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Abstract

We consider the quantum Navier-Stokes equations for the viscous, com-
pressible, heat conducting fluids on the three-dimensional torus 7. The model
is based on a system which is derived by Jungel, Matthes and Milisic [15]. We
made some adjustment about the relation of the viscosities of quantum terms.
The viscosities and the heat conductivity coefficient are allowed to depend on
the density, and may vanish on the vacuum. By several levels of approxima-
tion we prove the global-in-time existence of weak solutions for the large initial
data.
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1 Introduction

In this paper, we are interested in the quantum fluid models. Such models can
be used to describe superfluids [18], quantum semiconductors [7], weakly interacting
Bose gases [11] and quantum trajectories of Bohmian mechanics [25]. Since the nu-
merical solution of the Schrodinger equation or the Wigner equation is very time con-
suming, fluid-type quantum models seem to provide a compromise between accurate
and efficient numerical simulations. Moreover, quantum fluid models are formulated
in macroscopic quantities like the current density, which can be measured. A hydro-
dynamic form of the single-state Schrodinger was already derived by Madelung [21].
Later, the so-called quantum hydrodynamic equations were derived by Ferry and
Zhou [7] from the Bloch equation for the density matrix. In [12] Gardner used the
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moment method to the Wigner equation leading to the full three-dimensional quan-
tum hydrodynamic model (QHD). Jungel, Matthes and Milisic [15] obtained a new
quantum hydrodynamic model using Levermore’s entropy minimization principle,
which can be used to derive the full three-dimensional quantum hydrodynamic mod-
el including the vorticity matrix. Recently some dissipative quantum fluid models
have been derived. In [13] the authors derived viscous quantum Euler models using
a moment method in Wigner-Fokker-Planck equation. In [5], under some conditions,
using a Chapman-Enskog expansion in Wigner equation, the quantum Navier-Stokes
equations were obtained.
In the following, we consider a full quantum viscous quantum equations as fol-
lows:
Op + div(pu) =0, (1.1)

dr(pu) + div(pu ® u) + VP — 26%div(p(V ® V) log p) = vdiv(pD(u)), (1.2)
Oi(pE) + div(pEu) + div(Pu) — 26%div(pu(V ® V) log p) — 62div(pAu)

= div(q) + vdiv(pD(u)u), (1.3)

with the total energy, the thermal diffusion flux and symmetric part of the velocity

gradient respectively,

_ Vu+ AVARYY
S —
where p is the density of the fluid, u denotes the velocity field of the fluid, @ is
the temperature of the fluid, P is the pressure field, ¢ is the diffusion flux, k is the

1
pE = pe+ Splul* = 6*pAlogp,  q=r(p,0)V0, D(u)

thermal conductivity coefficient. The physical parameters are the Plank constant
82 > 0 and the viscosity constant v > 0. This system of equations corresponds to
Garder’s QHD model [12] except for the dispersive terms 62div(pAu) and viscous
terms vdiv(pD(u)u).

Interestingly, quantum terms can be cancelled in the total energy equation. In
fact, by substituting the above expression for the total energy density into equation
(1.3) yields

dr(pe) + div(pen) + Pu = div(k(p, 0)V8) + vp|D(u)|?, (1.4)

System (1.1)-(1.3) is considered under initial conditions:
plt=o = po, pult=0 =mo, pEli=o = (pE)o.
Here the functions pg and mg satisfy:
mo=0 a.e.on{x e R":py=0}. (1.5)

There have been a large amount of work on the global existence of weak solutions
to the compressible Navier-Stokes equation without quantum effect, in the constant
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viscosity coefficients case. One of the main results of the nineties is due to Lions [19],
who proved the global existence of weak solutions to the compressible Navier-Stokes
system in the case of barotropic equations of state. Later, this result was extended
to the somehow optimal case v > n/2 in [8] using oscillation defect measures on
density sequences associated with suitable approximation solutions. For the full
compressible Navier-Stokes equation, including the temperature equation, Feireisl [9]
firstly proved the global existence of the so-called variational solutions to the full
compressible Navier-Stokes and heat-conducting system.

Recently Bresch and Desjardins [2] made important progress in the case of vis-
cosity coefficients depending on the density p, under some structure constraint on
the viscosity coefficients, discovered a new entropy inequality (called BD entropy)
which can yield global-in-time integrability properties on density gradients. This
new structure was first discovered in [3] in the framework of capillary fluid. Later
on, they founded that this BD entropy inequality also can be applied to the compress-
ible Navier-Stokes equation without capillarity. By this new BD entropy inequality,
they succeeded in obtaining global existence of weak solutions in the barotropic flu-
ids with some additional drag terms. However, there are some difficulties without
any additional drag term, as lack of estimates for the velocity. By introducing a new
apriori estimate on smooth approximation solutions, Mellet and Vasseur [22] stud-
ied the stability of barotropic compressible Navier-Stokes equations. Unfortunately,
they cannot construct smooth approximation solutions. Li and Xin [20] recently
constructed some suitable approximate system which has smooth solutions satisfy-
ing the energy inequality, the BD entropy inequality, and the Mellet-Vasseur type
estimate, therefore they completely solved an open problem. Independently, Vasseur
and Yu [26] have proved the same result by constructing a different method. Bresch
and Desjardins [4] also used this new entropy to obtain the global-in-time existence
of weak solutions to the Navier-Stokes equations for viscous compressible and heat
conducting fluids where the viscosity coefficients depend on the density.

On the other hand, there are few results about compressible Navier-Stokes
equation with quantum effect. In [16], Jungel proved the global existence of weak so-
lutions to the compressible quantum Navier-Stokes system in the case of barotropic
equations of state when the scaled Plank constant is larger than the viscosity con-
stant. In [6], Dong extended this result where the scaled Plank constant is equal
to the viscosity constant, and in [17], Jiang showed that the result still holds when
the viscosity constant is larger than the scaled Plank constant. In [14], Gisclon and
Lacroix relaxed the assumption v > 3 to v > 1 by introducing a cold pressure. Very
recently, Antonelli and Spirito [1] removed this additional cold pressure assumption
in the sprit of the idea in [20].
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In this paper we will study the global existence weak solutions to full quantum
compressible Navier-Stokes equations (1.1)-(1.3) for the large initial data. In the
treatment of systems (1.1)-(1.3), we need to overcome several mathematical difficul-
ties. The first problem is lack of information of suitable estimates for the solutions.
We use some relation about quantum terms in which these terms can be cancelled,
thus we can obtain the basic energy estimate and the B-D entropy estimate which
are key estimates to deduce the global-in-time existence of weak solutions to full
compressible quantum Navier-Stokes equations. The second problem is the proof
the compactness of the velocity sequences. In dealing with this obstacle, we in-
troduce the stabilizing term in the form of cold pressure. This singular pressure
prevents the appearance of vacuum.

1.1 Assumptions

This subsection deals with assumptions regarding physical coeflicients, such as
thermal conductivity and equation of state.

First of all, the thermal conductivity coefficient x is assumed to satisfy:

K(p,0) = ko + p + pb? + BOB, (1.6)

where kg = const. > 0, B > 8.

Next, we assume that the above equations are of ideal polytropic gas type:
ot p! B

= c,o — , =

e=ec+ #+ﬁp+7_1 )

where R and C, are two constant positive coefficients. Moreover, the additional

P=p" +P.+ Rph + =6, (1.7)

pressure P. and the internal energy e, are associated with the “zero Kelvin isother-
mal”. We require that e, is a C? nonnegative function on R, and the following

constraint is satisfied d
_ 29¢

P, . 1.8

e(p) p®@) (1.8)

We also require that P, is a continuous function satisfying the following growth
condition

(1.9)

, {02,07_1 for p <1,
1

03,07+_ for p > 1,

for positive constants ¢, cg and v~,~T > 1. This cold pressure was firstly proposed
in [4] to encompass plasticity and elasticity effect of solid materials, for which low
densities may lead to negative pressures. By this modification, the compactness of

velocity can be obtained. In later section we will use the notation: Pg = Rpf + §94.

