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Abstract

In this paper, the dynamics of a delayed phytoplankton-zooplankton model
is considered. Taking the delay due to the gestation of zooplankton as param-
eter, we describe the local Hopf bifurcation by center manifold theorem and
normal form, then we discuss the global existence of periodic solution. At last,
some simulations are given to support our result.
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1 Introduction

Recently, there have been many works about the phytoplankton-zooplankton
model [1-5,7]. The model is important for aquatic environment. The phytoplank-
ton could produce much oxygen and absorb much carbon dioxide, they benefit our
environment very much. As we know, some phytoplankton could be harmful for zoo-
plankton, they could create toxin substance which could kill the aquatic animals.
From [1,4,5], we know that the delay caused by the maturity of toxic-phytoplankton
plays an important role on the dynamic of phytoplankton-zooplankton system, which
seems that delay could cause rich dynamics. In [4], the author considered two harm-
ful phytoplankton-zooplankton model with two delays
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where local Hopf bifurcation was discussed with two different delays. In the delayed
two zooplankton-phytoplankton model with competition [1]
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The authors discussed the local Hopf bifurcation under taking delay 7 as the param-
eter. As we know, when the delay 7 is located in a sufficiently small neighborhood
of the critical value, local hopf bifurcation occurs. But it is difficult to show the
global existence of periodic solution. The works about the global Hopf bifurcation
of phytoplankton-zooplankton system have been obtained in recent years, such as
[2,3,7]. In [2], the authors assumed the delay of gestation equals the delay required
for maturity of toxic phytoplankton. The global Hopf bifurcation of the following
system was discussed
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In [7], the authors only considered the delay caused by the gestation of zooplank-
ton, and the global Hopf bifurcation was discussed,

dP P

dz OPZ '
& 8Pt —TVZ(t— 1) — puZ — 2

&= 0P T2 ) -z - S

Besides, there have been other works about the global Hopf bifurcation [8,9]. In
our opinion, competition is a common phenomena in nature, so we take competition
into the zooplankton, model (1.4) becomes

ar P pPZz

EiTP@_E)_a#—P’ (1.5)
dZ _ pPt—n)Z(t—71) pPMZM) ., . '
dt ~  a+Pt—r1) o+ P(t) e

where P and Z denote the densities of the phytoplankton and zooplankton respec-
tively, r denotes the intrinsic growth rate, and K is the environmental carrying
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capacity. We select a Holling type II functional response, d denotes the death rate
of zooplankton, ¢ is the intraspecific competition coefficient, p is the maximum
uptake rate of zooplankton, p is the rate of toxic substance produced by per unit
biomass of phytoplankton, 8 denotes the ratio of biomass conversion. We assume
@ > B > p, inspired by the above works, we shall describe the local Hopf bifurcation
and global existence of periodic solution in this paper, also we assume that P(6) > 0,
Z(0) >0, 0 € [-7,0]. Similar to [1], if there is no delay and 5 — p — d < 0, then
Z <0, we reject this situation by assuming § — p—d>0.

In the following, the stability and direction of local Hopf bifurcation will be
discussed in Section 1. In Section 2, we discuss the global Hopf bifurcation, at last,
some numerical simulations for supporting the result are given in Section 3.

2 Stability and Direction of the Hopf Bifurcation

Before discussion, we should give the condition for the existence and unique-
ness of the equilibrium (P*, Z*). If the equilibrium (P*, Z*) exists, the following
equations should hold:

P*\  uP*Z*
PPy iz

" K)  a+pPr
(B—p—d)P* —da _ g
g(la+ P*) T

From these we obtain depai 5 < P* < K. Substituting Z* into the first equation, we

define a function:

h(P) :r<1—§)(a+P)2— g((ﬁ—p—d)P—da),

We know h(K) < 0, h(ﬁ_d;"_d) > 0, so there exists at least one root P* satisfying

h(P*) = 0 when P* € (B—dipa—d’K)' If h(P) is a monotone function, (P*,Z*) is

unique, so we get following result:

Lemma 2.1 If B—d;)l—d < P* < K and the function h(P) is monotone on

K), then the unique equilibrium (P*, Z*) exists.

