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Abstract

In this paper, we aim at dynamical behaviors of a stochastic SIS epidemic
model with double epidemic hypothesis. Sufficient conditions for the extinction
and persistence in mean are derived via constructing suitable functions. We
obtain a threshold of stochastic SIS epidemic model, which determines how
the diseases spread when the white noises are small. Numerical simulations
are used to illustrate the efficiency of the main results of this article.
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1 Introduction

Epidemiology is the science of studying the spread of infectious diseases, which
is to investigate and to trace the dynamics and stabilities of infectious diseases.
The modified models and recent contributions always assume that the population is
separated by three subclasses: the susceptible, infective and the recovered, denoting
them as S, I and R respectively.

The classical SIS model turns into SIR model or SIRS model when the recovered
individuals are taken into account. Related research and modified models can be
found in [1-5]. When the exposed individuals are considered into population level
and participate into the spread process of disease, the classical SIS model becomes
a new version, often mentioned as SEIR model or SEIRS model if the recovered

individuals return into the susceptible again, for instance, see the recent literatures
[6-9].
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Meng et al. [10] discussed an SIS epidemic model with double epidemic hypoth-
esis of the following form:

(S(t) pS(t) — Ballsi )Il (g) - %QS J(rt)lig) + 11 (t) + rala(t),
fu(t) = “i AL — e+ an + () (L1)
Kfz(t) = m — (4 ag + 1) I2(t),

where A is the total input susceptible population size, 51 and (5 are the contact rates,

1 is the natural mortality, a; and aso are the rates of disease-related death, r; and ro
B1S(t) 11 (¢)

are the treatment cure rates of two diseases, respectively. Functions Cort L) and
% respectively represent saturated incidence rates for two epidemic diseases.
Model (1.1) admits the following equilibria:
A
Ey (—,0,0),
I
If A—
E1 . (ST,IT,O) with ST _ (/’L+a1 +7'1)((X1+ 1)7 If _ /81 al,u(,ul"i_al +7a1) 7
e} p(ptar+r1)+p(p+ar)
I3 A—
Bt (S5,0,I3) with 53 — (Foetr(aetly) -y, Ped-asplptastra)
Ba p(ptaz+r2)+Ba(p+az)

A+ ar(p+ oq) + az(p + o)

Bilptor) | Ba(ptas)
pt pA-or 1y - pA-o2+r2

_ B1A —arpu(p+ o1 + 1) + (1 + az)(Braz — Bear)

E*: (8%, I}, 13) with §* =

)

i p(p 4 a1 +r1) + Br(p 4 ar) + Bo(pu + az)

I PoA — asp(p + g +12) + (1 + a1)(Brar — Praz)

2 plp+ ag +12) + Ba(p+ o) + Br(p + 1)
Let

prA Ry B2 A
aplp+or+m1) 0 agp(p+ ag + )
be the thresholds of model (1.1). Meng et al. [10] derived that: (i) If R; < 1 and
Ra < 1, then two diseases go extinct and model (1.1) has a unique stable diseases-
extinction equilibrium point Fy. (i) If R; > 1 and Ry < 1, then the disease Iy
is extinct and model (1.1) has a unique stable equilibrium FE;. (iii) If Ry < 1 and

Ry =

Ro > 1, then the disease I; is extinct and model (1.1) has a unique stable equilibrium
E,. (iv) When (1.1) has a positive equilibrium E*, if R; > 1 and Ro > 1, then E* is
a unique stable equilibrium, which implies two diseases of model (1.1) are persistent.

The main aim of this article is to investigate how the dynamics behaviors when
the environmental noise is considered in deterministic model (1.1). Let B;(t) (i =
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1,2,3) be independent Brownian motions and o; (i = 1,2,3) be the intensities of
white noises. Let (€2, {F:}+>0,P) be a complete probability space with a filtration
{Fi}+>0 satisfying the usual conditions (that is, it is right continuous and increasing
while Fj contains all P-null sets). Based on the model that has been studied in [10],
we propose a stochastic model with double epidemic hypothesis as follows:

ds(t)= [A—MS () — Bfgﬁg) a ﬁif f}ig ) irny (t)+rola(t) |dt+035(t)dBs(t),
Al (t)= [m —(u+on + rl)h(t)} dt + o1 L1 (1)d By (¢),
dly(t)= [M — (4 as+ m)fg(t)} dt + oo Io(t)dBa(t),

(1.2)

where all parameters have the same biological meanings with those of model (1.1).

