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Abstract. In this paper, by using the Hermitian metric and Chern connection, we
study the case of a strictly pseudoconvex domain G with non-smooth boundaries in a

complex manifold. By constructing a new integral kernel, we obtain a new Koppelman-—
Leray-Norguet formula of type (p,q) on G, and get the continuous solutions of d-

equations on G under a suitable condition. The new formula doesn’t involve integrals

on the boundary, thus one can avoid complex estimations of the boundary integrals,

and the density of integral may be not defined on the boundary but only in the domain.

As some applications, we discuss the Koppelman-Leray-Norguet formula of type

(p,q) for general strictly pseudoconvex polyhedrons (unnecessarily non-degenerate)

on Stein manifolds, also get the continuous solutions of d-equations under a suitable

condition.
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1 Introduction

As early as 1831, Cauchy found the famous Cauchy integral formula, which named by his
name. Many mathematicians were aware of the importance of integral representation in
complex analysis. Later, the integral representation method gradually became one of the
main methods of complex analysis in several variables, because one of its main virtues
is that it is easy to estimate like the Cauchy integral formula in one complex variable. It
is well known that the integral representations and their applications for (0,q) differen-
tial form in C" have been deeply studied(see, for instance [1-10]). But the research for
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integral representations on complex manifolds began in 1980s. Most of the results, so
far, have been concerned with Stein manifolds(see, for instance [4,5,11-13]). In the early
1990s, Berndtsson B [14] studied the theory of integral representations on general com-
plex manifolds and gained in a quite general integral kernel under a suitable condition.
Using this kernel, the Koppelman formula on complex manifolds was obtained. Based
on it, Zhong T [15] got the Koppelman-Leray-Norguet formula of type (p,q) on a bound-
ed domain G with piecewise C! smooth boundaries in a complex manifold, and gave the
continuous solutions of d—equations on G under a suitable condition.

In this paper, by using the Hermitian metric and Chern connection, the case of a strict-
ly pseudoconvex domain G with non-smooth boundaries in a complex manifold is stud-
ied. By constructing a new integral kernel, a new Koppelman-Leray-Norguet formula
of type (p,q) on G is obtained, and the continuous solution of d—equations on G under a
suitable condition is given. The new formula doesn’t involve integrals on the boundary,
thus complex estimations of the boundary integrals can be avoided, and the density of
integral may be not defined on the boundary but only in the domain. As an applica-
tion, C" and Stein manifold are taken as examples to discuss the relationship between
the conclusion of this paper and the corresponding conclusion in [4]. The Koppelman-
Leray—Norguet formula of type (p,q) for general strictly pseudoconvex polyhedrons with
unnecessarily non-degenerate on Stein manifolds is also discussed, and the continuous
solution of d—equations under a suitable condition is given, it implies the corresponding
result in paper [13].

2 Basic knowledge and lemma

Let M be a complex manifold, X = M x M, E is supposed to be a holomorphic vector
bundle of rank # over X, and 7 is a holomorphic section to E such that

{n=0}=Y={(C,z) eX|T=z}.

Let ¢ be any smooth section to E* that is a dual bundle of E, which is admissible for
1, 1.e. For any compact set BC X, we have

¢l <cglyl and [{&,1)|>Cply|*,

where cg and Cp are constants only concerned with B, e.g. ¢ is dual vector of # on some
measurement, then ¢ is admissible for 7. We consider extensional equation

dK =[Y]—C,[O], 2.1)

where @ is a formal curvature of some connections for E, C,[@®] is the n*" Chern form of
©. Berndtsson B obtained explicit solution of (2.1)(name it Berndtsson’s kernel)

n—k-1  _
K[Z,n)(z.0)A n?gglﬂ Z( > el ié;’i)k NOF, 2.2)
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where A =ejAeyA---Aej Ney, e1,--- e, is a local frame for E, e],--- e}, is a dual frame for
E*,

.k
1 ~
<é> E@":Ck[@]ef/\el/\---/\eZ/\ek.
We denote

P(N):={K=(ky, - k;) N :1<ky, - k; <N},
P'(N):={K=(ky,"--,k;) EP(N):1<ky <---<k;<N}.

