑ|≤m

∥∥wl∂
ϑ
ζ [G0(x,v)−Gst(v)]

∥∥
L∞ ≤α2, (1.16)

for an integer m≥1, then the Cauchy problem (1.13)-(1.14) admits a unique global solu-

tion G(t,x,v)≥0 such that

∑
|ζ|+|ϑ|≤m

∥∥wl∂
ϑ
ζ [G(t,x,v)−Gst(v)]

∥∥
L∞ ≤Cαe−λβ1α2t, (1.17)

for any t≥0, where β1>0 is a positive constant given by

β1=−1

3

∫

R3
v·(Av)

{
µ

1
2 G1+αG̃R

}
dv. (1.18)

In what follows we mention some existing works that are most related to
the background and motivations of the current topic; readers may refer to [14]
for a more detailed review. Based on the Fourier transform method in [4, 5],
Bobylev and Cercignani [7–9] discussed the self-similar asymptotics for the spa-
tially homogeneous Boltzmann equation. As in the original work by Galkin
[19] and Truesdell [28], by solving the ODE system consisting of velocity mo-
ments, particularly the second order moments, Cercignani [13] investigated the
shear flow problem on a granular flow between parallel plates which is mod-
eled by the Boltzmann equation, and Bobylev and Cercignani [6] later obtained
the well-posedness and large time behavior of the granular system described
by Boltzmann-like equations. We also mention that Cercignani [12] proved the
global existence of homoenergetic affine flows for the Boltzmann equation in
the case of simple shear for a large class of interaction potentials which include
hard potentials, and these solutions in general may not be self-similar. It seems
that [12] is the first mathematical result on the homoenergetic solution of the
Boltzmann equation for the non Maxwell molecule.

Recently, in a significant progress by James et al. [25], the existence of homoen-
ergetic mild solutions as non-negative Radon measures was studied in a system-
atic way for a large class of initial data, and the problem on the asymptotics of ho-
moenergetic solutions in the case of non Maxwell molecules was also proposed.
In the meantime, it is discussed in [26, 27] that there is a balance between the
hyperbolic term and collision term for the Boltzmann equation describing homo-
genergetic flow and the corresponding long time asymptotic behavior depends
on which term is dominated in large time. By combining the Fourier transform
method and moments argument, a more recent progress has been achieved by
Bobylev et al. [10], where the authors proved the self-similar asymptotics of solu-
tions in large time for the Boltzmann equation with a general deformation force



R.-J. Duan and S.-Q. Liu / Commun. Math. Anal. Appl., 1 (2022), pp. 152-212 157

under a smallness condition on the matrix A, and they also showed that the self-
similar profile can have the finite polynomial moments of higher order as long
as the norm of A is getting smaller. To the best of our knowledge, [10] seems
the only known result on the large time asymptotics to the self-similar profile in
weak topology, see also [3] for a further study to provide explicit estimates of the
smallness of the matrix A. Following [10, 25], in the case of Maxwell molecule,
the authors of this paper [14] constructed smooth self-similar profiles for the shear
flow problem on the Boltzmann equation and proved the dynamical stability of
the stationary solution via a perturbation approach.

As mentioned at the beginning, different from the uniform shear flow where
the temperature increases in time and the self-similar asymptotic has to be in-
volved, we expect the extra thermostated term to compensate the viscous heat-
ing energy and drive the system to converge to the steady state. We remark that
a similar situation may occur to the bounded domain case with diffuse bound-
aries that also can absorb the shearing energy such that the system tends asymp-
totically to the steady motion instead of the self-similar solution. In particular,
a boundary value problem on the Boltzmann equation for the plane Couette flow
was studied in [15], where they established the existence of spatially inhomoge-
neous non-equilibrium stationary solutions to the steady problem for small shear
rate and proved dynamical stability of the stationary solution.

Compared to our previous work [14] about the self-similar steady problem in
case of the simple shear force and Maxwell molecules, we treat in this paper the
more general deformation force described by the matrix A and also include the
case of hard potentials 0< γ≤ 1 for the molecular interaction. In what follows
we outline the key strategies in the proof of main results and point out the main
differences with [14]. First of all, for the steady problem (1.1) or (1.7), we look for

solutions by setting the perturbation Gst=µ+α
√

µG1+α2G̃R with G̃R=
√

µGR as
in (1.11). Here, G1 as in (1.10) is introduced to remove the zero-order inhomo-
geneous term in terms of (2.13) and GR is the remainder satisfying (2.14). Note
that G1 involves the general deformation matrix A and it is non-zero for any non
scalar matrix A. The usual energy approach fails to be used to treat (2.14) due to
the second order velocity growth of the term α

2 v·(Av)GR since the linearized col-

lision operator only provides the dissipation term
∫

ν(v)|GR |2dv with ν(v)∼|v|γ
(0≤γ≤1) for large velocities. As in [14], we employ the Caflisch’s decomposition
(cf. [11])

G̃R=
√

µGR=GR,1+
√

µGR,2,

where GR,1 and GR,2 satisfy the coupled system

−α2β1∇v ·(vGR,1)−α∇v ·(AvGR,1)+νGR,1
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=χMKGR,1−
1

2
α2β1|v|2

√
µGR,2−

α

2
v·(Av)

√
µGR,2+··· , (1.19)

and

−α2β1∇v ·(vGR,2)−α∇v ·(AvGR,2)+LGR,2=µ− 1
2 (1−χM)KGR,1, (1.20)

respectively. The benefit of this splitting is that the term α
2 v·(Av)

√
µGR,2 is no

longer a trouble since it contains
√

µ which can absorb any order polynomial
velocity growth. The price to pay is that one cannot make a direct energy estimate
on GR,1 because χMKGR,1 may not be small in the L2 setting. However, this can
be resolved in terms of the L2-L∞ interplay since the smallness for χMKGR,1 can
be recovered via the velocity weighted L∞ norm. Indeed, in the case of Maxwell
molecule, the following decay mechanism of K has been found in [14]:

sup
|v|≥M(l)

wl|∂ζ(K f )|≤ C

l ∑
0≤ζ ′≤ζ

‖wl∂ζ ′ f‖L∞ ,

where C is independent of l and M(l)→∞ as l →∞. Thus, the smallness in L∞

holds whenever l is suitably large. Note that the above estimate seems hard to be
true for the non Maxwell molecule case. To treat this difficulty, motivated by [1],
in case of hard potentials 0<γ≤1, we instead make use of the following estimate:

sup
|v|≥M(l)

(1+|v|)−γwl|K f |≤C
{(

1+M(l)
)− γ

2 +ς(l)
}
‖wl f‖L∞

for C independent of l, where it holds that M(l)→∞ and ς(l)→0 as l→∞. Then,
the smallness in L∞ still holds when l is chosen to be large enough. Therefore, in
both cases γ= 0 and 0<γ≤ 1, the L∞ estimates combined with the L2 estimates
can be closed.

In addition, the coupled equations (1.19) and (1.20) will be solved by an ite-

ration method in which the conservation laws 〈GR,1+µ
1
2 GR,2,[1,vi,|v|2]〉= 0 (i=

1,2,3) play a crucial role. To ensure that the macroscopic moments of the iteration
system are conserved, we design the following delicate approximation equations:

ǫGn+1
R,1 −βn∇v ·

(
vGn+1

R,1

)
−α∇v ·

(
AvGn+1

R,1

)
+νGn+1

R,1 −χMKGn+1
R,1 +

βn

2
|v|2µ

1
2 Gn+1

R,2

+
1

2
αv·(Av)µ

1
2 Gn+1

R,2 −
(

βn+1
1 − 1

3
〈G1,LG1〉

)
∇v ·(vµ)

=
1

3
〈G1,LG1〉∇v ·(vµ)+

βn

α
∇v ·

(
vµ

1
2 G1

)
+∇v ·(Av

√
µG1)+Q

(
µ

1
2 G1,µ

1
2 G1

)
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+α
{

Q
(

µ
1
2 Gn

R,µ
1
2 G1

)
+Q

(
µ

1
2 G1,µ

1
2 Gn

R

)}
+α2Q

(
µ

1
2 Gn

R,µ
1
2 Gn

R

)
, (1.21a)

ǫGn+1
R,2 −βn∇v ·(vGn+1

R,2 )−α∇v ·(AvGn+1
R,2 )+LGn+1

R,2

−(1−χM)µ− 1
2KGn+1

R,1 =0, (1.21b)

where two penalty terms with the parameter ǫ>0 have been added and

βn =−α

3
trA+α2βn

1

with

βn
1 =

1

3

∫

R3
G1LG1 dv− α

3

∫

R3
P1

{
v·(Av)

√
µ
}

Gn
R dv,

µ
1
2 Gn

R =Gn
R,1+µ

1
2 Gn

R,2.

System (1.21) provides us the following cancellations:

〈(
βn+1

1 − 1

3
〈G1,LG1〉

)
∇v ·(vµ),

1

2
|v|2
〉
− 1

2
α

〈
v·(Av)µ

1
2 Gn+1

R,2 ,
1

2
|v|2
〉

−α

〈
∇v ·

(
AvGn+1

R,1

)
,
1

2
|v|2
〉
−α

〈
∇v ·

(
AvGn+1

R,2

)
,
1

2
|v|2√µ

〉
=0,

1

3

〈
〈G1,LG1〉∇v ·(vµ),

1

2
|v|2
〉
+

〈
∇v ·

(
Av

√
µG1

)
,
1

2
|v|2
〉
=0,

which indeed give the energy conservation 〈Gn+1
R,1 +µ

1
2 Gn+1

R,2 ,|v|2〉= 0. Moreover,
as in [16] for treating the nonlocal collision term, we introduce a σ-parameterized
procedure to ensure the construction of solutions to the linear inhomogeneous
system with 0≤σ≤1; see Lemmas 2.1 and 2.2 for details. However, this induces
the loss of conservation laws for the system with 0≤ σ< 1 in the hard potential
case 0<γ≤1, which is quite different from the situation treated in [14].

The second point is concerned with the non-negativity of the steady pro-
files. For the purpose, we introduce a spatially inhomogeneous model (1.13)
and prove the asymptotic stability of the stationary solution under small per-
turbation. We remark that although it is a spatially inhomogeneous problem, the
proof with slight modifications can still be carried over to treat the spatially ho-
mogeneous case. One difficulty part is to obtain the macroscopic dissipation in
a more delicate way than that in the steady case. In particular, we re-design the
Caflisch’s decomposition

√
µ f = f1+

√
µ f2 with f1 and f2 satisfying (3.3) and (3.5),

respectively. The key point is to add a microscopic fourth-order moment function
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αAv·(∇v
√

µ)(|v|2−3)c f2
to the left-hand of (3.5) in order to cancel such trouble

term coming from −α∇v ·(Av f2). Correspondingly, (3.3) has been modified with
αAv·(∇v

√
µ)(|v|2−3)

√
µc f2

added to the right-hand side. Under such decompo-

sition, the macroscopic energy ‖c‖2 and the microscopic energy ‖P1g2‖2 can be
combined for estimates, see the result (3.38). Thus, the corresponding energy dis-
sipation rates α2‖c‖2 and ‖P1g2‖2

ν are obtained. This L2 estimate (3.38) is crucial
for obtaining the macroscopic dissipation and further deducing the exponential
decay rate with the size proportional to α2. This size is the same as that in [14] for
simple shear flow where tr(A)=0 and the lowest order of β is α2. In the current
case for a general deformation matrix A, the lowest order of β is α if tr(A) 6= 0.
We remark that it is unclear for us whether the degenerate order α2 for the size of
decay rate is optimal. Moreover, similar to [2] for the study at the fluid level, it
would be interesting to further consider possible enhanced decay rates with re-
spect to any small α by using the deformation effect in case of the hard potentials
0<γ≤1 and we will explore this issue in the future.

The third point is related to an application of the Guo’s L∞−L2 method [24].
The key idea of this approach in the L∞ estimate is to convert an integration with
respect to v variable along characteristics into an integration with respect to x
variable. In the process, one need obtain a proper control for the Jacobian

∣∣∣∣
∂X(s′)

∂v∗

∣∣∣∣=
∣∣∣(βI+αA)−1

[
e−(s′−s)(βI+αA)− I

]∣∣∣

along the following characteristic line:

V(s′)=V
(
s′;s,X(s),v∗

)
= e−(s′−s)(βI+αA)v∗,

X(s′)=X
(

s′;s,X(s),v∗
)
=X(s)−(βI+αA)−1

[
e−(s′−s)(βI+αA)− I

]
v∗.

For this, as described in Lemma 4.8, we prove a lower bound of the determinant
of a matrix exponential, and moreover, we also give an upper bound of the region
of the integration after the change of variable X(s′)→y.

The rest of this paper is arranged as follows. The existence of the steady profile
Gst(v) for (1.1) is established in Section 2. Section 3 is devoted to the unsteady
problem (1.13) and (1.14). In Section 4 as an appendix, we give the basic estimates
on the linearized operator L as well as the nonlinear operators Γ and Q, further
present a key estimate for the operator K in the case of hard potentials, and finally
derive a lower bound for a matrix exponential.

Notations. We give more notations to be used throughout the paper. Let C de-
note some generic positive (generally large) constant and λ denote some generic
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positive (generally small) constants, where C and λ may take different values in
different places. Let 1S be the characteristic function on the set S . For simplicity,
we use ‖·‖ to denote the norms of either L2(T3

x×R3
v) or L2(T3

x) or L2(R3
v). We

also use ‖·‖L∞ to denote the norms of either L∞(T3
x×R3

v) or L∞(R3
v). Moreover,

(·,·) denotes the inner product of L2(T3
x×R

3
v) and 〈·〉 denotes the inner product

of L2(R3
v).

2 Steady problem

This section is devoted to the existence of the non-equilibrium smooth steady
solution of (1.1). We begin with some usual notations in the framework of per-
turbations around the global Maxwellian µ in (1.8). First of all, we introduce the
linearized collision operator L and the nonlinear collision operator Γ, defined by

Lg=−µ− 1
2
{

Q(µ,
√

µg)+Q(
√

µg,µ)
}

, (2.1)

and

Γ( f ,g)=µ− 1
2 Q(

√
µ f ,

√
µg)

=
∫

R3

∫

S2
B(ω,v−v∗)µ

1
2 (v∗)

[
f (v′∗)g(v

′)− f (v∗)g(v)
]

dωdv∗, (2.2)

respectively. Note that

L f =ν f −K f

with

ν=
∫

R3

∫

S2
B(ω,v−v∗)µ(v∗)dωdv∗∽ (1+|v|)γ,

K f =µ− 1
2

{
Q
(

µ
1
2 f ,µ

)
+Qgain

(
µ,µ

1
2 f
)}

,

(2.3)

where Qgain denotes the positive part of Q in (1.2). Moreover, it holds that

K f =
∫

R3
k(v,v∗) f (v∗)dv∗=

∫

R3
(k2−k1)(v,v∗) f (v∗)dv∗

with

0≤k1(v,v∗)≤ c̃1|v−v∗|γe−
1
4 (|v|2+|v∗|2),

0≤k2(v,v∗)≤ c̃2|v−v∗|−2+γe
− 1

8 |v−v∗|2− 1
8

||v|2−|v∗|2|2
|v−v∗|2 ,

(2.4)
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where both c̃1 and c̃2 are positive constants. Note that in the case of γ= 1, (2.4)
has been derived in [21, pp.45-46], and the remaining cases that γ∈ [0,1) can be
treated similarly. The upper bound in (2.4) may not be optimal.

The kernel of L, denoted as kerL, is a five-dimensional space spanned by

{
1,v,|v|2−3

}√
µ :={φi}5

i=1.

We further define a projection from L2 to ker(L) by

P0g=
{

ag+bg ·v+
(|v|2−3

)
cg

}√
µ

for g∈ L2, and correspondingly denote the operator P1 by P1g= g−P0g, which
is orthogonal to P0 in L2. Traditionally, P0g is also called the macroscopic part,
while P1g stands for the microscopic component.