(g9,

p
We assume h(P) is decrease on ( ﬁf;i 3, K), so the equilibrium point (P*, Z*) is

unique. We make translation u(t) = P(t) — P* and v(t) = Z(t) — Z*, then (1.5)

becomes

d
d—qz = ayju(t) + ajav(t) + hot,

d
dit} = ag1u(t) + av(t) + agzu(t — 7) + ax4v(t — 1) + hot,

(2.1)
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where
rP* i ubP*zZ* uP* paZ*
aj] = — ajg = — ag] = ——————
11 K (at P2 12 T po (at P )2
P Bz pP*z* 8P
a = — —a — a = — a = .
22 ot P+ g4, 23 at P (at P2 24 o+ P
The associated characteristic equation:
P Aot A + Agp + (Bag A + Bgo)e_)‘T =0, (2.2)
where Ag; = —(a11+a22), A2 = a11a22—a12a21, Ba1 = —az4, Bao = ai1a24—a12a23,

when 7 = 0, (2.2) becomes A2 + (Aa1 + Ba1)A + Agg + By = 0, then all the roots of
(2.2) have negative real parts if and only if

Aoy + Ba1 >0, Ay + By >0, (Hy)

so the equilibrium (P*, Z*) is locally asymptotically stable when (H;) holds.

When 7 > 0, from [6], if and only if when the roots pass through the imaginary
axis, the stability switch occurs. Let A = wi (w > 0) be a root of equation (2.2), and
we obtain that

Bsjw cos(wT) — Byp sin(wt) = — Ay w, (2.3)
Bajwsin(wT) + Bag cos(wT) = —Agg + w?. '
Squaring and adding both of the equations,
wh 4 (A3, — 2429 — B3))w + A3, — B3, = 0. (2.4)

Let v = w?, then we get
v? + (A3 — 2450 — B3y)v + Ay — By = 0.
For the existence of positive root and transversality, we assume:
A3y — B3, <0, A% —24y — B3 > 0. (Hy)

Denote h(z) = 22 + (A3, — 2490 — B3,)z + A3, — B3, then h(z) has a positive root
z under (Hg), so equation (2.4) has a root w = y/z. From (2.3) we obtain

2 2 ;
Tj = CT}zaurccos(BgOg%O +B;2215;2A21> + 2]7”, j=0,1,2---, (2.5)
where +iw are pairs of pure imaginary roots of (2.2). From the above discussion
and (H;),(Hg), we have:
Lemma 2.2 Suppose X is a root of equation (2.2), when 7 =1;, j =0,1,2,---,
then
dReA(7)

dr T=T;

> 0. (2.6)
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Proof Taking the derivative of A\ with 7 in equation (2.2), we get

(Q)‘l . (2)\ + Agl)e)‘T + BQl _ Z
dr B Bo1A2 + Boog A
day -1 2\ + A9 )e’ + B A3, — 2450 — B3
Re(—) :Re{( + 221)e + 21} —fn—- 20 —2
dr Bo1 A% + By T=T; w2321 + BQO

T=Tj
From (2.3) and (Hz) we konw

dReA
dr T=T;

= signRe(Q)il > 0.

dr T=Tj

sign

Applying Lemmas 2.1 and 2.2, and assumption (H;),(Hs), we obtain:

Theorem 2.1 The positive equilibrium point E* of system (1.5) is locally
asymptotically stable for T € [0,79] and Hopf bifurcation occurs when T = 1, j =
0,1,2,---.

Let iw be the purely imaginary roots of (2.2) when 7 = 7;. Following the method
of [13], we could obtain the formulaes which determine the direction, stability and
period of bifurcated periodic solution.

Theorem 2.2 (1) The direction of Hopf bifurcation is decided by parameter s,
which is supercritical if po > 0 and subcritical if py < 0. (2) The periodic solution
about the Hopf bifurcation is stable if fo < 0 and unstable if S > 0. (3) Ty is the
period of bifurcated periodic solution, where when Ts > 0, the period increases; when
Ty < 0, the period decreases. The calculations of pa, B2, To are given in Appendix.

