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Abstract

In this paper, we study two kinds of first-order singular discrete systems.
By the fixed point index theory, we investigate the existence and multiplicity
of positive periodic solutions of the systems.
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1 Introduction

Let T > 3 be an integer. In this paper, we are concerned with the existence
and multiplicity of positive T-periodic solutions of the following singular discrete

systems

Aui(t) = —a;(t)gi(u(t))ui(t) + Abi() fi(u(t — (), teZ, i=1,2---,n (11)

and
Aui(t) = ai(t)gi(u(t))ui(t) — Abi(t) fi(u(t — 7(t))), t€Z,i=1,2,---,n, (12)
where u = (uy,- -+ ,u,) € R", a;,b; : Z — [0,00) are T-periodic functions with
T-1 T-1
D ait) >0, > bi(t) >0
t=0 t=0

gi € C(R%,[0,00)) and f; : R7\{0} — [0,00) are continuous, i = 1,2,--- ,n; 7 :
7Z — 7 is a T-periodic function and A is a positive parameter.

In the past few years, there has been considerable interest in the existence of
periodic solutions of equations

u'(t) = a(t)g(u(t))u(t) — Ab(t) f (u(t — (1)) (1.3)
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and
u'(t) = —a(t)g(u(t))u(t) + Ab(t) f (u(t — 7(2))), (1.4)
where a,b € C(R, [0,00)) are T-periodic functions with

T T
/ a(t)dt > 0, / b(#)dt > 0,
0 0

and 7 is a continuous T-periodic function. Equations (1.3) and (1.4) have been
proposed as models for a variety of physiological processes and conditions including
production of blood cells, respiration, and cardiac arrhythmias. See for example,
[1-8,12] and the references therein. On the other hand, many authors paid their
attention to the existence of positive periodic solutions of singular systems of the
first-order and second-order differential equations, see Chu [9], Jiang [10], Wang
[11,12] and the references therein. It has been shown that many results of nonsingular
systems still valid for singular cases.

Let n
Ry =[0,00), RY=][Ry,

i=1

and for any u = (u1,- - ,u,) € R,

n
hall =) Juil.
i=1

Recently, Wang [12] studied the existence and multiplicity of positive periodic solu-
tions of the following singular non-autonomous n-dimensional system

;(t) = _ai(t)xi(t)+)‘bi(t)fi($l(t)"" ,.’L‘n(t)), i=1,---,n (1'5)
under assumptions

(H1) a;,b; € C(R,[0,00)) are w-periodic functions such that [;"a;(¢)dt > 0,
Jo b(t)dt > 0,i=1,--- ,n;

(H2) fi : RT\{0} — (0, 00) are continuous, i = 1,--- ,n.
By using Krasnoselskii fixed point theorem in a cone, the author established the

T

existence and multiplicity of positive periodic solutions of (1.5) with superlinearity
or sublinearity assumptions at infinity for an appropriately chosen parameter.

However, to the best of our knowledge, the existence results of positive periodic
solutions for first-order discrete systems (1.1) and (1.2) with singular nonlinearities
are relatively little. Motivated by the above considerations, in this paper, we study
the existence and multiplicity of positive T-periodic solutions of singular discrete
systems (1.1) and (1.2). Obviously, (1.1) is a discrete analogue of system (1.5) when
g =1 4i=1,2,---,nand 7 =0, and we are interested in establishing the similar
results as [12, Theorem 1.1] for systems (1.1) and (1.2).
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We make the following assumptions:

T—1 T-1
(C1) aj, b; : Z — [0, 00) are T-periodic functions with > a;(t) > 0, > b;i(t) >0
=0 =0

1=1,2,---,n; 7:7Z — Z is a T-periodic function.

(C2) g; € C(RY,[0,00)) satisties 0 < I; < gi(u) < L; < o0, f; : RE\{0} — (0, 00)
is continuous, 1 = 1,2, -+ ,n.

(C3) 0 <lijai(t) < Liai(t) <1, te T:={0,1,--- , T =1}, i=1,2,--- ,n

Our main results can be stated as below.

Theorem 1.1 Let (C1)-(C3) hold. Suppose Hli”m fi(u) = oo for some i =
ul|—0
1,2,--- . n, then:
(i) ]fH l|1|m L _ 0,i=1,2,--- ,n, then for all A > 0, (1.1) admits a positive
u||—oo
pertodic solution.

(ii) If lim LW 00, i =1,2,--- ,n, then (1.1) admits two positive periodic

Jul—soc M
solutions for X > 0 sufficiently small.