It is also convenient to define

L f =−
{

Q( f ,µ)+Q(µ, f )
}
=ν f −K f

with

K f =Q( f ,µ)+Qgain(µ, f )=
√

µK

(
f√
µ

)
. (2.5)

2.1 Hilbert expansion and Caflisch’s decomposition

As derived before, we will study the steady problem

−β∇v ·(vGst)−α∇v ·(AvGst)=Q(Gst,Gst) (2.6)

with

β=−α

3

∫

R3
v·(Av)Gst dv. (2.7)

Our goal is to look for a unique smooth solution Gst(v) satisfying

∫

R3
Gst dv=1,

∫

R3
viGst dv=0, i=1,2,3,

∫

R3
|v|2Gst dv=3. (2.8)

Note that through the paper we have omitted the dependence of Gst on the pa-
rameter α. It can be expected that Gst→µ if α→0. As such, we set

Gst=µ+α
√

µ{G1+αGR} (2.9)
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with P0G1=P0GR=0 such that (2.8) is valid, and hence we impose that

∫

R3
G1

√
µdv=

∫

R3
GR

√
µdv=0,

∫

R3
G1vi

√
µdv=

∫

R3
GRvi

√
µdv=0, i=1,2,3,

∫

R3
G1|v|2

√
µdv=

∫

R3
GR|v|2

√
µdv=0,

(2.10)

where G1 is the first order correction and GR denotes the higher order remainder.
Plugging (2.9) into (2.7), we get

β=−α

3

∫

R3
v·(Av)

[
µ+α

√
µ{G1+αGR}

]
dv=αβ0+α2β1 (2.11)

with

β0=−1

3
trA, β1=−1

3

∫

R3
v·(Av)

[√
µ{G1+αGR}

]
dv. (2.12)

Furthermore, substituting (2.9) and (2.11) into (2.6) and comparing the coeffi-
cients in front of the different orders of α, one has

−β0µ− 1
2∇v ·(vµ)−µ− 1

2∇v ·(Avµ)+LG1 =0, (2.13)

−βµ− 1
2∇v ·(v

√
µGR)−αµ− 1

2∇v ·(Av
√

µGR)+LGR

=β1µ− 1
2∇v ·(vµ)+

β

α
µ− 1

2∇v ·(v
√

µG1)+µ− 1
2∇v ·(Av

√
µG1)

+α
{

Γ(G1,GR)+Γ(GR,G1)
}
+α2Γ(GR,GR). (2.14)

In light of expression for β0 in (2.12), one gets from (2.13) that

G1=−
3

∑
i,j=1

aijL
−1

{(
vivj−

1

3
δij|v|2

)
µ

1
2

}
, (2.15)

which in turn gives

β1=
1

3

∫

R3
P1

{
v·(Av)

√
µ
}

L−1
{

P1

(
v·Avµ

1
2

)}
dv

− α

3

∫

R3
P1

{
v·(Av)

√
µ
}

GR dv

=
1

3

∫

R3
G1LG1 dv− α

3

∫

R3
P1

{
v·(Av)

√
µ
}

GR dv.
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Note that one has β1 > 0 provided that A is not a scalar matrix and α is suitably
small.

The remainder GR is determined by (2.14). There is a severe growth term α
2 v·

(Av)GR caused by the deformation force. To overcome this difficulty, as [14, 15],
we resort to the following Caflisch’s decomposition:

√
µGR=GR,1+

√
µGR,2,

where GR,1 and GR,2 satisfy

−β∇v ·(vGR,1)−α∇v ·(AvGR,1)+νGR,1

=χMKGR,1−
β

2
|v|2√µGR,2−

α

2
v·(Av)

√
µGR,2+β1∇v ·(vµ)

+
β

α
∇v ·(v

√
µG1)+∇v ·(Av

√
µG1)+Q(

√
µG1,

√
µG1)

+α{Q(
√

µG1,
√

µGR)+Q(
√

µGR,
√

µG1)}+α2Q(
√

µGR,
√

µGR), (2.16)

and

−β∇v ·(vGR,2)−α∇v ·(AvGR,2)+LGR,2=µ− 1
2 (1−χM)KGR,1, (2.17)

respectively. Here, χM(v) is a non-negative smooth cutoff function defined by

χM(v)=

{
1, |v|≥M+1,

0, |v|≤M

with M>0 sufficiently large.
We will prove the unique existence of (2.16) and (2.17) in the Banach space

Xm =

{
G=[G1,G2]

∣∣ ∑
k≤m

{∥∥wl∇k
vG1

∥∥
L∞+

∥∥wl∇k
vG2

∥∥
L∞

}
<+∞, k,m∈Z

+,

〈
G1,
[
1,vi,|v|2

]〉
+
〈
G2,
[
1,vi,|v|2

]
µ

1
2

〉
=0, i=1,2,3

}

associated with the norm
∥∥[G1,G2]

∥∥
X,m

= ∑
k≤m

{∥∥wl∇k
vG1

∥∥
L∞+

∥∥wl∇k
vG2

∥∥
L∞

}
.

To do so, we design the following iteration equations:

ǫGn+1
R,1 −βn∇v ·

(
vGn+1

R,1

)
−α∇v ·

(
AvGn+1

R,1

)
+νGn+1

R,1 −χMKGn+1
R,1
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+
βn

2
|v|2µ

1
2 Gn+1

R,2 +
1

2
αv·(Av)µ

1
2 Gn+1

R,2 −
(

βn+1
1 − 1

3
〈G1,LG1〉

)
∇v ·(vµ)

=
1

3
〈G1,LG1〉∇v ·(vµ)+

βn

α
∇v ·

(
vµ

1
2 G1

)
+∇v ·

(
Av

√
µG1

)

+Q
(

µ
1
2 G1,µ

1
2 G1

)
+α
{

Q
(

µ
1
2 Gn

R,µ
1
2 G1

)
+Q

(
µ

1
2 G1,µ

1
2 Gn

R

)}
(2.18)

+α2Q
(

µ
1
2 Gn

R,µ
1
2 Gn

R

)
,

ǫGn+1
R,2 −βn∇v ·

(
vGn+1

R,2

)
−α∇v ·

(
AvGn+1

R,2

)
+LGn+1

R,2 −(1−χM)µ− 1
2KGn+1

R,1 =0.

Here the parameter ǫ > 0 is introduced such that all the conservation laws for

Gn+1
R as in (2.10) can be satisfied. Moreover, we have denoted

µ
1
2 Gn

R=Gn
R,1+µ

1
2 Gn

R,2, n≥0,

and

βn =αβ0+α2βn
1 (2.19)

with

βn
1 =

1

3

∫

R3
G1LG1 dv− α

3

∫

R3
P1

{
v·(Av)

√
µ
}

Gn
R dv, n≥0,

as well as [
G0

R,1,G0
R,2

]
=[0,0].

Note that the approximation solutions are constructed to satisfy (2.18), by which
the following identities hold true:

〈(
βn+1

1 − 1

3
〈G1,LG1〉

)
∇v ·(vµ),

1

2
|v|2
〉
− 1

2
α

〈
v·(Av)µ

1
2 Gn+1

R,2 ,
1

2
|v|2
〉

−α

〈
∇v ·

(
AvGn+1

R,1

)
,
1

2
|v|2
〉
−α

〈
∇v ·

(
AvGn+1

R,2

)
,
1

2
|v|2√µ

〉
=0,

1

3

〈
〈G1,LG1〉∇v ·(vµ),

1

2
|v|2
〉
+

〈
∇v ·

(
Av

√
µG1

)
,
1

2
|v|2
〉
=0,

so that one can show the conservation laws (2.10) for Gn+1
R .

The proof of Theorem 1.1 consists of three steps. First, we show the well-
posedness of the system (2.18) for given [Gn

R,1,Gn
R,2] and ǫ>0. Second, we establish

the limit process n→+∞ for any fixed parameter ǫ>0. Third, we pass the limits
ǫ→0+ to obtain the unique smooth solution of the system (2.16) and (2.17).
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2.2 A uniform L∞ estimate with respect to the parameter σ

Since both K and K are nonlocal and do not possess the property of smallness, it
is convenient to introduce the following linear vector operator parameterized by
σ∈ [0,1] (cf. [14]):

Lσ[G1,G2]=
[
L

1
σ ,L 2

σ

]
[G1,G2],

L
1
σ [G1,G2]=ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1−σχMKG1

+
β′

2
|v|2√µG2+α

v·(Av)

2

√
µG2−β′′(G)∇v ·(vµ),

L
2
σ [G1,G2]=ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2−σKG2

−σ(1−χM)µ− 1
2KG1,

where β′ is a given constant of order α, and

β′′(G)=−α

3

∫

R3
P1

{
v·(Av)

}
(G1+

√
µG2)dv. (2.20)

We then consider the solvability of the general coupled linear system
{

L
1
σ [G1,G2]=F1, (2.21a)

L
2
σ [G1,G2]=F2, (2.21b)

where [F1,F2] is given.

Remark 2.1. Note that in the case of 0< γ ≤ 1 (hard potentials) and σ 6= 1, the

approximation system (2.21) does not imply [G1,G2]∈Xm even if [F1,F2]∈Xm, be-

cause the structural damage of the linear operators L and L violates the following

laws of conservation:
〈
G1,
[
1,vi,|v|2

]〉
+
〈
G2,
[
1,vi,|v|2

]
µ

1
2

〉
=0, i=1,2,3.

Due to the above remark, different from [14] in the pure Maxwell molecule
case, a convenient functional space to be considered is the following:

X̄m =

{
G=[G1,G2]

∣∣ ∑
k≤m

{∥∥wl∇k
vG1

∥∥
L∞+

∥∥wl∇k
vG2

∥∥
L∞

}
<+∞, k,m∈Z

+

}

equipped with the norm
∥∥[G1,G2]

∥∥
X̄m

= ∑
k≤m

{∥∥wl∇k
vG1

∥∥
L∞+

∥∥wl∇k
vG2

∥∥
L∞

}
.

The main idea showing the well-posedness of (2.21) is to adopt the bootstrap
argument based on the following a priori L∞ estimates.



R.-J. Duan and S.-Q. Liu / Commun. Math. Anal. Appl., 1 (2022), pp. 152-212 167

Lemma 2.1 (A Priory Estimate). Assume that β′ 6=0 is of order α. Let [G1,G2]∈X̄m with

m≥0 be a solution to (2.21) with ǫ>0 and suitably small, σ∈ [0,1) and [F1,F2]∈ X̄m.

There is l0>0 such that for any l≥ l0 arbitrarily large, there are α0=α0(l)>0 and large

M= M(l)>0 such that for any 0<α<α0 with Cα<1−σ for a generic large constant

C>0, the solution [G1,G2] of the system (2.21) satisfies the following estimate:
∥∥[G1,G2]

∥∥
X̄m

=
∥∥L −1

σ [F1,F2]
∥∥

X̄m

≤CL ∑
0≤k≤m

{∥∥wl∇k
vF1

∥∥
L∞+

∥∥wl∇k
vF2

∥∥
L∞

}
, (2.22)

where the constant CL >0 depends on ǫ but not on σ and α.

Proof. The proof is divided into two steps.

Step 1. L∞ estimates. Taking 0≤k≤m and l>0, we set H1,k=wl∇k
vG1 and H2,k=

wl∇k
vG2. Then, Hk =[H1,k,H2,k] satisfies the following equations:

ǫH1,k−β′∇v ·(vH1,k)+2lβ′ |v|2
1+|v|2 H1,k−α∇v ·(AvH1,k) (2.23)

+2lα
v·(Av)

1+|v|2 H1,k+νH1,k−σχMwlK
(

H1,k

wl

)
−wlβ

′′
(

H0

wl

)
∇k

v∇v ·(vµ)

=1k′=1wlβ
′Ck′

k ∇v ·
(
∇k′

v v∇k−k′
v G1

)
+1k′=1αCk′

k wl∇v ·
(
∇k′

v (Av)∇k−k′
v G1

)

− β′

2
wl ∑

k′≤k

Ck′
k ∇k′

v

(
|v|2µ

1
2

)
∇k−k′

v G2−
α

2 ∑
k′≤k

wlC
k′
k ∇k′

v

(
v·(Av)µ

1
2

)
∇k−k′

v G2

−1k>0wl ∑
0<k′≤k

Ck′
k ∇k′

v ν∇k−k′
v G1+1k>0σ ∑

0<k′≤k

Ck′
k wl∇k′

v (χMK)∇k−k′
v G1+wl∇k

vF1,

ǫH2,k−β′∇v ·(vH2,k)+2lβ′ |v|2
1+|v|2 H2,k−α∇v ·(AvH2,k) (2.24)

+2lα
v·(Av)

1+|v|2 H2,k+νH2,k−σwlK

(
H2,k

wl

)

=1k′=1wlβ
′Ck′

k ∇v ·
(
∇k′

v v∇k−k′
v G2

)
+1k′=1αCk′

k wl∇v ·
(
∇k′

v (Av)∇k−k′
v G2

)

−1k>0wl ∑
0<k′≤k

Ck′
k ∇k′

v ν∇k−k′
v G2+1k>0σwl ∑

0<k′≤k

Ck′
k ∇k′

v K∇k−k′
v G2

+σ ∑
k′≤k

Ck′
k wl∇k′

v

(
(1−χM)µ− 1

2K
)
∇k−k′

v G1+wl∇k
vF2,

where

H0 :=[H1,H2]= [H1,0,H2,0]=wl[G1,G2].
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Notice that (2.23) and (2.24) are linear PDEs of first order, it is convenient to apply

the method of characteristics to obtain L∞ estimate (cf. [17,18]). To do this, we first

introduce a uniform parameter t∈R, and regard Hi,k(v)=Hi,k(t,v)(i=1,2), then

define the characteristic line [s,V(s;t,v)] for Eqs. (2.23) and (2.24) going through

(t,v) such that
dV

ds
=−β′V(s;t,v)−αAV(s;t,v),

V(t;t,v)=v,
(2.25)

which is equivalent to

V(s)=V(s;t,v)= e−(s−t)(β′ I+αA)v.

Since β′ 6= 0, it is natural to expect that |V(s)| →+∞ as s →−∞ and GR(v)→ 0

as |v|→+∞. Due to this, integrating along the backward trajectory (2.25) with

respect to s∈ (−∞,t], one can write the solutions of (2.23) and (2.24) as the mild

form of

H1,k

(
v(t)

)
=

6

∑
i=1

Ii

with

I1=σ
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

{
χMwlK

(
H1,k

wl

)}(
V(s)

)
ds,

I2=
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

{
wlβ

′′
(

H0

wl

)
∇k

v∇v ·(vµ)

}(
V(s)

)
ds,

I3=
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

{
1k′=1wlβ

′Ck′
k ∇v ·

(
∇k′

v v∇k−k′
v G1

)

+1k′=1αCk′
k wl∇v ·

(
∇k′

v (Av)∇k−k′
v G1

)}(
V(s)

)
ds,

I4=−
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ ∑
k′≤k

Ck′
k

{
β′

2
wl∇k′

v

(
|v|2µ

1
2

)
∇k−k′

v G2

+
α

2
wl∇k′

v

(
v·(Av)µ

1
2

)
∇k−k′

v G2

}
(
V(s)

)
ds,

I5=1k>0σ
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ ∑
0<k′≤k

Ck′
k

{
−wl∇k′

v ν∇k−k′
v G1

+wl∇k′
v (χMK)∇k−k′

v G1

}(
V(s)

)
ds,
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I6=
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ
(

wl∇k
vF1

)(
V(s)

)
ds,

and

H2,k=
11

∑
i=7

Ii,

with

I7=σ
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

[
wlK

(
H2,k

wl

)](
V(s)

)
ds,

I8=
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

{
1k′=1wlβ

′Ck′
k ∇v ·

(
∇k′

v v∇k−k′
v G2

)

+1k′=1αCk′
k wl∇v ·

(
∇k′

v (Av)∇k−k′
v G2

)}(
V(s)

)
ds,

I9=σ1k>0

∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

× ∑
0<k′≤k

Ck′
k

{
−wl∇k′

v ν∇k−k′
v G2+wl∇k′

v K∇k−k′
v G2

}(
V(s)

)
ds,

I10=σ
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ

×
{

∑
k′≤k

Ck′
k wl∇k′

v

(
(1−χM)µ− 1

2K
)(

∇k−k′
v G1

)}(
V(s)

)
ds,

I11=
∫ t

−∞
e−
∫ t

s Aǫ(τ,V(τ))dτ
(

wl∇k
vF2

)(
V(s)

)
ds,

where

Aǫ
(
τ,V(τ)

)

=ν
(
V(τ)

)
+ǫ−3β′+2lβ′ |V(τ)|2

1+|V(τ)|2 +2lα
V(τ)·(AV(τ))

1+|V(τ)|2 −αtrA

≥ 1

2
ν
(
V(τ)

)
,

provided that ǫ> 0, α> 0, lα and |αtrA| are suitably small. Note that ν(V(τ)) is

independent of V(τ) in the Maxwell molecule case. Here and in the sequel, the

velocity derivatives ∇k′
v acting on the nonlocal operators such as K, K, etc. are

understood in the way as (4.2).
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In what follows, we will compute Ii (1≤ i≤11), separately. The estimates for

I1 is divided into two cases. If γ= 0 i.e. the Maxwell molecule case, we apply

(4.11) in Lemma 4.4 to obtain that

I1≤
C

l
‖H1,k(v)‖L∞

∫ t

−∞
e−

ν0
2 (t−s)ds≤ C

l
‖H1,k(v)‖L∞ ,

where

ν0=
∫

R3

∫

S2
B0(cosθ)µ(v∗)dωdv∗>0.