1.2 Main result
Before we state the main result, we need to specify the definition of weak solutions
given below. It is necessary to require that the weak solutions should satisfy the na-
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tural energy estimates and from the viewpoint of physics, the conservation laws
on mass, momentum and energy also should be satisfied at least in the sense of
distributions. Based on those considerations, the definition of reasonable global
weak-in-time weak solutions is given as follows.

Definition 1.1 A couple (g, u,#) is called a weak solution to system (1.1)-(1.3)
if and only if for any positive number T, the following conditions are satisfied:

e 0, u, 6 respectively belong to the classes
p € L2([0, T L7(Q)), pt e L([0,T] L (%)),
Jpou € L([0,T); L*(Q)), /pVu € L*([0,T]; L*()),  (1.10)
6 € L2([0,T]: LY(2)), 6 e L*([0,T|; W2(Q2)),

e the following identities are fulfilled:

— The continuity equation
Op + div(pu) =0
is satisfied pointwisely on [0,77] x €;

— the momentum equation

/T/ Pu-@tgbd:cdt—i—/T/ (pu®u)V¢dxdt—/T/ vpDu : Dedxdt
//Pdwdxdt—%z//pvzlogp Vodadt = — /m (0)dz (1.11)

holds for any test smooth vector function ¢ such that ¢(-,7") = 0, where
—242 / / pV2log p - Vpdadt = —462 / / VPV /p - Vdivedzdt
0JQ 0JQ
T
—852 / / V/p @ Vy/p: VVpdrdt;
0JQ
— the total energy equation
/ / pf + pe — 6%pAlog ,0) Orpdadt
P
+ pe +p u— 0“pAlogpu) - Vodxdt
0Jo 2
T T
+62 / / W(ApVe + 2VpA¢ + pVAG)dadt + 52 / / uV?pVedzdt
0J0 0JQ

T T
462 / / V/p® Vy/puVepdrdt — / / KV - Vpdadt
0JQ 0JQ
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T T
—i—//Pu-V(bda:dt—//upD(u)u-V¢dxdt
0JQ 0JQ

T |11|2 A s 12 2
+ (b7 + pe+ SIVA*DI2 = 6pAlog p) (0)6(0)dudt =0 (1.12)
0 Jo V2 >

holds for any test smooth vector function ¢ such that ¢(-,7') = 0, where

T T
—242 / / puV?log pVedadt = —26> / / uV?pVedzdt
0JQ 0JQ
T
—862 / / Vp ® V/puVedrdt,
0JQ

T T
52 /0 /Q pAuVpdrdt = —5> /0 /Q u(ApVo + 2VpAed + pVA¢)drdt,

Now our main result of this paper can be presented as follows:

Theorem 1.1 Let Q be the three-dimensional torus T3. Assume that k, e, P,
satisfy the hypotheses (1.6)-(1.9). Let the initial data py € L>/3(9), p% e L 3(Q),
m® € L1(Q), 0° € LY(Q) such that (W;# € LY(Q). Assume the parameters v > 1,
¥~ >3, B>28. LetT > 0 be arbitrary. Then there exists a weak solution to
(1.1)-(1.3) in Definition 1.1. Moreover, the density p > 0 and the temperature 6 > 0

a.e. in (0,T) x Q.

2 Approximation

The aim of this section is to present two levels of approximation. First, we take
g, A > 0 and fix s to be a sufficiently large positive integer. Our aim is to consider the
regularized problem given below, in which ¢ is the rate of dissipation in the continuity
equation. We insert A to the momentum equation to obtain the artificial smoothing
operator AVA2*t1y with s sufficiently large. Inspired by the works of Bresh and
Desjardins, we introduce another regularization of the momentum AVA25+1(pu).
Note that by setting e, \ — 0", we recover our original problem.

We look for space periodic functions (p, pu, 6) such that

p € L0, T; WEH(Q)),  dyp € L2(0,T; LA(Q)),
uc L0, T; W*T(Q)), (2.1)
6 € L*(0,T; WH*(Q)) N LP(0, T; L*P(92)),

to solve the following problem:

e The approximate continuity equation

Oip + div(pu) —eAp =0, p(0,2) = p}(z) (2:2)
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is satisfied pointwisely on [0,7] x € and the initial condition holds in the
strong L? sense; here p} € C*(Q) is a regularized initial condition such that
P = p%in L7 (Q) for A — 07, and )\\|V23+1p | = 0 for A = 01, with

mlIelg P > 0; (2.3)

e the weak formulation of the approximate momentum equation

/OT/Q ou - Orpdxdt —/OT/Q AA*V(pu) : AV (pg)dadt +/0T/Q(pu ® u)Vodadt
_/OT/Q vpDu : Dodadt +/OT /Q Pdivedzdt —/OT/Q AASiv(pg) : ASTL(p)dadt
252/0T/Q pV21og p - Vodzdt — /OT/Q(vp V)u- ¢dzdt = /Q m0 - $(0)dx

(2.4)

holds for any test vector function ¢ € L2(0, T; W2s+L(Q))nW2(0, T; Wh2())
such that ¢(-,T) = 0;

e the weak formulation of the energy equality

2
/ / pu bpet 2 |VASp|2 — 82pAlog p) dpdrdt

4 |u[2 2
- KVO - Vodadt + (pe + oy~ §2pAl0g pu) Vedzdt
0Ja 0Ja 2

T T
+//Pu-Vd)dxdt—//l/pD(u)u'V¢d:J:dt
0J0
T
/ / 7—595 ¢dxdt+ / / R \dxdt
0J0

/ / p— +pe+ = |VASp|2 — 6%pAlog p) (0)¢(0)dadt (2.5)

Re,A(Pa 97 u, ¢)
= A[A%(div(pug)) A%t p — Asdiv(pu) A*T pg] — AASdiv(pu) VAT . Ve
—A[|A°V(pu)?¢ — A°V(pu) : A*V(pug)] + Ae A pVA*p - Vo

P
+%|u\2vp.v¢+svp.v¢(ec(p) n ;p)) (2.6)

are satisfied for any vector function ¢ € C*°([0,7] x Q) with ¢(T,-) = 0; here
u = 27 and 63 € C(Q), 63 — ° for A — 0+ in L4(Q2), and
A

0 < inf 69(z) = 8° < 0°(x) < sup B (x) = A0 < oo. (2.7)
z€eQ xeQ) '
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We prove the following result.

Theorem 2.1 Under the assumptions of Theorem 1.1 and the assumptions
specified in this section, for any T > 0, ¢, A > 0, there exists a solution to problem
(2.1)-(2.7) in the sence defined above.

Indeed, the proof of this result is far from being obvious. To prove Theorem
2.1 we have to introduce another level of approximation, based on regularization of
certain quantities and finite dimensional projection (Faedo-Galerkin approximation)
of the momentum equation. More precisely, we look for functions (p, u,#) such that

p € L*(0,T;W»*2(Q)),  8ip € L*(0,T; L*(92)),
ueC0,T; Xn), (2.8)
0 € L*(0,T; Wh2(Q)) N L>((0,T) x Q),
to solve the following problem:
e The approximate continuity equation
dip + div(pu) —eAp =0, p(0,2) = p}(z) (2.9)
is satisfied pointwisely on [0,7] x € and the initial condition holds in the

strong L? sense; here pg\ is as above;

e the Faedo-Galerkin approximation for the weak formulation of the approxi-
mate momentum balance: Look for u € C([0,T]; Xx) such that

//pu Oypdxdt //)\AS (pu) : A°V(po) d:cdt+// pu ® u)Vededt
—//VpDu:Dd)dmdzH—//Pdivqbdmdt —//)\Asdiv(qu):AsH(p)dxdt
0./0 0./Q 0JQ
T T
—252//pVQIng-ngd:Udt—s//(V,O-V)u-gbdxdt:—/ m° - ¢(0)dx
0JQ ) Q

(2.10)
holds for any test vector function ¢ € Xy, and Xy = span{gﬁi}fil, where
{#;}}¥ | is an orthonormal basis in L?(Q), such that ¢; € C>(Q) for all i € N;

e the approximate thermal energy equation:

Or(pf + o) + div(uph + fub?) — div(kV6) + <Pm + g)divu

= 5 —ct’+ i\vp%ﬁ + vp|D(u)? + AA*V (pu) 2 + Ae| A% pf?
19P.