In this paper, we prove that there is a unique positive solution of model (1.2) in

Section 2. The conditions that guarantee the extinction of the diseases is derived in

Section 3. And, the conditions ensuring the persistent of disease are given in Section

4. Several examples and their numerical simulations are carried out to support the
main results of this article in the last section.

2 Existence and Uniqueness of Positive Solution

To investigate the dynamical behavior, the first concern is whether the solution
has a global existence. Moreover, for a population dynamics model, whether the
value is nonnegative is also considered. Hence in this section, we first show that the
solution of model (1.2) is global and nonnegative.

Theorem 2.1 There is a unique solution of model (1.2) ont > 0 for any initial
value (S(0),11(0), I(0)) € R3, and the solution will remain in RY. with probability
1, namely, (S(t),11(t),I2(t)) € RY for allt > 0 almost surely.

Proof Since the coefficients of (1.2) are locally Lipschitz continuous for any giv-
en initial value (S(0),I1(0), I2(0)) € R3, there is a unique local solution (S(t), I (),
Iy(t)) on t € [0,7.), where 7. is the explosion time (see [11]). To show that this
solution is global, we need to show that 7. = co a.s. Let ko > 0 be sufficiently large
so that each component of (5(0), 11(0), I2(0)) all lies within the interval [%, ko|. For
each integer k > kg, we define the stopping time:

1
T = inf {t € [0,7e) : min{S(t), I1(t), I2(t)} < 7o max{S(t), I (t), I2(t)} > k‘}
(2.1)
Throughout this paper, we set inf ) = oo (as usual () denotes the empty set). Accord-

ing to the definition, 73 is an increasing function as k — co. We set 7o = lim 7y,
k—o00

=
where 7o, < 7. a.s. If we can show that 7., = 0o a.s., then 7. = oo and (S(t), I1(¢),
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Ir(t)) € Ri for all t > 0. In other words, to complete the proof, what we need
to show is that 7., = oo a.s. If this statement is false, then there exists a pair of
constants 7' > 0 and € € (0, 1) such that

P{roo <T} > e. (2.2)

Hence there is an integer k1 > kg such that

P{r, <T}>e, k2>k. (2.3)
Define a C2-function W : R} — R as follows:
W(S,I1,I5) = (S —1—1logS)+ (I1 —1—log 1) + (I — 1 — log I5), (2.4)
where

R} ={zeR:2;,>0,i=1,23}, R={reR:2;,>0,i=1,23}.

The nonnegativity of function W is clear since u — 1 —logu > 0 on u > 0. The

generalized 1t6’s formula gives that

B1Sh B2S1>
A—uS — — I I5|dt
){ Ju! o a2+12+r1 1+7“22]

aw(s.1. 1) = (1 _%

2 2
o3 1 5151 o1
%5 4 (1 — 7) [ _ I }dt 91 ¢
—|—2 + ) e + 14 (u+a1+r1)1 +2
1 IBQSIQ J%
1— 7)[ — I ]dt %2 4
+( )l b (4 ag + 1)l |dt + 5

+(S — 1)o3dBs(t) + (I1 — 1)o1dBi(t) + (12 — 1)o1d Ba(t),
which can be written as
dW (S, I, Is) = LW (S, I, I2)dt + (S — 1)o3d Bs(t)
+(I1 — 1)o1dBy(t) + (Ia — 1)o1d Ba(t), (2.5)

where £ maps from Ri to R and is expressed as

A P11
LW(S, I, I5) = A—u(S+ 11 + ) — arly — asly — = + i+
(S, 11, I2) 1( 1 2) 141 212 S 2 a+ o
Balo rily +raly p1S B2S
— — +u+ap+r—
as + I S a1+ I H ! ! as + I
+u+ax+r +ﬁ+1%+i§
K 2 2T 9 9
o} o3 o3
SA+u+51+52+,u+041+7°1+,u+042+7’2+7+7+?
=K. (2.6)

