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Abstract

In this paper, we study a predator-prey model with prey refuge and disease.
We study the local asymptotic stability of the equilibriums of the system.
Further, we show that the equilibria are globally asymptotically stable if the
equilibria are locally asymptotically stable. Some examples are presented to
verify our main results. Finally, we give a brief discussion.
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1 Introduction

Predator-prey model is one of the basic models between different species in na-
ture. These models have been studied extensively and many excellent results have
been obtained (see [1,2]). On the other hand, the effect of disease in ecological
system is an important topic from mathematical as well as ecological point of view.
After the work of Kermack-McKendrick [3] on SIRS (susceptible-infected-removed-
susceptible) systems, many authors have investigated the dynamical behavior of
epidemiological models. Chattopadhyay and Arino [4] proposed a predator-prey
epidemiological model with disease spreading in prey. They assumed that the sound
prey population grows according to a logistic law involving the whole prey popula-
tion, and discussed the positivity, uniqueness, boundedness of the solutions and the
existence of supercritical Hopf bifurcation. Haque et al [5] investigated a Lotka-
Volterra type predator-prey model with a transmissible disease in the predator
species. They aussumed that the sound and infected predators can hunt the prey
and studied the stability of system.
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Sun and Yuan [6] proposed the following predator-prey model with disease in

the predator

' = z(a —bx) — cxS,

S"=exS —dyS — BSI, (1.1)

I' = ST — dol,
where z(t),S(t) and I(t) represent the densities of the prey, susceptible (sound)
predator and the infected predator population at time ¢, respectively. They assumed
that there is a spread of disease in predator and only the susceptible predators have
ability to capture prey. They investigated the boundedness of solution and global
asymptotical stability of the equilibriums.

On the other hand, prey species makes use of refuges to decrease predation risk,
here refuge means a places or situations where predation risk is somehow reduced.
Ma et al [7] studied the following predator-prey model with prey refuges and a class
of functional responses

X'zrm(l—%) —pp(X — XR)Y, (1.2)

YV'=(qp(X = Xg) — d)Y,
where the term ¢(X) represents the functional response of the predator population.
They obtained the local asymptotical stability of equilibrium point and showed that
the refuges used by prey can increase the equilibrium density of prey population
but decrease that of predator. Ma et al. [8] further studied the influence of prey
refuge and density dependent of predator species on the traditional Lotka-Volterra
model. Huang, Chen and Li [9] studied the influence of prey refuge on a predator-
prey model with Holling type III response function. In [10], a global analysis of
a Holling type II predator-prey model with a constant prey refuge was presented.
Ma et al [11] and Chen, Chen and Wang [12] studied a Lotka-Volterra predator-
prey model incorporating a prey refuge and predator mutual interference. For more
details in this direction, please see [13,14].

However, there are still seldom scholars investigating the predator-prey mod-
el with prey refuge and disease in predator. More precisely, we study the global
stability of the following model

x
/I __ _ — —
' =rx (1 K) c(l —m)xS,
S =e(1—m)zS —d1S — BSI, (1.3)
I' = BSI — daol,

where x(t), S(t) and I(t) represent the densities of the prey, susceptible (sound)
predator and the infected predator population at time ¢, respectively with initial
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conditions z(0) > 0, S(0) > 0, I(0) > 0. All the parameters are positive constants
and 0 < m < 1. The disease incidence follows the simple law of mass action incidence
BS(t)I(t) with 8 being the transmission coefficient; dy < da; ma(t) is the capacity
of a refuge at time ¢.

The organization of this paper is as follows. In Section 2, we study the stability
of the equilibriums of system (1.3). In Section 3, numerical simulation is presented
to illustrate the feasibility of our main results. In the last section, we give a brief
discussion.

2 Main Results

In this section, we investigate the local and global stability of system (1.3).

Similar to the proof of [6], we have the following lemma.

Lemma 2.1 All solutions of system (1.3) with a positive initial data will remain
positive and uniformly bounded.