+e— G )]V 2+ 26%p|V? log p|? (2.11)
p Op

is satisfied pointwisely on [0,7] x © and the initial condition 69 ia as above.
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Theorem 2.2 Let N € N, £,6,A > 0, and mo,pg,ﬂg be as above. Under the
assumptions of Theorem 1.1 and the assumptions specified in this section, for any
T >0, e, XA >0, there exists a solution to problem (2.9)-(2.11) in the sence defined
above.

3 Basic Level of Appromation

This section is dedicated to the proof of Theorem 2.2. The strategy of the proof
can be summarized as follows:

e Fix u(t, z) in the space C(0,T; X ) and use it to find a unique smooth solution
p = p(u) to (2.9) and a unique strong solution 6 = 6(p,u) to (2.11).

e Find the local-in-time solution to the momentum equation by a fixed point
argument.

e Extend the local-in-time solution to the whole time interval using uniform
estimates.

3.1 Continuity equation

We first prove the existence of a smooth, unique solution to the approximate
continuity equation in the situation when the vector field u(z, t) is given and belongs
to C([0,T]; Xn).

The following result can be proven by the Galerkin approximation and the well
known statements about the regularity of the linear parabolic systems.

Lemma 3.1 Let u € C([0,T); Xn) for N fized and p be as above. Then there

exists a unique classical solution to (2.9), that is p € V[g AL where
Vi =1{p € C([0, T C*(Q)), dp € O([0,T);C(Q))} - (3.1)

Moreover, the mapping u — p(u) maps bounded sets in C([0,T]; Xn) into bounded

sets in V[g 7 and is continuous with values in C([0,T]; cH(Q), 0< v <v <,
o exp ( ~ / Hdivu||oodt) < p(r,z) < plexp ( - / Hdivu||oodt>. (3.2)
0 0

Finally, for fited N € N, the function p is smooth in the space variable.

3.2 Temperature equation

The existence of unique solution to (2.11) can be proven as in [10], which is to
transform and regularize equation (2.11) in such a way that the classical theory for
quasilinear parabolic equations could be applied. We have the following lemma.
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Lemma 3.2 Let u € C([0,T]; Xn) be a given vector field and p = py be the
unique solution of the approzimate problem constructed in Lemma 3.1. Then there
exists a unique strong solution to (2.11) which belongs to

V[g,T] = {00 € L*((0,T) x Q), A0 € L*((0,T) x ), § € L>=(0,T; W"*(Q)),
0,67 € L=((0,T) x Q)} . (3.3)

Moreover, the mapping u +— 6(u) maps bounded sets in C([0,T]; Xn) into bounded
sets in V[g 1) and is continuous with values in L2([0, T); WL2(Q)).

3.3 Fixed point argument

At this stage, we are ready to show the existence of approximate solutions on a
possibly short time interval (0, 7). We use the Schauder fixed point theorem to find
a solution to the momentum equations.

More precisely, we prove that there exists a 7 = 7(/N) such that u solves the
approximate momentum equation (2.10). To this purpose we consider the following

mapping

T:C([0,7]; Xn) — C([0,7]; XN), T(v)=n, (3.4)
which attain a solution to the following problem
t
u= M, [mo + /0 Py N (v)(s)ds}, (3.5)
where
(N(v), ) = /(pv ®v) : Vodzdt — / vpDv : Dpdadt —l—/ Pdivegdzdt
Q Q Q
+A / pV ATy pdadt + X / pAsdiv(ASV (vp)) - pdxdt
Q Q
—262 / pVZ2log p - Vodrdt — e / (Vp-V)v - ¢dzdt (3.6)
Q Q
and
M, XNy = Xy, /Qp/\/lp[w](ﬁdx: (w,0), w,peXn. (3.7)

Next, we consider a ball B in the space C([0,T]; Xn):
Br ={v e C([0,7]; Xn) : [I[Vlco,xy) < R}

We need to show that the operator T is continuous and maps B into itself,
provided 7 is sufficiently small. First observe that

IN ()]l xy < Clllpllzeey(allxy + all%,) + 1Pl 7 o0 0y + 1011200 (@
ol oo (@) 101 oo (92) + (121l oo () Ul pllwras+3.00 ()
+lpllwas+2.00 @y lall x)]- (3.8)
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From estimates (3.8) and the estimates established in Lemmas 3.1 and 3.2, it
follows that for sufficiently small 7, the operator 7 maps the ball Bgr into itself.
Moreover, T is a continuous mapping and its image of Lipschitz functions, thus it is
compact in Bgr. It allows us to apply the theory of topological degree to infer that
there exists at least one fixed point u solving (2.10) on [0, 7].

3.4 Uniform estimates and global in time solvability

In order to extend this solution to the whole time interval [0, T'], we need a unifor-
m bound of the solution. It follows from (3.5) that u is a continuously differentiable
function, therefore, system (2.10) may be transformed to the following one

T
/ O(pu) - pdxdt — / / AA*V (pu) : A°V(po)dadt — / (pu®@u) : Vodadt
Q 0J0 Q

T
+/ pru:ngdJ:dt—/Pdiv¢dmdt—// ApVAZ L (pu) - pdzdt
Q Q 0JQ

+262 / pV2log p - Vodadt + ¢ / (Vp-V)u- ¢dzdt =0, (3.9)
Q Q

for any ¢ € Xy. Therefore we can test (3.9) by u. For the approximate momentum
equation, using continuity equation, we obtain the kinetic energy balance

d 1 A Y

i, (fp|u\2 + f|v28“p|2 +pecp) + L+ 48° (9P )da

18P

+e

+/ (Vp|Du\2 + /\|A“"V(pu)]2 + Ae| AT (p) |2 + 26%p|V? log p|?)dz = / Pgdivudz.
Q Q
(3.10)

Adding this to equality (2.11), integrating it with respect to the space, then inte-
grating the obtained result with respect to the time we obtain

1 s P’
[ (3ol O 319 570 pecl) 0+ (04459 20 e [ [ Panat

=< [ a3 0)+ 31924 o 0) ) 0)+ L5 0)+45% 9 52 (0)

(3.11)
3.5 Entropy estimate

Our aim now is to derive a fundamental estimate for our system. It can be
viewed as a total global entropy balance.

From Lemma 3.2 it follows in particular that 6 is bounded from below by a
constant. Therefore, dividing internal energy equation by 6 is possible and the
equation is
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48 5
3

+eAp(1l — log 9) - diV(FLV log6) —

O1(03) + 9y (plog B) + div(u(plog b)) + div(?uﬁ’)

K| V0|2
02

€ 4
ﬁ—«9+

RZEC + MAS (pu)l2 + Ae| AT p[? 4 252 p| V2 log p|?
; .

6 ol 2
GIVM

(3.12)

Integrating over ) we get

d
dt Jq,

(%93 + plog)da + /Qdiv(u(plogp))dfﬁ/gdi"(?

