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Abstract

In this paper, we consider a nonlinear system of reaction diffusion equa-
tions arising from mathematical neuroscience and two nonlinear scalar reaction
diffusion equations under some assumptions on their coefficients.

The main purpose is to couple together linearized stability criterion (the
equivalence of the nonlinear stability, the linear stability and the spectral sta-
bility of the standing pulse solutions) and Evans functions to accomplish the
existence and instability of standing pulse solutions of the nonlinear system of
reaction diffusion equations and the nonlinear scalar reaction diffusion equa-
tions. The Evans functions for the standing pulse solutions are constructed
explicitly.
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1 Introduction
1.1 Mathematical Model Equations

Consider the following nonlinear system of reaction diffusion equations arising
from mathematical neuroscience

2
?::gag—l—a[ﬁl’{(u—ﬁ)—u]—w, (1.1)
é();;; =e(u —yw). (1.2)

Also consider the following nonlinear scalar reaction diffusion equations
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ou  9%*u
E_W+Q[BH(U_9)_U]’ (13)
and
ou 0%
Fri @—FQ[BH(QL—Q)—IL] — wy, (1.4)

where wg = (B — 20) > 0 is a positive constant. In these model equations, u =
u(z,t) represents the membrane potential of a neuron at position x and time t,
w = w(x,t) represents the leaking current, a slow process that controls the excitation
of neuron membrane. The positive constants « > 0, 8 >0, v>0,e >0and § >0
represent neurobiological mechanisms. The positive constant § > 0 represents the
threshold for excitation. The function H = H(u — 0) represents the Heaviside step
function, which is defined by H(u—0) = 0forallu < 6, H(0) =1/2and H(u—0) =1
for all w > 6. When an action potential is generated across a neuron membrane, Na™
ion activation is considerably faster than K™ ion activation. The positive constant &
represents the ratio of the activation of Nat ion channels over the activation of KT
ion channels. The two nonlinear scalar reaction diffusion equations may be obtained
by setting e = 0, w = 0 and € = 0, w = wy, respectively, in system (1.1)-(1.2). See
Feroe [5-7], McKean [8-10], McKean and Moll [11], Rinzel and Keller [12], Rinzel and
Terman [13], Terman [14], Wang [15] and [16] for more neurobiological backgrounds
of the model system.

1.2 Main Difficulty, Main Purposes and Main Strategy

Note that there exists neither maximum principle nor conservation laws to the
nonlinear system of reaction diffusion equations. The existence and instability of
standing pulse solutions of the system are very important and interesting topics in
applied mathematics, but they have been open for a long time, except for some nu-
merical simulations and some claimed results without rigorous mathematical anal-
ysis. The strategy to overcome the main difficulty: coupling together linearized
stability criterion and Evans functions seem to be the best way to approach the
instability of the standing pulse solutions.

The main purpose of this paper is to accomplish the existence and instability of
standing pulse solutions of the nonlinear system of reaction diffusion equations (1.1)-
(1.2) and the nonlinear scalar reaction diffusion equation (1.3). The existence of the
standing pulse solutions of both (1.1)-(1.2) and (1.3) follows from standard ideas,
methods and techniques in dynamical systems. The instability of the standing pulse
solutions will be accomplished by coupling together linearized stability criterion
and Evans functions. The interesting and difficult points are that the eigenvalue
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problems obtained by using linearization technique and the method of separation
of variables involve the Dirac delta impulse functions. This makes it very difficult
to establish the equivalence of the nonlinear stability, the linear stability and the
spectral stability of the standing pulse solutions. Another very interesting point is
that the parameter € plays no role in the existence of the standing pulse solutions,
but it plays a very important role in the instability of the standing pulse solutions.

The construction and application of Evans functions to stability analysis of s-
tanding pulse solutions of the nonlinear system of reaction diffusion equations (1.1)-
(1.2) have been open for a long time. This paper aims to provide positive solutions
to the open problems. The introduction of the Evans function and the study of the
instability of the standing pulse solutions have strong impacts on stability of fast
multiple traveling pulse solutions. Mathematically and biologically, these are very
important /interesting problems. We believe that the same ideas also work for the
existence and stability of fast multiple traveling pulse solutions and the existence
and instability of slow multiple traveling pulse solutions of system (1.1)-(1.2).