If 0<γ≤1, Lemma 4.6 leads us to

I1≤
∫ t

−∞
e−
∫ t

s ν(V(τ))dτν
(
V(s)

)[
ν
(
V(s)

)]−1
{

χMwlK
(

H1,k

wl

)}(
V(s)

)
ds

≤
∫ t

−∞
e−
∫ t

s ν(V(τ))dτν
(
V(s)

)
(

C

(1+M)
γ
2

+ς

)
‖H1,k(v)‖L∞ ds

≤
(

C

(1+M)
γ
2

+ς

)
‖H1,k(v)‖L∞ ,

where the following estimate has been used:

∫ t

−∞
e−
∫ t

s ν(V(τ))dτν
(
V(s)

)
ds≤1.

By virtue of (2.20), one has

I2≤Cα‖H1,0‖L∞+Cα‖H2,0‖L∞ .

It is straightforward to see that

I3≤Cα ∑
k′≤k

‖H1,k′‖L∞ , I4,I8≤Cα ∑
k′≤k

‖H2,k′‖L∞ .

For I5, we first rewrite ∇k′
v (χMK)(∇k−k′

v G1) as

∇k′
v (χMK)

(
∇k−k′

v G1

)

= ∑
k′′≤k′

Ck′′
k′ ∇k′−k′′

v χM∇k′′
v K

(
∇k−k′

v G1

)

= ∑
k′′≤k′

Ck′′
k′ ∇k′−k′′

v χM∇k′′
v

{
Q
(

µ,∇k−k′
v G1

)
+Q

(
∇k−k′

v G1,µ
)}

.
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Then it follows that

I51k≥1≤C ∑
k′<k

‖H1,k′‖L∞ ,

according to Lemma 4.7. And likewise, we also have

I10≤C ∑
k′≤k

‖H1,k′‖L∞ .

Next, Lemma 4.2 leads us to have

I91k≥1≤C ∑
k′<k

‖H2,k′‖L∞ .

For I6 and I11, one directly has

I6≤C
∥∥wl∇k

vF1

∥∥
L∞ , I11≤C

∥∥wl∇k
vF2

∥∥
L∞ .

Finally, for the delicate term I7, we divide our computations into the following

three cases.

Case 1. |V|≥M with M suitably large. From Lemma 4.1, it follows that

∫
kw(V,v∗)dv∗≤

C

1+|V| ≤
C

M
.

Applying this, one has

I7≤ sup
−∞<s≤t

∫

R3
kw(V,v∗)dv∗‖H2,k‖L∞ ≤ C

M
‖H2,k‖L∞ . (2.26)

Case 2. |V|≤M and |v∗|≥2M. In this situation, we have |V−v∗|≥M, then

kw(V,v∗)≤Ce−
εM2

8 kw(V,v∗)e
ε|V−v∗|2

8 .

Using Lemma 4.1, one sees that
∫

kw(V,v∗)e
ε|V−v∗|2

8 dv∗ is still bounded. Therefore,

by a similar argument as for obtaining (2.26), it follows that

I7≤Ce−
εM2

8 ‖H2,k‖L∞ .

To complete our estimates for I7, we are now in a position to handle the last case.
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Case 3. |V|≤M and |v∗|≤2M. In this case, the key point is to convert the bound

in L∞-norm to the one in L2-norm which will be established later on. To do so,

for any large M>0, we choose a number p= p(M) to define

kw,p(V,v∗)≡1|V−v∗ |≥ 1
p ,|v∗|≤pkw(V,v∗), (2.27)

such that

sup
V

∫

R3

∣∣kw,p(V,v∗)−kw(V,v∗)
∣∣dv∗≤

1

M
.

One then has

I7≤Csup
s

∫

|v∗|≤2M
kw,p(V,v∗)

∣∣∇k
vG2(v∗)

∣∣dv∗+
1

M
‖H2,k‖L∞

≤C(p)sup
s

∥∥∇k
vG2‖+

1

M

∥∥H2,k‖L∞ ,

according to Hölder’s inequality and the fact that

∫

R3
k2

w,p(V,v∗)dv∗<∞.

Therefore, it follows that for any large M>0,

I7≤C

(
e−

εM2

8 +
1

M

)
‖H2,k‖L∞+C

∥∥∇k
vG2

∥∥.

Combing all the estimates above together, we now arrive at

‖H1,k‖L∞ ≤
(

10<γ≤1
C

(1+M)
γ
2

+ς+
C

l
+Cα

)
‖H1,k‖L∞+Cα‖H1,0‖L∞

+Cα ∑
k′≤k

‖H2,k′‖L∞+1k≥1C ∑
k′<k

‖H1,k′‖L∞+C
∥∥wl∇k

vF1

∥∥
L∞ ,

‖H2,k‖L∞ ≤
(

e−
εM2

8 +
C

M
+Cα

)
‖H2,k‖L∞+1k≥1C ∑

k′<k

‖H2,k′‖L∞

+C ∑
k′≤k

‖H1,k′‖L∞+C
∥∥∇k

vG2

∥∥+C
∥∥wl∇k

vF2

∥∥
L∞ .

(2.28)

It should be pointed out that the constant C in (2.28) is independent of σ and ǫ.
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Step 2. L2 estimates. To close our estimates, we now turn to deduce the Hk es-

timate on G2. To do this, we start from the basic L2 estimate of G2. By the inner

product 〈(2.21b),G2〉, one has

ǫ〈G2,G2〉−β′〈∇v ·(vG2),G2

〉−α
〈∇v ·(AvG2),G2

〉

+(1−σ)〈νG2,G2〉+σ〈LG2,G2〉−σ
〈
(1−χM)µ− 1

2KG1,G2

〉
= 〈F2,G2〉, (2.29)

where we have used the identity

ν f −σK f =(1−σ)ν f +σL f .

Applying Lemma 4.3 and Cauchy-Schwarz’s inequality, we get from (2.29) that

for l> 3
2

ǫ‖G2‖2+(1−σ)‖G2‖2
ν+δ0σ‖P1G2‖2

ν

≤Cα‖G2‖2+
ǫ

4
‖G2‖2+

C

ǫ
‖wlG1‖2

L∞+
C

ǫ
‖wlF2‖2

L∞ ,

which further implies

ǫ

2
‖G2‖2+(1−σ)‖G2‖2

ν+δ0σ‖P1G2‖2
ν≤

C

ǫ
‖wlG1‖2

L∞+
C

ǫ
‖wlF2‖2

L∞ , (2.30)

provided that 0<α≪1−σ with 0≤σ<1.

In order to derive the L2 estimates of the higher order for G2, one gets from

〈∇k
v(2.21b),∇k

vP1G2〉 that for k≥1

ǫ
〈
∇k

v(P1G2+P0G2),∇k
vP1G2

〉
−β′

〈
∇k

v∇v ·(vP1G2),∇k
vP1G2

〉

−β′
〈
∇k

v∇v ·(vP0G2),∇k
vP1G2

〉
−α
〈
∇k

v∇v ·(AvP1G2),∇k
vP1G2

〉

−α
〈
∇k

v∇v ·(AvP0G2),∇k
vP1G2

〉
+(1−σ)

〈
ν∇k

vP1G2,∇k
vP1G2

〉

+(1−σ) ∑
1≤k′≤k

Ck′
k 〈∇k′

v ν∇k−k′
v P1G2,∇k

vP1G2〉

+(1−σ) ∑
k′≤k

Ck′
k 〈∇k′

v ν∇k−k′
v P0G2,∇k

vP1G2〉

+σ
〈
∇k

v(LG2),∇k
vP1G2

〉
−σ
〈
∇k

v

[
(1−χM)µ− 1

2KG1

]
,∇k

vP1G2

〉

=
〈
∇k

vF2,∇k
vP1G2

〉
,
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from which, by using Lemma 4.3 and Cauchy-Schwarz’s inequality again, we

further obtain

ǫ
∥∥∇k

vP1G2

∥∥2
+(1−σ)

∥∥∇k
vP1G2

∥∥2

ν
+δ1σ

∥∥∇k
vP1G2

∥∥2

ν
−C‖P1G2‖2

≤C(α+η)
∥∥∇k

vP1G2

∥∥2
+Cη ∑

k′<k

∥∥∇k′
v P1G2

∥∥2
+C ∑

k′≤k

∥∥wl∇k′
v G1

∥∥2

L∞

+C
∥∥wl∇k

vF2

∥∥2

L∞+C‖P0G2‖2, (2.31)

where η>0 is suitably small.

As a consequence, a linear combination of (2.30) and (2.31) with k = 1,.. .,m

yields

ǫ ∑
1≤k≤m

∥∥∇k
vP1G2

∥∥2
+ǫ‖P0G2‖2+λ ∑

k≤m

∥∥∇k
vP1G2

∥∥2

ν

≤C(ǫ) ∑
k≤m

∥∥wl∇k
vG1

∥∥2

L∞+C(ǫ) ∑
k≤m

∥∥wl∇k
vF2

∥∥2

L∞ . (2.32)

Finally, taking the linear combination of (2.28) and (2.32) for 0≤k≤m and adjust-

ing constants, we get

∑
0≤k≤m

{
‖H1,k‖L∞+‖H2,k‖L∞

}
≤C(ǫ) ∑

0≤k≤m

∥∥wl∇k
v[F1,F2]

∥∥
L∞ .

This shows the desired estimate (2.22) and ends the proof of Lemma 2.1.

2.3 Existence for the linear problem with fixed ǫ>0

With Lemma 2.1 in hand, we now turn to prove the existence of solutions to (2.21)
with fixed ǫ>0 in L∞ framework by the contraction mapping method.

Lemma 2.2. Let all the assumptions of Lemma 2.1 be satisfied. There is l0>0 such that

for any l ≥ l0 arbitrarily large, there are α0 = α0(l)> 0 and large M = M(l)> 0 such

that for any 0<α<α0, there exists a unique solution [G1,G2]∈ X̄m to (2.21) with σ=1

satisfying

∑
0≤k≤m

{∥∥wl∇k
vG1

∥∥
L∞+

∥∥wl∇k
vG2

∥∥
L∞

}

≤C ∑
0≤k≤m

{∥∥wl∇k
vF1

∥∥
L∞+

∥∥wl∇k
vF2

∥∥
L∞

}
. (2.33)
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Proof. Our proof relies on the a priori estimate (2.22) established in Lemma 2.1
and the bootstrap argument, cf. [14–16].

Step 1. Existence for σ=0. If σ=0, then (2.21) becomes

ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1+
β′

2
|v|2√µG2

+α
v·(Av)

2

√
µG2−β′′(G)∇v ·(vµ)=F1,

ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2=F2.

Then, in this simple case of σ=0, since there is no trouble term involving K and
K, the existence of L∞-solutions can be easily proved by the characteristic method
and the contraction mapping theorem. That is, it follows immediately that

∥∥L −1
0 [G1,G2]

∥∥
X̄m

≤CL

∥∥[F1,F2]
∥∥

X̄m
. (2.34)

Step 2. Existence for σ∈ [0,σ∗] for some σ∗>0. Letting σ∈(0,1), we now consider

ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1+
β′

2
|v|2√µG2

+α
v·(Av)

2

√
µG2−β′′(G)∇v ·(vµ)

=σχMKG1+F1, (2.35)

ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2

=σKG2+σ(1−χM)µ− 1
2KG1+F2, (2.36)

To verify the well-posedness of the above system, we further design the following
approximation equations:

ǫGn+1
1 −β′∇v ·

(
vGn+1

1

)
−α∇v ·

(
AvGn+1

1

)
+νGn+1

1

+
β′

2
|v|2√µGn+1

2 +α
v·(Av)

2

√
µGn+1

2 −β′′(Gn+1
)∇v ·(vµ)

=σχMKGn
1 +F1 :=F (1)

1 , (2.37)

ǫGn+1
2 −β′∇v ·

(
vGn+1

1

)
−α∇v ·

(
AvGn+1

1

)
+νGn+1

2

=σKGn
2 +σ(1−χM)µ− 1

2KGn
1 +F2 :=F (1)

2 (2.38)

with [G0
1 ,G0

2 ]= [0,0]. Our next goal is to prove
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(i) [Gn
1 ,Gn

2 ]
∞
n=0 is uniformly bounded in X̄m,

(ii) [Gn
1 ,Gn

2 ]
∞
n=0 is a Cauchy sequence in X̄m.

Thanks to (2.34), it follows

∥∥∥
[
Gn+1

1 ,Gn+1
2

]∥∥∥
X̄m

≤CL

∥∥∥
[
F (1)

1 ,F (1)
2

]∥∥∥
X̄m

≤CL σC̄1‖[Gn
1 ,Gn

2 ]‖X̄m
+CL ∑

0≤k≤m

{∥∥wq∇k
vF1

∥∥
L∞+

∥∥wq∇k
vF2

∥∥
L∞

}

︸ ︷︷ ︸
M0

, (2.39)

where C̄1>0 is independent of σ and n. Choosing 0<σ∗≪1 such that

CL σ∗C̄1≤
1

2
, (2.40)

and moreover there exists a positive integer N such that

Nσ∗=1. (2.41)

Then we get from (2.39) that

∥∥[Gn
1 ,Gn

2 ]
∥∥

X̄m
≤2M0, (2.42)

for all n≥0. Furthermore, by (2.37), (2.38) and (2.40) and using (2.34) once more,
one has

∥∥∥
[Gn+1

1 ,Gn+1
2

]−[Gn
1 ,Gn

2

]∥∥∥
X̄m

(2.43)

≤CL σC̄1

∥∥∥
[
Gn

1 ,Gn
2

]
−
[
Gn−1

1 ,Gn−1
2

]∥∥∥
X̄m

≤ 1

2

∥∥∥
[
Gn

1 ,Gn
2

]
−
[
Gn−1

1 ,Gn−1
2

]∥∥∥
X̄m

.

As a consequence, (2.43) and (2.42) imply that the system (2.35) and (2.36) admits
a unique solution [G1,G2]∈ X̄m for all σ∈ [0,σ∗]. Moreover, utilizing Lemma 2.1,
for such a solution, we actually have the following uniform estimate:

∥∥[G1,G2]
∥∥

X̄m
≤CL ∑

0≤k≤m

{∥∥wl∇k
vF1

∥∥
L∞+

∥∥wl∇k
vF2

∥∥
L∞

}
,

which is also equivalent to

∥∥∥L −1
σ∗ [F1,F2]

∥∥∥
X̄m

≤CL

∥∥[F1,F2]
∥∥

X̄m
. (2.44)
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Step 3. Existence for σ∈ [0,2σ∗] for some σ∗>0. By using (2.44) and performing
the similar calculations as for obtaining (2.42) and (2.43), for σ′ ∈ [0,σ∗], one can
see that there exists a unique solution [G1,G2]∈ X̄m to the lifting system

ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1+
β′

2
|v|2√µG2+α

v·(Av)

2

√
µG2

−β′′(G)∇v ·(vµ)−σ∗χMKG1

=σ′χMKG1+F1,

ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2−σ∗KG2−σ∗(1−χM)µ− 1
2KG1

=σ′KG2+σ′(1−χM)µ− 1
2KG1+F2.

In other words, we have proved the existence of L
−1

2σ∗ on X̄m and (2.22) holds true
for σ=2σ∗.

Step 4. Existence for σ = 1. In this final step, we shall show how to extend the

existence of L
−1

2σ∗ to the one of L
−1

1 by the above procedure. As a matter of fact,

using (2.41) and repeating Step 3 (N−2) times, we can prove that L
−1
(N−1)σ∗

is

well-defined. With this, we then consider the following lifting system:

ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1+
β′

2
|v|2√µG2

+α
v·(Av)

2

√
µG2−β′′(G)∇v ·(vµ)−(N−1)σ∗χMKG1

=σ′χMKG1+F1, (2.45)

ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2−(N−1)σ∗KG2

−(N−1)σ∗(1−χM)µ− 1
2KG1

=σ′KG2+σ′(1−χM)µ− 1
2KG1+F2, (2.46)

where σ′∈ [0,σ∗]. Notice that we still have (N−1)σ∗<1 in the above system and
as in (2.30) we may let 0<α≪1−(N−1)σ∗ . Then as Step 2, we can further verify

that (2.45) and (2.46) possess a unique solution [G1,G2]∈X̄m for σ′=σ∗. Thus L
−1

1
is also well-defined. We emphasize that the solution we constructed here satisfies

ǫG1−β′∇v ·(vG1)−α∇v ·(AvG1)+νG1+
β′

2
|v|2√µG2+α

v·(Av)

2

√
µG2

−β′′(G)∇v ·(vµ)−χMKG1=F1,

ǫG2−β′∇v ·(vG2)−α∇v ·(AvG2)+νG2−KG2−(1−χM)µ− 1
2KG1=F2,
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which actually implies [G1,G2]∈Xm if [F1,F2]∈Xm. Therefore, by performing the
similar calculation as in the next subsection, we can still show the uniform bound
as (2.33). This ends the proof of Lemma 2.2.