. k|VO|?
+8/QVp.Vlogpda:—/dlv(nVIOgH)dx—/Q |92| dzx

1 9P, 4 2
:/ idaz—/694dm+/ 8 = |VP2’ dx
4 Q

+/ vp|D(u)|* + MASV(/JH)I2 + >\€|N+lpl2 + 2520IV2 log p* |
7
Q

u03) dz

(3.13)

Integrating the above inequality with respect to the time and adding it to equality
(3.11), we get

dxdt

2 2
// |ve|ddt+4€//|vm|dxdt+// L 0P\ Pdxdt
p98
48 3 / 2 A o2l 2
ddt+/ fHO—i—loHO dr + —plul“(t) + =|V** t
= (0)+ p1og(0))dz + | (Golul(e)+ 51950 (0)

o t
+pe(p)(t )+ﬁ( t) + 46%|V /p|*(t ())dx%—s/ﬁ/ﬂ@dxdt

// vp|D(u)|* + A[A°V (pu)|2+A€\As+1plz+252p|V210gp|2

<5/ / egdmdt—I—/ SO+ 51T (0 pe(p)0)+ (0)+46% ¥ V5 0) do

t
—I-/ (—B03(t)+plog9(t) dx—i—// 594da:dt+5// Vp-Viogpdxdt. (3.14)
o3 0/Q 0JQ

To control the r.h.s, we take advantage of the fact of the heat conductivity coefficient.
We write

: [ 9o+ Viogpde < el GA) Vol VoIV o8Ol (315)
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To control the positive part of the entropy at time 7 and its negative part at the
initial time ¢ = 0 we note that

/ (%93@) + plog 9(t)>dx <CO(t) + C/(W‘(t) + p0(t))dx
Q
<c@n+ [ . (3.16)
0

On the other hand, we easily verify that

t
// dazdt+// 594d1:dt<0+5// da:dt+// e0°dzdt,  (3.17)
0/

which appears on the Lh.s. of (3.15).

Summarizing, we can show the following estimate

sup [ (o) + 193 2(0) + pe(p) 1) + 2 1)+ 489 V3P(0) ) da

T7€[0,t]
// vp|D(u) > + A|ASV(pu)|> + )\E\ASHpP + 26%p| V% log p|?

2 2
// Vo3| dzdt + // |v9\ dz dt+5//05dxdt
— < .
// <195<;1t+//Q p a dzdt < C. (3.18)

Taking s in the density-regularizing term to be sufficiently large, one can show

dxdt

that the density is separated from 0 uniformly with respect to all approximation
parameter except for A. This property was observed by Bresh and Desjardins in [11]
where the case of single-component heat-conducting fluid was discussed. Recalling
their analysis we may use the Sobolev embedding ||p™! || fec () < Cllp™ ! lwa.2(q) and

V20 2 < C(L+ V20l 12(0)* (L + I~ 2a))?, (3.19)

where the last term is bounded because of (3.18) and the assumption that v~ > 4.
So, provided that 2s +1 > 3 we have

o | (0 xy € CN)  ace. in (0,7) x €. (3.20)

3.6 Global-in-time existence of solutions
The uniform estimates for u can be summarized as follows

Iv/oull oo 0,ms22(0)) + VAIA*V (o) | £2(0,7:22(0)) < C- (3.21)

Moreover, the density p is bounded from below by a positive constant according

0 (3.20). By the equivalence of norms on the finite dimensional spaces Xy we can

thus deduce the uniform bounds for u in C([0,7); X ). Therefore we get a solution
defined on [0, T for arbitrary but finite 7" > 0.
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4 Limit Passage in the Galerkin Approximation

The purpose of this section is to obtain the limit for N — oo in the equations of
approximate system in Section 3. We start to summarize all the estimates that are
uniform with respect to N derived mostly from (3.18) and its consequences. This
will be done in Subsection 4.1, then in Subsection 4.2 we use these estimates to
extract the weekly convergent subsequences and to prove that the limit N — oo can

be performed.

4.1 Estimates independent of NV
Note that the above estimates are not only uniform with respect to the time but
also with respect to N. From (3.16) and (3.18) we have
HpN lOg HNHLOO(O,T;Ll(Q)) + ”ﬁH?VHLOO(O,T;Ll(Q)) < C7 (41)
also from (3.11), we get that
lon [un | Lo,z @) + VIV x| oo 0.1:22(0)) + llonec(on) Lo m01 )
+‘|5P§VHL°°(D7T;L1(Q)) + lpnOn| Lo 0,1;10)) < C. (4.2)

In addition, we have the estimates following from the boundedness of the entropy
production rate:
— the velocity estimates

I 09+ T

— the density estimates

< C; (4.3)

L2(0,TL2(2))

As+1pN
46%||v 0 H )
IVVon e o,1;2 0 )+\ﬁ L2(0,T;L2())

OP,
L2(0,T;L2(Q H N \/;

VpN
N IL2(0,T;L2(2))

G

L2(0 T;L?(2))

< C; (4.4)

+lonll Lo 0,7 () +

— the temperature estimates

5"

+ [l | 210,12 () < C- (4.5)

L2(0,T;L2(9)) H93 ‘ LY(0,T;L1(R))

Temperature estimates. One of the main consequences of (3.18) is (4.5)
which, for s satisfying (1.6), provides a priori estimates for the temperature
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(1 4+ Vpn)V1ogOn|lr2(0,7:12(0)) + VPN VON | L2(0,1;12(0))
+IVBVIY 20702000 < C (4.6)

where a € [0, g] and B > 8. To control the full norm of % in L?(0,T; W12(Q2)) we
combine the above estimates with (4.2). Therefore, the Sobolev imbedding gives

| \/BVHN”LB(O,T;L3B(Q)) <C. (4.7)

Kinetic energy estimates. We now integrate (3.10) with respect to the time
and get

1 A 3
/ (5plu!2 + S IV + pec(p) + L)+ 462W\/,5|2) (T)dz
Q y—1

T t
10P. 4 v
+g// a\Vp\dedt—i—E// V3 |2dadt
0Jap dp v Jola

T
+ / / vl DUl + AV (pu) 2 + Ae| A ()2 + 262| V2 log p[?|dadt
0JQ

T 1 A Y
_ / / Pgdivudazdt—k/ (5 PP+ 2192 o+ peclp)+ L (0)+48% V7 ) (0)da.
0Ja o \2 2 v—1
(4.8)

In the following we show the r.h.s of equality (4.8) are bounded.

T
/O/QR,ON9NdiVl1Ndxdt < CllVenD(un)ll 2 0,7:229) VPN Lo (0,1;L5 ()

NON I 20,123 (02)) < O, (4.9)

B 4 4
/O/Q?)QNdiqudxdt < C||9N||Loo(o,T;L4(Q))HVUN”LQ(O,T;LOO(Q)), (4.10)
IVunll 20,00 () < VN L20,mw3.2(0)) (4.11)

and the r.h.s. is bounded provided 2s + 1 > 3. To see it, we write
VN n (Vpn)?
X P

and the boundness of the r.h.s follows from (3.20), (3.18) and the Cauchy inequality.

Viuy = V3 (py'onvun) = ( )PNUN +oy Vi(onuy),  (412)

4.2 Passage to the limit with N

This subsection is devoted to the limit passage N — oo. Using estimates from
the previous subsection we can extract weakly subsequences, whose limits satisfy
the approximate system. It should be, however, emphasized that at this level we
replace weak formulation of the thermal energy by the weak formulation of the total
energy.
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4.2.1 Strong convergence of the density and passage to the limit in
the continuity equation
From (4.8)-(4.12) we deduce that

uy — u weakly in L0, T; W*T12(Q)) (4.13)
and
pn — p weakly in L2(0,T; W?t22(Q)) (4.14)

at least for a suitable subsequence. In addition the r.h.s. of the linear parabolic
problem

Oip + div(pu) —eAp =0, p(0,2) = p3(z) (4.15)
is uniformly bounded in L2(0,T; W?2%2(€)) and the initial condition is sufficient-
ly smooth, thus, applying the LP — L9 theory to this problem we conclude that
{0:pn1}5° is uniformly bounded in L2(0,T; W?252(€)). Hence, the standard com-
pact embedding implies py — p a.e. in (0,7") x 2 and therefore passage to the limit
in the approximate continuity equation is straightforward.