1.3 Main Results

Theorem 1 (I) Suppose that the positive constants a > 0, B > 0, v > 0,
e > 0 and 0 > 0 satisfy the conditions 0 < 2(1 + ay)8 < afy. Then there exists
a unique standing pulse solution (U,W) € C(R) N C?*(R — {0}) to the nonlinear
system of reaction diffusion equations (1.1)-(1.2). The standing pulse solution is
given explicitly by

Ulz) = fexp (Wm) on (=00, 0),

- e g )
—Q(féfzw)exp (-WO on (0, Zo),

Ulx) = fexp [—\/E@—zo)] on (Zo,0).

1 apfy

In .
/a—i-% afy —2(1+ ay)d

(IT) The standing pulse solution is unstable.

(III) Suppose that the positive constants o > 0, f > 0 and 0 > 0 satisfy the
conditions 0 < 20 < 3. Then there exists a unique unstable standing pulse solution
U € CYR)NC?*(R — {0}) to the nonlinear scalar reaction diffusion equation (1.3).
The standing pulse solution is given explicitly by




82 ANN. OF APPL. MATH. Vol.32

U(z) =0exp(vax), on (—o0,0),
Ue) =5+ (05 ) exp(vae) - § expl(—van). on (0.2)
U(z) = 0exp|—va(z — Zy)], on (Zy,0),
1 p
Z

1.4 Previous Related Results

In early papers, the existence and instability of the standing pulse solutions had
been announced to be true. For the existence and instability of the standing pulse
solutions, the previous analysis missed a few key points. One must make reasonable
assumptions on the constants in the model equations to establish the existence.
This was missing in the old papers. One must establish the existence of finitely
many points where the pulse crosses the threshold and find the intervals where the
pulse lies above or below the threshold. One also has to prove that the pulse is
continuously differentiable everywhere on R, particularly at the points where the
pulse crosses the threshold. However, they did not do these things. That is why the
previous existence analysis is not rigorously correct. The existence of the standing
pulse solutions may be proved by applying standard ideas, methods and techniques
in dynamical systems to guarantee that all of the above requirements are valid. For
the instability, there have been no rigorous mathematical analysis on the essential
spectrum or the eigenvalues of some associated linear differential operator obtained
from the linearization of the nonlinear system of reaction diffusion equations about
the standing pulse solution.

2 Mathematical Analysis and Proofs of the Main Results

The main purpose of this section is to accomplish the existence and instability
of the standing pulse solutions. We will couple together linearized stability crite-
rion and Evans functions (complex analytic functions) to accomplish the nonlinear
instability of the standing pulse solutions.

Let 0 < (1 + av)f < afy. There exist two stable constant solutions (U, W) =
(0,0) and (U, W) = (£325, 125-).

1. The Existence. First of all, let us establish the existence of the standing

pulse solution to the nonlinear system of reaction diffusion equations (1.1)-(1.2).
A standing pulse solution to system (1.1)-(1.2) satisfies the following differential
equations
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U" + a[BH(U — 0) —U] - W =0,
e(U — W) = 0.

That is
1 1
U" — <a+> U+ aBH(U —6) =0.
Y
Suppose that there exists a positive constant Z > 0, such that

uoy=e6, U'(0)>0, UZ)=6, U (Z)<0,
U>60 on(0,Z), U<® on(—00,0)U(Z,00).

Then the above differential equation reduces to
" ]‘
U" — <a+> U+af =0, on/(0,72),
Y
1
U’ — (a + > U=0, on(—00,0)U(Z 0),
Y

subject to the boundary conditions U(0) = 6 and U(Z) = 6. Solving these differen-
tial equations and using the boundary conditions lead to the solution representation

U(z) = fexp (ﬁ@ . on (—o0,0),
U(z) = ff; + Crexp (\/Em) + Cyexp <—\/Ea:> , on (0,2),
U(z) = fexp [—W(w - Z)] . on (Z,00),

where C1, Cy and Z are real unknown constants. Now let us find the constants.
First of all, U(0) = 0 and U(Z) = 0, that is

aBy
14+ ay

afy + C1 exp (,/a—klZ) + Cy exp <—,/a+1Z> =0.
14+ ay ol 0%

Second, the standing pulse solution is continuously differentiable everywhere, par-
ticularly, at x =0 and x = Z. Hence

+Cl+02:97

lim U'(z) = lim U'(z), lim U'(z)= lim U'(z).

z—0~ z—0t 7~ r—Z+
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That is

/ 1 1 / 1 / 1 / 1
—Ja+—-0=Ci1/a+ — exp( a+Z>—C’2 a—{—exp(— a+Z>.
Y 8 8l gl

Coupling all of these equations together yields

il

afy afy
Cr=0—-——"" Ch=-———""_
' 21+a7) 77 20+
7 = 1 In afBy

/04—1—% afy —2(1+av)f’

This completes the proof of the existence and uniqueness of the single standing
pulse solution to system (1.1)-(1.2). A standing pulse solution to the nonlinear
scalar reaction diffusion equation (1.3) satisfies the following differential equation

U + o[BH(U — 6) — U] = 0.