We can easily calculate that system (1.3) always has a trivial equilibrium E(0,0,0)
and a predator-extinction equilibrium E;(K,0,0). If

dq
1-— — 2.1
m> (2.1)

holds, then system (1.3) has a disease-free equilibrium FEs(x1,S1,0), where z; =

e(ld—lm)’ S1= c(l—Tm)2 (1 -—m-= %)

Further, for the unique endemic-coexistence equilibrium E*(z*, S*, I*) of system
(1.3), *, S* and I* satisfy the following equations

*

7«(1— w—) —e(1-m)S* =0,

K
e(l—m)z* —dy — pI* =0, (2.2)
BS* —dy =0.
From the above equation, if
1—m< min{%,l},
a2 dirB (2.3)
cdo(1 —m)? —rB(1 —m) + elK <0

hold, then x*, S* and I* are positive and satisfy

xt = Kedy (ﬂ—(l—m)} S* = @,

rB \cdy b
" d
o142

Let E(%,S,1) be an arbitrary equilibrium of system (1.3). Then the Jacobian
matrix about E is given by
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r— 27% —c(1—=m)S —c(1—m)z 0

e(1—m)S e(l—m)z—d—BI —pBS |- (2.4)
0 Bl BS —da
It is easy to prove that the equilibrium Ey(0,0,0) is always unstable.

For the predator-extinction equilibrium E; (K, 0,0), the Jacobian matrix is given
by

- 0 0
0 e(l-mK-d 0
0 0 —do

Hence, if ed—[l( > 1, then E1 (K, 0,0) is locally asymptotically stable for any 0 < m < 1.
It ed—[l( < 1, then E;(K,0,0) is locally asymptotically stable if and only if 1 —m < ed—[l(.
For the disease-free equilibrium Es(x1,51,0), the Jacobian matrix is given by

-
o —c(1—m)x, 0
e(1—m)S; 0 —BS1
0 0 BS1 — da

Then the characteristic equation is
(A= BS1+da) <)\2 + %xl)\ + ce(1 — m)2x181) =0.

By calculation, 351 — ds < 0 is equivalent to cda(1 — m)? — r3(1 —m) + % > 0.
Hence, the disease-free equilibrium Fs(z1,S1,0) is locally asymptotically stable if
and only if cda(1 — m)? — rB(1 —m) + del—;(ﬁ > 0.

Again, for the unique endemic-coexistence equilibrium E*(z*,S*, I*), the Jaco-

bian matrix is given by

r

f?x* —c(1 —m)z* 0
e(l —m)S* 0 -BS*
0 BI* 0

Then the characteristic equation is
N4+ a1\ 4 ag) + ag = 0,

where a1 = z2* > 0, az = S*(B2I* + ec(1 —m)2X*S*) > 0, ag = %ﬂ%*S*I* > 0.
Noting that ajas — ag = Z£(1 — m)*(X*)2S* > 0, by Routh-Hurwitz criterion, the
unique endemic-coexistence equilibrium E*(x*, S*, I*) is always locally asymptoti-
cally stable if and only if E* exists.

Then we have the following result.
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Lemma 2.2

(i) The trivial equilibrium FEy(0,0,0) is unstable.

(i) If ed—]l( > 1, then the predator-extinction equilibrium E1(K,0,0) is always
locally asymptotically stable, but the disease-free equilibrium Es(x1,51,0) and the
unique endemic-coexistence equilibrium E*(z*,S8*,I*) do not exist.

(iii) If ed—;( < 1, then the predator-extinction equilibrium F1(K,0,0) is locally
asymptotically stable if 0 < 1—m < ed—]l(. The disease-free equilibrium Fo(x1,51,0) is
locally asymptotically stable zfj—;( <1l-m<1and cdg(l—m)2—7“ﬂ(1—m)+deli}ﬂ(ﬁ > 0.
The unique endemic-coexistence equilibrium E*(x*,S*, I*) is locally asymptotically
stable if 0 <1 —m < min{%, 1} and cda(1 —m)? —rB(1 —m) + % < 0.

By the definition of z*, we have z* < K. It follows from the second equation
of (2.2) that 1 —m > d1 > edll(7 that is, the existence of E*(x*, S*, I*) implies that
1—m > %4 holds.