Definition 2.1. Let M be a complex manifold of complex dimension n. An open set GCC M
is said to be possess piecewise C' smooth boundaries, whenever there are finite open covering
{U} Y, of neighborhood U of G, and C! functions py: Uy — R, (1 <k < N), which matches the
following conditions:

(i) GNnU={xeUlforall 1<k<N,wehave x¢&Uy, or px(x)<0};

(i) Forall K= (ky,---,k;) € P'(N), we have

dok, (z) A== Adpyg, (z) #0,  Vze U, N---NU,.
We call {Uy,px}Y_, is a frame for G.
Let S;={z€dGNU;|p;(z)=0},(i=1,---,N), for K= (ky,--- ,k;) € P(N), define
S,N---NSy,,  if integers ky,---,k; are different in pairs;
Sk=
@, otherwise.

Choose the orientation on Sk such that

N N
9G=Y S, ask=Y S
k=1 j=1

where Kj:= (ky,---,k;,j), the orientation of 0G and dSk is induced by the orientation of G
and Sk, respectively. Then the orientation on Sk is skew symmetric in the component of
K. Let

A= {A:(Ao,---,AN)eRN“

N
A;>0, ;)Aj:1},
]:

be a standard N-simplex in RN*1.For every ordered subset | = {ji,-**,jm } of {0,1,---,N},
define
A]: {A€A|Z)\]:1},
j€l
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and the orientation of A\ is chosen such that

m

Ny =) (1)L,

r=1
where j, means that j, is omitted. With this orientation, we have
a(SK X A]) =0Sg X A]—F(—l)‘K‘SK X 8A],

where |K]| is the length of the index set K.

We set N(pr):={z€Uy|px(z) =0} and suppose that N(px) CC Uy, (k=1,---,N), (where
it’s not necessary to assume dpi({) #0, (k=1,---,N) when { €9G), so we can use 6 C C Uy
to denote neighbour of N (py).

Similar to Theorem 4.8.3 and Lemma 4.8.2 in paper [4], after shrinking 6, we can find
numbers ¢, « >0, as well as C! functions ®y(z,¢) and ®y(z,{), defined for z€ GUB,{ € by,
such that the following conditions are fulfilled:

(i) Pi(z,0), D(z,g) are holmorphic in z€ GU#;, and C! continuous in { € 6.
(i) Forze GUb, ¢ by, with dist(z,{) > ¢, we have

Di(2,0) #0,  Di(z,0) 0. (2.3)
For z€ GU6,{ € 0 with dist(z,{) <¢, we have
| @i (2,0)| > a(x(2) — px(2) +[dist(z,0)]*), (24)
[Pk (2,0)| > a(—p () — px(2) + [dist(z,0)]?). (2.5)
For every z € 6;, we have
Dy (z,z)=0. (2.6)

(iii) ForzeGUb, € N(px), we have

D (2,0) = Pr(2,0). (2.7)

Similar to Corollary 4.9.4 in paper [4], after shrinking 6y, we can find T*(M)-valued
C! maps & (z,{) such that the following conditions are fulfilled:
(IV) Ck(Z/C)GTZ*(M)/ZEGUGk/ geek! (kzllzN)
(v) k(z,Q) are holmorphicin z€ GU6, (k=1,---,N).
(vi)

CDk(Z,g) = <§k (Z,g), W(Z,g», z€ DU, €6, (k: L. /N)' (2.8)

Let F be a C* metric over E, which induces a antilinear map p:E—E*, +—(-,11), let D
be a connection of E about F, D* is a connection of E* about F*, where F* is induced by the
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1
2

metric F over E*. Suppose 7] is a C* section: M x M— E*(M x M), which is defined by 77
pon, such that: Ve E(M x M),we have (u1,17)r>0, and the map ||17(z,0),.:=({un,m)F)2,
17 € E(M x M) define a norm on each fiber in E(M x M), denote (u1,17)r =17(z,0)|2.

In Mx Mx A, we use E*(M x M x /) to denote the pullback of dual bundle E*(M x
M) with respect to map (z,0,A) — (z,{) . The metric F* on E*(M x M x A) is induced by
the metric F over the vector bundle E(M x M). Let V be a connection of E*(M x M x /\)
about F*, which is holomorphic on the metric.

We use the notation C;°(M x M x A,E*) to mean k-order differential form space on
Mx M x /\, which is valued at E*=E*(M x M x /A\) and has the following decomposition

COMXMxAE )= @ Cp(MxMxA,E"),
p+q+r=k

where Cp, (M x M x A\, E*) denotes differential form space of type (p,q) about varibales
(z,0) and type r about variable A.
The connection V can be decomposed to V=V'+V", such that

Vs C (Mx Mx AE )—>CP+1W(M><M><A,E*),
V" Co s (MXMX A E*) — Cyp o (MX Mx A E)DC, 1 (MXMx AE).