3 Global Hopf Bifurcation

Now we discuss the global continuation of periodic solution. Let X = C([—,0],
R%), w(0) = (P(t+0),Z(t+0)),t >0, 6 € [-7,0], then system (1.5) is equivalent
to

’U:t = F(ut,T, T), (31)
where
_ 01(0)\  pe1(0)92(0)
F(®,7,T) = 0= 5) - #1(0)
Y /8¢1(_T)¢2(_T) _ p¢1(0)¢2(0) _ d¢ (0) _ (bQ(O)
atoi(-r)  a+e(0) P TI%
with ® = (¢1,¢2), and F : X x Ry X Ry — Ri is a mapping, we have a mapping

= F| R2 X R4 x R4 by restrict F' to the subspace of constant function in X. If

) M)

(u, 7, f) = 0, then the point (u, T, f) is called a stationary point, where



No.1 R.X. Shi, etc., Phytoplankton-Zooplankton Model 37

(i)~ 25
-~ (6
F(u,r,T) = 8PZ  pPZ ,
- —dZ —gZ
a+P a+P g
d
o %P uZ uPZ P
- ""K " a+P (arPp Ta+ P
DyF(u,r,T) =
I = G-pz _B-pPZ  G-oP _, , .
a+ P (a+ P)? a+ P

Fand F satisfy the following conditions:

(A)) F € C*(R% x Ry x Ry, R%);

(A2) DyF(u,,T) is an isomorphism at the equilibrium (u,7,T);

(Az) F(®,7,T) is differentiable with respect to .

For any stationary solution (u, ,T'), the characteristic matrix of system (3.1) is
A(a, 7,T)(\) = A\l — DF(u, 7, T)(eM ), that is

A, T, T)(N)

2rP  uZ PZ P
Aopp g HE L TS he
B K a+P (a+P)? a+P
Z  —pPZ Z PZ P ~ BP
p = P = —( ﬁ = P = )e_)\T )\—FLA—{—CZ—FQQZ— 5 Ae_)\T
a+P (a+P)? ‘a+P (a+P)? a+P a+P

The zeros of det(A(u,7,T))(A\) = 0 are called characteristic roots. From (Ag)
we conclude that A = 0 is not a character root.
If (u,7,T) satisfies det(Aa(im%ﬁ)) =0, we call it is a center. A center (u,7,T)

is said to be isolated if it is the only center in some neighborhood of (u, 7, f) and it

has finite characteristic value of form zm%7T

From the local Hopf bifurcation, we conclude that (u*,7;, %’r), j=0,1,2,--- is

a isolated center, then there exists a smooth curve A : (1; — §,7; + 6) — C such
that det(A(u*, 75, 2Z)(A(1)) = 0, |\(7) —iw| < & for 7 € [1j — &, 7j + 8], (7)) = iw,
and Re$2|;—, > 0. Define Q&%ﬂ = (,T):0<v<e,|T - 2I| < ¢, and we conclude
that for 7 € [1; — 6,7 + 6] x GQE’%,

(A4) if and only if v=0, 7=77, T=22 j =0,1,2,--- , det(A(u*, 7, T)(v+i2F))=0.
The hypotheses (A1)-(A4) in [11] are satisfied. We put H=(u*,7j, %) (v,T) =
det(A(u*,7; £ 0), 25) (v + Z).

2 2

The crossing number (u*, 7;, %) of center (u*,7;, <) can be defined as

2 2 2
(0,7 27) = demy (1 (w07, %), 0= )
2 2
—degp <H+(u*,Tj,W>,Q<5,W>> =—1.
w w
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For the periodic solution of system (3.1), we define
X(F) = Cl((u, T, T) € X x Ry X Ry| u is a T-periodic solution),
N(F) = ((@,7,T) € RL| F(@,7,T) = 0).
Let I(u*,7j, %) denote the connected component of (u*,7;,2%) in X(F). For
(aa ?7 T) - (U 77-_77 %)7 we get

Xa Fyel(ur ry, 2 o)y ()Y (@ 75 T) < 0.