The remainder of the proof follows from that of Mao et al. [12]. The proof is

complete.
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3 Extinction

Let us prepare two useful lemmas before proving Theorem 3.1. According to the
similar mechanism in [13] and same arguments, we can obtain Lemmas 3.1 and 3.2.
The proofs of these two lemmas are omitted here.

Lemma 3.1 Let (S(t),I1(t), I2(t)) be a solution of model (1.2) with any initial
value (S(0),11(0), I5(0)) € R3, then

S(t) + I (t) + I (t)

lim =0 a.s.
t—00 t
Moreover (s It It
lim ¢ =0, lim 1®) =0, lim 2) g o
t—oo t—oo L t—oo ¢

Lemma 3.2 Assume that u > (02 V o3 V 03)/2. Let (S(t), [1(t), I2(t)) be a
solution of model (1.2) with any initial value (S(0),11(0),12(0)) € R3, then
1 1t 1
tlgglog OS(r)ng(r):O, tlgglog OII(r)dBl(r):O, tlif?oE OIg(r)ng(r)zo, a.s.

(3.1)

Theorem 3.1 Assume that u > (03 V 03V 03)/2. Let (S(t),I1(t), I2(t)) be a
solution of model (1.2) with any initial value (S(0),11(0),12(0)) € RY. If R} < 1
and R5 < 1 hold, then the densities of two infective individuals of model (1.2) go to
extinction almost surely, that is

tliglo Il(t> = O, tliglo IQ(t) = 0.

Moreover,
tliglo 5 =0,
where
RE = fid —, i=1,2. (3.2)

pai(p+ o + i + %)
Proof The integration of model (1.2) yields
S5(t) —5(0) n I (t) — 1,(0) . I(t) — 15(0)
t t t
= A= (S — (u+ a){(D) — (4 -+ o) (B(0)

o3 [t o [t oy [t
1+28 / S(r)dBs(r) + 2 / L(r)dBi(r) + 72 / L(r)dBa(r).
t Jo t Jo t Jo
We simplify the above expression as follows:

<am=ﬁ—“zmuw»—

M o

<b@»+;¢w, (3.3)

where
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o) = 2 /0 S(r)aBs(r) + 2 /0 h(r)aBi(r) + 2 /0 I (r)dBs(7)
St)—S(0) L(t)—1(0) IDIt)— -72(0).

t t t
By (3.1) of Lemma 3.2, we have

tlgglo o(t) =0 a.s. (3.4)
Applying It6’s formula to model (1.2) leads to
; 2
dlog I; = [G;B—ZFSL — (,u +o;+ 1+ O;>:| dt + O'idBZ'(t), 1=1,2. (3.5)
Integrating both sides of (3.5) from 0 to ¢ and dividing ¢ on both sides gives that
log Iz(t) — log IZ(O) . ,BZS(t) ) ) 01’2 O'Z‘Bi(t)
: = P u—i—az—i-n—i-Q + p
i 2 iBi(t
< Piisiay - <M+ai+ri+”l) L 2B g
a; 2 t
Substituting (3.3) into (3.6) yields
log Ii(t) _ ABi _ Bi(p+a1) Bi(p + az) o}
< — Ii(t)) — ———(I1(t)) — i i+
T o L@ o) ptaitrit g
Bi 0iBi(t) | logI;(0)
t
+aiu¢( )+ t + t
A, ?
< b (/H-Oéi-H“H-UZ) + M;(t)
Hnas 2
o?
— (bt G )(RE = 1)+ Mo, 3.7)
where B;(t log 1;(0
M) = Py B 108 LO)
ailt t t
Obviously,
lim M;(t) =0, a.s.
t—o00

Since R} < 1 for i = 1,2, taking superior limit on both sides of (3.7) gives

log I, (t 2
limsupOgt()S (u+ai+ri+(;>(Rf—l)<0,

t—o00

which implies
Ii(t
lim ®)

t—oo L

~0. (3.8)
From (3.3) and (3.8), we have
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lim w = é
t—oo t H
The proof is complete.