The existence and uniqueness of the standing pulse solution to the nonlinear scalar
reaction diffusion equation (1.3) may be established very similarly.

Next let us study the instability of the standing pulse solution to the nonlinear
system of reaction diffusion equations (1.1)-(1.2).

2. The eigenvalue problems. Let (P(xz,t),Q(x,t)) = (u(x,t),w(z,t)). Then
(1.1)-(1.2) becomes

0 0?

O O ValsH(P—6) ~ P| - Q.
0

W —r-n0)

The standing pulse solution (U, W) = (U(z), W(z)) is a stationary solution to this
system. Linearizing the nonlinear system about the standing pulse solution to get

3p 0? p
dq
5 = 8(1) - 7q).

Suppose that (p(z,t),q(x,t)) = exp(At)(¢1(x),2(x)) is a complex solution to this
linear system of differential equations, where X is a complex number, 1 and 9 are
complex, bounded, continuous functions defined on R. This leads to the following
eigenvalue problem
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M1 =] — ahy — o + aB6(U — )¢,
Apg = e(h1 — yiba).

Define a linear differential operator £ by

r (¢1> _ ( 1 — a1 — o + apd(U — 9W1> .
(> e(ir — vib2)

Definition 1 If there exists a complex number \g and there exists a complex,

vector valued, bounded, continuous function ¥y (Ag, z) = (50130’3) on R, such
02(A0,

that Lig = Mg, then Ag is called an eigenvalue and iy = (im) is called an
02

eigenfunction of the eigenvalue problem.
To see that Ao = 0 is an eigenvalue and (¢1(x),v2(z)) = (U'(z), W'(z)) is
an eigenfunction of the eigenvalue problem, let us differentiate the standing pulse

equations

U'+a[BH(U —0) - U] —W =0,
e(U—-9W) =0,

with respect to = to get

U" — ol = W' + aBs(U — 0)U" = 0,
e(U' —yW') = 0.

Definition 2 (I) The standing pulse solution to the nonlinear system of reaction
diffusion equations (1.1)-(1.2) is stable, if max{ReX : A € (L), # 0} < —Cj and
Ao = 0 is an algebraically simple eigenvalue, where o (L) represents the spectrum of
the linear differential operator £ and Cy > 0 is a positive constant.

(IT) The standing pulse solution to the nonlinear system of reaction diffusion
equations (1.1)-(1.2) is unstable, if there exists an eigenvalue Ao with positive real
part or if the neutral eigenvalue Ag = 0 is not simple.

Following John Evans’ idea in [2], the essential spectrum of the linear differential
operator L is easy to find and it is given by

Uessential(ﬁ) = {)\ ceC: A= )\1(7‘) or \ = )\Q(T),T c R}’

where

1
)\1(7“):—5[04—1—7“2—1—75—1—\/(a+r2—76)2—45],

1
Ao(r) = =5 o+ 1% +qe = Va7 —ye)? — 4e.
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It is easy to find that the essential spectrum of £ causes no problem to the stability
of the standing pulse solution to the nonlinear system of reaction diffusion equations
(1.1)-(1.2).

Let us find a simpler equation which is equivalent to the eigenvalue problem
M1 = ] — arpy — Yo + afo(U — 0)ih1, Mpa = £(1h1 — y1)2), so that we can solve it
to find a solution to the eigenvalue problem. Recall that the standing pulse solution
satisfies the conditions: U(0) = 6, U'(0) > 0, U(Zy) = 0, U'(Zy) < 0, U > 0 on
(0,Zp) and U < 0 on (—o0,0) U (Zp,00). Thus

H(U(z)—0)=H(x) — H(x — Zy),
everywhere on R. Differentiating this equation with respect to x yields

S(U(z) — 0)U'(z) = 6(x) — §(x — Zp).