(iii) There exists a Ao > 0 such that (1.1) admits a positive periodic solution for
0< A< .

Remark 1.1 Theorem 1.1, which improves the corresponding ones established
for single difference equations in [17-21], is the discrete analogues of [12, Theorem
1.1] when g; = 1, ¢ = 1,2,--- ,n and 7 = 0. For more details on the periodic
solutions of systems (1.1) and (1.2), we refer the readers to [13-16].

The following well-known theorem plays a key role in proving our main results.

Theorem A2223 [Let E be a Banach space and P be a cone in E. Forr > 0,
define P, = {u € P : |ju|]| < r}. Assume T : P, — P is completely continuous such
that Tu # u for u € 0P, = {u € P : ||ul]| =}.

(i) If |Tul|l > ||u| for w € OP,, then i(T, P.,P) = 0.

(ii) If [|[Tu| < ||u|| for u € OP,, then i(T, P,, P) = 1.

2 Preliminaries

Set
T-1 T-1 o (1 O')
. L; — 0y
| | N

For r > 0, define
M(r):max{fi( cueRY ,0'7“§||u||§r,i:1,2,-~,n}>0,
m(r) =min{f;(u):u R}, or <|ul| <r, i=1,2,--- ,n} >0,

o Sneorz ) oS (o)

s=0
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Let E={u:Z— R|u(t+T)=u(t), t € Z} be a Banach space with the norm
luloo = max |u(t)|, and X be a Banach space defined by
€

n

X =FExFEx---xFE,

n
which is equipped with the norm ||ul| = Y ||uil|co for u = (u1,--- ,uy) € X.
i=1
Define
(1 — oy,
K = {ue X oui(t) > MHWHOO, i=1,---,n,t GT}.

It is not difficult to check that K is a cone in X. For r > 0, let
Q={ueK: |u|<r},
then 0Q, = {ue K : [jul| =r}.
Let Ty : X — X be a mapping with components (T4, -+ ,T}):
t+T—1

Tiu(t) = A Y Ki(t.s)bi(s) fi(uls = 7(s))),
s=t

where

t+T—1

1 (1 a(6)g(u(6))
Ki(t, s) = "*S;il . ose{tt4+1,--- t+T—1}.
1- QHO(l —a(f)g(u(h)))
It follows from (C3) that
. 1
IL: SKZ(taS)S ) Se{tvt—i_]-a"'at_'_T_]'}'
1-— oL, 1-— gy,
Moreover, we can easily get
(1 — oy,
0< 70L1( %) < 1.

1—-oy,
Lemma 2.1 Let (C1)-(C3) hold. Then T(K)CK and Ty : K — K is compact
and continuous.
Proof In view of the definition of K, forue K and i =1,2,--- ,n,
t4+2T—1
(TRa)(t+T) =X > Ki(t+T,s)bi(s)fi(u(s — 7(s)))
s=t+T
t+T—1
=X Y Ki(t+T,s+Dbi(s+T)fi(u(s + T — 7(s +T)))
s=t
t+T—1

=2 Y Ki(t+T.s +T)bi(s) fi(ul(s — (s))) = (Tiu)(2).
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Indeed, since a; is T-periodic and u € K, we get
Ki(t+T,s+T)=K,t,s), i=12---,n,

and thus Tyu € X. One can show that, foru € K and t € T,

t+T—1
Tiu bi( (s —7(s
(Txu)(?) T ; (s))
t+T—1
UL.(l—Ul.) 1
= = A A bi(s) fi —
o A X it )
(1 — oy, .
>MHT§UHW i=1,2,---.n

- 1—-o0g,
Therefore T)(K) C K and T) : K — K is compact and continuous. The proof is
completed.

Using the similar methods as in the proof of [12, Lemma 2.2] with obvious
changes, we can obtain the following lemma.

Lemma 2.2 Let (C1)-(C3) hold. Thenu € K\{0} is a positive periodic solution
of system (1.1) if and only if u is a fized point of T in K\{0}.

Lemma 2.3 Let (C1)-(C3) hold. For anyn > 0 and u € K\{0}, if there exists

a fi such that fi(u(t)) > > u;(t)n for t € T, then ||Tyu| > AI'n||u].
j=1

n

Proof Since u € K\{0} and f;j(u(t)) > > u;(t)n for t € T, we have
1

' t+T—1
Tyu(t) > — A bi( u(s —7(s)))
oL T-1 n L'( . )
> A5 S bi(s) <n A ||u]||oo)
L,
i =0 j=1
T—1 -
> b;
o 3 o) 24l

which implies || Tyu|| > AI'n||ul|. The proof is completed.
Let f; : [1,00) — R4 be a function defined by

ﬁ(S) = maX{fi(u) tue R17 1 < HuH < 8}7 1= 172a' N

Then f; is nondecreasing on [1,00).