Remark 3.1 Note that the expressions of R} (i = 1,2) carry the same in-
formation with thresholds of model (1.1), say R; (i = 1,2). These conditions that
guarantee the extinction of [;(t) (¢ = 1,2) in the deterministic model (1.1) are

stronger than those in the corresponding stochastic model (1.2).

4 Persistence in Mean

Theorem 4.1 Assume that > (02 V 03 V 03)/2. Let (S(t), 1(t), I2(t)) be a
solution of model (1.2) with any initial value (S(0),11(0), I2(0)) € R3.

(i) If Ry > 1, Ry < 1, then the disease I is extinct and the disease I is
persistent in mean, moreover, I satisfies

o}
lim inf (I (1)) > — ot nt5)
t—00 B+ 1) + plp + ag + 1)

(ii) If R} < 1, Ry > 1, then the disease I is extinct and the disease Iy is
persistent in mean, moreover, Is satisfies

(R = 1).

2

+ag+ro+ F

liminf(l5(t)) > paz(p t oz a2t )
t—00 Bo(pt + az) + p(p + s + 12)

(iii) If Ry > 1, R5 > 1, then two infectious diseases Iy and Iy are persistent in

(RE—1).

mean, moreover, Iy and Is satisfy

o 1 o2\,
lim inf(1(1) + 1o(1)) > 5 2; ai(pt i+ i+ L) (R - 1),
where
+ +
AmaX:max{ﬁllu&(u+a1)+u+a1+7“17 Bluﬁz(u+a2)+u+a2+r2}.

Proof Case (i). By Theorem 3.1, since R% < 1, tlim I>(t) = 0. Since R} > 1,
—00
for € small enough, such that 0 < I5(t) < ¢ for all ¢ large enough, we obtain
P1(A — (b + a2)e)

— > 1.
pay(p+ o + 1y + 071)

According to (3.3), we can derive that

(S() = f e Tl (L) — 222 ) + iso(t)
> AZlrog)e ptany gy (e (4.1)

1
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Generalized 1t0’s formula gives

d(arlog I(t) + 1 (1)) = [ﬁls(t) —ai(p+or+ry) — (p+oy+r)i(t) — a120%

+(a101 + Ulfl(t))dBl(t). (4.2)
Integrating this from 0 to ¢ and dividing it by ¢ on both sides of (4.2) yields
al(logh(t) - logfl(O)) + Il(t) — Il(O)
t t

= Bi(S(1)) —as <M+a1+r1+gj) ~(utar+r)(L(D)+F /0 (a4 (P)dBy(7)

> fld=(ntaz)e) —ay <u+a1 +r1+0%) _ [51 (utai)
p 2 7

dt

+(p+oa +7’1)} (I (1))

+/ilcp(t) + Utl/o (a1 + I1(7))d By (1)

)| e ]

:a1<u+a1—|—r1+ >
pay(p+ oy 4+ 4 5

— [ﬂl(ﬂjal)—i—(u—i—al—i—n)] <Il(t)>+i1g0(t)+o7;1 /Ot(al +Il(7—))dBl (T) (43)

Inequality (4.3) can be rewritten as

) (o) )_1>

(R)2 3 [al(u tartr

A 2 ,ual(u+a1+7“1+%%
o) +2 [(artnmyan - 22 OZe 1O)_LO-HO)]

¢ 2

% [m (M +a1+r1+ %) < bld = (ut a2)€32 - 1> + @cp(t)
pay(p+ oy +r1 4+ 3) K

ay logfl(O)_Il(t)—Il(O)

t t
2

i|:a1 (M+ a1 +7r1+ %) ( Auld (M+a2)53

par(p+ o +rp +

il /0 (a1 (7)) (r)— 2o (t)t_log L(0)

—i—?/ot(al—l—Il(T))dBl(T)—l— ], 0<Il<t)<l;

B
) - 1) + Zcp(t)
_Il(t);ll(o)}, <L (#),

(4.4)

v

(ol V)

~— !

where A = w + (p+aqg 4+ 7). By Lemma 3.2, we get

t—o00 t—00

lim ¢(t) =0, lim % /Ot(m + I1(7))dBy(7) = 0.