When (Cx(2,0),1(z,0)) #0, (z,0,A) in some neighborhood of G x Sk x Aok, we define

Ck Z/g)
’77( C) T +keZI:< k<Ck(Z,§) 1(z,0)) (2.9)

According to the properties of 77 and & (k € K), the map (z,{,A) — t*(2,{,A) defines a
C! section on a neighborhood of G x G x A. So this differential form

t*(z,{,A):=A

t*/\DU 1" n—k—1 rx Ok
Q[t*,7,4](z,0,A) A ) Z< ) K(V"t* ADp) IO
is continuous on a neighborhood of G x9dG x A,we denote
O anzIMNA= Y Op(z4A),
where )y, 4(z,0,A) is a component type (p,q) about variable z of ﬁ[t*,ﬁ,n] (z,,A)A, which

is abbreviated as Q)(z,¢,A)). For abounded domain with piecewise C' smooth boundaries
in a complex manifold, the following conclusions have been proved in [15].

Lemma 2.1. ([15]) Let M be a a complex manifold of complex dimension n, G is a bounded
domain with piecewise C' smooth boundaries in M, f € C,q\(G), of is also continuous on G,
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0<p<n, 1<qg<n, then for all z€ G, we have

(-7 =3[ ¥ (-1 FOAD,1(2,0)

[K|<n—g Six Dok

+ [ QAN

Gx /g
-l ¥ (pK 3eF(2) A a(,00)

IK|<n—q~1 Sk Lok

o0 @A (22|

(=t 37 (- f(ONQpq(z.0A)

IK|<n—q SixBox

+ [, FOACO(z0),

where Qyp 4(2,0,A) and C,[©], 4(2,0) are the component type (p,q) about variable z of dQ(z,g,A )=

(02,0 +dr)Q(2,0,A) and C,[O](z,{), respectively.
In particular, if we add the condition Qe = D%e=0, 9 =0, then

gz)= (=) ¥ (- F@ADp g 1(20A)

IK|<n—q Sxx Dok
o SO (22 0)]

is the continuous solution of 0-equation 0g= f in G.

3 New Koppelman-Leray-Norguet formula
For K= (ky,---,k;) € P(N), define

{ {Celzlpx, (C)=---=px (0)}, if integers ky,--- k; are different in pairs;

K._
UE.—

Q, otherwise.
By the definition of local g-convex wedge (see [16]), we can be sure that Ué is a closed

C? submanifold of Ug, and denote px () = px, (¢) (¢ € Ué, r=1,---,1). For Ke P(N), we
define

Tx:={ZeUL|p;j(0) <pk({) <0, j=1,--,N}.

It is not difficult to verify that I'x is a C* submanifold with piecewise C* smooth bound-
aries of G. We can also verify the following conclusion:

C:IHU---UI"N, arK:SKUFKlU-“UrKN,KGP(N),
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Select the orientation on I'y such that the component of the orientation with respect to K is
skew symmetric and that the following conditions hold: TI'j,---,I'y carry the orientation
onC";, IfKeP(N),1<j<N,j¢K, then the orientation on FK]- is consistent with that on
—dl'k.

Lemma 3.1. ([16]) The following identity holds

Z (—1)|K|8(FK><AOK) GXA()—F Z ||SK><A0K— Z FKXAK
KeP'(N) KeP'(N) KeP/(N)

Selecting x € C5°(6) (k=1,---,N), such that x;({) =1 on a neighborhood of N(py).
From formula (2.3) and (2.5), for each z€ G, the neighborhood Vj C 6y of N(py) exists that
makes for { € (GNB)UV;, we have @y (z,{) #0. Since supp(xx) CC b, for each fixed z€ G,
the map xi ()& (z,0) /®x(z,0) is C' continuous with respect to € GUV;. We denote

(Z g) ZA W 3.1)

(z,0,A):= 2
Pt = o T EN o)

So the differential form
O & ) t*/\Dﬂ " n—k—1 , 5k
Q[ 7,1 (z,LA) A= 2" Z( > K(V'"FADy) NOF, (3.2)

is continuous on a neighborhood of G x9G x A. We denote

Q" 7.yl(z.L M) A= )3 _p,q(Z/C,A),

where Q,(z,,A) is the component type (p,q) about variable z of Q[t*,7,1](z,{,A)A,
which is abbreviated as Q)(z,{,A). We denote