Lemma 2.41%12 Jf lim LW orists (which can be infinity), then lim @
S§—00

=00 14

exists and
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lim fils) = lim fl(u)
5200 8 oo [ull
Lemma 2.5 Suppose (C1)-(C3) hold and r > L. If there exists an e > 0 such
that fi(r) <er, i =1,2,--- ,n, then |Taul| < AeAl[u]| for u € 8.
Proof For u € 01, we have
n t+7-1

[SCTEPE 1—01 bi(s) fi(u(s — 7(s)))
=1 s=t
n T-—1

A3 bl

i=1 s=0

=X < > bils)
i=1 s=0

and the proof is completed.
When u € 99Q,., r > 0, the definitions of M (r) and m(r) yield

m(r) < fi(u(t)) < M(r), teT, i=1,2,---,n

1
- ) ljull = Aeful,
—

Thus by the similar manners as in the proof of Lemmas 2.3 and 2.5, we can easily
obtain the following lemmas.
Lemma 2.6 Let (C1)-(C3) hold. Ifu € 09, andr > 0, then | Tul| > ALm(r).
Lemma 2.7 Let (C1)-(C3) hold. Ifu € 0, andr > 0, then | Tyu| < AAM (r).

3 Proof of Theorem 1.1

(i) It follows from the assumption that there exists an 7 > 0 such that

fi(w) =l
for u € R} with 0 < [lu|| < ry, where n > 0 is chosen satisfying AI'p > 1. If
u € 09, then

) > nzn:uj(t), for t € T.

Lemma 2.3 implies | Tyu|| > AI'n||u|| > ||u]|, for u € 99,,.
On the other hand, since lim £® — 0 j = 1,2,.-. n, Lemma 2.4 yields

[uf =00 Il
lim f,is) 0,i=1,2,---,n. Therefore there exists an 5 > max{2ry, 1} such that
S5—00
filry) <erg, i=1,2,---,n,

where € > 0 satisfies AAe < 1. And then by Lemma 2.5, we get

| Taull < AeAljul| < [[ul|, for u € 99,.,.
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It follows from Theorem A that
i(Tx, Qy, K) =0, i(Ty Q) K)=1,

consequently i(Ty, 2, \Q, K) = 1. Hence, Ty has a fixed point u in Q,,\Q,,,
which is just a positive periodic solution of system (1.1).
(ii) Let r; > 0 be fixed. By Lemma 2.7, there exists a A9 > 0 such that

IT \ul| < |[u]], forue€ ., 0<A< .

In view of lim f;(u) = oo for some i = 1,2,--- ,n, there is a positive number
[uf|—0

ro < 71 such that f;(u) > n||ul| for u € R} with 0 < [ju|| < 79, where n > 0 is
chosen so that AI'n > 1. Then for u € 912,,, we get

fi(u(t)) > nZuj(t), t eT.
=1

Lemma 2.3 implies || Tyul| > Al'n|ju| > |lul|, for u € 99,,.

ﬁuli =o00,7=1,2,--- ,n that there exists an H > 0 such

It follows from lim
[lull—o0

that

fi(w) =l
for u € R} with [[u]| > H, where > 0 is chosen so that Ay > 1. Let rg =
max{2ry, g} If u € 09, then

n
i (1) > — > H
ggqlrlz;uz()_aﬂuﬂ ors > H,
1=

which yields
fi(u(t)) > nZuj(t), fort € T.
j=1

And then Lemma 2.3 shows
T ul| > A'n||ul| > ||lul|, for ue€ 0Q,,.
By Theorem A, we can easily obtain
i(Tyx, Q, K) =1, i(Tx,Qy, K) =0, (T, Qpy, K) =0,
consequently
i(Tx, 2 \Qrp, K) =1, i(Tx, 2\ Dy, K) = —1.

Hence T has two fixed points lying in Q,,\Q,, and Q,,\Q,, for 0 < X\ < )\g, which
are positive periodic solutions of (1.1).
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(iii) For a fixed number r; > 0, Lemma 2.7 implies there exists a A9 > 0 such
that
ITyul| < JJul|, foruedQ,, 0 <A< .