4.2.2 Strong convergence of the temperature
For the temperature we have

On — 0 weakly in L*(0,T; WH3(Q)); (4.16)

note that at this level, the time-compactness can be proved directly from the internal
energy equation (2.11). Indeed, due to the continuity equation, we have

B (pnbn + BOL) = —div(unpnty + Bunbl) + div(kVy) + — — e

02
. 1 0P, 4e v
(Pt 5 )tivay - 0T 19524 25903 P p | D)
3 pN OpN Y

+A AV (pyun) > 4 Ae| AT oy |2 + 26% pn |V log pv 2. (4.17)
On the account of (4.5) and (4.8) the last 9 terms are bounded in L'((0,T) x ).
Then it follows from (4.2),(4.7) and (4.9) that I; can be estimated as
lanpnON 20,1y x0) < CllVeN AN [0, 220) VAN | Lo 0,152 () 10N | Lo (0,714 (02
<C (4.18)
and

where we used the interpolation

1 3
1981122 (0,7 () = NON Nz o, iz (@) O 2 0,20 (4.20)

hence the last term is bounded provided B > 8.
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For Iy notice that k.VOy = (ko + pn + PN9]2V + BQE)VGN, therefore using
estimates (4.5) and (4.2) we verify that the most restrictive terms are bounded.
Indeed,

[N VON | o 0,1y % () < VPNV 10g On |l 120,222 IV/PN I Loo ((0,7) % (92))

0Nl =2 (4.21)

3(0,1)x ()
with p > 1, further

lpnORVONI 28, ay = VNl )@ VAN VON I 2 118 o)

LB (0,T;L B+2
[16n HLB(07T;L3B(Q))' (4.22)

Finally, since B > 8, #5*! can be bounded using (4.20).
As a conclusion we have that

Or(pnOn + BON) € LY0,T; W=HP(Q)) U LP(0, T; W—2%(Q)), (4.23)
for some p,q > 1. On the other hand, since d;p is uniformly bounded in L?(0,7T;
W252(Q)), p > C(\) and 0 > 0, we have

100N || 210,710 () yuLr (0,7 W-2a()) < CO(pnON + BON)
€ LY0, T; W=P(Q)) U LP(0, T; W>9(1)),

thus an application of the Aubin-Lions lemma gives precompactness of the sequence
approximating the temperature

On — 0 strongly in LP ((0,T) x ), (4.25)
for any 1 <p' < 32
4.2.3 Passage to the limit in the momentum equation
Having the strong convergence of the density, we start to identify the limit for

N — o0 in the nonlinear terms of the momentum equation.
The convective term. First, one observes that

pnuy — pu  weakly* in L>(0,T; L*())
due to the uniform estimate (4.2) and the strong convergence of the density. Next,
one can show that for any ¢ € ﬂ Xy the family of functions fQ pnuyodz is

bounded and equi-continuous in C(O T), thus via the Arzela-Ascoli theorem and
density of smooth functions in L?(Q) we get that

oty = puin C(0, T); L2000 (). (4.26)
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Finally, by the compact embedding L?(Q2) ¢ W~12(Q) and the weak convergence
of uy we verify that

pNuy @ uy — pu®u  weakly in L*((0,T) x Q). (4.27)

The capillarity term. We write it in the form

T T
/ / pn VAo - pdadt = / / Asdiv(pn o) AT pydadt.
0JQ 0JQ
Due to (4.14) and the boundedness of the time derivative of py, we infer that
pn — p strongly in L2(0,T; W*T12(Q)), (4.28)

thus . .
/ / Asdiv(pnd) AT pydadt — / / Asdiv(pp) AST pddt,
0JQ 0JQ

for any ¢ € C°°((0,T) x Q).
The momentum term. We write it in the form

T T
—)\//pNAQSH(pNuN)-qu:cdt:—)\//ASV(pNuN):ASV(qub)dxdt,
0JQ 0JQ

so the convergence established in (4.13) and (4.28) are sufficient to pass to the limit
here.

Strong convergence of the density and temperature enables us to perform in
the momentum equation (2.10) for any function ¢ € C([0,T]; (Xx)) such that

¢(T) = 0 and by the density argument we can take all such test functions from
Cl([0,T); W*+1(Q)).

4.2.4 Passage to the limit in the internal energy balance equation

Passage to the limit in the terms vp|D(u)|?, AA3V(pu)|?, Ae|]AsHp|? and
26%p|V? log p|? requires a sort of strong convergence of these quantities. This will
be deduced from the kinetic energy balance. For this purpose we need to show that
u can be a test function in the limit momentum equation. Indeed, in (2.4) all terms
are bounded due to estimate (4.8). Moreover, thanks to the lower bound of p we
can verify that u is actually a continuous function with respect to the time and that
it is continuously differentiable. To see this it is enough to differentiate (2.4) with
respect to time and use the kinetic energy balance.

Now, using u as a test function and taking advantage of the fact that the limit
continuity equation is satisfied pointwisely, we obtain
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T
[ [[wplDu + ATV (p? + 2el 45 ) + 26712 log pP
0JQ

1 Ao

+ [ (Golal + 51Vl 4+ 467V 57 ()do

Q

1 A
:/Pdivudx—i—/ (fp|u]2+—|V2S+1p|2+452\V\/ﬁ\2)(0)da:, (4.29)

Q o \2 2

for any ¢ € [0,T]. On the other hand, duo to (3.10), we have

T
lim / / o] Dun|2-AA AV (paun ) Z-HAe | A (o) 242620 V2 log p[dadt
Q

N—oo 0

1 A
+ [ (Gelan + SV on 4 48219 Vo) ()do
Q
T . 1 2 A 2s5+1 |12 2 2
= | [ pdivudeds + Q<§p|u| + SV + 467V )(O)dm. (4.30)

The comparison of these two expressions yields
V||\/PND(UN)||%2((0,T)XQ) — V”\/ED(U)H%P((O,T)XQ)v
)\HASV(PNUN)||%2((0,T)XQ) - )‘HASV(PU)H%%(QT)XQ)a
A A o720 <y = ANAT pllT2 (0 1)<
26%||\/oNIV2 1og o 172 0.1y xe) = 20°IW/PIV2 108 Pl 220 myxys (4:31)
and for all ¢ € [0, 7] we have that
lonTan @)l L) = Vel @)l @),
MVE oy (6)l720) = MV ()220,
46| Vy/on [ 72(0) = 48° IV Vol 220 (4.32)

Having convergence of these norms and relevant weakly convergent sequences we
deduce the strong convergence. Thus we are able to perform the limit passage in
the internal energy equation (2.11)

/ / p0 + 56O pdadt + / / (ph + 56%) - Vodzdt — / / kVO - Vpdzdt

——595 ¢dxdt+ Pm+—94 divugdadt— [ (p0+56*)(0)p(0)dz
0 Q 3 ) Q

1 0P,
—// up\Du\z—&-)\]ASV(pu)\Q—i-/\a\ASH(p)|2+252p]V210g,0\2+£;8—p\v,0\2]dxdt,
0Jo
(4.33)

for any smooth ¢ vanishing at t = T
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4.2.5 Passage to the limit in the total energy balance equation
Now we use u¢ as a test function in the limit momentum equation (2.4), using
again the limit continuity equation and after integrating by parts we get

2
// ]u| 52,0Alogp>8t¢dxdt+// p—u 62pA10gpu)'V¢5dwdt
—//(l/pD(u)u—Pu)~V¢)dxdt+252//pV2p:Vu¢dxdt
0/0 0/
T T
://up|Du|2¢d:cdt+// AA®V (pu) : AV (pug)dzdt
—62//d1v pAu)pdzdt + = // [ul?Vp : Vedadt
— / / Pdivugdzdt + / / AASdiv(pug) : AT pdadt
0J/Q 0J/Q