2.4 The remainder

We are ready to complete the

Proof of Theorem 1.1. Since G1 is given explicitly as (2.15), to complete the proof

of Theorem 1.1, it suffices now to determine GR by proving the existence of the

coupled system (2.16) and (2.17) under the constraint
〈

GR,1,
[
1,vi,|v|2

]〉
+
〈

GR,2,
[
1,vi,|v|2

]
µ

1
2

〉
=0, i=1,2,3. (2.47)

To do this, let us first go back to the approximation system (2.18). By applying

Lemma 2.2, for fixed ǫ>0, we see that [Gn+1
R,1 ,Gn+1

R,2 ] is well defined once [Gn
R,1,Gn

R,2]

is given and belongs to X̄m for any m ≥ 0. Furthermore, if [Gn
R,1,Gn

R,2] satisfies

(2.47), so does [Gn+1
R,1 ,Gn+1

R,2 ]. We now verify that {Gn
R,1,Gn

R,2}∞
n=0 is a Cauchy

sequence in Xm−1 with m ≥ 1, hence it is convergent and the limit denoted by

[Gǫ
R,1,Gǫ

R,2] is the unique solution of the following system:

ǫGǫ
R,1−βǫ∇v ·

(
vGǫ

R,1

)−α∇v ·
(

AvGǫ
R,1

)
+νGǫ

R,1

=χMKGǫ
R,1−

βǫ

2
|v|2√µGǫ

R,2−
α

2
v·(Av)

√
µGǫ

R,2+
βǫ

α
∇v ·

(
v
√

µG1

)

+βǫ
1∇v ·(vµ)+∇v ·

(
Av

√
µG1

)
+Q

(√
µG1,

√
µG1

)

+α
{

Q
(√

µG1,
√

µGǫ
R

)
+Q

(√
µGǫ

R,
√

µG1

)}
+α2Q

(√
µGǫ

R,
√

µGǫ
R

)
:=Nǫ,

ǫGǫ
R,2−βǫ∇v ·

(
vGǫ

R,2

)
−α∇v ·

(
AvGǫ

R,2

)
+LGǫ

R,2=µ− 1
2 (1−χM)KGǫ

R,1,

where

βǫ=αβ0+α2βǫ
1, βǫ

1=
1

3

∫

R3
G1LG1 dv− α

3

∫

R3
P1

{
v·(Av)

√
µ
}

Gǫ
R dv,

and √
µGǫ

R=Gǫ
R,1+

√
µGǫ

R,2.

The key point here is that we can prove that the convergence of the sequence

{Gn
R,1,Gn

R,2}∞
n=0 is independent of ǫ. To see this, we first show the following uni-

form bound: ∥∥[Gn
R,1,Gn

R,2

]∥∥
Xm

≤2C0, (2.48)
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where C0>0 is independent of ǫ, n and α. We give the proof by induction on n≥0.

Notice that [G0
R,1,G0

R,2]= [0,0], if n=0 the system (2.18) reads

ǫG1
R,1−β0∇v ·

(
vG1

R,1

)
−α∇v ·

(
AvG1

R,1

)
+νG1

R,1

−χMKG1
R,1+

β0

2
|v|2µ

1
2 G1

R,2+
α

2
v·(Av)µ

1
2 G1

R,2

−
(

β1
1−

1

3
〈G1,LG1〉

)
∇v ·(vµ)

=
1

3
〈G1,LG1〉∇v ·(vµ)+

β0

α
∇v ·

(
vµ

1
2 G1

)

+∇v ·
(

Av
√

µG1

)
+Q

(
µ

1
2 G1,µ

1
2 G1

)
, (2.49a)

ǫG1
R,2−β0∇v ·

(
vG1

R,2

)
−α∇v ·

(
AvG1

R,2

)
+LG1

R,2

−(1−χM)µ− 1
2KG1

R,1=0, (2.49b)

where β0 and β1
1 are defined as (2.19). Performing the similar calculation as for

obtaining (2.28), one has

∑
0≤k≤m

∥∥wl∇k
vG1

R,1

∥∥
L∞ ≤Cα ∑

0≤k≤m

∥∥wl∇k
vG1

R,2

∥∥
L∞+C, (2.50)

∑
0≤k≤m

∥∥wl∇k
vG1

R,2

∥∥
L∞ ≤C ∑

0≤k≤m

∥∥∇k
vG1

R,2

∥∥+C ∑
0≤k≤m

∥∥wl∇k
vG1

R,1

∥∥
L∞ , (2.51)

where the constant C>0 is independent of ǫ.

We now turn to deduce the Hk estimate on G1
R,2. To obtain the desired estimate

which is independent of ǫ, the conservation law (2.47) plays a crucial role. As

a matter of fact, by the iteration scheme (2.49), it is not difficulty to check that
〈

G1
R,1,
[
1,vi,|v|2

]〉
+
〈

G1
R,2,
[
1,vi,|v|2

]
µ

1
2

〉
=0, i=1,2,3 (2.52)

for ǫ > 0. We emphasize that (2.52) may not be true in the framework of (2.21)

with 0<γ≤1 and σ 6=1.

Next, we denote for n≥1

P̄0Gn
R,1=

(
an

1 +bn
1 ·v+cn

1

(
|v|2−3

))
µ,

P0Gn
R,2=

(
an

2 +bn
2 ·v+cn

2

(
|v|2−3

))√
µ.

(2.53)

Here and in the sequel, we use the notation

bn
i =
[
bn

i,1,bn
i,2,bn

i,3

]
, i=1,2.
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From (2.52), one has

a1
1+a1

2=0, b1
1+b1

2=0, c1
1+c1

2=0.

Consequently, it follows

∥∥P0G1
R,2

∥∥.
∣∣∣
[

a1
2,b1

2,c1
2

]∣∣∣≤
∣∣∣
[

a1
1,b1

1,c1
1

]∣∣∣.
∥∥wlG

1
R,1

∥∥
L∞ (2.54)

for l> 5
2 . On the other hand, for the microscopic component of G1

R,2, we get from

the inner product 〈∇k
v(2.49)2,∇k

vP1G1
R,2〉 with k≥0 that

ǫ
〈
∇k

v

(
P1G1

R,2+P0G1
R,2

)
,∇k

vP1G1
R,2

〉
−β0

〈
∇k

v∇v ·
(
vP1G1

R,2

)
,∇k

vP1G1
R,2

〉

−β0
〈
∇k

v∇v ·
(
vP0G1

R,2

)
,∇k

vP1G1
R,2

〉
−α
〈
∇k

v∇v ·
(

AvP1G1
R,2

)
,∇k

vP1G1
R,2

〉

−α
〈
∇k

v∇v ·
(

AvP0G1
R,2

)
,∇k

vP1G1
R,2

〉
+
〈
∇k

vLP1G1
R,2,∇k

vP1G1
R,2

〉

−
〈
∇k

v

[
(1−χM)µ− 1

2KG1
R,1

]
,∇k

vP1G1
R,2

〉
=0.

Using Lemma 4.3 and Cauchy-Schwarz’s inequality as well as (2.54), one gets

(ǫ+δ0)
∥∥∇k

vP1G1
R,2

∥∥2

≤C(ǫ+α)
∥∥wlG

1
R,1

∥∥2

L∞+C ∑
k′≤k

∥∥wl∇k′
v G1

R,1

∥∥2

L∞+C1k>0

∥∥P1G1
R,2

∥∥2
. (2.55)

Taking a linear combination of (2.55) with respect to k= 0,1,.. .,m and applying

(2.54), we arrive at

∥∥P0G1
R,2

∥∥2
+ ∑

k≤m

∥∥∇k
vP1G1

R,2

∥∥2≤C ∑
k≤m

∥∥wl∇k
vG1

R,1

∥∥2

L∞. (2.56)

Therefore, by plugging this into (2.51) and using (2.50), we finally obtain

∑
0≤k≤m

∥∥wl∇k
vG1

R,1

∥∥
L∞+ ∑

0≤k≤m

∥∥wl∇k
vG1

R,2

∥∥
L∞ ≤C0,

for some suitably large C0>0. This implies that (2.48) is true for n=1.

We now assume that (2.48) is valid for n=N and then prove that (2.48) holds

for n=N+1. In fact, applying the estimates (2.28) to the system (2.18) with n=N,

one has

∑
0≤k≤m

∥∥wl∇k
vGN+1

R,1

∥∥
L∞
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≤Cα ∑
0≤k≤m

∥∥wl∇k
vGN+1

R,2

∥∥
L∞+C ∑

0≤k≤m

∥∥wl∇k
vSN

∥∥
L∞ , (2.57)

∑
0≤k≤m

∥∥wl∇k
vGN+1

R,2

∥∥
L∞

≤C ∑
0≤k≤m

∥∥∇k
vGN+1

R,2

∥∥+C ∑
0≤k≤m

∥∥wl∇k
vGN+1

R,1

∥∥
L∞, (2.58)

where

SN =
1

3
〈G1,LG1〉∇v ·(vµ)+

βN

α
∇v ·

(
vµ

1
2 G1

)
+∇v ·

(
Av

√
µG1

)
+Q

(
µ

1
2 G1,µ

1
2 G1

)

+α
{

Q
(

µ
1
2 GN

R ,µ
1
2 G1

)
+Q

(
µ

1
2 G1,µ

1
2 GN

R

)}
+α2Q

(
µ

1
2 GN

R ,µ
1
2 GN

R

)
.

Recall (2.15). By employing Lemma 4.7 and the induction hypothesis, one has

∑
0≤k≤m

∥∥wl∇k
vSN

∥∥
L∞ ≤C+CαC0+Cα2C2

0 . (2.59)

On the other hand, since [GN
R,1,GN

R,2]∈Xm, from (2.18), it also follows

〈
GN+1

R,1 ,
[
1,vi,|v|2

]〉
+
〈

GN+1
R,2 ,

[
1,vi,|v|2

]
µ

1
2

〉
=0, i=1,2,3

for ǫ>0. Based on this, as the estimate (2.56), one has

∥∥P0GN+1
R,2

∥∥2
+ ∑

k≤m

∥∥∇k
vP1GN+1

R,2

∥∥2≤C ∑
k≤m

∥∥wl∇k
vGN+1

R,1

∥∥2

L∞ . (2.60)

Substituting (2.59) and (2.60) into (2.57) and (2.58), we get

∑
0≤k≤m

∥∥wl∇k
vGN+1

R,1

∥∥
L∞+ ∑

0≤k≤m

∥∥wl∇k
vGN+1

R,2

∥∥
L∞

≤C0+CαC0+Cα2C2
0 ≤2C0. (2.61)

Hence (2.48) is valid for all n≥0.

Having disposed of the above preliminary step, we now turn to prove that

[Gn
R,1,Gn

R,2]|∞n=1 is a Cauchy sequence in the larger function space Xm−1. For this

purpose, we first denote
[
G̃n

R,1,G̃n
R,2

]
=
[
Gn

R,1−Gn−1
R,1 ,Gn

R,2−Gn−1
R,2

]
, β̃n =βn−βn−1, n≥1,

then by (2.18), we see that the triple [G̃n
R,1,G̃n

R,2, β̃n] satisfies

ǫG̃n+1
R,1 −βn∇v ·

(
vG̃n+1

R,1

)
−α∇v ·

(
AvG̃n+1

R,1

)
+νG̃n+1

R,1 −χMKG̃n+1
R,1
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+
βn

2
|v|2µ

1
2 G̃n+1

R,2 +
α

2
v·(Av)µ

1
2 G̃n+1

R,2 − β̃n+1
1 ∇v ·(vµ)

= β̃n∇v ·
(
vGn

R,1

)
− β̃n

2
|v|2µ

1
2 Gn

R,2+
β̃n

α
∇v ·

(
vµ

1
2 G1

)

+α
{

Q
(

µ
1
2 G̃n

R,µ
1
2 G1

)
+Q

(
µ

1
2 G1,µ

1
2 G̃n

R

)}
+α2Q

(
µ

1
2 G̃n

R,µ
1
2 G̃n

R

)

+α2Q
(

µ
1
2 G̃n

R,µ
1
2 Gn

R

)
+α2Q

(
µ

1
2 Gn

R,µ
1
2 Ḡn

R

)
,

ǫG̃n+1
R,2 −βn∇v ·

(
vG̃n+1

R,2

)
−α∇v ·

(
AvG̃n+1

R,2

)
+LG̃n+1

R,2 −(1−χM)µ− 1
2KG̃n+1

R,1

= β̃n∇v ·
(
vGn

R,2

)
.

Note that from (2.19) one actually has β̃n = α2β̃n
1 = α2(βn

1−βn−1
1 ). Since both

[Gn
R,1,Gn

R,2] and [Gn+1
R,1 ,Gn+1

R,2 ] satisfy (2.47), so does their difference [G̃n+1
R,1 ,G̃n+1

R,2 ].
With this, we can proceed analogously to the deduction of (2.61) to obtain that

∑
k≤m−1

{∥∥wl∇k
vG̃n+1

R,1

∥∥
L∞+

∥∥wl∇k
vG̃n+1

R,2

∥∥
L∞

}

≤Cα|β̃n
1 |+Cα ∑

k≤m−1

{∥∥wlG̃
n
R,1

∥∥
L∞+

∥∥wlG̃
n
R,2

∥∥
L∞

}

+Cα ∑
k≤m−1

{∥∥wlG̃
n
R,1

∥∥
L∞+

∥∥wlG̃
n
R,2

∥∥
L∞

}2
,

which is equivalent to
∥∥∥
[

G̃n+1
R,1 ,G̃n+1

R,2

]∥∥∥
Xm−1

≤Cα
∥∥[G̃n

R,1,G̃n
R,2

]∥∥
Xm−1

. (2.62)

Therefore [Gn
R,1,Gn

R,2] converges strongly to some function pair [Gǫ
R,1,Gǫ

R,2]∈Xm−1.

Moreover, from (2.48), it also follows

∥∥[Gǫ
R,1,Gǫ

R,2

]∥∥
Xm

≤2C0. (2.63)

We shall have established the theorem if we prove that [Gǫ
R,1,Gǫ

R,2]→[GR,1,GR,2] as

ǫ→0+. For this, we choose a positive sequence {ǫn}∞
n=1 such that |ǫn+1−ǫn|≤2−n,

then ǫn →0+ as n→+∞. We consider the following approximation equations:

ǫnGǫn
R,1−βǫn∇v ·

(
vGǫn

R,1

)
−α∇v ·

(
AvGǫn

R,1

)
+νGǫn

R,1

=χMKGǫn
R,1−

βǫn

2
|v|2√µGǫn

R,2−
α

2
v·(Av)

√
µGǫn

R,2+
βǫn

α
∇v ·(v

√
µG1)

+βǫn
1 ∇v ·(vµ)+∇v ·

(
Av

√
µG1

)
+Q

(√
µG1,

√
µG1

)
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+α
{

Q
(√

µG1,
√

µGǫ
R

)
+Q

(√
µGǫn

R ,
√

µG1

)}
+α2Q

(√
µGǫn

R ,
√

µGǫn
R

)
,

ǫnGǫn
R,2−βǫn∇v ·

(
vGǫn

R,2

)
−α∇v ·

(
AvGǫn

R,2

)
+LGǫn

R,2=µ− 1
2 (1−χM)KGǫn

R,1.

Since each pair [Gǫn
R,1,Gǫn

R,2] is well-defined and satisfies (2.63), we have as the es-

timate (2.62) that
∥∥∥
[

Gǫn
R,1−G

ǫn−1
R,1 ,Gǫn

R,2−G
ǫn−1
R,2

]∥∥∥
Xm−1

≤C|ǫn−ǫn−1|, n≥1.

Thus [Gǫn
R,1,Gǫn

R,2]→ [GR,1,GR,2] as ǫn→0+. Moreover it holds that [GR,1,GR,2]∈Xm

satisfies the same estimate as (2.63). This proves (1.12). The non-negativity of the

steady solution Gst=µ+α
√

µ(G1+αGR) constructed here is a direct subsequence

of the dynamical stability of Gst(v) verified in Theorem 1.2. This ends the proof

of Theorem 1.1.

3 Unsteady problem

In this section, we turn to the time-dependent case. Our goal is to prove that the
large time behavior of the Cauchy problem (1.13) and (1.14) can be governed by
the steady problem (1.1) which has been solved in Section 2. The proof is based
on the local-in-time existence and the a priori estimate as well as the continuum
argument.