The connected component [(u*, 7, 2Z) through (u*,7;, 2X) in X(F) is nonempty,

U
since the first crossing number of each center is always —1. By Theorem 3.3 [11],

we conclude I(u*, 75, %”) is unbounded, which is presented as follows.

Lemma 3.1 [(u*, 7, 2T) is unbounded for each center (u*,;, 2X).
By the fundamental theory in [12], system (1.5) admits the existence and unique-

ness of the solutions with the initial condition:
P) =¢(0) >0, Z(0)=v(0)>0, 0¢c[-7,0], ¢(0) >0, (0)>0. (3.2)

Lemma 3.2 All the nonconstant periodic solutions of system (1.5) are positive
and bounded with the initial condition (3.2) when T is bounded.

Proof Let (P(t),Z(t)) be a solution of system (1.5), and consider Z(t) for
t e0,7],

dZz BP(t —1)Z(t—71) pP(t)Z(t)

A - atPl-r) a+P(t) —dZ—g2°
pP()Z(t)
= a—I—P(t) —dZ 92",

Since ¢(0) > 0, (0) > 0 for 6 € [—7,0], we get

Z(t) > (0) exp [/Ot<_ap—f](j()s) —d—gZ(s))ds] >0, telo,7].

Thus, Z(t) is positive for ¢ € [0, 7], similarly

P(t) = ¢(0) exp [/Ot (r(l — PI((S)) - alfi—Z](j()s))ds} >0, tel0,7],

so we could expand the result to [r,27],--- ,[n7,(n+ 1)7], n € N. Thus P(t) > 0,
Z(t) > 0 for t > 0. Now we consider the uniformly bounded, from the first equation
of (1.5), P < rP(1— £), then we obtain hm sup P(t) < K, so for sufficiently small

e > 0, there exists a T7 > 0 sufficiently large, Such that P(t ) < K+eforallt>T.
For the boundedness of Z(t), we define W(t) = P(t — 1) + 5Z(t) for t > 0. Then
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dP(t—7)  pdZ

W= ET T
:rP(t—T)(l—P(Z(_T)>—pB’uOiZP_/?Z_”ﬂgZQ
H rP(t—T)
S—d<P(t—T)+BZ>+P(t—r)(d+r— =)
:—dW(t)+P(t—r)(d+r—W(§(_T))

K
= —dW + —(d +7)?
+ 47"( +7)°,
i : K(d+r)?
so by the comparison theory [14], we obtain W (t) < W (0) + =
Thus we complete the proof.

Lemma 3.3 If assumption (Hy) and the condition of Lemma 2.1 hold, system
(1.5) has no nontrivial periodic solution with period .
Proof For (1.5), suppose there is a nontrivial period solution with period 7.
Then for the following system, there exists has a nontrivial periodic solution
P _ (- Ey 7
dt K a+ P
dz _ pP(t)Z(t) pP(t)Z(t)
dt ~ a+P(t) a4+ P(t)

We know that P-axis and Z-axis are invariant manifold of system (1.5), and there

(3.3)

—dZ — gZ2.

is no orbit cross the coordinate axis for the orbit do not intersect each other, so all
the orbit must in the first quadrant, and the equilibrium E* should in the interior
of the periodic orbit. But from Lemma 2.1 and (H;), the equilibrium E* is unique
and stable, so it is globally stable in the first quadrant. The periodic orbit does not
exist. Thus there is no period orbit in the first quadrant.

Theorem 3.1 If (Hi) and Lemma 2.1 hold, for each T > 15, j = 1,2,---,
system (1.5) has at least j + 1 period solutions.

