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Abstract. In this paper, we find all repdigits expressible as difference of two Fibonacci
numbers in base b for 2 <b <10. The largest repdigits in base b, which can be written
as difference of two Fibonacci numbers are

Fo—F;=34-3=31=(11111);, F4—F=377-13=364=(111111)3,
Fi4—F,=377—-13=364=(222)4, Fy—F;=34—-3=31=(111)s5,
F11—F;=89—-3=86=(222), Fi3—F5=233-5=228=(444);,
Fiop—F,=55—1=>54=(66)s, Fi14—F;=377—-13=364=(444)9,

and

Fi5—F19=610—55=>555=(555)1¢.
As a result, it is shown that the largest Fibonacci number which can be written as a
sum of a repdigit and a Fibonacci number is Fj5 =610 =5554-55=>555+ Fy.
AMS subject classifications: 11B39, 11J86, 11D61
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1 Introduction

Let (F,) and (L,) be the sequences of Fibonacci and Lucas numbers given by Fy=0, F; =1,
Lo=2,L1=1F,=F,_1+F,2and L,=L,_1+L,_, for n>2, respectively. Binet formulas

for these numbers are F, = “ﬂ\;gﬁn and L,=a"+ ", where a = % and = %, which are

the roots of the characteristic equation x> —x—1=0. It can be seen that 1<a <2, —1<B<0
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and ap = —1. For more about Fibonacci and Lucas numbers with their applications, one
can see [9]. The relation between Fibonacci number F,, and « are given by

"2 <F,<a"! (1.1)

for n > 1. The inequality (1.1) can be proved by induction. A repdigit in base b is a
positive integer N whose digits are all equal. If b =10, we say that N is a repdig-
it. Recently, the problem of finding the repdigits in the second-order linear recurrence
sequences has been of interest to mathematicians. In [10], Luca has found all repdig-
its in the Fibonacci and Lucas sequences. The largest repdigits in Fibonacci and Lu-
cas sequences are Fjp =55 and Ls =11. Luca [11] also found all repdigits which are
sums of three Fibonacci numbers. In [6], Erduvan and Keskin showed that if F,,F, is
a repdigit in base 10, then F,,F, € {1,2,3,4,5,6,8,9,55}. Later Keskin, Erduvan and Siar
[7] have found that if F,F, is a repdigit in base b, and has at least two digits, then
F.F, € {3,4,5,6,8,9,10,13,15,16,21,24,26,40,42,63,170,273}, where b =2,3,4,5,6,7,8,9 and
2 <m <n. Motivated by the above studies, here, we consider the Diophantine equation

d-(bF—1)

FimFn=N=-——",

(1.2)
where2<b<10,2<m<n,1<d<b-—1 and k> 2. Since the values F; and F, are the same,
we start this equation from m =2 instead of m =1. In Section 2, we introduce necessary
lemmas and theorems. Then in Section 3, we prove our main results (Theorem 3.1) on the
solutions to Eq. (1.2).

2 Auxiliary results

In order to solve Diophantine equations of the form (1.2), we use Baker’s theory for lower

bounds for a nonzero linear form in logarithms of algebraic numbers. Since such bounds

are very important in effectively solving of Diophantine equations, we start with recalling
some basic notions from algebraic number theory.

Let 17 be an algebraic number of degree d with the minimal polynomial

d

apx?+ a1 x4 ay = aOH (x—n(i)) €Z[x],

i=1

where the a;’s are relatively prime integers with ag >0 and the #()’s are conjugates of 7.
Then

h(ﬁ):% <logao+élog(max{]n“”,l})) (2.1)

is called the logarithmic height of #. If y=a/b is a rational number with ged(a,b) =1 and
b>1, then h(n) =log(max{|a|,b}).
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The following properties of logarithmic height are found in several works stated in
references:

h(nLy) <h(n)+h(y)+log2, (2.2)
h(gy™t) <h(n)+h(y), 2.3)
h(n*) = k| (n). (2.4)

The following theorem can be deduced from Corollary 2.3 of Matveev [12], which pro-
vides a large upper bound for the subscript n in the equation (1.2) (also see Theorem 9.4
in [3]).