The local-in-time existence of the Cauchy problem (1.13) and (1.14) will be
established by an iteration method and Duhamel’s principle. Set G=Gst+

√
µ f ,

then we see that f satisfies

∂t f +v·∇x f −βµ− 1
2∇v ·(v

√
µ f )−αµ− 1

2∇v ·(Av
√

µ f )+L f

=Γ( f , f )+α
{

Γ(G1+αGR, f )+Γ( f ,G1+αGR)
}

, t>0, x∈T
3, v∈R

3 (3.1)

with √
µ f (0,x,v)

def
= f0(x,v)=G0(x,v)−Gst(v), x∈T

3, v∈R
3. (3.2)

As it is pointed out in Section 2, to eliminate the severe velocity growth in the left
hand side of (3.1), it is necessary to use the following Caflisch’s decomposition:

√
µ f = f1+

√
µ f2,

where f1 and f2 satisfy

∂t f1+v·∇x f1−β∇v ·(v f1)−α∇v ·(Av f1)+ν f1
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=χMK f1−
β

2
|v|2√µ f2−

α

2
v·(Av)

√
µ f2+αAv·(∇v

√
µ)
(
|v|2−3

)√
µc f2

+Q( f1, f1)+Q( f1,
√

µ f2)+Q(
√

µ f2, f1)

+α
{

Q
(√

µ(G1+αGR),
√

µ f
)
+Q

(√
µ f ,

√
µ(G1+αGR)

)}
,

t>0, x∈T
3, v∈R

3, (3.3)

f1(0,x,v)= f0(x,v)=G0(x,v)−Gst(v), x∈T
3, v∈R

3, (3.4)

∂t f2+v·∇x f2−β∇v ·(v f2)−α∇v ·(Av f2)

+αAv·(∇v
√

µ)
(
|v|2−3

)
c f2

+L f2

=(1−χM)µ− 1
2K f1+Γ( f2, f2), t>0, x∈T

3, v∈R
3, (3.5)

and
f2(0,x,v)=0, x∈T

3, v∈R
3, (3.6)

respectively. Here, c f2
is defined as

P0 f2=
{

a f2
(t,x)+b f2

(t,x)·v+c f2
(t,x)(|v|2−3)

}√
µ.

To determine f , we instead turn to solve f1 and f2 through the above system.
We shall look for solutions of (3.3)-(3.6) in the following function space:

Yα
N,T =

{
(G1,G2)

∣∣∣∣ sup
0≤t≤T

∑
|ζ|+|ϑ|≤N

{∥∥wl∂
ϑ
ζG1(t)

∥∥
L∞+α

∥∥wl∂
ϑ
ζG2(t)

∥∥
L∞

}
<+∞

}
,

associated with the norm

∥∥[G1,G2]
∥∥

Yα
N,T

= sup
0≤t≤T

∑
|ζ|+|ϑ|≤N

{∥∥wl∂
ϑ
ζG1(t)

∥∥
L∞+α

∥∥wl∂
ϑ
ζG2(t)

∥∥
L∞

}
.

We then have the following result on local-in-time existence. For brevity, we omit
its proof, cf. [14].

Theorem 3.1 (Local existence). Under the conditions stated in Theorem 1.2, there exits

T∗>0 which may depend on α such that the coupling problem (3.3)-(3.6) admits a unique

local in time solution [ f1(t,x,v), f2(t,x,v)] satisfying

∥∥[ f1, f2]
∥∥

Yα
N,T∗

≤C0α2

for a constant C0>0 independent of α.
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In what follows we focus on deducing the a priori WN,∞ estimates on the
solution constructed in Theorem 3.1. Namely, we assume that [ f1, f2] is a classical
solution to the initial value problem (3.3)-(3.6). The purpose is to prove

sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

eλ0s
∥∥wl∂

ϑ
ζ f1(s)

∥∥
L∞

+α sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

eλ0s
∥∥wl∂

ϑ
ζ f2(s)

∥∥
L∞

≤C ∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ f0

∥∥
L∞ (3.7)

for any t≥0 and some constant C>0, under the a priori assumption that

sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

eλ0s
∥∥wl∂

ϑ
ζ f1(s)

∥∥
L∞

+α sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

eλ0s
∥∥wl∂

ϑ
ζ f2(s)

∥∥
L∞ ≤α2, (3.8)

where λ0 > 0 is independent of α to be determined later. Note that the initial
condition (1.16) is the consequence of (3.8). The a priori estimate together with the
local existence established in Theorem 3.1 and the continuum argument enables
us to construct the global existence for the Cauchy problem (3.1) and (3.2). Thus
we are ready to complete the

Proof of Theorem 1.2. We first verify that (3.8) holds true under the a priori as-

sumption (3.7). The proof is divided into two steps.

Step 1. Wk,∞ estimates. Denoting

[g1,g2](t)= eλ0 t[ f1, f2](t),

and defining

P0g2=
{

a2(t,x)+b2(t,x)·v+c2(t,x)(|v|2−3)
}√

µ,

one has by (3.3)-(3.6) that

∂t

[
wl∂

ϑ
ζ g1

]
+v·∇x

[
wl∂

ϑ
ζ g1

]
−βv·∇v

[
wl∂

ϑ
ζ g1

]
+2lβ

|v|2
1+|v|2 wl∂

ϑ
ζ g1−3βwl∂

ϑ
ζ g1

−αAv·∇v[wl∂
ϑ
ζ g1]+2lα

v·Av

1+|v|2 wl∂
ϑ
ζ g1−αtrAwl∂

ϑ
ζ g1−λ0wl∂

ϑ
ζ g1+νwl∂

ϑ
ζ g1
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=−1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′v·∇x∂ϑ

ζ−ζ ′g1+β1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′v·∇v∂ϑ

ζ−ζ ′g1

+α1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′(Av)·∇v∂ϑ

ζ−ζ ′g1

−1|ζ|>0wl ∑
0<ζ ′≤ζ

C
ζ ′
ζ wl∂ζ−ζ ′ν∂ϑ

ζ−ζ ′g1+wl∂
ϑ
ζ

(
χMKg1,0

)
− β

2
wl∂

ϑ
ζ

(
|v|2√µg2

)

− α

2
wl∂

ϑ
ζ

(
v·(Av)

√
µg2

)
+αwl∂

ϑ
ζ

(
Av·(∇v

√
µ)
(
|v|2−3

)√
µc2

)

+eλ0twl∂
ϑ
ζ

{
Q( f1, f1)+Q

(
f1,

√
µ f2

)
+Q

(√
µ f2, f1

)}

+αwle
λ0t∂ϑ

ζ

{
Q
(√

µ(G1+αGR),
√

µ f
)
+Q

(√
µ f ,

√
µ(G1+αGR)

)}
, (3.9)

∂ϑ
ζ g1(0,x,v)=∂ϑ

ζ f0(x,v),

∂t

[
wl∂

ϑ
ζ g2

]
+v·∇x

[
wl∂

ϑ
ζ g2

]
−βv·∇v

[
wl∂

ϑ
ζ g2

]
−2lβ

|v|2
1+|v|2 wl∂

ϑ
ζ g2−3βwl∂

ϑ
ζ g2

−αAv·∇v

[
wl∂

ϑ
ζ g2

]
+2lα

v·Av

1+|v|2 wl∂
ϑ
ζ g2−αtrAwl∂

ϑ
ζ g2−λ0wl∂

ϑ
ζ g2+νwl∂

ϑ
ζ g2

=−1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′v·∇x∂ϑ

ζ−ζ ′g2+β1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′v·∇v∂ϑ

ζ−ζ ′g2

+α1ζ>0 ∑
|ζ ′|=1

C
ζ ′
ζ wl∂ζ ′(Av)·∇v∂ϑ

ζ−ζ ′g2−αwl∂
ϑ
ζ

(
Av·(∇v

√
µ)(|v|2−3)c2

)

−1|ζ|>0 ∑
0<ζ ′≤ζ

C
ζ ′
ζ wl∂ζ ′ν∂ϑ

ζ−ζ ′g2+wl∂
ϑ
ζ (Kg2,0)+wl∂

ϑ
ζ

(
(1−χM)µ− 1

2Kg1

)

+eλ0twl∂
ϑ
ζ Γ( f2, f2), (3.10)

and

∂ϑ
ζ g2(0,x,v)=0.

As in (2.25), we recall that the characteristic line of the above system can be de-

termined by

dX

ds
=V(s;t,x,v),

dV

ds
=−βV(s;t,x,v)−αAV(s;t,x,v),

X(t;t,x,v)= x, V(t;t,x,v)=v,

(3.11)
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which gives

V(s)=V(s;t,x,v)= e−(s−t)(βI+αA)v,

X(s)=X(s;t,x,v)= x−(βI+αA)−1
[
e−(s−t)(βI+αA)− I

]
v.

(3.12)

Along the characteristic line (3.11), we write the solution of (3.9) and (3.10) as the

following mild form:

wl∂
ϑ
ζ g1(t,x,v)=

9

∑
i=1

Hi (3.13)

with

H1= e−
∫ t

0 Aλ(s)dswl∂
ϑ
ζ f0

(
X(0),V(0)

)
,

H2=−1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′v·∇x∂ϑ
ζ−ζ ′g1

}(
s,X(s),V(s)

)
ds,

H3=β1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′v·∇v∂ϑ
ζ−ζ ′g1

}(
s,X(s),V(s)

)
ds,

H4=α1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′(Av)·∇v∂ϑ
ζ−ζ ′g1

}(
s,X(s),V(s)

)
ds,

H5=−1|ζ|>0 ∑
0<ζ ′≤ζ

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′ν∂ϑ
ζ−ζ ′g1

}(
s,X(s),V(s)

)
ds,

H6=
∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂
ϑ
ζ (χMKg1)

}(
s,X(s),V(s)

)
ds,

H7=−
∫ t

0
e
∫ t

s Aλ(τ)dτ

{
β

2
wl∂

ϑ
ζ

(
|v|2√µg2

)
+

α

2
wl∂

ϑ
ζ

(
v·(Av)

√
µg2

)

−αwl∂
ϑ
ζ

(
Av·(∇v

√
µ)(|v|2−3)

√
µc2

)}(
s,X(s),V(s)

)
ds,

H8=
∫ t

0
e−
∫ t

s Aλ(τ)dτeλ0s
{

wl∂
ϑ
ζ

{
Q( f1, f1)+Q( f1,

√
µ f2)+Q(

√
µ f2, f1)

}}

×
(
s,X(s),V(s)

)
ds,

H9=α
∫ t

0
e−
∫ t

s Aλ(τ)dτeλ0s
{

wl∂
ϑ
ζ

{
Q
(√

µ(G1+αGR),
√

µ f
)

+Q
(√

µ f ,
√

µ(G1+αGR)
)}}(

s,X(s),V(s)
)

ds,

and

wl∂
ϑ
ζ g2(t,x,v)=

16

∑
i=10

Hi (3.14)
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with

H10=−1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′v·∇x∂ϑ
ζ−ζ ′g2

}(
s,X(s),V(s)

)
ds,

H11=1|ζ|>0 ∑
|ζ ′|=1

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

βwl∂ζ ′v·∇v∂ϑ
ζ−ζ ′g2+αwl∂ζ ′(Av)·∇v∂ϑ

ζ−ζ ′g2

−αwl∂
ϑ
ζ

(
Av·(∇v

√
µ)(|v|2−3)c2

)}(
s,X(s),V(s)

)
ds,

H12=−1|ζ|>0 ∑
0<ζ1≤ζ

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂ζ ′ν∂ϑ
ζ−ζ1

g2

}(
s,X(s),V(s)

)
ds,

H13=
∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wlK∂ϑ
ζ g2

}(
s,X(s),V(s)

)
ds,

H14=1|ζ|>0 ∑
0<ζ ′≤ζ

C
ζ ′
ζ

∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl(∂ζ ′K)
(
∂ϑ

ζ−ζ ′g2

)}(
s,X(s),V(s)

)
ds,

H15=
∫ t

0
e−
∫ t

s Aλ(τ)dτ
{

wl∂
ϑ
ζ

(
(1−χM)µ− 1

2Kg1

)}(
s,X(s),V(s)

)
ds,

H16=
∫ t

0
e−
∫ t

s Aλ(τ)dτeλ0s
{

wl∂
ϑ
ζ Γ( f2, f2)

}(
s,X(s),V(s)

)
ds.

Here, as before we have denoted

Aλ
(
τ,V(τ)

)
=ν
(
V(τ)

)
−3β+2lβ

|V(τ)|2
1+|V(τ)|2 +2lα

V(τ)·(AV(τ))

1+|V(τ)|2 −αtrA−λ0

=ν
(
V(τ)

)
−3β1+2lβ

|V(τ)|2
1+|V(τ)|2 +2lα

V(τ)·(AV(τ))

1+|V(τ)|2 −λ0,

and moreover, as long as lα > 0, |lβ| and λ0 are suitably small, one sees that

Aλ(τ,V(τ))≥ 1
2 ν(V(τ))> C̃0 for some C̃0>0, for which we also have

∫ t

0
e−
∫ t

s ν(V(τ))dτν
(
V(s)

)
ds<∞. (3.15)

We now turn to estimate Hi (1≤ i≤16) individually. We still start with the nonlo-

cal terms H6, H8, H9, H13, H14, H15 and H16, which turn out to be more intricate

and be different from the corresponding estimates in the proof of Theorem 3.1,

because the estimates we want to obtain here must be uniform in time t∈ (0,∞).

For H6, if γ=0, one gets from Lemma 4.4 that

|H6|≤
C

M

∫ t

0
e−
∫ t

s
ν(V(τ))

2 dτds sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞
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≤ C

M
sup

0≤s≤t
∑

ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞ .

If 0<γ≤1, by (3.15) and using (4.13) in Lemma 4.6, we have

|H6|≤C
∫ t

0
e−
∫ t

s
ν(V(τ))

2 dτν
(
V(s)

)
ds sup

0≤s≤t

∥∥∥
{

ν−1wl∂
ϑ
ζ (χMKg1)

}(
s,X(s),V(s)

)∥∥∥
L∞

≤
(

1γ>0
C

M
γ
2

+ς

)
sup

0≤s≤t
∑

ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞ .

Next, thanks to Lemma 4.7 and the a priori assumption (3.7) as well as (3.15), it

follows

|H8|≤C
∫ t

0
e−
∫ t

s
ν(V(τ))

2 dτν
(
V(s)

)
ds sup

0≤s≤t

∥∥∥∥eλ0s

{
ν−1wl∂

ϑ
ζ

{
Q( f1, f1)+Q

(
f1,

√
µ f2

)

+Q
(√

µ f2, f1

)}}(
s,X(s),V(s)

)∥∥∥∥
L∞

≤C sup
0≤s≤t

∑
ζ ′+ζ ′′≤ζ

ϑ′≤ϑ

{∥∥wl∂
ϑ′
ζ ′ g1(s)

∥∥
L∞

∥∥wl∂
ϑ−ϑ′
ζ ′′ g1(s)

∥∥
L∞

+
∥∥wl∂

ϑ′
ζ ′ g1(s)

∥∥
L∞

∥∥wl∂
ϑ−ϑ′
ζ ′′ g2(s)

∥∥
L∞

}

≤Cα2 sup
0≤s≤t

∑
ζ ′≤ζ,ϑ′≤ϑ

{∥∥wl∂
ϑ′
ζ ′ g1(s)

∥∥
L∞+

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞

}
,

and similarly, in view of (3.15) and Theorem 1.1 and by Lemma 4.7, one has

|H9|≤Cα sup
0≤s≤t

∥∥∥eλ0s
{

ν−1wl∂
ϑ
ζ Q
(√

µ f ,
√

µ(G1+αGR)
)}(

s,X(s),V(s)
)∥∥∥

L∞

+Cα sup
0≤s≤t

∥∥∥eλ0s
{

ν−1wl∂
ϑ
ζ Q
(√

µ(G1+αGR)
)
,
√

µ f )
}(

s,X(s),V(s)
)∥∥∥

L∞

≤Cα sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′ [g1,g2](s)

∥∥
L∞ ,

|H14|≤1ζ>0C sup
0≤s≤t

∥∥∥eλ0s
{

ν−1wl

{
∂ϑ

ζ

[
Q
(√

µ f2,µ
)
+Qgain

(
µ,
√

µ f2

)]

−
[

Q
(√

µ∂ϑ
ζ f2,µ

)
+Qgain

(
µ,
√

µ∂ϑ
ζ f2

)]}}(
s,V(s)

)∥∥∥
L∞

≤1ζ>0C sup
0≤s≤t

∑
ζ ′<ζ

∥∥wl∂
ϑ
ζ ′g2(s)

∥∥
L∞ ,
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|H15|≤C sup
0≤s≤t

∥∥∥eλ0s
{

ν−1wl∂
ϑ
ζ

{
(1−χM)µ− 1

2
[
Q( f1,µ)+Qgain(µ, f1)

]}}(
s,V(s)

)∥∥∥
L∞

≤C sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞ .

For H16, in light of Lemma 4.2 and the a priori assumption (3.8), it follows

|H16|≤C sup
0≤s≤t

∑
ζ ′+ζ ′′≤ζ,ϑ′≤ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞

∥∥wl∂
ϑ−ϑ′
ζ ′′ g2(s)

∥∥
L∞

≤Cα sup
0≤s≤t

∑
ζ ′≤ζ,ϑ′≤ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞ .

For the delicate nonlocal term H13, we first rewrite

H13=
∫ t

0
e−
∫ t

s Aλ(τ)dτ
∫

R3
kw

(
V(s),v∗

)(
wl∂

ϑ
ζ g2

)(
s,X(s),v∗

)
dv∗ds. (3.16)

As in Section 2, the computation for H13 is then divided into the following three

cases.

Case 1. |V(s)|>M. In this case, we get from Lemma 4.1 that

|H13|≤
C

M
sup

0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞ .

Case 2. |V(s)| ≤ M and |v∗|> 2M. At this stage, one has |V(s)−v∗|> M, thus it

follows

kw(V,v∗)≤Ce−
εM2

8 kw(V,v∗)e
ε|V−v∗|2

8 ,

which gives

|H13|≤Ce−
εM2

8 sup
0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞ ,

according to Lemma 4.1.

Case 3. |V(s)|≤M and |v∗|≤2M. The key point in this case is to make use of the

boundedness of the operator K on the complement of a singular set, so that (3.16)

can be controlled by the L1 norm of g2, which further can be converted to the L2

norm. To see this, for any large M > 0, we choose a number p(M) to introduce

kw,p(V,v∗) as (2.27), and then write

H13=
∫ t

0
e−
∫ t

s Aλ(τ)dτ
∫

R3
[kw−kw,p+kw,p]

(
V(s),v∗

)(
wl∂

ϑ
ζ g2

)(
s,X(s),v∗

)
dv∗ds,
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which further gives the bound

|H13|≤
C

M
sup

0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞ (3.17)

+
∫ t

0
e−
∫ t

s Aλ(τ)dτ1|V(s)|≤M

∫

|v∗|≤2M
kw,p

(
V(s),v∗

)∣∣∣
(
wl∂

ϑ
ζ g2

)(
s,X(s),v∗

)∣∣∣dv∗ds

︸ ︷︷ ︸
I

.

Putting the above estimate for H13 together, we thus have

|H13|≤C

(
e−

εM2

8 +
1

M

)
sup

0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞+I.

Up to now, one cannot deduce the desired estimate for I, which in fact will be

handled by iteration argument once all the other terms in the right hand side of

(3.14) have been properly controlled.

Let us now turn to compute the other terms in the right hand side of (3.13)

and (3.14). It is straightforward to see

|H1|≤
∥∥wl∂

ϑ
ζ f0

∥∥
L∞ ,

|H2|, |H5|≤1ζ>0C sup
0≤s≤t

∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g1(s)

∥∥
L∞ ,

|H10|, |H12|≤1ζ>0C sup
0≤s≤t

∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞ .

From (2.11), it follows |β|≤Cα. We then have

|H3|+|H4|+|H11|≤Cα sup
0≤s≤t

∥∥wl∂
ϑ
ζ [g1,g2](s)

∥∥
L∞ ,

and

|H7|≤Cα sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g2(s)

∥∥
L∞ .

Consequently, by plugging all the above estimates for Hi (1≤ i≤ 16) into (3.13)

and (3.14), respectively, one gets

∣∣wl∂
ϑ
ζ g1(t,x,v)

∣∣≤
∥∥wl∂

ϑ
ζ f0

∥∥
L∞+1ζ>0C sup

0≤s≤t
∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g1(s)

∥∥
L∞
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+C

(
α+

1

M
+1γ>0

1

Mγ/2
+ς

)
sup

0≤s≤t
∑

ζ ′+ϑ′≤ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g1(s)

∥∥
L∞

+Cα sup
0≤s≤t

∑
ζ ′+ϑ′≤ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞ , (3.18)

∣∣wl∂
ϑ
ζ g2(t,x,v)

∣∣

≤C sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞+1ζ>0C sup

0≤s≤t
∑
ζ ′<ζ

|ζ ′|+|ϑ′|=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞

+C

(
α+e−

εM2

8 +
1

M

)
sup

0≤s≤t
∑

ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g2(s)

∥∥
L∞+I. (3.19)

To continue, we have by substituting (3.19) into I defined in (3.17) that

I≤C
∫ t

0
e−
∫ t

s Aλ(τ)dτ1|V(s)|≤M

∫

|v∗|≤2M
kw,p

(
V(s),v∗

)
(3.20)

×
{

sup
0≤τ≤s

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(τ)

∥∥
L∞+1ζ>0 sup

0≤τ≤s
∑
ζ ′<ζ

|ζ ′|+|ϑ′|=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(τ)

∥∥
L∞

}
dv∗ds

+
∫ t

0
e−
∫ t

s Aλ(τ)dτ1|V(s)|≤M

∫

|v∗|≤2M
kw,p

(
V(s),v∗

)∫ s

0
e−
∫ s

s′Aλ(τ)dτ1|V(s′)|≤M

×
∫

|v′∗|≤2M
kw,p

(
V(s′),v′∗

)
1X(s′)∈T3

∣∣∣
(
wl∂

ϑ
ζ g2

)(
s′,X(s′),v′∗

)∣∣∣dv′∗dv∗ds′ds,

where we have denoted

V(s′)=V
(
s′;s,X(s),v∗

)
= e−(s′−s)(βI+αA)v∗,

X(s′)=X
(

s′;s,X(s),v∗
)
=X(s)−(βI+αA)−1

[
e−(s′−s)(βI+αA)− I

]
v∗,

according to (3.12). As a consequence, (3.20) further implies

I≤C sup
0≤τ≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(τ)

∥∥
L∞+C1ζ>0 sup

0≤τ≤t
∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(τ)

∥∥
L∞+H

with H denoting the second term in the right hand side of (3.20). To compute H,

we then split it into the following two integrals:

H=
∫ t

0
e−
∫ t

s Aλ(τ)dτ1|V(s)|≤M

∫

|v∗|≤2M
kw,p

(
V(s),v∗

){∫ s−η0

0
+
∫ s

s−η0

}
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×e−
∫ s

s′Aλ(τ)dτ1|V(s′)|≤M

∫

|v′∗|≤2M
kw,p

(
V(s′),v′∗

)
1X(s′)∈T3

×
∣∣∣
(
wl∂

ϑ
ζ g2

)(
s′,X(s′),v′∗

)∣∣∣dv′∗dv∗ds′ds=:H1+H2,

where η0>0 is suitably small. It is straightforward to see that

H2≤Cη0 sup
0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞ .

For H1, since s−s′≥η0 in this integral, the Jacobian

J̃ :=

∣∣∣∣∣

∣∣∣∣
∂X(s′)

∂v∗

∣∣∣∣

∣∣∣∣∣=
∣∣∣∣∣

∣∣∣(βI+αA)−1
[

e−(s′−s)(βI+αA)− I
]∣∣∣
∣∣∣∣∣≥

(s−s′)3

8
≥ η3

0

8
,

according to Lemma 4.8. Moreover, if we denote

Ωy=
{

y
∣∣∣ |y−X(s)|≤

∣∣∣(βI+αA)−1
[
e−(s′−s)(βI+αA)− I

]
v∗
∣∣∣
}

,

then, by applying (4.15) of Lemma 4.8, we have

|Ωy|≤C(s−s′)eCα(s−s′).

With these, one gets by a change of variable X(s′)→y that

H2≤C
∫ t

0
B
∫ s−η0

0
D
∫

|v′∗|≤2M

(∫

|v∗|≤2M

∣∣∣
(
∂ϑ

ζ g2

)(
s′,X(s′),v′∗

)∣∣∣
2
dv∗

) 1
2

dv′∗ds′ds

≤C
∫ t

0
B
∫ s−η0

0
D
∫

|v′∗|≤2M

(∫

Ωy

J̃ −3
∣∣∣
(
∂ϑ

ζ g2

)(
s′,y,v′∗

)∣∣∣
2
dy

) 1
2

dv′∗ds′ds

≤Cη
− 3

2
0

∫ t

0
B
∫ s−η0

0
D
(
|Ωy|

1
2 +1

)∫

|v′∗|≤2M

(∫

T3

∣∣∣
(
∂ϑ

ζ g2

)(
s′,y,v′∗

)∣∣∣
2
dy

) 1
2

dv′∗ds′ds

≤Cη
− 3

2
0 sup

0≤s≤t

(∫

R3

∫

T3

∣∣∣
(
∂ϑ

ζ g2

)
(s,y,v)

∣∣∣
2
dydv

) 1
2

,

where B=B(t,s)= e−c0(t−s) and D=D(s,s′)= e−c0(s−s′). Thus, it follows

I≤C sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞+C1ζ>0 sup

0≤s≤t
∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞
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+Cη0 sup
0≤s≤t

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞+Cη0 sup

0≤s≤t

∥∥∂ϑ
ζ g2(s)

∥∥.

This together with (3.19) further gives

∣∣wl∂
ϑ
ζ g2(t,x,v)

∣∣≤C sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥
L∞+1ζ>0C sup

0≤s≤t
∑
ζ ′<ζ

ζ ′+ϑ′=ζ+ϑ

∥∥wl∂
ϑ′
ζ ′ g2(s)

∥∥
L∞

+C

(
α+e−

εM2

8 +
1

M
+η0

)
sup

0≤s≤t
∑

ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g2(s)

∥∥
L∞

+Cη0 sup
0≤s≤t

∥∥∂ϑ
ζ g2(s)

∥∥. (3.21)

Finally, taking a linear combination of (3.18) and (3.21) with |ζ|= 0,1,.. .,N and

|ζ|+|ϑ|≤N, respectively, and adjusting constants, we conclude

sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g1(s)

∥∥
L∞

≤ ∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ f0

∥∥
L∞+Cα sup

0≤s≤t
∑

|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞ , (3.22)

sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞

≤C sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g1(s)

∥∥
L∞+C sup

0≤s≤t
∑

|ζ|+|ϑ|≤N

∥∥∂ϑ
ζ g2(s)

∥∥. (3.23)

Actually, from the proof presented above, we have the following refined esti-

mates concerning the L∞ norm of g1 and g2 without velocity derivatives.

Lemma 3.1. Under the hypothesis (3.8), it holds that

sup
0≤s≤t

‖wlg1(s)‖L∞ ≤C‖wl f0‖L∞+Cα sup
0≤s≤t

‖wlg2(s)‖L∞ , (3.24a)

sup
0≤s≤t

‖wlg2(s)‖L∞ ≤C sup
0≤s≤t

‖wlg1(s)‖L∞ +C sup
0≤s≤t

‖g2(s)‖, (3.24b)

and

sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥
L∞

≤C ∑
1≤|ϑ|≤N

∥∥wl∂
ϑ f0

∥∥
L∞+Cα sup

0≤s≤t
∑

1≤|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞ , (3.25a)
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sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞

≤C sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥
L∞+C sup

0≤s≤t
∑

1≤|ϑ|≤N

∥∥∂ϑg2(s)
∥∥. (3.25b)

Step 2. L2 estimates. To close our final estimate, it remains then to deduce the

HN
x,v estimate of eλ0t f2(t,v) in (3.23). The computation is divided into the follow-

ing three sub-steps.

Step 2.1. The estimates for c. In this sub-step, we consider the basic L2 esti-

mate for c, which is difficult to be obtained due to the exponential growth of the

heat flux, cf. [25]. Recall [g1,g2](t,v)= eλ0 t[ f1, f2](t,v) and
√

µg= g1+
√

µg2. It is

straightforward to see that g satisfies

∂tg+v·∇xg−βµ− 1
2∇v ·(v

√
µg)−αµ− 1

2∇v ·(Av
√

µg)−λ0g+Lg

= e−λ0tΓ(g,g)+α
{

Γ(G1+αGR,g)+Γ(g,G1+αGR)
}

︸ ︷︷ ︸
R

(3.26)

with √
µg(0,x,v)= f0(x,v). (3.27)

Similar to (2.53), we define

P0g=
{

a(t,x)+b(t,x)·v+c(t,x)
(
|v|2−3

)}√
µ,

P̄0g1=
{

a1(t,x)+b1(t,x)·v+c1(t,x)
(
|v|2−3

)}
µ,

and recall the definition

P0g2=
{

a2(t,x)+b2(t,x)·v+c2(t,x)
(
|v|2−3

)}√
µ.

Then it follows
a(t,x)= a1(t,x)+a2(t,x),

b(t,x)=b1(t,x)+b2(t,x),

c(t,x)= c1(t,x)+c2(t,x)

(3.28)

for any t≥0 and x∈T
3. In addition, (3.26) together with (1.15) and (3.27) implies

∫

T3
a(t,x)dx=0,

∫

T3
bi(t,x)dx=0, i=1,2,3, (3.29)
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where we have denoted b=(b1,b2,b3). Next, taking the moments

√
µ, vi

√
µ,

1

6

(
|v|2−3

)√
µ, i=1,2,3

for Eq. (3.26), one has

∂ta+∇x ·b=0,

∂tbi+∂i(a+2c)+∑
j

(
(β−λ0)I+αA

)
ij

bj+∑
j

∂j〈Aij,P1g〉=0, (3.30)

∂tc+
1

3
∇x ·b+β1α2(2c+a)−λ0c+

1

6
∇x ·

〈(|v|2−5
)
v
√

µ,P1g
〉

+
α

3 ∑
i,j

aij〈Aij,P1g〉=0, (3.31)

where

Aij=

(
vivj−

δij

3
|v|2
)√

µ, i, j=1,2,3

with δij being the Kronecker delta, and the identity β0+
1
3trA=0 was used while

deriving (3.31).

Furthermore, taking the higher order moments Aij and

Bi
def
=

1

10

(|v|2−5
)
vi
√

µ, i, j=1,2,3

for Eq. (3.26), respectively, we obtain

∂t〈Aij,P1g〉+∂ibj+∂jbi−
2

3
∇x ·bδij+〈Aij,v·∇xP1g〉

−β
〈

µ− 1
2∇v ·(v

√
µg),Aij

〉

−α
〈

µ− 1
2∇v ·(Av

√
µg),Aij

〉
−λ0

〈
P1g,Aij

〉

= 〈−Lg+R,Aij〉, (3.32)

∂t〈Bi,P1g〉+∂ic+〈Bi,v·∇xP1g〉−β
〈

µ− 1
2∇v ·(v

√
µg),Bi

〉

−α
〈

µ− 1
2∇v ·(Av

√
µg),Bi

〉
−λ0〈P1g,Bi〉

= 〈−Lg+R,Bi〉. (3.33)
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Choosing λ0=β1α2, we get from the inner product ((3.31),c) that

1

2

d

dt
‖c‖2+β1α2‖c‖2+

α

3 ∑
i,j

aij

(
c,〈Aij,P1g1〉

)
+

α

3 ∑
i,j

aij

(
c1,〈Aij,P1g2〉

)

+
α

3 ∑
i,j

aij(c2,〈Aij,P1g2〉)−
1

3
(b,∇xc)+β1α2(a,c)

− 1

6

(〈
(|v|2−5)v

√
µ,P1g

〉
,∇xc

)
=0. (3.34)

Note that the delicate term α
3 ∑i,j aij(c2,〈Aij,P1g2〉) will be cancelled later on.

We now derive the L2 estimate on P1g2. Recall that g2 satisfies

∂tg2+v·∇xg2−β∇v ·(vg2)−α∇v ·(Avg2)

+αAv·(∇v
√

µ)
(
|v|2−3

)
c2−λ0g2+Lg2

=(1−χM)µ− 1
2Kg1+e−λ0tΓ(g2,g2), (3.35)

and

g2(0,x,v)=0.

Taking the inner product of (3.35) and P1g2 over (x,v) ∈ T
3×R

3 and applying

Cauchy-Schwarz’s inequality, one has

1

2

d

dt
‖P1g2‖2−α

(
Av·∇v

{
[a2+b2 ·v]

√
µ
}

,P1g2

)

−2α(Av·v√µc2,P1g2)+λ‖P1g2‖2
ν

≤C
∥∥∇x[a2,b2,c2]

∥∥2
+Cα2‖wlg2‖2

L∞+C‖wl g1‖2
∞

≤C
∥∥∇x[a,b,c]

∥∥2
+Cα2‖wlg2‖2

L∞+C‖wl g1‖2
∞, (3.36)

according to (3.28), (3.29) and the following estimate:

|(Γ(g2 ,g2),P1g2)| (3.37)

≤η‖P1g2‖2
ν+Cη

∫

T3

∥∥ν
1
2 g2

∥∥4

L2
v
dx≤η‖P1g2‖2

ν+Cηα2‖wlg2‖2
L∞

in the case of l≥2.