5% /0 T/Q pA(App>da:dt— /Q p|“2‘2(0)¢(0)dx— /Q 82pAlog p(0)p(0)dz.  (4.34)

We apply the approximate continuity equation to the operator A® and then test it
by Mdiv(VA®p¢) in order to obtain

T T
/0 /Q %|VASp\28t¢da:dt+)\ /O /Q Afdiv(pu) A¥T ppdadt
T T
A [ [ Ardiv(pu)vaty - Vodaa s [ 1A pPodsar

T
e / / AS+1pVASp-V¢da:dt+% / VASR0)6(0)ds.  (4.35)
0JQ Q

Now summing (4.33) with (4.34) and (4.35), and using the limit continuity equation
to rewrite the term fOT fQ P.divudzdt, we get the weak formulation of the total energy
together with some terms which will appear in the subsequent limit passages

/ / pi +pe+ — |VA5p|2 —6%pAlog p) Orpdxdt

2 T
—I—/ / pe + p&u — 6%pAlog pu> - Vodxdt 4 262 / / pV2p : Vupdzdt
0Ja 2 0Jo

—/T/ mV0~V¢dxdt+/T/ Pu'ngSda:dt—/T/ vpD(u)u - Vodadt
/ / 7—505 qbdxdt 5 / / div(pAu)pdzdt — §2 / / pA dxdt
/ / Readdt — / / p—+pe+ |VASp|2>(0)¢(O)d:xdt (4.36)
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and

R0 6) AVt A p— Bdiv(pu) ™+ ol AN v (pu) VA - 75
—A[[A*V(pu) 29— A%V (pu) : A’V (pug)|+AeAH pV AT p - Vo
+%|u|2V,0-V¢>—|—6V,0-Vd><eC(,0) + PC[E’))). (4.37)

5 Derivation of the B-D Estimate

At this level we are left with only two parameters of approximation: ¢ and
A. From the so-far obtained a-priori estimates only the ones following from (3.11)
and (3.18) were independent of these parameters. However having the e-dependent
estimate for Ast1p allows us to derive a type of B-D estimate, from which it follow
that this estimate depends only on A. As a product, we will derive the energy
estimate independent of A\. Note that so far in (4.8) we are only able to estimate
the r.h.s. using the A\-dependent bounds for u. We will prove the following lemma.

Lemma 5.1 For any positive constant r > 1, we have

d

dt

+r P +/ Vo(p) - VPdz + / p|Vu — VTu|2d:1:+2)\/ |AST |2 da

=1 Ja 2 Ja Q

1
[ (ol Vo) + S5 plul + TIVAE +rpeclp))da

—|—2(7’—1)/ p|D(u)|2dx+r/()\€]As+lp\2—i—)\]ASV(pu)\Q)dm
Q Q
2 12 2 de [ 22
+ 45 p|V*log p| dx—l—— |Vp2] dadt
2
< —5/(Vp V)udx+5/ aplYel ¢‘ d:r—l—s/ PV 6(p) - V(8 (p)Ap)da

(Pm n 294) divudz — 2) / ASV(pu) : A*V2pda,
Q
(5.1)

—c /Q div(pu)¢' (p) Apda + 7 /

Q

in D'(0,T), where Vé(p) = 2V1logp, ec(p) = [Jy~ dy > 0.

Proof The proof is similar to that of [23].

In order to deduce the uniform estimates from (5.1) we need to control all the
non-positive contribution to the lL.h.s as well as the terms from the r.h.s. The e—
dependent terms can be bounded similarly to that in [23], so we fucus on the new
aspect.

Estimate of VP-V¢. Using the assumption of P and V¢ = 2V log p, we obtain

2 4
|Vl N V(RpO)Vp n BV ‘Vp'

5.2
p p 3 p (5:2)

VPVlogp = Pi(p)
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So the integral can be written

2 2
/VPVlogpdm:/Pé(p)de+R/ Md:r:
Q Q P Q P

4 .
+R/ VpVde—i—/ éde (5.3)
Q a3 P

The first and second term is non-negative in view of the definition of 7., so it can
be considered on the Lh.s. of (5.1) and we only need to estimate the third and the
fourth terms as follows:

R/VV6d< RQ/ w( e)' 0|2d+ / i
P e 02 2 Ja k(p,0)

<c [«

< C(E)5||V94”%2((0,T)x9) + e[|V 1og pll 72107y x): (5.5)

2dz

d:n +C <C, (5.4)

§V94 -Vp
3

and the first term in (5.5)is bounded for B > 8 while the second (5.5) one can be
estimated differently in two cases:

(i) p > 1, then p=t < 1 and p~2|Vp|? < p~!|Vp|? which is then bounded by
applying to the Gronwall inequality to (5.1);

(ii) p < 1, then p= > 1 and ep2|Vp|2 < p=277|Vp|2 < eP.(p)p~|Vp|?> which
is absorbed by the analogous term from the L.h.s. of (5.1).

Estimate of (P, + 2 20*)divu. By the assumption of P,,, we have

/ (Pm + ée‘*) divudz = / Rpfdivudz + / B g divuda.

Furthermore, by the Young’ inequality

’ /Q Rp@divuda:‘ < ellV/pdivul|2q + C()v/58]1 220y (5.6)

the last term in the right hand side of the above inequality can be written

1
VPOl 20y < 106°]171 g < CIIPHQ H9HL6 <C.

On the account of (4.6), § € L2(0,7;L5(2)). Moreover, the Sobolev imbedding
theorem implies that ||p|| » 2 LB < ¢||Vy/pll 120y for 1 < p < 6, hence the last term in
the right hand side of (5.6) is bounded whereas the first term can be absorbed by
the left hand side.

The radiative term is slightly more difficult, however, we still can write
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T T
/ / 6*|divu|dedt = / / 0*p~ 12| /pdivu|dzdt
0JQ 0JQ

< HOHZip(QT;Lq(Q))||p_1/2HL2~F(Q’T;LM‘F(Q))||\/ﬁdivu”L2((0,T)><Q),
(5.7)

_ 8y _ 24~
where p = 4= 31

By the interpolation

HQHLP(O,T;L‘Z(Q)) < ‘|0Hi;oa(07T;L4(Q)) HQHCLLG(QT;LBG(Q))

167~

fora:%andG:m7

where G < B provided v~ > 3, we can estimate
Tro 1 2 2(y7=1)

| #tcivaldade < CE 0w 00 | asmany)

+5”p_77/2||L2((0,T)><Q) + 5”\/ﬁdiVU‘|i2((o,T)><Q)7 (5.8)

and the last two terms are estimated by the r.h.s. of (5.1) and (5.3), while the
boundedness of the first one follows from (4.1) and (4.8).
Estimate of AA*V(pu) : A*V2p. We have

2)\/Q |A*V (pu) : A*V?plde < C)\”ASV(PU)H%Q((O,T)xQ) + /\HASHPH%Q((O,T)XQ)a

(5.9)
therefore for r sufficiently large with 7A~! > ¢, both terms in the right hand side of
(5.9) are bounded by the r.h.s. of (5.1).

6 Estimates Independent of ¢, \, Passage to the Limit
e, A— 0

In this section we first present the new uniform bounds arising from the estimate
of B-D entropy, performed in Section 5, and then let the last two approximation
parameters be 0. Note that the limit passage A — 0, € — 0 could be done in a single
step, however, for transparency of this proof we do it separately.

We complete the set uniform bounds by

VA pllr20.1)%9) + 1V 0 Vol 2omyxa) + IV Pe(p)p~ Vol 2 0,m)x0) < C,

(6.1)
moreover
VIVE Tl e .rin20)) + IV VA Lo 0.1:22(0)) + 40%1v/6V2 10g pll L2 ((0.1)x ) < C-
(6.2)

The uniform estimates for the velocity vector field are

VAV (ow) [ L2 0.7y x0) + VAV 20,7y x) VO oVl L2 0,7y %) < Cs (6.3)
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and the constants from the r.h.s are independent of € and A.