Q[F,7,7](z,0,A) A:=dQ[F,7,17](z,0,A)A,
which is abbreviated as ﬁ(z,C,/\). So we have

dC,A [f(g) /\ﬁ(z,g,)\)]
= 3 f(O)AND(2,5A) + (=P () AO(2,8,A) —3:[F(D) AQ(z,4,4)]. (3.3)
IfA= (/\0,' = ./\N) €/, then

)\0:1 ’tv*:t* — ﬁ(Z,C)

when denote

D "GADp k=1

n' 27ti)" W%(”*k)

we obtain the following lemmas.
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Lemma 3.2. Q(z,0,A) |, =Q[7,17](z,0) A=Q(z,,A)| A,-

Lemma 3.3. When { €9dG , we have
Q(z,4,A)=Q(z,g,A).
Proof. 1f  €9G , we have xi(0) =1, ®i(z,{) =Pk(z,{). Then by formula (2.8) , we can get

x(8(z0) _ G(z8) _ &(z0)
EDk(Z,g) CDk(Z,g) <Ck(2,§),17(z,§)>'

So t* |zeac = t*|zea, thus this Lemma holds. O

Lemma 3.4. For continuous bounded (p,q) differential form f on G, the following conclusions
are valid.

(i) [, f@OrDEE)=0,  (€G, q#1) (4)

(i) o)  fOAND(ELA)=0, (2€G). (3.5)

Proof. (i) If ({,A) €Tk x Ak, then

F=Y" Mx(0)Er(2,0) / Pr(2,0),

kek

Since &(z,0) , ®i(z,¢) (k=1,---,N) are holomorphic with respect to the variable z, 0(z,{,A)| (@A) E(TrxAx)
is zero-order about 9., so the order sum, with respect to the variable ¢ and A, of f({)A
O(z,¢,A) is equal to 2n+1—g, however dimg (' X Ag) =2n, thus the formula (3.4) holds
whenzeG, g#1.
(ii) Since ¢(z,0) , ®x(z,0) (k=1,---,N) are holomorphic with respect to the variable
z, so the formula (3.5) holds. O

Theorem 3.1. Suppose G is a strictly pseudoconvex domain with non-smooth boundaries in a n-
dimensional complex manifold M, and there are holomorphic support functions ®y(z,0), Pk (z,0),

(k=1,---,N) that satisfy formula (2.3) to (2.8) in G, f € C(p/q)(é), of is also continuous on G,
0<p<n, 1<q<n, @e=D?=0, then for all z€ G, we have

f(Z): Z (_1)“(‘52 f(C)/\ﬁp,q—l(Z/C//\)

K|<n—q+1 T Dok

+ Y (-plX Af () AQq(2,0,A). (3.6)

|K|<n—gq Tk x Dok
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In particular, if of =0, then
g = T UM ADAD G,
|K|<n—q+1 Kkx Dok
is the continuous solution of d-equation dg= f in G. Where ﬁ,,,q(z,g,)\) is the component type
(p,q) about variable z of Q)(z,Z,A).

Proof. Let us first prove the special case when { €9G, dpi({) #0 (k=1,---,N). f and of are
continuous on G, we apply Stokes Formula to the differential form f({)AQ,4-1(z,{,A)

on Lep vy (—1)KITxx Aok,

Yy, (-nK deAlf (D) ADpg-1(2.0M)]

KeP'(N) Txx Dok

— 1|K|/ A0 1(2,0,7).
KGP’ rI<><AOK P 1( g )

By Lemma 3.1 and formula (3.3), we have

Z (_1)|K| égf(g)/\ﬁp,q,l(Z,g,)\)

KeP'(N) Trx Dok
+(_1)p+qK PZ/(N)(_l)K FKXAOKf(C)/\ﬁP,q—l(Z/g/)\)
+ Y (=), F@QADpq-2(2,8,A)
KeP/( ) Txx Aok
N éXAof(g)/\qu 1tabd) +KE§%N) ‘K‘ SKXAOKf(g)/\ﬁp’q_l(Z’g’A)
_KegéN) /erAKf@ Apga(zEA).