That is
_ b(a) — 6w — )
() - 0) = L2
for all z such that U’(x) # 0. Moreover, we have
3(Ua) ~ 0)0(e) = Fb6(0) — a — Z0)] = FGH0(e) — e~ Za).

for all complex valued functions ¢ defined on R, in the sense of tempered distribu-
tions. Therefore, if we write 1)1 = 1 and use the relationship 1o = ﬁwl, then the
eigenvalue problem A1 = ¢f — apy — o + aBo(U(z) — 0)1h1, Mpa = (1 — yiba)
becomes

3
A+ e

$(0)
u'(0)

_ ¥(Zo)
U'(Z)

M=o = ot = b s | oo - )]

3. The solutions of the eigenvalue problems. Define 2 = {\ € C: Re) >
—~e}. The eigenvalue problem may be written as a nonhomogeneous, first order,
linear system of differential equations

()= (et . o) () 8 Gy~ Gyt~ )] (1)

For all complex numbers A with ReA > —~e¢, the solution of the homogeneous system

d (¢ 0 1\ (v
i (1) = (o 0) ()

is given by
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1
w(/\,€,$)> ( e >
=C + A+
(¢x(Aa5>$) P “ >‘+76x a+ A+ A—f’ya

1
€
+Coexp | —y/a+ A+ T ,
? p< \/ )\+75> —/a T A 5z

where C7 and Cy are constants.

Let us diagonalize the coefficient matrix. Define

1 1
T(Ae)=
( ) \/a+)\+)\-§'y£ _\/a+)\+)\f’ya

Then the inverse matrix exists and it is given by

a+ A+ = 1

1 Ate
[T(X\e) ™" =
2 /ot A+ 55 \Jor + x5 -1
Therefore
0 1 a+ A+ /\fvs 0
T(0 )] )1 =
a+)\+)\+vs 0 0 —1/a+)\+/\f76
Clearly
Xl()\,E,ZE) =

exp<1/oa—|—)\+)\f,ﬁx> exp(— a+ A+ /\f,yex)
Mexp(ﬂ/a—i—)\—l—)\fwsx) —1/a+)\+/\fwsexp(— Oz—i-)\—&-/\f%x)

XQ()\,&, l‘) =

exp[ oz—i-)\—i-/\fvs(x—Zo)} exp [— Oé+)\+)\f,y€($—Zo):|

\/oz—l-)d-ﬁ exp [\/omt)\—I—ﬁ(:U—Zo)} =/ Mz exp[— Oé—l—)\—l—ﬁ(l‘—Z())}

are two fundamental matrices of the homogeneous system.

Let us use the method of variation of parameters and the two fundamental
matrices to find a bounded particular solution. The particular solution to the non-
homogeneous system is given by
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1
afy(r.e,0) exp <\/oz+/\+>\fygx> ( A W )[1—H(x)]
e

2 oA+ 5 U0)
aBip(Ae,0) < \/ 5 > 1
T xp | —y /o + A+ — | H
o farrt v T VTN e a1
__aBd(\e Z) [W ., } 1 ey
QMU/(ZO) exXp a—+ +>\+’Y€(-T U) a+)‘+)\f%€ [ (l‘ 0)]
1
B &, Zo) exp [— Oé-l-/\—i-i6 (x—Zo)} (_ A+ < )H(z—Zo).

zm U'(Zo) A+e PR

Therefore, the general solution to the eigenvalue problem is given by

1

<w()\’6’x)>201()\,£)exp <\/a—|—)\+ c x) ( )
be(\ €, 1) Xt e m
+Ca(A, €) exp <—\/a A+ f%x) (_W)
+ \/0%122’(0) exp<, /a~|—)\+>j%_x>< - Hl _I_)\f%)[l—H(m)]
+ \/O%I)J’(O) exp<— a+A+A;€x> (_ - +1A _i_/\f%)H(x)
_2\/0%2/(20) exp [\/a A+ f% (z — Zo)}
. ( a+;+ M‘%) [1— H(zx — Zo)]

ST [ )

2\/a+ A+ 552U (%) A+ e
1
= Ja+ A+ /\f%_ H(z — Zo),

where C1(\, ) and Ca(A, €) are independent of z, but depend on the parameters A
and €. The general solution to the eigenvalue problem is bounded on R if and only

if
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Cl ()\, 9 ) o 0
CQ()\, 8) IR\UA
The first component of the general solution to the eigenvalue problem is given by

€
A+e

w,s,@:cl(x,a)exp( a4A+
afip(A e, 0) €

D FA+ ) 1-H
NS e exp <\/a pp—— [ ()]
04677/)()\7570) < \/ 13 >
+ —ja+ A+ H
o farrt v TV R &

_aBp(\e, %)
2, Ja+ A+ MZEU’(ZO)

afeNeZ) [ [ S .
70 p[\/+A+ ,y( Zo)]H( Zp).