Theorem 2.1. Assume that y1,72,...,Y+ are positive real algebraic numbers in a real algebraic
number field K of degree D, by,by,...,by are rational integers, and

A::’yi’l---’yff—l
is not zero. Then
IA|>exp (—1.4-30f+3-t4~5-D2(1 +logD)(1+logB)A1A2---At>,
where

B >max{|b1},...,|b:|},

and
A;>max{Dh(v;),|logvi|,0.16}, fori=1,..,t.

The following lemma is given in [2]. This lemma is an immediate variation of the
result due to Dujella and Pethd from [5], which is a version of a lemma of Baker and
Davenport [1]. This lemma will be used to reduce the upper bound for the subscript # in
the equation (1.2). For a real number x, ||x|| denotes the distance from x to the nearest
integer. That is, ||x||=min{|x—n|:n€Z}.

Lemma 2.1. Let M be a positive integer, let p/q be a convergent of the continued fraction of the
irrational number -y such that q>6M, and let A,B,u be some real numbers with A>0and B>1.
Let €:=||uq||—M]||vq||. If € >0, then there exists no solution to the inequality

0<|uy—v+u|<AB™Y,

in positive integers u,v, and w with u <M and w > %.
Now we give a lemma which can be proved by using Binet’s formulae.

Lemma 2.2. Assume that n=m (mod2). Then

F,—F,— { Fnmy2Lnam) /2 if n=m (mod4),
F(n+m)/2L(n7m)/2 fn=m+2 (mod4).
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We need to following result in [4].
Lemma 2.3. Let a,x eR. If0<a<1and |x| <a, then

Mog(1+x)|<w.

and

|x| < -Je* —1].

a
1—e 7
The following theorem is a result of the combination of the theorems in [6] and [7].

Theorem 2.2. Let 2<m <n and b be a positive integer such that 2<b <10. If N=F,F, isa
repdigit in base b and has at least two digits, then

(3,3,3,1,2,4),(4,2,2,1,2,3),(4,3,5,1,2,6),
(4,4,8,1,2,9),(5,2,4,1,2,5),(5,3,4,2,2,10),
(5,3,9,1,2,10),(5,4,4,3,2,15),(5,4,2,1,4,15),
(6,2,3,2,2,8),(6,2,7,1,2,8),(6,3,7,2,2,16),
(n,m,b,d,k,N)e{ (84,2,1,6,63),(64,7,3,2,24),(6,5,7,572,40),
(6,5,9,4,2,40),(6,5,3,1,4,40),(7,3,3,2,3,26),
(7,2,3,1,3,13),(8,2,6,3,2,21),(8,2,4,1,3,21),
(8,3,4,2,3,42),(8,4,8,7,2,63),(10,2,10,5,2,55),
(8,4,4,3,3,63),(8,7,9,3,3,273),(9,5,4,2,4,170)

The following theorem is a result of the combination of Theorem 6 given in [6] and
Theorem 4 given in [8].

Theorem 2.3. Let 0 <m <n and b be a positive integer such that 2<b<10.If N=L,Ly, is a
repdigit in base b and has at least two digits, then

(0,0,3,1,2,4),(3,0,3,2,2,8),(3,0,7,1,2,8),
(4,0,6,2,2,14),(2,0,5,1,2,6),(3,1,3,1,2,4),
(4,1,6,1,2,7),(4,1,2,1,3,7),(2,1,2,1,2,3),
(2,2,8,1,2,9),(6,0,8,4,2,36),(6,1,5,3,2,18),
(n,m,b,dk,N)eld (61,822,18),(32522,12),(42,4,1,3,21),
(4,2,6,3,2,21),(6,2,8,6,2,54),(9,2,7,4,3,228),
(3,3,7,2,2,16),(4,3,6,4,2,28),(5,5,3,1,5,121),
(5,0,10,2,2,22),(5,1,10,1,2,11),(5,2,10,3,2,33),
(5,3,10,4,2,44),(5,4,10,7,2,77)
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3 Main theorem