Proof It is sufficient to prove the connected component I(u*, 7;, %”) onto 7 space
is [T,400), where 7 < 75, j = 0,1,2,---. From Lemma 3.3, we know system (3.3)
2

have not nontrivial period solution, so the projection of I(u*,7;, <F) onto 7 space

w
is always from zero. From expression (2.5), we obtain %r < 75 for j > 0. Suppose

the projection of [(u*,;, %’r) onto 7 space is unbounded, there exist 7% > 0, so

2

the projection of [(u*,7;, <) onto 7 space is in the interval (0,7*), from %’T < 5,

j > 1and Lemma 3.3, 0 < T < 7* for (u(t),,T) € l(u*, 7}, %), which mean the

projection of I(u*,7;, %r) onto T space is also bounded, by Lemma 3.2 we obtain

that the connected component I(u*, 7;, %’r) is bounded, which contradict Lemma 3.1,

so the proof is completed.
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4 Numerical Simulations
Now we give simulations of (1.5), except taking g = 0.0008. Take the same

parameter as the first and second equations in [1], system (1.5) takes:
dpP ( 1 P) 0.6PZ
4

i o) _ s
dt g 24+ P’

dZ 043P(t—-71)Z(t—T) 0.1PZ

dt 24 P(t—-1) = 24P

By computation, conditions of Theorem 2.1 are satisfied, then there exists a
unique equilibrium point (1.218265, 18.650750), such that (H;) and (Hs) hold. We
have the critical value 79 = 0.41226, so when 7 € (0,79), E* is asymptotically

(4.1)
—0.11Z — 0.000822.

stable, and a periodic orbit turns up when 7 passes through the critical value, which
is shown in Figures 1 and 2, respectively.

2 20.5 20.5
20t 20} 1
195} 195} 1
15}
19 1 10f 1
g, *, £, 185 { ¥ 185} E
> > >
s} 1 18} 1
1
175} 175} 1
17}t 17t 1
0.5 16.5 16.5
0 500 1000 0 500 1000 0 1 2

Figure 1: The positive equilibrium E* is asymptotically stable (7 = 0.2637 < 7p)

time t

time t

X, ()

2.5 21 21 T
20 20 1
2
19 191 1
1.5
18 18 R
> > >
17 171 1
1
16 | 16 | b
0.5
15| 151 1
(o] 14 . 14 .
0} 500 1000 0 500 1000 [0} 2 4

time t

time t

x, (0

Figure 2: a Hopf bifurcation occurs when 7 = 0.73376 > 7
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By computation, we have C1(0) = 7.435905197 * 1073 — 1.438814764 * 1024,
pg = —6.47369616 * 1072, B = 1.487181039 x 102 and Th = 3.770080024 % 1072,
From Theorem 2.2 we get the Hopf bifurcation which is subcritical (u2 < 0) at 79,
and the periodic orbit bifurcated from equilibrium point is unstable (82 < 0).

We know system (1.5) has a periodic solution for large 7 from global Hopf bi-
furcation. Figure 3 shows the period and the amplitude of the period solution for
different value of 7. We conclude that as 7 increases from 1.2, 2.2 to 3.1, the period
and the amplitude of period solution increase.

3 U— 3 U— 35— 4

i n— o f— 0 e
0 10 20 0 00 220 0 00 20 0 100 20 0 100 20 0 100 20
fimet fimet fimet fimet fimet fimet

(a) (b) ()

Figure 3: period and amplitudes of periodic solutions (7 = 1.2,2.2, 3.1, respectively)

5 Proof of Theorem 2.2

Now we take the similar method in [10] to compute the explicit formula about
p2, B2 and Th. We assume system (1.5) undergoes Hopf bifurcation at E*(P*, Z*)
when 7 = 7;.

Letting wu(t) = u(rt), v(t) = v(7t), dropping the bars for simplification, system
(2.1) becomes FDE in C = C([-1,0], R?) as

() = Lu(ze) + f(m, 21), (5.1)

where z(t) = (u(t),v(t))" € R%, and L, : C — R and f are given respectively by

b=t (o o8] (060) + 640 () (C0) 02

and

F(r, ) = (5 + 1) (ﬁ) , (5.3)
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where

f1=165(0) + g2691(0)$2(0) + g3¢71(0) + 9293 (0)2(0),
fo =h1¢3(0) + ha3(0) + h3d1(0)h2(0) + hadi(—1) + hsdr(—1)¢a(—1)
+hed?(0) + hrdt(—1) + hsdi(0)d2(0) + hodt(—1)da(—1).