Define

d d
U sy (2.5)

H(z) = cdoz* — rBz + K oK

Let Ay = rp(rf — 2z,
If r3 < 4ciid2 then H(z) > 0 for all g—ll( <z<L

eK
Ifrﬁ 4Cd1d2 and 0 < d1 < 3, then H(z )>Ofor <z< 2eK or 2eK <z<l1.
When 3 d[1(<1 thenH()>Of0rallg—[1(<z<1.
If 7“6 > %, equation (2.5) has two positive roots z; = % and zo =
Tﬁgf By calculation, we have H( L) = cdy(d)2 > 0 H(2cd2) = rB(& f;i) <
0 and H(Crdi) dlrﬁ > 0. Hence F << 265 <z < rﬁ . Then, we have:

(i)Isz<1,thenH()>Ofor§<z<zlandzz<z<1,H()<0for
21 < z < 29.

(ii)Ile<1§zg,thenH(z)>0for%<z<zl,H(z)<0f0rzl<z<1.

(iii) If 21 > 1, then H(z) >0 for % < 2 < L.

By analyse, we have the following results.

Proposition 2.1 Ifrg3 > 4Cd1d2 and dl < 1 then

(i) 22 < 1 if and only if 25 Tﬁ < 2 and TB <3

1
eK
(ii) 21 < 1 < 29 if and only if one of the followmg conditions hold:
(ii.a) ;’lg < 2 and rﬂ 1_1%.
(iLb) 4% =
(ii.c) r’8>2and rﬂ> L1'
eK

(iii) 21 > 1 if and only if % > 2 and % < 1_1,171(.
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Proof (i) z2 < 1 is equivalent to \/rﬁ(rﬁ — %) < 2cdy — rf. Hence, if
TB <2and - (i) holds.

The proofs of (11) and (111) are similar to that of (i) and we omit the detail here.
This completes the proof of Proposition 2.1.

From Proposition 2.1, we have the following proposition.

Poposition 2.2 Pmposition 2.1 is equivalent to the following statements.

(i) When 0 < 4 < 1 we obtain:

1a)]f4d1<rﬁ< dl,thenz2<1

( cdg
(i.b) If@ 2 — d1 , then 21 <1< 2.
)

(ii) When ed—;( = %, 'f Zdi > 4d1 =2, then z1 <1 < 29.
(iif) When 3 < edIl( <1, we obtam'

(iii.a) If@ < chBQ < = d1 , then z1 > 1.

(iii.b) If 2 > s then 21 <1< 2.

cK

~ > 43: for 0 < x < 1. It follows from Proposition 2.1 that
> % for ed—[l( <1.

Proof Note that 7
B 4d1 and d1 < 1. Then -

cdz 71
eK
(i) It follows from 0 < d71( < 3 that 1 < 1_%71 < 2. It follows from (i) of
Proposition 2.1 that Tﬁ < ,111(- Hence, if 4d1 < Crdi < d}(, then z9 < 1. The

conditions (ii.a), (ii.b) and (ii.c) of Proposition 2.1 are equivalent to % > < .

Therefore, if % > %1, then z; < 1 < z9. Note that condition (iii) of Proposmon
“eK
2.1 is impossible.

The proofs of (ii) and (iii) are similar to that of (i) and we omit the detail here.
This completes the proof of Proposition 2.2.

By the above discussion and Propositions 2.1 and 2.2, we have the following
result.

Proposition 2.3 Equation (2.5) has the following result.

(i) When 0 < dll( < %, we obtain:

(i.a) [frﬁ <i‘;<1,thenH( )>0f0red—;<<z<1.

(i.b) 1 Zdi—i%yth@"H()>0f07”@<2<2i}< or s < z < 1.

(i.c) I 4d1<c’"£< dl,thenH()>OforedTl(<z<z1 or zg < 2z < 1,
H()<0f07"zl<z<22 o

(i.d) If cdg—l d ,thenH()>0f07~ <z<z,H(z) <0 forz <z<1.

(ii) When 2t = %, we obtain:

(ii.a) [ C’"diS%:Q,thenH(z)>0forj—;<<z<l.
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(ii.b) If Crci > i% 2, then H(z) > 0 for ed—[l( < z< =z, HZz) <0 for
21 < z<1.
(iii) When2 < . <1, we obtain:
(iii.a) Ifcd < dl,thenH()>Of0rdTl(<Z<1.

(iiib)[frﬁ > - dl,thenH( z) > 0 for K<z<zl,H( 2) <0 for z1 < z < 1.

Next we show the global stability of equilibrium of system (1.3), and obtain the
following lemmas.