Then we have

Yy (-ple FOND-1(z,07)

KeP/(N) Tex Dok
- (—1)”"”7 [/Exﬁof(g)/\ﬂpq 1(2 C/\ +KG;(ZN) lKl SKXAOKf(g)/\ﬁp’q_l(ZIC/A)]
+<—1>P+q“[ Y (—1la, FQ)ADpg2(z0,A)
KeP'(N) Tiex Aok
+ Y / () AT, 1(2,0,A)
KeP/(N
+ Y (- 3 f(Q) A Dy 1(280)]. (3.7)

KeP'(N) T x Dok
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Using 0, to act on both sides of formula (3.7), we get

Z (_1)‘K‘éz f(C)Aﬁp,q,l(z,C,A)

KeP/(N) Txex Dok

/DXAOJC(Q Aﬁp,qfl(Z,C,A)—F Z (_1)\1(\ f(g)/\ﬁp,qfl(Z,C,)\)

KeP/(N) Skx Dok

L [ @A

KeP'(N)’Tkx Bk

= (_1)P+qg‘)z

—|—(—1)P+‘7+152 [

+ Y (- 9gf<5)mp,q_1<z,5,A>} (38)

KeP'(N) Tiex Dok
Substitute d; f({) for f({) in formula (3.7), we have
Z (_]‘)lKl aéf(g)/\ﬁp,q (Z/C//\)

KeP'(N) Txx Dok

=L RO EeNE B D[ G fOAD(E0A)]

KeP'(N) Skx Lok

DY (DME [ B f (0 Aga(28A)

KEP’(N) 1—'KX 0K
+ ) /

I ) AOp(z5A) . (3.9)

From Lemma 3.4, for any K€ P'(N), we have

[ af@n0ELN =0 (q=1),
FKXAK
9: f(C)/\ﬁp,qfl(Z,C,)\) =0.
FKXAK
Moreover, add formula (3.8) to (3.9) , and we can get

Z (_1)|K|SZ f(g)/\ﬁp,q—l(zlgl)\)

KeP'(N) Tk x Dok

+ Y (- A f (L) Ay q(z,0,A)

KeP/(N) Txex Lok

= (—1)P*13, [/_ FQOAD,51(2,0,0)

DXAQ

+ Y (- FQADg (200

KeP/(N) Sk x Dok

A B f(@) AT (EEA)

DXAO
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L DN af QAT (L) (310)
KeP'(N) K* Dok
Also pay attention to
| F@R80a(zeA) =0, [KI>n—g, (3.11)
SKXAQK

this is because if |K| >n—g, then dimgrSx =2n—|K| <n+g, but the order with respect to
the variable ¢ of f({)A9-Qp 41 is no less than n+g. Hence this integral of (3.11) is equal
to zero when |K|>n—gq . In the same way, we can draw the following conclusions:

/SXA O f (DA, (2,5,A)=0,  |K|>n—q—1, (3.12)
/”A FONDY 1(2,0A)=0,  |K|>n—q+1, (3.13)
/r L af@A (=LA =0, [K[>n—g (3.14)

If @¢ = D?¢ =0, then we have Qp,(z,{,A) =0, C4[0],4(z,{) =0. From Lemma 3.2,
Lemma 3.3, formula (3.10) to (3.14) and Koppelman-Leray-Norguet formula (Lemma
2.1) , the formula (3.6) holds when { € 9G and dpi({) #0.

Second, we consider the general case that we do not have to assume dpi({) #0, (k=
1,---,N), when { € 0G. In this case, we prove the theorem by considering a sequence of
strictly pseudoconvex domains G,, which are infinitely close to G . And all constructions
in this section are uniform convergence with respect to m . From this we complete the
proof of the Theorem 3.1 . O

Example 3.1. If M = C", then the vector bundle E is chosen as an trivial bundle of or-
der n, the section 7 is usually chosen as 7 = —z, and ¢ is chosen as the section of the
Cauchy-Leray vector bundle. It is clear that the corresponding results for strictly pseu-
doconvex domains with non-smooth boundaries in C" can be obtained from Theorem
3.1, it contains the Theorem 3.1.3 in paper [4].

Example 3.2. If M is a Stein manifold of complex dimension 7, G is a strictly pseudocon-
vex domain with non-smooth boundary in M, s(z,0), ¢(z,{), « is the same as Lemma
4.2.4 in paper [4] , T(M) and T*(M) are the complex tangent bundle and the complex
cotangent bundle of M, respectively, T(M) and T*(M) are pullback maps of T(M) and
T*(M) with respect to projection Mx M — M, (z,{) ~z. E and E* are chosen as T (M)
and T*(M) , respectively. The sections ¢1, ---, {n of E*, which are taken as s, ---, s},
respectively. We choose holomorphic cross section 7 =s(z,{) such that {# =0} =YUP,
where P is a closed set disconnected to Y, the exceptional zero point of # leads to new
difficulty. To overcome this difficulty, we introduce a holomorphic function ¢, which has
the property ¢(z,z) =1. From Theorem 3.1, we obtain Koppelman-leray—norguet for-
mula with weight factor ¢"(z,{) (v >max{n«x*,nx}). This is the corresponding result of
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strictly pseudoconvex domain with non-smooth boundary in Stein manifolds. It contains
Theorem 4.10.4 in paper [4].