On the other hand, since | li”mO fi(u) = oo for some i = 1,2, - ,n, there is a positive
ul|—

number r9 < ry such that

fi(w) = nllull,
for u € R% with 0 < [ju|| < r9, where 7 > 0 is chosen so that AI'yp > 1. If u € 02,
then

fi(u(t)) > nZuj(t), for t € T.
=1

It follows from Lemma 2.3 that ||Tyu| > AI'p||lul| > ||lul|, for u € 09Q,,.
Using Theorem A again, we can get

i(Ty, %y, K) =1, i(Tx Qp,, K) =0,

50 i(Ty, Q2 \Qry, K) = 1. Hence, T) has a fixed point u in Q,,\Q;, for 0 < A < X,
which is a positive periodic solution of system (1.1). The proof is completed.

4 Positive Periodic Solutions of System (1.2)

In this Section, we shall establish the existence and multiplicity of positive T-
periodic solutions of singular discrete system (1.2), that is,

Au;i(t) = ai(t)gi(u(t))ui(t) — Abi(t) fi(u(t —7(t))), te€Z,i=1,---,n,

where A\, 7, a;, b, fi(u), g;(u) satisfy the same assumptions stated for system
(1.1). In view of (1.2), we can define an operator T) : X — X with components
(Tga"'vjxw:

t+T—1

Tiu(t) = A Y Gilt,$)bi(s)fiuls — (s))),

where

t+T—1
[T (1+a(8)gi(u(®)))
O=s+1
T-1 ’

[1 (1 + a(0)gi(u(0))) —1

0=0
Clearly, (C1) and (C2) imply for allt € T and ¢ = 1,2,--- ,n,

Gi(t,s) = se{t,t+1,--- t+T—1}.

< Gi(t,s) < Ll

S , t<s<t+T-1
pLi_>1 ph__l
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and 0 < L 1)p < 1. Here
T-1 T—1
o= [ +a)h), pr.=[[A+als)L), i=1,2,--n.
s=0 s=0

Define a cone in X by

,Ol-_l .
Kz{UEX:utZ’iu- ,z:l,---,thT}.
Z() (pLi_l)pLiH ZHOO

By the similar arguments as in Sections 2 and 3, we can establish the following
theorems.
Theorem 4.1 Let (Cl) and (C2) hold. Assume lim fl( ) = oo for some

1 lull—
t=1,4,---,N
(i) If lim L _ 0,i=1,2,--- ,n, then for all A > 0, (1.2) admits a positive

[[u|| =00
periodic solution.

(i) If | llilm LW 00, i =1,2,--- ,n, then (1.2) admits two positive periodic
ul|—

([all

solutions for X > 0 sufficiently small.

(iii) There exists a Ao > 0 such that (1.2) admits a positive periodic solution for
0< A< .

Finally, consider discrete systems (1.1) and (1.2) without singularities, that is,
we replace (C2) with the following condition.

(C2) g; € C(R%,[0,00)) satisfies 0 < I; < gi(u) < L; < oo, f; : Rt — [0,00) is
continuous and f;j(u) >0 foru € R} withu#0,i=1,2,---,n

Then the following two theorems can be established by the similar methods
adopted in Sections 2 and 3.

Theorem 4.2 Let (C1), (C2) and (C3) hold. Assume lim LW — g for

. 1 2 lul|—0 [lull
1 =
(i) If hm L) 00, i =1,2,--- n, then for all X\ > 0, (1.1) admits a positive

M
periodic solution.

(ii) If lim Lw) 0,i=1,2,---,n, then (1.1) admits two positive periodic

l[af—o0

solutions for A > 0 sufficiently large.

(iii) There exists a Ao > 0 such that (1.1) admits a positive periodic solution for
A > Ag.
Theorem 4.3 Let (Cl) and (C2) hold. Assume | lim & = for i =

lafj—0 [l
1,2, ,n.
(i) If lim L _ 00,1 =1,2,--+,m, then for all A > 0, (1.2) admits a positive

lu||—o0 [lull
periodic solution.
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(ii) If lim L 0,i=1,2,---,n, then (1.2) admits two positive periodic

o0 14

solutions for A > 0 sufficiently large.

(iii) There exists a Ao > 0 such that (1.2) admits a positive periodic solution for
A > A

Remark 4.1 Note that Theorems 4.1-4.3 enrich and complement Theorem 1.1.
And obviously, Lemma 2.6 is crucial to prove Theorems 4.2-4.3.
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