Lemma 2.3 If the predator-extinction equilibrium E1(K,0,0) is locally asymp-
totically stable, then E1(K,0,0) is globally asymptotically stable.

Proof Consider the following Lyapunov function

V(t):x—K—Kln%—l-mS—f—ngl,

where n; = £, 1 =1,2.
Calculating the derivative of V' along the solution (x(t),S(t),I(t)) of system
(1.3), we have

V() = (z — K)( - %(m CK)—e(1— m)s)

+mS(e(l—=m)(x — K)+e(1—m)K —dy — BI) + I (BS —d2) (2.6)
- —%(:1: — )2+ (el —m)K — d1)S — madal.

It follows from Lemma 2.2 that e(1 — m)K — d; < 0. Then V'(t) < 0 for all
(x,8,1) # (K,0,0). By the Lyapunov-LaSalle invariance principle [15], E1(K,0,0)
is globally asymptotically stable. This completes the proof of Lemma 2.3.

Lemma 2.4 [f the disease-free equilibrium Fa(x1,S1,0) is locally asymptotically
stable, then Es(x1,51,0) is globally asymptotically stable.

Proof Define a Lyapunov function as follows

V(t):$—$1—x11nx£1+n1(5—51 SllnS£>+772]

where 7; = £, i =1,2.
Calculating the derivative of V' along the solution (z(t),S(t),I(t)) of system
(1.3), we have

V'(t)=(z—x1) (—%(m—xﬁ—c(l—m)(ﬁ’—bﬁ)) +m(S—=S51)(e(1—m)(z—x1)—pBI)

+n2l(B(S — S1) + BS1 — da) (2.7)
:—%(ﬂf —1)” + m2(BS1 — da) 1.

It follows from Lemma 2.2 that 3S1 —da < 0. Let 0 = min{ 4, |3S1 — da|}. Then it
follows from (2.7) that
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V'(t) < =6((x — z1)® + 1). (2.8)

Thus V (t) is nonincreasing. From Lemma 2.1, (z —x1)? and I are bounded. On the
other hand, it is easy to see that 2/(t) and I’(t) are bounded. Therefore, (z — x1)?
and I are uniformly continuous on [0, 400). Integrating both sides of (2.8) over the
interval [0, +00), we have

t
Vt)+<5/(ar( —ar12ds+5/ s)ds < V(0), t>0.
0
Therefore, V (t) is bounded on [0, 400) and satisfies

/Ot(()—ml)ds<+oo / s)ds < 4o00.

It follows from the above inequality that (z(t) — x1)?> € L'[0,+oc) and I(t) €
L'[0,+00). By Barbalat’s lemma [16], we conclude that

1 —_ 2: 1 =
Jm (2(t) —21)°=0, lim I(t) =0, (2.9)
SO
tlgnoox(t) = 71. (2.10)

From the first equation of system (1.3) and the above equality, we have

lim 2/(t) = lim [rx(t)(l — it)) —c(1— m)w(t)S(t)} =0.

t—+00 t—+00 K
Hence, -
; — -
c(l—m) tginoox(t)S(t) =rx; (1 K)’
that is
. r(K —x1) r dy
1 — = 1-m—-——|=251. A1
+5 450 S Ke(l—m) ¢l —m)? ( " Ke) 51 (2.11)

Then, from (2.9)-(2.11), Es(x1,S51,0) is globally asymptotically stable. This com-
pletes the proof of Lemma 2.4.
Lemma 2.5 If the unique endemic-coexistence equilibrium E*(x*,S* I*) is
locally asymptotically stable, then E*(x*,S*, I*) is globally asymptotically stable.
Proof Define a Lyapunov function as follows

V(t):x—x*—x*ln%ml(S—S*—S*ln%) +n2(I—I*—I*1nI—i),

where 1, = £, i =1,2.
Calculating the derivative of V' along the solution (x(t),S(t),I(t)) of system
(1.3), we obtain
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V'(t) = (x — x*)( T —a) —c(1—m)(S — s*))

K
(S =57 )(e(l—m)(z—a") =B —I7)) +mBI—-I")(S-5") (2.12)
= —L(x —z*)2
K

Thus V(t) is nonincreasing. By Lemma 2.1, (z — 2*)? is bounded. On the other
hand, it is easy to see that z'(t) is bounded. Therefore, (z — x*)? is uniformly
continuous on [0, +00). Integrating both sides of (2.12) over the interval [0, +00),
we have

V(t) + ;;,/0 (2(s) — 2*)2ds = V(0), ¢ > 0.