According to Lemma 3.1, one has
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lim Il(t) _ 07 m logfl(t)
t—oo t t—o00 t

Taking inferior limit on both sides of (4.4) yields

2
91 A—
liminf (11 (t)) > al(“+a1§m+ 2>< Bl (“+a2)5)2 —1) > 0.
tee pay(p+on + i+ %)

=0 as I1(t) > 1

Letting € — 0 gives that

2
a +ar+rm+ 3
lim inf (I (1)) > —2Ap o1t it 5) (R} —1).
t—o0 Bi(p 4 o1) 4+ p(p 4 o1 + 1)
By the similar argument, we can prove Case (ii), so we omit it here.
To prove Case (iii), we define

V() = log I () + log I (t) + L1 (t) + Ia(2),

then we have

2 2 2
dV(t) = [(51+52 Za-(ﬂ+ai+ri+%>—Z(M+ai+ri)li(t) dt
=1 =1
2
+3 " oila; + L(1)dBi(t). (4.5)

Integrating this from 0 to ¢ and dividing it by ¢ on both sides of (4.5), together with
(3.3), yields that
2
Vit V(0 o?
Vi) Vo) () = (B1 + B2)( Zw(u—i—ai—i-m-i-?’)

t —
2 - 2 ol t
=D+ o)+ 30 (3 /0 (s + 1i())dBi())
i=1 —
2 2
= (51 +/82)é - Zai(,u+ai +7r; + %)

i=1

0!
2
72 <Bl + B2 (i + @) + p + o +n)<1i(t)> + Bl:z@so(t)

+3°(% [ @+ base)

~

Il

—
=)

A & o?
> (ﬁl""ﬁ? E ZGZ(M-HIH-TH— 9 ) _Amax[<ll(t)+12(t)>]

+——0(t) + 22: (% /Ot(ai + L;(T))dBi(T))- (4.6)
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Inequality (4.6) can be rewritten as

2
(I(t) + Ix(t)) > Anllax [(51 + ﬂQ)j;l - Zai (,u +a; +ri+ %’) + MM)&)

i=1 :
2 vt V(0)
+ ; <t/o (ai + Ii(T))dBi(T)) - T t]’ (4.7)
where
V() __ailogIi(t) + azlog Ia(t) + 1i(t) + Ir(t)
t t
~a log I1(t) + ag 10%;.2@) + i (t) + IQ(t)j 1< (1), 1 < Ix(t);
Z _arlog I (t) thfl(t) + b(t) 1< L(t), 0 < I(t) < 1;
_azlog Ir(?) +tfl(t) + b(t) 0<Ii(t) <1,1< I(t);
RAUESA0) )< <1,0< B0 <1

t
By Lemma 3.2, we get that

lim ¢(t) =0, lim ?/0 (a; + I;(7))dB;(1) = 0.

t—o00 t—o00

According to Lemma 3.1 and taking inferior limit on both sides of (4.7), implies that
2

2

o
. < , 1 T (Rr
hgg)lf(fl(t)vLIz(t))_ maXi§1a1<u+az+rl+2>(Rl 1).

The proof is complete.

Remark 4.1 Theorem 4.1 shows that two diseases prevail if the white noises
are small enough and R} > 1. On the contrary, if the white noises are large enough,
then two diseases become extinct. This implies that random perturbations may
cause epidemic diseases to die out.