We now present several additional estimates of p and u based on imbedding of
Sobolev spaces and simple interpolation inequalities. Notice that the B-D estimates
can be proven exactly as in the paper of Bresch and Desjardins devoted to the
Navier-Stokes-Fourier system. However, for completeness, we recall them below.

Further estimates of p. From (5.1) we deduce that there exist functions
1(p) = p for p < (1 -19), &(p) = 0 for p < 1 and &a(p) = 0 for p < 1, &a(p) = p for
p>(146),0 >0, such that

_a ol
IVE 2 ll2q0,m)x0)s IVES 20,1y <) < ¢ (6.4)

additionally in accordance with (5.3), where we are allowed to use the Sobolev
imbeddings, thus

Hgl_%HLQ(O,T;LG(Q))» Hf2%||L2(O,T;L6(Q)) <e (6.5)
From (5.1) we can also derive the following estimates:
||§1HLoo(o7T;m*(Q))v ||§2HL°°(0,T;LW(Q)) <c (6.6)
and
Vol 20,1 m52(0)) < ¢ (6.7)
Similarly, we obtain
p € L>®(0,T; L3(Q)). (6.8)

Remark 1 Note in particular that the first of estimate (6.4) implies that
p>0 ae. on(0,7)x Q.
Estimate of the velocity vector field. We use the Holder inequality to write
IVull o o,7:090)) < c(1+ (& (p)il/QHL%*((),T;Lfiw*(g)))H\/EVUHLQ((O,T)XQ% (6.9)

where p = 72];1, q= 351;1. Therefore, the Korn inequality together with the

Sobolev imbedding implies

2y _6y7
ue L +1(0,T; L3 +1(Q)). (6.10)
Next, by a similar argument
HUHLP’(Q,T;Lq’(Q)) <c(1+ & (p)_l/zHLQ’Y_(QT;LG’Y_(Q)))H\/ﬁuHLQ((O,T)XQ) (6.11)

with p’ =27, ¢ = 35111. By a simple interpolation between (6.10) and (6.11), we

obtain
10y

10y
ue Lo 5 (0,T; L5 (). (6.12)
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Since 7~ > 3, we see in particular that u € L%(O, T; Lg(Q)) uniformly with respect
to € and A.
Remark 2 By the estimates of the temperature we can deduce that

0 >0 a.e on (0,7) %8,

6.1 Passage to the limit with ¢ — 0

With the B-D estimate at hand, especially with the bound on A*TY_ in L2((0,T) x
), which is now uniform with respect to €, we may perform the limit passage sim-
ilarly to that in previous step. Indeed, the uniform estimates allow us to extract

subsequences, such that
eA*Vu,,eVpe,eA¥Tp, — 0 strongly in L?((0,T) x Q), (6.13)

therefore
eVp-Vu. — 0 strongly in L*((0,T) x Q). (6.14)

The strong convergence of the density as well as the velocity (since p.) can be

obtained identically as in previous step. Therefore we focus only on the strong

convergence of the temperature and the limit passage in the total energy balance.
From (3.18) and (4.7), it follows that

0. — 0 weakly in L*(0,T; WH(Q)) (6.15)

and
£0-%,605 — 0 strongly in L'((0,T) x Q). (6.16)

The pointwise convergence of the temperture is deduced from the version of the
Aubin-Lions lemma, see [23].

Lemma 6.1 Let v. be a sequence of functions bounded in L?(0,T; L4(Q)) and
in L°°(0,T; LY(Q)), where ¢ > &. Furthermore, assume that

dve > g- in D ((0,T) x ), (6.17)

where ge is bounded in L'(0,T; W=7 (2)) for some m >0, r > 1 independent of e.
Then there exists a subsequence v. which converges to v strongly in L?(0,T; W ~52(Q)).

We will apply this lemma to v. = p.0. + 302. Then, we can repeat the estimates
from (4.17) to (4.24) to check that

Ove > ge = —div(uepb: + Bugﬁﬁ) + div(kV6:) + % — e
. 1 OP.
_(Pm + g)dlvu5 + g . ]Vp€|2 + V/)5|D(ue)\2

FA AV (peu) |2 4 Ae| AT p |2 + 26% .| V2 log p. |2 (6.18)
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Moreover, the r.h.s. is bounded in L'(0,T; W~5P(Q)) U L*(0, T; W~24(Q)) for some
p,q > 1. Therefore, the above lemma and the strong convergence of p. imply in
particular that

02 — 6% strongly in L2(0,T; W~ 12(Q)).

On the other hand, we also know that 0. — 6 weakly in L?(0,T; W12(Q)), therefore a
simple argument based on the monotonicity of f(x) = z* implies strong convergence
of O in L9(0,T; L34(2)) for any ¢ < B.

Let us finish this subsection with the list of the limit equations:

— the continuity equation

0, +div(pu) =0

is satisfied pointwisely on [0,7] x €;
— the momentum equation

—/T/ pu.at¢da;dt—/m0.¢(0)dx+/T/ MY (pu) : AV (pg)dxdt
/ / pu @ u)Vedrdt + / / vpDu : Dédxdt — / / Pdivedzdt

/ / AASdiv(pp) : ASTL(p)dzdt + 262 / / pVZ2log p - Vodrdt =0 (6.19)

holds for any test function ¢ € L2(0,T; W2+L(Q)) n W12(0, T; W12(2)) such that

— the total energy equation
/ / pi + pe + —]VASp|2 82pAlog p) Orpdadt

T
+ / / pe + p“—|u—52pmogpu).v¢dxdt— / / KVO - Vodzdt
0Ja 2 0Ja

T T
—I-//Pu-ngdxdt—//upD(u)u~V¢dxdt
0JQ
T
/ / f—gek’) qﬁdmdt—ir / / R, \dxdt
0JQ

// p—+pe+ yVASp|2)(0)¢(0)dxdt (6.20)

holds for any test function ¢ € L2(0,T; W2+1(Q)) n W12(0,T; W12(Q)) such that

¢(-,T) =0 and

Rex(p, 6,10, 6) = AlA (div(pug))A* p— Adiv (pu) A pg] - AA*div (pu) VA - T
—A[A*V(pu)|*¢ — A°V(pu) : A*V(pug)]. (6.21)
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Moreover, using the lower semicontinuity of norm and passing to the limit in (4.33),
D¢ (pb + BOY) + div(upf + pub?) + div(kV6)
> — (Pm + ﬁ)dlvu + vp|D(u)|* + N AV (pu) > 4 26%p|VZlog p|*  (6.22)

is satisfied in the sense of distributions on (0,7") x .

6.2 Passage with A — 0
In this section, from the uniform estimate derived in the previous section and
Lion-Aubin lemma, we deduce the strong compactness of the sequence,/px, pc(px),

1/\/px and \/pyuy, showed below.
Lemma 6.2 Under the hypothesis of Theorem 1.1, we have for a fized &

Vox = /P, strongly in L*(0,T; H'(Q)),
pe(pr) = pe(p), strongly in L'(0,T; L'(92)),

)
(
1/\/px = 1//p, strongly in C(0,T; LP(R2)), p < 6,
Voauy — \/pu, strongly in L*(0,T; L*(R2)),

uy — u, strongly in L?(0,T;L*(Q)).