Hence, V (t) is bounded on [0, +0c0) and satisfies

/t(x(s) — z*)%ds < 400.
0

The above inequality implies that (x(t) — z*)? € L[0, +00). By Barbalat’s lemma
[16], we have
lim (x(t) —2*)* =0, (2.13)

t—+oo
S0
lim z(t) = z*.
t—+o0

(2.14)
It follows from the first equation of system (1.3) and the above equality that

lim 2/(t) = lim {rw(t)(l — @> —c(1— m)ar(t)S(t)} = 0.

t—+o00 t—+o00 K
Hence,
. ol T°
e(l—m) lim a()S(t) =ra (1 K)
that is (K — o)
r(K —x
| t) = . 2.1
t5 oo S(t) Ke(l—m) (2.15)

By the definition of x*, we have };(CI({;_ x;)) = %2. Then, from (2.15), we obtain

. _dy
Jim ()= 2 = 51 (2.16)

From the second equation of system (1.3) and (2.16), we have

lim S'(t)= lim (e(l —m)z(t)S(t) — diS(t) — BS()I(t)) = 0.

t—4o00 t——+o0

Hence, from (2.14) and (2.16), we obtain
,Btlgrnoo S)I(t) =e(l —m)x*S* —d1 5",
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that is

= I*. (2.17)

Therefore, by (2.14), (2.16) and (2.17), E*(2*,S*,I*) is globally asymptotically
stable. This completes the proof of Lemma 2.5.

Now, we give the main result of this section. Let z =1 —m in (2.5). According
to the above analysis and summarizing Propositions 2.1-2.3 and Lemmas 2.2-2.5, we
obtain the following theorem.

Theorem 2.1

(i) If ed—;( > 1, then the predator-extinction equilibrium FEy(K,0,0) is globally
asymptotically stable.

(ii) If 3 < ed—;( < 1, we obtain:

(il.a) If o< ﬁ, then the disease-free equilibrium Fs(x1,S1,0) is globally

cdo
eK
n

asymptotically stable for all0 <m < 1— %
Ey(K,0,0) is globally asymptotically stable for all 1 — d—l <m< 1.

(ii.b) If 4 TB > dl , then the unique endemic- coemstence equilibrium E*(x*, S*,

, and the predator-extinction equilibrium

I*) is globally asymptotzcally stable for all 0 < m < 1 — z1, the disease-free eqm—
librium Es(x1,S51,0) is globally asymptotically stable for all 1 —z < m < 1 — W’
and the predator-extinction equilibrium E1(K,0,0) is globally asymptotically stable
foralll— A <m<1.

(iii) f = , we obtain:

(111.a) If cd2 < 2, then the disease-free equilibrium FEo(x1,S1,0) is globally
asymptotically stable for all 0 < m < 0.5, and the predator-extinction equilibrium
Ey(K,0,0) is globally asymptotically stable for all 0.5 < m < 1.

(iii.b) If%>2, then the unique endemic-coexistence equilibrium E*(x*, S*, I*)
is globally asymptotically stable for all 0 < m < 1 — 21, the disease-free equilibrium
Es(x1,51,0) is globally asymptotically stable for all 1 — 2z < m < 0.5, and the
predator-extinction equilibrium E1(K,0,0) is globally asymptotically stable for all
0.5<m< 1.

(iv) If 0 < 2L < 1 we obtain:

(iv.a) If 2% TB < icfl;, then the disease-free equilibrium Eo(x1,S1,0) is globally
asymptotically stable forall0 <m<1— ed—[l{, and the predator-extinction equilibrium
Eq(K,0,0) is globally asymptotically stable for all 1 — 6‘1—[1{ <m< 1.