Notice that

(Av·v√µc2,P1g2)=∑
i,j

aij

(
c2,〈Aij,P1g2〉

)
,
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we now get from the summation of (3.34) and 1
6 (3.36) that

1

2

d

dt
‖c‖2+

1

12

d

dt
‖P1g2‖2+λα2‖c‖2+λ‖P1g2‖2

ν

≤Cη sup
0≤s≤t

∥∥∇x[a,b,c](s)
∥∥2

+(Cα2+η)‖wl g2‖2
L∞+C sup

0≤s≤t

‖wl g1(s)‖2
∞, (3.38)

where we have used the relations

‖g1‖≤‖P0g2(s)‖+‖P1g2(s)‖, ‖P0g2(s)‖≤C
∥∥[a,b,c]

∥∥+‖wlg1(s)‖L∞

for l> 5
2 according to (3.28). Further, (3.38) gives

sup
0≤s≤t

α2‖g2(s)‖2 ≤C sup
0≤s≤t

∥∥∇x[a,b,c](s)
∥∥2

+
(
Cα2+η

)
sup

0≤s≤t

‖wlg2(s)‖2
L∞

+C sup
0≤s≤t

‖wl g1(s)‖2
∞. (3.39)

Next, substituting (3.39) into (3.24b), one has

α sup
0≤s≤t

‖wl g2(s)‖L∞ ≤C
(

α+(η+α)
1
2

)
sup

0≤s≤t

‖wlg1(s)‖L∞

+C sup
0≤s≤t

∥∥∇x[a,b,c](s)
∥∥. (3.40)

Finally, we get from (3.24a) and (3.40) that

sup
0≤s≤t

‖wl g1(s)‖L∞+α sup
0≤s≤t

‖wlg2(s)‖L∞

≤C‖wl f0‖L∞+C sup
0≤s≤t

∥∥∇x[a,b,c](s)
∥∥. (3.41)

Step 2.2. Higher order estimates for [a,b,c]. We are now in a position to de-

duce the higher order L2 estimates on [a,b,c]. To do this, we first get from (3.32)

that

∑
i,i 6=j

∂t∂i〈Aij,P1g〉+∂t∂j〈Ajj,P1g〉+∆bj+
1

3
∂j∇·b=T (3.42)

with

T= ∑
i,i 6=j

∂i

{
−〈Aij,v·∇xP1g〉+β

〈
µ− 1

2∇v ·(v
√

µg),Aij

〉
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+α
〈

µ− 1
2∇v ·(Av

√
µg),Aij

〉
+λ0〈P1g,Aij〉+〈−Lg+R,Aij〉

}

+∂j

{
−〈Aij,v·∇xP1g〉+β

〈
µ− 1

2∇v ·(v
√

µg),Aij

〉

+α
〈

µ− 1
2∇v ·(Av

√
µg),Aij

〉
+λ0〈P1g,Aij〉+〈−Lg+R,Aij〉

}
.

Letting N−1 ≥ |ϑ| ≥ 1, one has from ∑j(∂
ϑ(3.42),∂ϑbj), ∑i(∂

ϑ(3.33),∂ϑ∂ic) and

∑i(∂
ϑ(3.30),∂ϑ∂ia) that

d

dt
E int

b +‖∇x∂ϑb‖2+
1

3
‖∂ϑ∇x ·b‖2

=∑
j

(
∑

i,i 6=j

∂i∂
ϑ〈Aij,P1g〉+∂j∂

ϑ〈Ajj,P1g〉,

∂ϑ
(

∂j(a+2c)+∑
i

(
(β−λ0)I+αA

)
ij

bi+∑
i

∂i〈Aij,P1g〉
))

−∑
j

(∂ϑT,∂ϑbj)

≤ (η+α)
∥∥∂ϑ[a,b,c]

∥∥2
+C

(
ǫ2

0+α2
)

∑
1≤|ϑ′|≤N

∥∥wl∂
ϑ′

g2

∥∥2

L∞

+Cη ∑
1≤|ϑ′|≤N

{∥∥∂ϑ′
P1g2

∥∥2
+
∥∥wl∂

ϑ′
g1

∥∥2

L∞

}
, (3.43)

d

dt
E int

c +
∥∥∇x∂ϑc

∥∥2

=−∑
i

(
∂ϑ
(
〈Bi,v·∇xP1g〉−β

〈
µ− 1

2∇v ·(v
√

µg),Bi

〉

−α
〈

µ− 1
2∇v ·(Av

√
µg),Bi

〉
−λ0〈P1g,Bi〉−〈Lg+R,Bi〉

)
,∂ϑ∂ic

)

+∑
i

(
∂i∂

ϑ〈Bi,P1g〉,∂ϑ

(
β1α2(2c+a)−λ0c+

1

6
∇x ·

〈(
|v|2−5

)
v,P1g

〉

+
α

3 ∑
i,j

aij〈Aij,P1g〉
))

≤ (η+α)
∥∥∂ϑ[a,b,c]

∥∥2
+C

(
ǫ2

0+α2
)

∑
1≤|ϑ′|≤N

∥∥wl∂
ϑ′

g2

∥∥2

L∞

+Cη ∑
1≤|ϑ′|≤N

{∥∥∂ϑ′
P1g2

∥∥2
+
∥∥wl∂

ϑ′
g1

∥∥2

L∞

}
, (3.44)
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d

dt
E int

a +
∥∥∇x∂ϑa

∥∥2

=−∑
i

(
∂ϑ∂ibi,∂

ϑ∇x ·b
)
−2∑

i

(
∂ϑ∂ic,∂ϑ∂ia

)

−∑
i,j

([
∂ϑ
(
(β−λ0)I+αA

)
ij

bj+∑
j

∂j〈Aij,P1g〉
]

,∂ϑ∂ia

)

≤ (η+α)
∥∥[∂ϑa,∇x∂ϑa]

∥∥2
+C

∥∥∇x∂ϑ[b,c]
∥∥2

+Cη ∑
1≤|ϑ′|≤N

{∥∥∂ϑ′
P1g2

∥∥2
+
∥∥wl∂

ϑ′
g1

∥∥2

L∞

}
,

respectively, where we have set

E int
b =−∑

j

(
∂ϑ

(
∑

i,i 6=j

∂i〈Aij,P1g〉+∂j〈Ajj,P1g〉
)

,∂ϑbj

)
,

E int
c =∑

i

(
∂ϑ〈Bi,P1g〉,∂ϑ∂ic

)
,

E int
a =∑

i

(
∂ϑ∂ibi,∂

ϑ∂ia
)
,

(3.45)

and in addition, for l>4, the following estimates of the type:

∥∥∂ϑ〈Lg,Bi〉
∥∥2

≤C
∥∥ν−1Γ(∂ϑP1g,

√
µ)
∥∥2

+C
∥∥ν−1Γ(

√
µ,∂ϑP1g)

∥∥2

≤C
∥∥P1∂ϑg2

∥∥2
+C

∥∥wl∂
ϑg2

∥∥2

L∞ ,

∥∥∂ϑ〈Γ(g,g),Bi〉
∥∥2

≤C ∑
ϑ′≤ϑ

∫

T3

∥∥ν−1wlQ(
√

µ∂ϑ′
g,
√

µ∂ϑ−ϑ′
g)
∥∥2

L∞dx

≤C ∑
ϑ′≤ϑ

∥∥wl[∂
ϑ′

g1,∂ϑ−ϑ′
g2]
∥∥4

L∞ ≤Cǫ2
0 ∑

1≤|ϑ′|≤ϑ

∥∥wl[∂
ϑ′

g1,∂ϑ′
g2]
∥∥2

L∞

have been used.

Consequently, letting κ1 >0 be suitably small, we get from the summation of

(3.43), (3.44) and κ1×(3.44) that

d

dt

[
κ1E int

a +E int
b +E int

c

]
+λ
∥∥∇x[a,b,c]

∥∥2
+λ ∑

1≤|ϑ|≤N

∥∥∇x∂ϑ[a,b,c]
∥∥2
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≤Cα2 ∑
1≤|ϑ|≤N

∥∥wl∂
ϑg2

∥∥2

L∞+C ∑
1≤|ϑ|≤N

{∥∥∂ϑP1g2

∥∥2
+
∥∥wl∂

ϑg1

∥∥2

L∞

}
, (3.46)

where the Poincaré’s inequality ‖∇x[a,b,c]‖≤C‖∇2
x [a,b,c]‖ has been also used.

Step 2.3. Higher order estimates for P1g2. With the above estimates in our

hands, we then turn to obtain the higher order L2 estimates on P1g2. For this,

letting 1 ≤ |ϑ| ≤ N, we take the inner product of ∂ϑ(3.35) with ∂ϑg2 and apply

Lemma 4.3 so as to obtain

∑
1≤|ϑ|≤N

d

dt

∥∥∂ϑg2

∥∥2
+δ0 ∑

1≤|ϑ|≤N

∥∥∂ϑP1g2

∥∥2

ν

≤
(
Cα2+η+λ0

)
∑

1≤|ϑ|≤N

∥∥P0∂ϑg2

∥∥2
+Cα2 ∑

1≤|ϑ|≤N

∥∥wl∂
ϑg2

∥∥2

L∞

+Cη ∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1

∥∥2

∞
, (3.47)

where according to Lemma 4.2 and the a priori assumption 3.8, the following

estimate has been used:

∣∣(∂ϑΓ(g2,g2),∂
ϑg2

)∣∣=
∣∣(∂ϑΓ(g2,g2),∂

ϑP1g2

)∣∣

≤η
∥∥∂ϑP1g2

∥∥2

ν
+Cη

∫

T3

∥∥ν
1
2 ∂ϑ′

g2

∥∥2

L2
v

∥∥ν
1
2 ∂ϑ−ϑ′

g2

∥∥2

L2
v
dx

≤η
∥∥∂ϑP1g2

∥∥2

ν
+Cη

∥∥wl∂
ϑ′

g2

∥∥2

L∞

∥∥wl∂
ϑ−ϑ′

g2

∥∥2

L∞

≤η
∥∥∂ϑP1g2

∥∥2

ν
+Cηα2 ∑

1≤|ϑ|≤N

∥∥wl∂
ϑg2

∥∥2

L∞

with l≥2 required.

On the other hand, from (3.28) and (3.29), it follows

∥∥[a2,b2,c2]
∥∥≤

∥∥[a,b,c]
∥∥+C

∥∥wlg1

∥∥
∞

,
∥∥[a,b]

∥∥≤C
∥∥∇x[a,b]

∥∥≤C‖∇xg2‖+C‖wl∇xg1‖∞,
(3.48)

for l> 5
2 . In addition, by (3.45), we have for |ϑ|≤N−1

∣∣κ1E int
a +E int

b +E int
c

∣∣

≤
∥∥∇x∂ϑ[a,b,c]

∥∥2
+C

∥∥∇x∂ϑg2

∥∥2
+C

∥∥wl∇x∂ϑg1

∥∥2

∞
.
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Let κ2>0 be suitably small, then we define

E h
N(t)=κ2

(
κ1E int

a +E int
b +E int

c

)
+ ∑

1≤|ϑ|≤N

∥∥∂ϑg2

∥∥2
,

and hence there exist positive constants C̃1 and C̃2 such that

∑
1≤|ϑ|≤N

∥∥∂ϑg2

∥∥2−C̃1 ∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1

∥∥2

∞

≤E h
N ≤ ∑

1≤|ϑ|≤N

∥∥∂ϑg2

∥∥2
+C̃2 ∑

1≤|ϑ|≤N

∥∥wl∂
ϑg1

∥∥2

∞
.

By this, (3.46) and (3.47) lead us to

d

dt
E h

N(t)+λE h
N(t)

≤Cα2 ∑
1≤|ϑ|≤N

∥∥wl∂
ϑg2

∥∥2

L∞+C ∑
1≤|ϑ|≤N

∥∥wl∂
ϑ′

g1

∥∥2

L∞ ,

which further gives

sup
0≤s≤t

∥∥[a2,b2](s)
∥∥2

+ sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥∂ϑg2(s)
∥∥2

≤Cα2 sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg2

∥∥2

L∞+C sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥2

L∞ , (3.49)

where (3.48) has been used. As a consequence, (3.25a) and (3.49) imply

sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥
L∞+ sup

0≤s≤t
∑

1≤|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞

≤C ∑
1≤|ϑ|≤N

∥∥wl∂
ϑ f0

∥∥
L∞ . (3.50)

Thus, we get from (3.41) and (3.50) that

sup
0≤s≤t

‖wlg1(s)‖L∞ +α sup
0≤s≤t

‖wl g2(s)‖L∞

+ sup
0≤s≤t

∑
1≤|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥
L∞+ sup

0≤s≤t
∑

1≤|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞

≤C ∑
|ϑ|≤N

∥∥wl∂
ϑ f0

∥∥
L∞ . (3.51)
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Step 2.4. The estimates for mixture derivatives. In this final sub-step, we shall

deduce the L2 estimates on ∂ϑ
ζ g2 with ζ>0 and |ζ|+|ϑ|≤N. To see this, we first

get from the inner product of ∂ϑ
ζ (3.35) and ∂ϑ

ζ g2 over (x,v)∈T
3×R

3 that

(
∂t∂

ϑ
ζ g2,∂ϑ

ζ g2

)
+
(
∂ϑ

ζ (v·∇xg2),∂
ϑ
ζ g2

)−β
(
∂ϑ

ζ

(∇v ·(vg2)
)
,∂ϑ

ζ g2

)

−α
(

∂ϑ
ζ∇v ·(Avg2),∂

ϑ
ζ g2

)
−λ0

(
∂ϑ

ζ g2,∂ϑ
ζ g2

)
+
(
∂ϑ

ζ Lg2,∂ϑ
ζ g2

)

=
(

∂ϑ
ζ

(
(1−χM)µ− 1

2Kg1

)
,∂ϑ

ζ g2

)
+e−λ0t

(
∂ϑ

ζ Γ(g2,g2),∂
ϑ
ζ g2

)
,

which gives

d

dt

∥∥∂ϑ
ζ g2

∥∥2
+2(δ1−λ0)

∥∥∂ϑ
ζ g2

∥∥2

ν

≤C
∥∥∂ϑg2

∥∥2
+C ∑

|ζ ′|+|ϑ′|≤N

ζ ′<ζ

∥∥∂ϑ′
ζ ′ g2

∥∥2
+C

(
α+α2

)
∑

|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2

∥∥2

L∞

+η
∥∥∂ϑ

ζ g2

∥∥2
+Cη ∑

ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1

∥∥2

L∞ ,

according to Lemmas 4.3 and 4.2. Thus, it follows by Gronwall’s inequality

sup
0≤s≤t

∥∥∂ϑ
ζ g2(s)

∥∥2

≤C sup
0≤s≤t

∥∥∂ϑg2(s)
∥∥2

+C sup
0≤s≤t

∑
|ζ ′|+|ϑ′|≤N

ζ ′<ζ

∥∥∂ϑ′
ζ ′ g2

∥∥2

+C(α+α2) sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2

∥∥2

L∞+C sup
0≤s≤t

∑
ζ ′≤ζ

∥∥wl∂
ϑ
ζ ′g1(s)

∥∥2

L∞ ,

which further implies

sup
0≤s≤t

∑
|ζ |+|ϑ|≤N

ζ>0

∥∥∂ϑ
ζ g2(s)

∥∥2

≤C ∑
|ϑ|≤N

sup
0≤s≤t

∥∥∂ϑg2(s)
∥∥2

+C sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g1(s)

∥∥2

L∞

+C(α+α2) ∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2

∥∥2

L∞ . (3.52)

On the other hand, from (3.22) and (3.23), it follows

sup
0≤s≤t

∑
|ζ |+|ϑ|≤N

ζ>0

∥∥wl∂
ϑ
ζ g1(s)

∥∥
L∞
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≤ ∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ f0

∥∥
L∞+Cα sup

0≤s≤t
∑

|ζ |+|ϑ|≤N
ζ>0

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞

+Cα sup
0≤s≤t

∑
|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞ , (3.53)

sup
0≤s≤t

∑
|ζ |+|ϑ|≤N

ζ>0

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞

≤C sup
0≤s≤t

∑
|ζ |+|ϑ|≤N

ζ>0

∥∥wl∂
ϑ
ζ g1(s)

∥∥
L∞+C sup

0≤s≤t
∑

|ζ |+|ϑ|≤N
ζ>0

∥∥∂ϑ
ζ g2(s)

∥∥

+C sup
0≤s≤t

∑
|ϑ|≤N

∥∥wl∂
ϑg1(s)

∥∥
L∞+C sup

0≤s≤t
∑

|ϑ|≤N

∥∥wl∂
ϑg2(s)

∥∥
L∞ . (3.54)

Now (3.51)-(3.54) lead us to

sup
0≤s≤t

∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g1(s)

∥∥
L∞+α sup

0≤s≤t
∑

|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ g2(s)

∥∥
L∞

≤C ∑
|ζ|+|ϑ|≤N

∥∥wl∂
ϑ
ζ f0

∥∥
L∞ .