r [TV J7%e! paZ* J1%e!
g1 =——+ , g2 = — y g3 = — y 94 = )
Kt oty (a+ P72 (a+ PP (a+ PP
pas* pa BaZ* Ba
hlzma hy = —g, h3:—m; h4:—my 5:ma
I — paZ* _ BaZ* he po he — Ba
0T TPyt T T (a+ P T (P YT (a+ PR

By the Riesz representation theorem, there exists a function 7(6, 1) of bounded
variation for 6 € [—1, 0] such that

0
Lu= [ n(@.m0(0). (5.4)

for 0 € C. In fact, we can choose

0 0
w0 = (3 22 ) 0@+ Gyt () )00 4D, (655
where 0 is the dirac function.
For ¢ € C'([-1,0], R?), define
de(6)
TR 0 € [-1,0),
A(,u)(b = 0
[ dntuwsists). o=0
and
0, 0 €[-1,0),
R)0=1{3, 0, 950
then system (5.1) becomes
1y = A(p) + R(p)z:. (5.6)
For 0 € [—1,0], for ¢ € C*([0, 1], (R?)*), define
_%(S), = (O, 1}’

ds
AW(S) = 0
/_ldnT(t,O)w(—t), s =0
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and a bilinear inner product

0 0
(¥(s), 9(0)) = ¥(0)$(0) — /_1 520@(5 — 0)dn(0)¢()d¢, (5.7)

where n(6) = 7n(0,0), then A(0) and A* are adjoint operators. By the discussion
of Section 2, we know +iwt; are eigenvalues of A(0), thus they are also eigenvalues
of A*, so we computer the eigenvector of A(0) and A* corresponding to iwT; and
—iwT; respectively.

Suppose ¢(8) = (1,q) e is the eigenvector of A(0) corresponding to W,
then A(0)q(0) = iTjwq(f). From the definition of A, (5.4) and (5.5), we have

) +TP* ubP*zZ* uP*
w I ———
Ti Z Bfg (a+£*)z2 P o BP '
J paZ* ( - pP*zZ* >7iw7j . pP* * Y i q
- - d+297*— j
(@t+P)2 \atrpP* (atP2)° T

-(0)

then we obtain

z* rla+ P*)  dw(a+ P*)\T
Q(O):(LQ)T:(LQ_’_P*_ MK - NP* ) :

On the other hand, suppose ¢(s) = D(1, ¢*)e’*“7, by the definition of A*, (5.4) and
(5.5), we get

i+ rpPr P zx paZ ( pz*  pP*Z" )ei“”j
- K a+Py (@+PP la+P (oz—l—l;])f* <1>:<0>
K ) . ) * W q* 0)"
— d+292" — T
o+ P* 2w+04+P*+ T2 a—i—P*e

Thus we obtain

(0) = D(L.a") = D1 PEZ + (a4 PO +iw) \T
q (O) = D(l,q ) = D<17 Z*(pa _ (B(Q—FP*) _pP*)eioJTj)>

In order to assure (¢*(s),q(#)) = 1, we computer value D, from (5.7)

0 0
(a*(),9(6)) = D(L,g*)(L, ) ~ /1 [ D) Onan ), q) T mag

=D (1+gq+me 7 ( - )7q).
< +q q+7—]e C)[+P* ((X+P*)2 aq

thus we get
1

B(P*+Z*) _ pP*Z*

D= : .
L+ g + myein (B2 — 2P Y gvg
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We computer the center manifold Cp at = 0. Let x; be the solution of (5.1)
defined by

2(t) = (@ 2e), W(t,0) = 24(6) — 2Re(=(1)q(0)). (5.8)

On the center manifold Cj, we have
22 22
W(t,0) =W(z,z,0) = WQOE + Whii2z + W()Q? +---,
where z and Z are local coordinates for center manifold Cj in the direction of ¢*
and ¢* respectively. Note W (t,0) is real if z; is real, then we only consider the real
solution. For the solution z; € Cy of (5.1), since p = 0,

2(t) = iwtjz + (¢*(0), f(0,W(z,%,0) + 2Re(2¢(0))))
= w2z + ¢*(0) f(0, W (z,%,60) + 2Re(2¢(0)))
= wt;z + ¢*(0) fo(z, Z).