5 Conclusion and Simulations

In this paper, we investigate the dynamics of an SIS epidemic model with non-
linear growth rate and double epidemic hypothesis. The thresholds of stochastic
model which guarantee the extinction and permanence of two epidemic diseases are
derived in Theorems 3.1 and 4.1. Compared with the known results given by Meng
et al., from Theorem 3.1, we can see that conditions that guarantee the extinction
of stochastic model (1.2) are weaker than that of deterministic model (1.1), and the
conditions of Theorem 3.1 depend on the intensity of white noise.
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By using of Euler Maruyama (EM) method [14,15], we present several simula-
tions to support main results of this article. We show the property of deterministic
model (1.1) in Figure 1 (a). And, we demonstrate the extinction and persistence of
diseases in Figure 1 (b) and Figure 2 (a)(b)(c).

[
o]

O r N W M OO O N 0O O
—— w\\\
L

11
12

o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time =< 10°%

(a) deterministic model (1.1) with Ry = 1.4000 > 1, Ry = 1.2800 > 1

R
o]

s
11
12

i

=

O r N W M O O N 0O O

w M
o 0.2 0.4 o.6 o.8

1 1.2 1.4 1.6 1.8 2
Time ~ 105

(b) stochastic model (1.2) with R} =0.9964 < 1, R =0.9110 < 1
Figure 1: Numerical simulation of paths S(t), I1(t), I>(t) for
SIS epidemic model with double epidemic hypothesis
We choose initial values (S(0),11(0),12(0)) = (3,4,5) and the parameters in
models (1.1) and (1.2) as follows:
A:4, a1:4, a2:5, Bl 20.7, 52:0.8, T1 :0.1, 1"2:0.2, ,LL:O.5, a1:0.4, ap=0.3.
Notice that in Figure 1:
(a) 01 =0, 02 =0, 03 =0, Ry =1.4000 > 1, Ro = 1.2800 > 1,
(b) 61 =0.9, 02 =0.9, 05 =0.1, R} =0.9964 < 1, R5 =0.9110 < 1,
and in Figure 2:
(a) 01 =0.3, 02 = 0.9, 03 = 0.1, R} = 1.3397 > 1, R = 0.9110 < 1,
(b) 61 =0.9, 092 =0.3, 03 =0.1, R} =0.9964 < 1, RS =1.2249 > 1,
(c) 01 =0.3,02=0.3,03=0.1, R} =1.3397 > 1, R5 =1.2249 > 1,
and p> (o3 Vo3 Vai)/2=0.405.
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10
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. |
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(a) RT =1.3397 > 1, R} = 0.9110 < 1
10

ol s1 ]
s il
AL MM {
6 .
5 .
4 |
R |
R |
. |
o WMMWMA\«&
o 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
Time =~ 10%

(b) R =0.9964 < 1, R = 1.2249 > 1

R
o]

O r N W M OO O N 0O O
1

Time < 10°
(c) RE =1.3397 > 1, RE = 1.2249 > 1.
Figure 2: Numerical simulations of stochastic model (1.2) with double epidemic hypothesis
Figure 1 shows that two diseases are persistent in a deterministic model (see
Figure 1 (a)), and they die out due to taking intensities of white noises into account
in a stochastic model with o1 = g2 = 0.9 (see Figure 1 (b)). When R} < 1 < R;, the
persistence of deterministic model changes into the extinction of the corresponding
stochastic model due to random perturbation. Therefore, the intensities of white
noises can be referred as to control parameters when stochastic epidemic models are
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considered.
Now, we keep the most parameters the same as shown in Figure 1, but oy and o9
take different values. When o7 is smaller, and o9 is larger (01 = 0.3, 03 = 0.9), here
1= 13397 > 1, R5 = 0.9110 < 1, thus I3 goes to extinction and I is persistent
(see Figure 2 (a)). When o7 is larger and o9 is smaller (o7 = 0.9, o9 = 0.3), here
T =0.9964 < 1, Ry = 1.2249 > 1, Figure 2 (b) shows that I; goes to extinction
and I is persistent. Furthermore, let o1 and oo take small values, then I; and I
are persistent (see Figure 2 (c)). That is, two diseases will prevail in a long run,
which strongly supports the theoretical results derived in Theorem 4.1.
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