4 New formula for general strictly pseudoconvex polyhedron on
Stein manifold

Definition 4.1. Let M be a Stein manifold of complex dimension n, an open set G CC M is said
to be a strictly pseudoconvex polyhedron, that is, if there is a neighborhood Uz of G, finitely many
Stein manifolds My, ---, My whose complex dimensions are no more than n, holomorphic maps
Fe:Ugz— My, (k=1,---,N), as well as strictly pseudoconvex open sets Gy CC My, (k=1,---,N),
such that

G=F'(G1)N---NF ' (Gn).

If p1, -+, pn are strictly plurisubharmonic C2 functions in some neighborhoods 61, ---, O of 0G1,
-+, dGy, respectively, such that

GNOr={z€b|px(z) <0}, (k=1,---,N),

then 0G C F; 1(61)U---UFy" (0n), and a point z€ F; 1 (61)U--- UFy ' (0w ) belongs to G, if and
only if Vke {1<k<N|z€F ' (6)} , we have py(F(z)) <O0.

G is called a real non-degenerate strictly pseudoconvex polyhedron, when we can choose func-
tions Fy and py. such that: for every index set (k1,---,k;) € P'(N) , as well as every point z which
satisfies z € oG with py, (F,(z)) =+ = px, (F, (z)) =0, we have

d(ph oFk1)(Z)/\" '/\d(pkl Osz)(z) #0.

Remark 4.1. The boundary of a real non-degenerate strictly pseudoconvex polyhedron
is piecewise C! in the sense of Definition 2.1.

For general strictly pseudoconvex polyhedron ( it’s not necessary to assume real non-
degeneracy) which possess holomorphic support functions ®x(z,{), from Corollary 4.9.4
in paper [4], there are T*(M)-valued C! maps h; (z,{) such that

¢(2,0)¥k(2,0) = (h{ (2,0),5(2.0)),

where ‘T’k(z,g) :qNDk(Fk(z),Fk(C)), zeFk’l(GkUGk), CEFk’l(Gk), (k=1,---,N) . By the prop-
erty of ¥, we have @ (Fi(z),Fi(Z)) #0, then

¢z (20 _ x(Dh(z0)

(hi(2,0),5(2.0))  B(F(z),E(2))

are C! for any z € F, '(GyUb), € F '(6x), (k=1,---,N). Therefore (h,---,h},1) is a
Leray—-Norguet section for G.
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If we set

—— ., 8=z0 Xe(E)h (z,0)
s G =01 B BN (Rl R(0)

o o (PV(Zlg)Z*ADS = n k ik n—k—1 r» Ok
Q[t ,S,S](Z,C,/\)A::—.n (—1) (V t /\DS) A® ’
n!(27ti) kg(:) k

7

then the following theorem can be obtained.

Theorem 4.1. Let M be a Stein manifold, and G CC M is a strictly pseudoconvex polyhedron
(unnecessarily real non-degeneracy), which possess holomorphic support functions ®y(z,{), v >
2nk, f € C(p,q)(é)/ é_)f is also continuous on G, 0 < p<nl1<qg<nOe= D2%e=0, then for all
z€ G, we have

f(z): Z (_1)“(‘32 f(C)/\ﬁp,q—l(Z/C//\)

[K|<n—g+1 Fiox o
+ ¥ (=i Of ()N ypg(2L,A),
[K|<n—g Fiox o

where we need to be aware of (A)p,q(z,g,)\) is the component type (p,q) about variable z of
O(z,0,A) :=dO[f",5,5](z,0,A)A.
In particular, if of =0, then

ORI MENCE L ISV HARICY )
|K|<n—g+1 KX 20K

is the continuous solution of 0-equation 0g=f in G .

Remark 4.2. When we only choose the first term in the expansion of Berndtsson’s kernel
(i.e. formula (2.2)), it is exactly the kernel of type (p,q) on the Stein manifold. From
Example 3.2 and Theorem 4.1, it implies the corresponding result in paper [13] .
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