(iv.b) If = Cd2 = %, then the disease-free equilibrium Es(z1,51,0) is globally
asymptotically stable for all0 < m < 1 — % or1l— % <m<1-— d—l, and the
predator-extinction equilibrium E1(K,0,0) is globally asymptotzcally stable for all

di
— K<m<1.
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(iv.c) If % < I8 « 1 then the disease-free equilibrium Es(x1,51,0) is

cda 1,‘171’
eK
globally asymptotically stable for all0 < m < 1 —20 or1—21 < m < 1— ed—}l(,

the unique endemic-coexistence equilibrium E*(x*,S*,I*) is globally asymptotically
stable for all 1—z9 < m < 1—2z1, and the predator-extinction equilibrium Fy(K,0,0)
1s globally asymptotically stable for all 1 — ed—]l( <m <1

(iv.d) If % > j, then the unique endemic-coexistence equilibrium E*(z*,

eK
S*, I*) is globally asymptotically stable for all 0 < m < 1 — z1, the disease-free
equilibrium Fo(x1,S1,0) is globally asymptotically stable for all1—z; <m < 1— g—;{,
and the predator-extinction equilibrium Eq1(K,0,0) is globally asymptotically stable

for all —ed—[l(<m<1.

3 Numerical Simulations

In this section we give some numerical simulations of systems (1.3). We consider
the following system .
o = 1.6x(1 - 5) —0.8(1 — m)zS,
S"'=(1—-m)xS —diS - BSI, (3.1)
I' =381 —1.21,
where r =1.6; K =2; ¢=0.8; e=1; do =1.2.

When d; = 1.5, 0.5 < & =075 < 1. Let f = 3, then 22 =5 > L =4,

cds

It follows from Theorem 2.1 (ii.b) that the unique endemic-coexistence equieﬁbrium
E*(x*, 8% I*) is globally asymptotically stable for all 0 < m < 0.081 (see Figure
1(b)), the disease-free equilibrium Fy(z1,S1,0) is globally asymptotically stable for
all 0.081 < m < 0.25 (See Figure 1(c)), and the predator-extinction equilibrium
E1(2,0,0) is globally asymptotically stable for all 0.25 < m < 1 (See Figure 1(d)).

When d; = 1, ed—;( = % Let 8 = 1.5, then % = 2.5 > 2. It follows from
Theorem 2.1 (iii.b) that the unique endemic-coexistence equilibrium E*(z*, S*, I*)
is globally asymptotically stable for all 0 < m < 0.309 (see Figure 2(b)), the disease-

free equilibrium Fs(z1,51,0) is globally asymptotically stable for all 0.309 < m <

0.5 (see Figure 2(c)), and the predator-extinction equilibrium E;(2,0,0) is globally
asymptotically stable for all 0.5 < m < 1 (see Figure 2(d)).
When d; = 0.4, & = 0.2 < 0.5. Let 8 = 0.6, then 24 = 08 < 22 =1 <

1,11 = 1.25. It follows from Theorem 2.1 (iv.c) that the disease-free equilibrium
oK

Es(x1,51,0) is globally asymptotically stable for all 0 < m < 0.276 or 0.724 <
m < 0.8 (see Figures 3(b) and 3(d)), the unique endemic-coexistence equilibrium
E*(z*, 5%, I'") is globally asymptotically stable for all 0.276 < m < 0.724 (see Figure
3(c)), and the predator-extinction equilibrium Ej(2,0,0) is globally asymptotically
stable for all 0.8 < m < 1 (see Figure 3(e)).
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Figure 1: Dynamics behavior of system (3.1) with dy = 1.5; 8 = 3.
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Figure 2: Dynamics behavior of system (3.1) with d; = 1; 8 = 1.5.



92 ANN. OF APPL. MATH.

0 20 40 60 80 100

0 50 100 150 200
time t

(d) m = 0.76, E»(1.667,1.389,0)

60 80 100

(e) m=0.9, E1(2,0,0)

Figure 3: Dynamics behavior of system (3.1) with d; = 0.4; 8 = 0.6.
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In this paper, we study the global dynamics of a predator-prey model with prey
refuge and disease in the predator. We show that prey refuge palys an important
role in the dynamics of a predator-prey system (1.3). Form the above results, if the
refuge m is sufficiently small, then the dynamics behavior of system is accordant with
the corresponding system without prey refuges. By decreasing the value of natural
death rate of the susceptible predator d;, the dynamics behavior of system becomes
complicated, that is the global stable equilibrium may be changed by increasing the
value of refuges m. This shows that prey refuge palys an important role in the

dynamics behavior of system (1.3).
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