Theorem 3.1. Let 2<b<10,2<m<n, k>2and 1 <d <b—1. The only solutions of the
Diophantine equation (1.2) in nonnegative integers are given by

(5,2,3,1,2,4),(5,3,2,1,2,3),(6,2,6,1,2,7),
(6,2,2,1,3,7),(6,3,5,1,2,6),(6,4,4,1,2,5),
(6,5,2,1,2,3),(7,2,5,2,2,12),(7,3,10,1,2,11),
(7,4,4,2,2,10),(7,4,9,1,2,10),(7,5,3,2,2,8),
(7,5,7,1,2,8),(7,6,4,1,2,5),(8,2,9,2,2,20),
(8,4,5,3,2,18),(8,4,8,2,2,18),(8,5,7,2,2,16),
(8,6,3,1,3,13),(8,7,3,2,2,8),(8,7,7,1,2,8),
(9,2,10,3,2,33),(9,3,7,4,2,32),(9,4,5,1,3,31),
(9,4,2,1,5,31),(9,6,3,2,3,26),(9,7,6,3,2,21),
(9,7,4,1,3,21),(9,8,3,1,3,13),(10,2,8,6,2,54),
(10,5,9,5,2,50),(10,7,4,2,3,42),(10,9,6,3,2,21),
(10,9,4,1,3,21),(11,2,10,8,2,88),(11,4,6,2,3,86),
(11,9,10,5,2,55),(12,11,10,5,2,55),(13,5,7,4,3,228),
(14,7,9,4,3,364),(14,7,3,1,6,364),(15,10,10,5,3,555)

(n,m,b,d,k,N) e

Proof. Assume that the equation (1.2) holds. Let n—m =1. Then, we get

By Theorem 2.2, we have

(6,52,1,2,3),(7,6,/4,1,2,5),(8,7,3,2,2,8),
(n,m,b,d,k,N)e{ (8,7,7,1,258),(9,8,3,1,3,13),(10,9,6,3,2,21),
(10,9,4,1,3,21),(12,11,10,5,2,55)

With the help of Mathematica program, we obtain the solutions displayed in Theorem
3.1 for2<m<n<149.

From now on, assume that n >150,m > 2, and n—m > 2. Using the identity (1.1), we
get the inequality

d-(bF—1)

2k—1<bk—1
SV STy

=F,—F,<E,<a" l<2r 1

which shows that k <n. Rearranging the equation (1.2) as
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and taking absolute values, we obtain

n n d
Pm+ﬁ——i _Pm+|ﬁ’ +—<a™ 111

/5 b—1 /5 b—1

a' d-bk

/5 b-1

n

by the inequality (1.1). Dividing both sides of the above inequality by %, we get

7n\/_ d- bk

b1 <VBam " 1411v/5a"

1- -

2.33

=/5a"" ”( e < == (3.1)

where we have used the fact that m > 2. Next we shall apply Theorem 2.1 with

Y1:=b, 72:=0, y3:= {Ib\/15) and by :=k, by:=—n, b3:=1.

Note that the numbers 71,72, and <3 are positive real numbers and elements of the field
K=Q(+/5), so D =2. We show that A;:=*“ n‘[ 4" _1 is nonzero. For, if A1 =0, then we

geta” \/— 2. ot . Conjugating in Q(+/5) gives us ,B” = % and so L,=a"+p" =0, which
is 1mp0551b1e Moreover, since

h(v1) =h(b) =logh<logl0<2.31, h(vs)=h(x)= 10;5“ = 0‘48212"',
and -
h(73>:h(‘§/15)<h( 4) +h(v/5) +h(b—1) <2log9-+ & <52

by the identity (2.1), we can take A1:=4.62, A>:=0.5, and A3:=10.4. Since k <n, it follows
that
B:=n>max{|bi|,|b2|,|b3|} =max{|k|,|—n|,1}.