Thus, (3.7) is valid and this also confirms (1.17).

Finally, by the similar procedure as that of [14, Step 4, pp.47], one can show

that the solution of (1.13) and (1.14) is non-negative, and the details of the proof

is omitted for brevity. This ends the proof of Theorem 1.2.

4 Appendix

In this section, we provide those estimates that have been used in the previous
sections. We will first give the basic estimates on the linearized operator L as well
as the nonlinear operators Γ and Q, then present a key estimate for the operator
K in the case of hard potentials, and in the end derive a lower bound for a matrix
exponential.

The following lemma is concerned with the integral operator K given by (2.3),
and its proof in case of the hard sphere model (γ = 1) has been given by [24,
Lemma 3].

Lemma 4.1. Let K be defined as (2.3), then it holds that

K f (v)=
∫

R3
k(v,v∗) f (v∗)dv∗
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with

|k(v,v∗)|≤C
{
|v−v∗|γ+|v−v∗|−2+γ

}
e
− 1

8 |v−v∗|2− 1
8

||v|2−|v∗|2|2
|v−v∗|2 .

Moreover, let

kw(v,v∗)=wl(v)k(v,v∗)w−1
l (v∗)

with l≥0, then it also holds that
∫

R3
kw(v,v∗)e

ε|v−v∗|2
8 dv∗≤

C

1+|v|
for ε=0 or any ε>0 small enough.

For the velocity weighted derivative estimates on the nonlinear operator Γ,
one has

Lemma 4.2. Let 0≤γ≤1 and θ∈ [0,1]. For any p∈ [1,+∞] and any l≥0, it holds that

∥∥wlν
−θ∂ζΓ( f ,g)

∥∥
L

p
v

≤C ∑
ζ ′+ζ ′′≤ζ

{∥∥wlν
1−θ∂ζ ′ f

∥∥
L

p
v

∥∥∂ζ ′′g
∥∥

L
p
v
+
∥∥∂ζ ′ f

∥∥
L

p
v

∥∥wlν
1−θ∂ζ ′′g

∥∥
L

p
v

}
. (4.1)

Proof. Note that if l = 0 and ζ = 0, (4.1) was given in [29, Theorem 1.2.3]. Let us

now show that (4.1) can be generalized to l ≥ 0 and ζ ≥ 0. For this, we first have

from definition (2.2) that

∂ζΓ( f ,g)=∂ζ

∫

R3

∫

S2
B0(cosθ)|v−v∗|γµ

1
2 (v∗) f (v′∗)g(v

′)dωdv∗

−∂ζ

∫

R3

∫

S2
B0(cosθ)|v−v∗|γµ

1
2 (v∗) f (v∗)g(v)dωdv∗

=∂ζ

∫

R3

∫

S2
B0(cosθ)|v−v∗|γµ

1
2 (v∗) f (v′∗)g(v

′)dωdv∗

−c0∂ζ

[
g(v)

∫

R3
|v−v∗|γµ

1
2 (v∗) f (v∗)dv∗

]
,

where we have used
∫

S2 B0(cosθ)dω= c0 for a constant c0>0. Then, by a change
of variable v∗−v→u, one has

∂ζΓ( f ,g)

= ∑
ζ ′′≤ζ ′≤ζ

C
ζ ′

ζ C
ζ ′′

ζ ′

∫

R3

∫

S2
B0(cosθ)|u|γ

(
∂ζ−ζ ′µ

1
2

)
(u+v)(∂ζ ′−ζ ′′ f )(v+u⊥)(∂ζ ′′g)(v+u‖)dωdu

︸ ︷︷ ︸
Γ1



206 R.-J. Duan and S.-Q. Liu / Commun. Math. Anal. Appl., 1 (2022), pp. 152-212

−c0 ∑
ζ ′≤ζ

C
ζ ′

ζ

[
(∂ζ ′ g)(v)

∫

R3
|u|γ

(
∂ζ−ζ ′µ

1
2

)
(v+u)(∂ζ ′ f )(v+u)du

]

︸ ︷︷ ︸
Γ2

, (4.2)

where u‖=(u·ω)ω and u⊥=u−u‖. As

∣∣∣
(
∂ζ−ζ ′µ

1
2
)
(u+v)

∣∣∣≤Cµ
1
4 (u+v),

one has by changing variable u back to v∗−v that

|Γ1|≤C
∫

R3

∫

S2
B0(cosθ)|u|γµ

1
4 (u+v)

∣∣(∂ζ ′−ζ ′′ f )(v+u⊥)(∂ζ ′′g)(v+u‖)
∣∣dωdu

=C
∫

R3

∫

S2
B0(cosθ)|v∗−v|γµ

1
4 (v∗)

∣∣(∂ζ ′−ζ ′′ f )(v
′
∗)(∂ζ ′′g)(v

′)
∣∣dωdv∗,

which together with the inequality

(
wlν

−θ+1
)
(v)≤C

((
wlν

−θ+1
)
(v′)+

(
wlν

−θ+1
)
(v′∗)

)
(4.3)

implies

wlν
−θ|Γ1|≤C

((
wlν

−θ+1
)
(v′)+

(
wlν

−θ+1
)
(v′∗)

)
ν−1(v)

×
∫

R3

∫

S2
B0(cosθ)|v∗−v|γµ

1
4 (v∗)

∣∣(∂ζ ′−ζ ′′ f )(v
′
∗)(∂ζ ′′g)(v

′)
∣∣dωdv∗

≤C
{∥∥wlν

−θ+1∂ζ ′−ζ ′′ f
∥∥

L∞

∥∥∂ζ ′′g
∥∥

L∞+
∥∥∂ζ ′−ζ ′′ f

∥∥
L∞

∥∥wlν
−θ+1∂ζ ′′g

∥∥
L∞

}

×ν−1(v)
∫

R3

∫

S2
B0(cosθ)|v∗−v|γµ

1
4 (v∗)dωdv∗

≤C
{∥∥wlν

−θ+1∂ζ ′−ζ ′′ f
∥∥

L∞

∥∥∂ζ ′′g
∥∥

L∞+
∥∥∂ζ ′−ζ ′′ f

∥∥
L∞

∥∥wlν
−θ+1∂ζ ′′g

∥∥
L∞

}
.

This confirms the L∞ estimate for Γ1. If p∈ [1,∞), by Hölder’s inequality, we get

wlν
−θ |Γ1|≤Cζwlν

−θ

(∫

R3

∫

S2
B0(cosθ)|v∗−v|p′γµ

p′
4 (v∗)dωdv∗

) 1
p′

×
(∫

R3

∫

S2
B0(cosθ)

∣∣((∂ζ ′−ζ ′′ f )(v
′
∗)(∂ζ ′′g)(v

′)
∣∣)p

dωdv∗

) 1
p

≤Cζwlν
1−θ

(∫

R3

∣∣(∂ζ ′−ζ ′′ f )(v
′
∗)(∂ζ ′′g)(v

′)
∣∣p dv∗

) 1
p

,
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where 1
p+

1
p′=1. Therefore, using (4.3) again and by a change of variable (v′,v′∗)→

(v,v∗), one has

∥∥wlν
−θΓ1

∥∥p

Lp ≤
∫

R3
w

p
l ν−pθ+p

∫

R3

∣∣(∂ζ ′−ζ ′′ f )(v
′
∗)(∂ζ ′′g)(v

′)
∣∣p dv∗dv

=
∫

R3

∫

R3

(
w

p
l ν−pθ+p

)
(v′∗)

∣∣(∂ζ ′−ζ ′′ f )(v∗)(∂ζ ′′g)(v)
∣∣p dv∗dv

≤
∫

R3

∫

R3

[
(w

p
l ν−pθ+p)(v)+(w

p
l ν−pθ+p)(v∗)

]

×
∣∣(∂ζ ′−ζ ′′ f )(v∗)(∂ζ ′′g)(v)

∣∣p dv∗dv

≤C
{∥∥wlν

−θ∂ζ ′−ζ ′′ f
∥∥p

L
p
v

∥∥∂ζ ′′g
∥∥p

L
p
v
+
∥∥∂ζ ′−ζ ′′ f

∥∥p

L
p
v

∥∥wlν
−θ∂ζ ′′g

∥∥p

L
p
v

}
.

The corresponding estimates for Γ2 are similar and easier, so we omit them for

brevity. This completes the proof of Lemma 4.2.

The following lemma is concerned with coercivity estimates for the linear col-
lision operator L.

Lemma 4.3. Let 0≤γ≤1, then there is a constant δ0>0 such that

〈L f , f 〉= 〈LP1 f ,P1 f 〉≥δ0‖P1 f‖2
ν, (4.4)

where ‖·‖ν=‖ν
1
2 ·‖. Moreover, there are constants δ1>0 and C>0 such that for |ζ|>0

〈∂ζ L f ,∂ζ f 〉≥δ1‖∂ζ f‖2
ν−C‖ f‖2. (4.5)

Proof. Note that (4.4) has been already proved in [23, Lemma 3.2]. As for (4.5),

from [23, Lemma 3.3], we have

〈∂ζ L f ,∂ζ f 〉≥δ1‖∂ζ f‖2
ν−C‖ f‖2

ν.

We now prove that this can be relaxed to (4.5), which is indeed true for Maxwell

molecular case because ν∼ c0 for some c0 > 0 in this situation. For 0<γ≤ 1, we

write

〈∂ζ L f ,∂ζ f 〉= 〈∂ζ(ν f ),∂ζ f 〉−〈∂ζ(K f ),∂ζ f 〉
= 〈L∂ζ f ,∂ζ f 〉+ ∑

0<ζ ′≤ζ

C
ζ ′
ζ 〈∂ζ ′ν∂ζ−ζ ′ f ,∂ζ f 〉− ∑

0<ζ ′≤ζ

C
ζ ′
ζ 〈(∂ζ ′K)∂ζ−ζ ′ f ,∂ζ f 〉. (4.6)

From (4.4), one has

〈L∂ζ f ,∂ζ f 〉≥δ0‖P1∂ζ f‖2
ν ≥δ0‖∂ζ f‖2

ν−δ0‖P0∂ζ f‖2
ν≥δ0‖∂ζ f‖2

ν−C‖ f‖2. (4.7)
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By definition (2.3), it follows

1ζ ′>0|∂ζ ′ν|≤C
(
1+|v|)γ−|ζ ′|≤C.

Thus, one has by Cauchy-Schwarz’s inequality with η>0 and Sobolev’s interpo-

lation inequality that

|〈∂ζ ′ν∂ζ−ζ ′ f ,∂ζ f 〉|≤η‖∂ζ f‖2+Cη‖ f‖2. (4.8)

Next, in view of (2.4), we have by a change of variable v∗−v→u

(∂ζ ′K)∂ζ−ζ ′ f

= c̃1 ∑
0≤ζ ′≤ζ

C
ζ ′
ζ

∫

R3×ω2
B0(cosθ)|u|γ∂ζ ′

{
e−

|u+v|2+|v|2
4

}
∂ζ−ζ ′ f (v+u)du

− c̃2 ∑
0≤ζ ′≤ζ

C
ζ ′
ζ

∫

R3×ω2
B0(cosθ)|u|γ∂ζ ′



e

− 1
8 |u|2− 1

8

|2v·u+|u|2|2
|u|2



∂ζ−ζ ′ f (v+u)du.

Furthermore, direct computations give

∂ζ ′

{
e−

|u+v|2+|v|2
4

}
≤C(ζ′)e−

|u+v|2+|v|2
8 ,

∂ζ ′

{
e
− 1

8 |u|2− 1
8

|2v·u+|u|2|2
|u|2

}
≤C(ζ′)e

− 1
16 |u|2− 1

16

|2v·u+|u|2|2
|u|2 ,

which further implies

|(∂ζ ′K)∂ζ−ζ ′ f |≤C(ζ)
∫

R3
k̄(v,v∗)|∂ζ−ζ ′ f (v∗)|dv∗

with

k̄(v,v∗)≤C
{
|v−v∗|γ+|v−v∗|−2+γ

}
e
− 1

16 |v−v∗|2− 1
16

||v|2−|v∗|2|2
|v−v∗|2 . (4.9)

In particular,

∫

R3
k̄(v,v∗)dv≤ C

1+|v∗|
,
∫

R3
k̄(v,v∗)dv∗≤

C

1+|v| .

Therefore, by Cauchy-Schwarz’s inequality, Fubini’s theorem and Sobolev’s in-

terpolation inequality, we obtain
∣∣〈(∂ζ ′K)∂ζ−ζ ′ f ,∂ζ f 〉

∣∣
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≤η‖∂ζ f‖2+Cη

∫

R3

(∫

R3
k̄(v,v∗)|∂ζ−ζ ′ f (v∗)|dv∗

)2

dv

≤η‖∂ζ f‖2+Cη

∫

R3

∫

R3
k̄(v,v∗)dv∗

∫

R3
k̄(v,v∗)|∂ζ−ζ ′ f (v∗)|2dv∗dv

≤η‖∂ζ f‖2+Cη

∫

R3

∫

R3
k̄(v,v∗)dv|∂ζ−ζ ′ f (v∗)|2dv∗

≤2η‖∂ζ f‖2+Cη‖ f‖2. (4.10)

Finally, plugging (4.7), (4.8) and (4.10) into (4.6) gives (4.5). This ends the proof of

Lemma 4.3.

Remark 4.1. From (4.9), one can justify that ∂ζ ′K is a compact operator from H|ζ|

to H|ζ|, which directly implies (4.10), cf. [22, Lemma 2.2].

Next, the following lemma which was proved in [14, Proposition 3.1] gives
the L∞ estimates of the solutions in the case of Maxwell molecule model.

Lemma 4.4. Let γ=0 and K be given by (2.5), then for any nonnegative integer |ζ|≥0,

there is C>0 such that for any arbitrarily large l>0, there is M=M(l)>0 such that it

holds that

sup
|v|≥M

wl|∂ζ(K f )|≤ C

l ∑
0≤ζ ′≤ζ

‖wl∂ζ ′ f‖L∞ . (4.11)

In particular, one can choose M= l2.

In the case of 0<γ≤1, the following lemma which can be found in [1, Propo-
sition 3.1] enables us to gain the smallness property of K at large velocity.

Lemma 4.5. Let 0≤ γ ≤ 1 and l > 4, then there exists a function ς(l) which satisfies

ς(l)→0 as l→+∞ such that

wl

{
|Qloss( f ,g)|+|Qgain( f ,g)|+|Qgain(g, f )|

}

≤‖wl f‖L∞

{
C(l)‖wl+γ/2g‖L∞+ς(l)‖w3g‖L∞(1+|v|)γ

}
, (4.12)

where Qloss denotes the negative part of Q in (1.2).

The following result is a direct consequence of Lemma 4.5.

Lemma 4.6. Let 0<γ≤ 1, then there is a constant C> 0 such that for any arbitrarily

large l>0, there are sufficiently large M=M(l)>0 and suitably small ς=ς(l)>0 such

that it holds that

sup
|v|≥M

ν−1wl|K f |≤C
{
(1+M)−

γ
2 +ς

}
‖wl f‖L∞ . (4.13)
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Proof. Recall the definition (2.5) for K. Let g=µ in (4.12), then we obtain

ν−1wl|K f |≤C(l)ν−1‖wl f‖L∞+ς(l)‖wl f‖L∞ . (4.14)

Noticing that ς(l)= 1
l according to the proof in [1, Proposition 3.1 ], we first choose

l to be suitably large so that ς is small enough, then we set M>0 to be sufficiently

large such that C(l)(1+M)−
γ
2 ≤C thanks to γ>0. Then (4.13) follows from (4.14).

This concludes the proof of Lemma 4.6.

The following lemma concerning the polynomial weighted estimates on the
collision operator Q can be verified by using a parallel argument as for obtaining
[1, Proposition 3.1].

Lemma 4.7. For l>4 and γ≥0, then it holds that

∣∣wlν
−1∂ζQ(F1,F2)

∣∣≤C ∑
ζ ′+ζ ′′≤ζ

‖wl∂ζ ′F1‖L∞‖wl∂ζ ′′F2‖L∞ .

Finally, we give a technical lemma on the determinant of a matrix exponential
and we omit the proof for brevity.

Lemma 4.8. Let M=αM̄, where M̄=(āij)∈M3×3(R) is an invertible constant matrix

with max{|āij|}=CM, and α>0 is suitably small.

(i) If 1
3 ≥η>0, then it holds that

∣∣∣|M−1||eηM− I|
∣∣∣≥ η3

8
.

(ii) Let v∈R3 be a vector satisfying |v|≤ M with M>0, then for any η>0, it holds

that ∣∣∣M−1
{

eηM− I
}

v
∣∣∣≤ηMe3CMαη. (4.15)
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