We write this equation as
2(t) = iwtjz(t) + 9(2, %),

where

22 2 2%

J— v
9(2,2) = q¢*(0) fo(z,2) = 9205 + 91122 + 9025 + 9214 - (5.9)

91
Since z¢(0) = (21¢(0), x2:(0)) = W (t,0) 4+ 2q(0) +Zq(0), q(0) = (1, q) e, we have

2 22
u(0) = 2+ 7+ Wig (05 + Wiy (022 + W (05 +0((=2)),
@)% L @ @) 0\ 2
22(0) = g2 + T + Wig (0) 5 + WiT (0022 + Wi (005 + O(l(=, )P,
21p(—1) = 2o | 7T | Wgo)(—l)% +wiD(-1)zz

), 2 3
D Z +0((2)P),

22

zor(—1) = 2qe ™7 + Zge ™ + ng)(q)? + WP (-1)2z
(2) z 3
+Woy (1) 5 + O(|(2, 7))

From (5.9), we have

o17) =7 O(z7) = D7) (1)



No.1 R.X. Shi, etc., Phytoplankton-Zooplankton Model 45

=D (= + 7+ W) +Wfl)(0)zz+wg;>(0) Lol 2P)

4@4z+z+WQ%mf+4W8<wz+W$N>2-+ow )
(w+w+W$@f+W9@w+m9@g+mwzwﬁ
4@4z+z+wﬁkmf+wWP<Vz+W&k> |3f
tou(z+7+ V[/'z(ol)(o)z2 +W(0)22 + WS (0)2 ) )2
(w+w+wﬁmf+W9@m+m9@ 2))]

L 2
Hw¢%@+NMQM+5+M&H%$U +w<nm

z 2
M4w+w+m%m W=+ W05 + 0 D))
=2
z
hy (2 + 2+ Wi (0)5 W)zt Wi (0% +0(1(z,2)))

(2) 2 (2) @) 2 3
-(qz—HTz—F W (0)5 + Wh17(0)2Z + Wy, (0)* + O(|(2,2)] ))
) ) 22 =2 2
thy(ze7 4264 + W (-1) 5+ WP (-1)22 + W (1) 5 + 0((2.2) )
=2

+MWMWWWH@P>+Mﬂ>wm@e>+wwwﬁ

( ) S P U _\p3
(a7 + 26 + Wi (1) T + W (-7 + W (D5 + 01 2)))

2 =2 3
(2 +7+ Wi (005 + W“)(())zz + W (05 +0((,2)))

. . z2 3
+M@WW+%W+W$P> e vw%@%ﬂi+mW@M)

2
2

hs(z+ 2+ W (05 + WP (0)22 + wg;m)? +0(I(,2)1)
=2
(w+w+wﬁ@5+Wﬁ@ﬁ+mﬁ@i+mW2W0
=2
th (2e7 + 264 + Wi (~1) 5+ WP (-1)2z + Wi (1) 5 + 0((=2)P))’
2 72
(zae77 + 7 + WP ()T + WP (—1)2z + WE ()T + 0= D) |.