Proof Firstly we show the strong convergence of the sequence /px. The esti-
mate ||V /px|| Lo (0,7;12(02)) < ¢ together with the conservation of the mass [[pa(t)| 11 ()
= [|pA(0) |l 1 (q) gives the L>(0,T; H'(€2)) bound, we also have the L*(0,T; H*(Q))
bounded. Next, noticing that

6,5\/;7 = —%\/pjdivuA —u) - V\/F = %\//TAdiVU)\ — diV(ll)\\/piA),
we can show that
Vol L2 0,m;m-1(0)) < €
Thus we can apply the Lion-Aubin lemma to obtain the strong convergence of |/px
o /p in L*(0,T; H*(2)).
Sobolev imbedding implies that py is bounded in L>(0,T; L3(£2)) and therefore

pauy = /pay/pPauy is bounded in L*°(0, T L3/2(Q))

The continuity equation thus yields d;py bounded in L>°(0,T; W~3/2(Q)). More-
over, since Vpy = 2,/pAV+/px, Vpy is bounded in L>®(0,T;L32%(0)), hence the
compactness of py in C([0,T7; L?O/CQ(Q))

Next we show the strong convergence of the sequence of the cold pressure. From
the previous section we can yield p.(py) is bounded in L5/3((0,T) x Q). Since we
already know that p.(py) converges almost everywhere to p.(py), those bounds yield
((0,7) x Q).

the strong convergence of p.(py) in L},
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1

VP’

Moreover, we deduce the strong convergence of the sequence of and rewrite

the equation as follows
1 u) 3
8(7>—|—V-<7):— div(uy).
Vo VP 24/Px ()

Using the pervious estimates, we have

<e.

Hat ( \/1pj> HLOO(O,T;W—IJ(Q)) o

This estimate, H(\/%)HLOO(O’T;L%?(Q)) < ¢ and Hv\/%HIﬂ(O,T;LQ(Q)) < ¢ allow us
again to apply the Lion-Aubin lemma to obtain the strong convergence of \/% in
C(]0,T]; LP(§2)) for p < 6.

Moreover, we derive the strong convergence of the sequences of pyu, and /pyuy,
and notice that

V-(pauy) = pV-(uy)+urVpx = /oa/oaV-(uy)+2¢/oamnV(yor) € L2(0,T; L*(Q)).

Using the momentum equation, we can get information on 9;(pyuy) and therefore
through the the Lion-Aubin lemma to obtain the almost everywhere convergence of
pu. From this and the almost everywhere convergence of \/%, we get the sequence
VP uy converges almost everywhere to /pu, then using the uniform boundedness
of the sequence ,/pyuy belonging to LY ([0,T); LY (Q)) for p/,¢ > 2, we obtain the
strong convergence of the sequence /pauy in L?(0,T; L*(Q)).

Combing the strong convergence of p;1/2 to p~ /2 in C([0,T]; LP(Q)) for p < 6
with the strong convergence of the sequence (/pyuy in L*(0,T; L*(€2)), we deduce
that uy converges to u in L?(0,7T; LP(f2)) for all p < 3/2. Recalling the uniform
uec Lg(O,T; Lg(Q)) we deduce that uy converges strongly to u in L2(0,T; L(9)).
The proof is completed.

When we have these estimates, we can pass to the limit in

paly, pauy @ uy, pD(uy), pe(pr), Vi/pr @ Vy/py,

and in the quantum term pAV(A\/‘{T?) namely the terms with /px or V,/py, thus

we can pass the limit in the equation of the mass and momentum equation except

the first part of the pressure Rp)0) where this term can be shown to deal with the
strong convergence of the temperature, therefore it remains us to pass to the limit
in the equation of the energy, the main problem in this process is to get the strong
convergence of the temperature.

Strong convergence of the temperature. The difference with the previous
chapter is that we cannot use the higher order either for the velocity or for the
density in order to deduce the boundedness of the time derivative of temperature in
a appropriate space. However, the idea of proving compactness of the temperature
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is, as previously, to apply Lemma 6.2 with € = X, vy = p)0\ + 59§. Therefore, our
next aim is to check that its assumptions are satisfied uniformly with respect to A.

First, note that vy is bounded in L?(0,T; L9(2)) and in L>(0,T; L(Q2)), where
g > 2, uniformly with respect to A. Indeed, it follows directly from (4.2) and (4.6).
Further, one deduces that 0;vy > gy, where gy has the following form

gx = —div(urpafy + Burd?d) + div(£V6y) — (Pm n §9§> divuy
+vpal D(ua)[* 4+ A|AV (paun)|* + 20%pA| V2 log pa [, (6.23)

and is bounded in L*(0,T; W~™"(Q)) for some m > 0,r > 1 independent of M.
Indeed, this can be estimated, similarly to (4.18)-(4.22) except for the terms that
contains velocity. For them we may write

axpAO | Lr2/11 0,1y <) SC VoA L2 ((0,7) x ) VPl oo (0,725 () |07 | oo (0,724 () <Cs
(6.24)
on account of (4.20) and (6.10), further

x| L1031 (0.7 %2) < Cluall sz (o myxe 1021 Ls/3 0.1y %2y < C- (6.25)

For the internal pressure we have

[pxbxdivun || fi2/11 (0, 7)x )
< CllVpadivan |l z2o,m)x) VPl Lo (0,726 @) 1O | oo (0,724 (2) < €5 (6.26)

and the term #5divu, is bounded in L!((0,7) x ) as was shown in (5.24). Since the
last two terms in (6.23) are also uniformly bounded in L((0, T') x2), the assumptions
of Lemma 6.1 are satisfied with m = 1, r > 1. Therefore, there exists a subsequence
vy convergent to v strongly in L2(0,T; W~12(Q), which can be used to show the
strong convergence of #) exactly as in the previous section.

Passage to the limit in the nonlinear terms. The last step in the limit
passage A — 0 is the verification of convergence in the nonlinear terms of the system.
The most demanding of them are in the energy equation, and we only justify the
limit passage in this case. The correction of energy AV2?**lpy, — 0 strongly in
L%((0,T) x Q), therefore the energy

1 A
Ex = paec(pr) + pab + BO5 + §P>\|u>\|2 + §|V25+1PA\2 — §°prAlog py

converges to ' due to the strong convergence of py, 0y, \/pxu, and the weak conver-
gence of Apy . Similarly uypx0,, pAui and Pu, converge weakly to upf, pu? and
Pu respectively, due to uniform bounds in LP((0,7) x Q) for p > 1 from Lemma
6.2, the strong convergence of py, 0, and u,.
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For the quantum flux, we pass to the limit in p)Au, namely in terms with
uyApy, uy\Vp, or upy, Since uy converges strongly to u in L2(0,7T; L3(Q)) , pa
and Vp, converges strongly to p and Vp in L2(0,T; L?(Q)) respectively and Ap)
converges weakly to Ap in L2(0,7;L?(2)). As a consequence, pyAuy converges
weakly to pAu.

The stress quantum flux pyu\V?log p) converges weakly to puV?p. Indeed,

pauaV2log py = uaVp\ — 4V /px ® /pauy,

since uy, converges strongly to u in L2(0,7T; L?(f2)), px and Vp, converges strongly
to p and Vp in L2(0,7; L?(Q)) respectively and Ap, converges weakly to Ap in
L2(0,T; L?(9)), thus we complete this limit process.

Limit passage in the heat flux term xkV6) can be performed directly, since it
involves only the sequences p) and 6y which are strongly convergent, and a sequence
V0, which converges to V6 in L((0,T) x Q).

We are now ready to prove that the corrector term R) converges to 0 strongly
in LY((0,T) x Q) as A — 0. In fact, we have

T
//RA(PA,HAHdﬂ?dt
0Ja

T

1T (o) A% () + A% prus) A7+ A% 01 VA*ps) - Vi
0

< ([IVollLee 0.0y <)) Allloaxuall Lz 0,7 wzs2y @ loaunll L2 o, mwzs+1.2y o) (6.27)

thus we must show that the right hand side of the above inequality converges to 0.
But this is evident, since one can use the Gagliardo-Nirenberg interpolation inequal-
ity and uniform bounds for pyuy in L>(0,T; L3/2(Q); for py in L>(0,T; L3(Q); and
for vV Apyuy and v Apy in L2(0, T; W2+1:2(Q) and L?(0, T; W25t22(Q), respectively.
This finishes the proof of the main Theorem 1.1.
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