Thus, taking into account the inequality (3.1) and using Theorem 2.1, we obtain

2.33

an—m

>[A1] > exp (—1.4-30°-347.22(1+1og2) (1+logn) (4.62) (0.5) (10.4) ).
From the last inequality, a quick computation with Mathematica gives us the inequality
(n—m)loga—1log(2.33) < (1+logn)-(2.33)-10%. (3.2)
In what follows, we shall apply Theorem 2.1 again. Rearranging Eq. (1.2) as
o d-bt b _B B d
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and taking absolute values, we obtain

w'(l—am ") d-bF| | g d 8" +18" | d
_ S B S < + <1.18,
V5 b—1 V5 5 b—-1|— V5 b—1

where we used the fact that || +|B|™ < 0.4 for n>150 and m > 2. Dividing both sides of
the above inequality by

‘Xﬂ(l _leYlfl’l)

\/g 7
we get
—n 1k = m—n\—1
brd-/5-(1—
LR \/bS_(1 < (118) VB (1 - ) (3:3)
Since
"= —— <~ <0.62,
ah—m =
it is seen that
1—a™">0.38
and therefore
1 100
1—am—n = 38"

Then from (3.3), it follows that

" bFd-/5-(1—am )] _589

1— 3.4
b—1 ol S
Thus, taking
d-\/g-(l—txmfn)fl
Y1:=b, 72i=a, Y3:=
b—1
and by :=k, by := —n,b3:=1, we can apply Theorem 2.1. The numbers 1,72, and 3 are

positive real numbers and elements of the field K=Q(+/5), so D =2. We now show that

_ a‘”-bk-d-\/g-(l—txm_”)_l

bh—1 -1

A22

is nonzero. Suppose Ay =0. Then

n bEd/5(1—am )71
n = h—1 .

Conjugating in Q(+/5) gives us

n__ _bk'd-\/g.(l_ﬁm—n)_l
= b1 :
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By a simple computation, it is seen that L, = L,,, which is impossible since n >m. As
_loga  0.4812...
22

by (2.1), we can take A;:=4.62 and A;:=0.5. On the other hand, using (2.2), (2.3), and
(2.4), we get

h(y1)=h(b) <log10<2.31 and h(7y2)=h(«a)

i) =0

<h(d)+h(V/5)+h(b—1)+ (n—m)h(x)+log2

logua

§210g9+10g\/5+(n—m)7+10g2<5.9+(n—m)loga

—
A simple computation shows that |logys| <log5+ (n—m)loga. So we can take Az:=12+
(n—m)loga. Also, since k<n, it follows that B:=n>max{|b1 |, |b2|,|b3|} =max{|k|,| —n|,1}.
Thus, taking into account the inequality (3.4) and using Theorem 2.1, we obtain

5.89
PR |Az| >exp((—C)(1+logn) (12+ (n—m)loga)),
or
nloga—log(5.89) < C(1+logn)(12+(n—m)loga), (3.5)

where C=1.4-30°-3%°.22.(1+10g2) (0.5) (4.62). Inserting the bound for (n—m)loga from
(3.2) to (3.5), we get

nloga—log(5.89) < C(1+logn) (12+ (2.33)-10"-(1 +1ogn) +1og(2.33)). (3.6)

With the help of Mathematica, it is seen that n <5.23- 10% .
Next we will further reduce the range of n with the help of Lemma 2.1. Let

b—

z1:=log(A1+1)=klogb—nloga+log

From (3.1), we have
2.33

an—m

A= —1| < <09

for n—m>2. Choosing a:= 0.9, we get the inequality

log10 2.33 5.97
0.9 an—m ~gn—m

by Lemma 2.3. Dividing this inequality by loga, we get

k(logb) ot <1Og\hfif>
loga loga

|z1| =|log(A14+1)| <

0< <(12.41)-a ("=, (3.7)
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Now we are in a position to apply Lemma 2.1 with

log Y54
W;Z@gﬂg, = 08 -1 , A:=1241, B:=«a,and w:=n—m.
loga loga

Let M :=5.23-10%. By using Mathematica, it is seen that denominator g9 of the 69
convergent of v exceeds 6 M. Furthermore,

€:=||ugeo|| — M||vge|| >0.022.