Comparing the coefficients with (5.9), we get
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920 = 27D (g1 + g2q) + 27,4 D(h1 + hag* + haq + (ha + hsg)e”2™),
g11 = 7D (291 + 92(G+ q)) + 7,4 D(2(h1 + ha) + 2h2qq + (hs + hs)(q + 7)),
go2 = 27;D(g1 + 92@) + 275G D(ha@® + h3q + hae®™ ™ + hsge®“7),

g1 = 25D [ (W3 (0) + 20 (0) + g2 (W8 ) + 3w 0)
+aW{1(0) + WP (0)) + 39+ 91(24 + 9)|
+27,3D | (Wi (0) + 2W{7(0)) + ha @53 (0) + 29 W17 (0))
iy (ZaWE 0) + W (0) + SWR(0) + W(0))
Fha (Wi (—=1)eT 4 2D (—1)e )
s (I8 1)+ W 1) + (D (1) + WP (1))
+3hg + 3he ™ + hs(2q + ) + ho((2q + q)e*”fj)} . (5.10)
To computer Wy (#) and W11(0) in go1, from (5.6) and (5.8), we have

Wzﬂft—éq—@

- AW — QRGQ*(O)fOCI(G)v AS [*170}7
| AW — 2Reg*(0) foq(0) + fo, 6 =0
=AW + H(z,%,0), (5.11)
where
22 72
H(Z,Z,Q) :HQO(G)E—FHH(Q)ZE—I-HOQ?—I— . (512)
Expanding the above series and comparing the corresponding coefficients, we
obtain
(A — QiWTj)Wgo(a) = —Hgo(@), AWH(H) = —Hu(e), LRI (5.13)
From (5.11), we know for 6 € [—1,0),
H(2,%,0) = —3°(0) foa(6) — ¢*(0)Joa(6) = —ga(6) — 5a(0). (5.14)
Comparing the coefficients with (5.12), we get
Hao = —g209(0) — Go2q(0), (5.15)
H11 = —gnq(é) — ?11@(9) (516)

From (5.13), (5.15) and the definition of A, we get
Wao(0) = 2iTj0Wao(8) + 92098 + Go27(6).
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Note that ¢(#) = (1,¢) €7 hence

ig?() 10w ; igOZ — —i0wT; 2i0wT;
Woo(6) = =——=¢(0)e**7 + —=7(0 i+ FE J 5.17
20(0) o, q(0)e™™7 + 3qu( Je + Ere , (5.17)

where F) = (EF), E?)) € R? is a constant vector, similarly from (5.13) and (5.16),
we get

Wi (6) = =g (0)e!"™ + “hg(0)e "7 + By, (5.18)
J J

where Fo = (Eél), Eg)) € R? is a constant vector. In the following, we seek appro-
priate Fq, Fs, from the definition A and (5.13), we obtain

0
/_1 dn(e)Wgo(G) == QiTijQU(O) - Hgo(O) (519)

and

0
/_ An(OW () =~ (0) (5.20)

where n(6) = n(6,0). From (5.11), we have

_ + g2q
Hao = —920q(0) — 902q(0) + 27; <h1 ¥ hog? + hf; n (924 I h5q)e—2¢wj> (5.21)
and
_ - , 291 + g2(¢ + )

Substituting (5.17) and (5.21) into (5.19) and noting

0 .
(iTij —/ ewmfdn(ﬁ))q(O) =0
~1
and
O .
( —itjwl — / e_w‘”jdn(@)>§(0) =0,
-1

we obtain

0
. . 230w . ) g1 + 929 )
(2ZTJWI /_1 ¢ ]dn(9)>E1 =27 <h1 + hag® + haq + (ha + h5q)e2””j> ’
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which leads to

( 21w — aill —ail2

—a9g1 — a23e_2’°”3 21w — a9y — a24e_2“”9> 1

g1 + g2q
—9 ) . 5.23
<h1 + h2q2 + h3q + (ha + h5q)622°‘”—j> ( )

Similarly, substisting (5.18) and (5.22) into (5.20), we get

< an a1 > B ( 201 + g2(q + 7) > (5.24)
a1 +ags  a + ay 2h1+2h2qq+h3(q+q)+2hs+hs(q+7q) ) .

From (5.23) and (5.24), we could obtain the expression of F; and E,. Then we
calculate the following values according to the above analysis and the expression of

920, 911, go2 and go1:

_ i T %

C1(0) = S (gngzo 2| g11 | 3 ) + 5

Re(C1(0))

= - — 2

Re()\/(Tj))’ 52 Re(01(0)),

ImC(0) + poImN ()
Ty = — .

Tjw
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