Thus, by Lemma 2.1 the inequality (3.7) cannot hold for positive integers k and n with

log(Aqeo/€)

<186.711 <n—m.
logB - =

So it has to be that n—m <186. Substituting this upper bound for n—m into (3.5), we
obtain 1 < 1.82-10%°.
Next we shall apply Lemma 2.1 to further reduce a little bit the upper bound on n. Let

d-/5-(1—amm)~1
b—-1 '

zp:=log(Ax+1) =klogb—nloga+log (

It is clear that

1
|Az| =]e2—1] < (5.89)-a7" < 1

by (3.4), where we have used the assumption that n>150. Thus, taking a:=0.25 in Lemma
2.3 and making necessary calculations, we get

|1z2| =[log(14+Az)| < % (5.89)-a7" < (6.78)-a".

Dividing both sides of the above inequality by loga, we get

log (Va0 4"
0< k<w>—n+ ( - ) <(14.09)-a7". (3.8)
loga loga

Let y= % and M =1.85-10'¢. By using Mathematica, it is seen that denominator g3 of

the 43" convergent of 7y exceeds 6M. Also, taking

log <d.\/§,(%;oim—n)—1 )

loga

‘u:

with n—me([1,186] and n—m¢ {4,8,12}, a quick computation with Mathematica gives us
the inequality
e=||pqas||— M| |7qas|| >0.00007.
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Note that when n—m =4,8,12, € <0 for some values of b and d. So we cannot apply
Lemma 2.1. Let A=14.09,B=u«, and w =n. Using Lemma 2.1, we see that the inequality
(3.8) has no solution when
log(Aqas/€)
logB
with n—m ¢ {4,8,12}. Hence we must have n <135 with n—m ¢ {4,8,12}. Yet this is
impossible as we assumed 1 > 150.

<135.641<n

Now, we examine the cases n—m=4,8,12. If n—m=4,wehave F,—F,,=L,. 0= d'(bbﬁl)

from (1.2) and Lemma 2.2. This implies that

(6,2,6,1,2,7),(6,2,2,1,3,7),
(n,m,b,d,k,N)e{ (84,53,2,18),(84,82,2,18),
(7,3,10,1,2,11)

by Theorem 2.3. If n —m =8, then by Lemma 2.2 , we have F,, — F,, = L;L,,;4 and so

d-(bF—1

LoLyya= %

by (1.2). This shows that
(n,m,b,d,k,N)e{(10,2,8,6,2,54),(13,5,7,4,3,228) }

by Theorem 2.3. If n—m=12, then e <0 for (b,d)=(8,7),(2,1). In this case, by Lemma 2.2,
we get 8L, 6=F,—Fy,= 8K —1 or 2—1, which are impossible. O

Corollary 3.1.The largest repdigits in base b, which can be written as the difference of two Fi-
bonacci numbers are

Fo—F=34-3=31=(11111),,  F4—F=377—-13=364=(111111)3,
Fiu—F=377-13=364=(222);, Fo—F;=34—3=31=(111)s,
Fii—F=89—3=86=(222),, Fi3—F5=233—5=228=(444);,
Fio—F,=55—1=54=(66)s, Fiu—F=377—13=364= (444),,

and
Fi5—F19p=610—55=555=(555)1p.

Corollary 3.2. The largest Fibonacci number which can be written as a sum of a repdigit and a
Fibonacci number is Fi5 =610=555+55=555+ F;.
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