2, Ja+ A+ 55U A+ e

Let us find the relationship between <g;8: 2) and <$()\):7€i7z()3)) Letting z = 0

and x = Z, respectively, in the first component of the general solution leads to
afip(A,e,0)

2,/a+ A+ 55:U'(0)
045@[’()\757 ZO) exp <_\/a A £ ZO)
ve )’

2, /o + A+ x=2U' (%) At
5 €
(N e, Zy) = C1(N, ) exp < OH—)\—i—)\ e Zo> +C5(A, €) exp <—1 [a+A+ )\+%€Zo>

ap(\,e,0) eXp(_ VI ZO)_ B\ e, %)
(0) 2

2, Jot At = U Ate Jor AU (Zo)

Ave

€
x) +Cy(\, e) exp <— a+)\+)\+fygx>

exp { oz—I—)\—i—)j%(x—Zo)] [1—H(z—Z)]

(N e,0) =C1(\ ) + Co(Ne) +

ﬁ

These equations may be written in another way

of

2, /a+ A+ 5:U0'(0)
+ b exp( QA — Z) Y(A\ e, Zp)
— N, .40 3 €y 40),

2\ /ot 552U (Z0) V Atye

¥(A€,0)

C1(\, e)+Cs(\ ) = {1 -
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C1(\ e) exp <\/a + A+ Zo) + C2(\, e) exp (—\/Oz—i- A+ /\-ingO)

ZO) ¥(Ae,0)

A+ e

af ( \/ €
= |- exp | —/a+ A+
2, /a+ A+ x5:U'(0) A+e
of

+ 1+
2, /o + A+ x=2U"(Z0)

Let us investigate how ( E ;) < (()\)\’;’ZOO))) depend on each other. Rewrit-

ing the system in a nice Wa by using matrices and vectors yields the following

' . (A e,0)
relationship between < O /\ ) ) ( (\e, Zo))

1 . 1 ( 1(A 7€)>
exp <\/oz—{—)\——i—)\+,y€20) exp (—\/mZ()) Ca(\ )
1_ af (\/)\72>
2\/a+>\+/\-ffyaU/(0) 2\/a+>‘+,\_f76U/(Zo exp a+ +)\+’Ya 0
1

_ aB _ €
2\/a+)\+ X-‘f’w U’(0) eXp( a+A+ Ave ZO)

, < ¥(A,€,0) >

Vv(Xe Zo))

P(A,€,0) 0 Ci(he)\ _ [0). .
Note that <¢(A,5,Zo) # ) Therefore ey ) = \o if and only if the
system of linear equations
1— of of —JatA -7,
2\/a+>\+/\fWEU’(O) 2\/a+>\+/\_f%U’(Z0) exp( aF+At 32 0)
_ af _ B af
2\/a+)\+ e U’(0) eXp( O(+)\+ Ave ZO) 1 + 2\/01-5-)\-"-)_‘_75 U'(Zo)

| ( (X, 2,0) )
(N e, Zp)
1 1 Cl(/\,E) 0
(v (irraza) en(yrrma)) (E33)-0)

.. ) P(\€,0) 0
has a nontrivial solution <T/1<)\757ZO) #* 0)

4. The Evans function and its representation. Define the Evans function

] ¢(A,8, ZQ).

_l’_
2\/a+)\+ HE% U’ (Zo)

for the standing pulse solution to the nonlinear system of reaction diffusion equations
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(1.1)-(1.2) by
Epuse(\2) = |1 ab 14 of

2, fa+ X+ x=-U'(0) 2, Ja+ X+ =-U'(Z)
+ of exp (—\/a+/\+ EZO>

2\ /a+ A+ 55:U0'(0) At e
) of exp <—\/a+)\+€ Zo)

2\ /a+ A 552U (%) A+ e

2
i af
2,/a+ A+ 55:0'(0)

— of exp <—\/a~|—)\—|— €Z0>

2, /a+ A+ x5:zU(0) A+e

for all complex numbers A € = {\ € C: Re\ > —ye}, where we have used the
facts U'(0) = =U'(Zp) = y/a + %«9.
Define the following auxiliary functions

2

9

F(\e)= ap + ap exp (— a+)\+€Zg> ,
2, Jat At x5 U0) 2y fat At 5z U'(0) \ Atne

G(\e) = of — of exp <— Oé+>\+€ZQ) )
QmWO) 2, fa+ A+ 322U (0) A+ e
Then

gpulse()‘a 5) = [1 - F()‘v 5)”1 - G()‘> E)]
Recall that
afy

1 1
U'(0) = 4/a+ =0 Zo = 1 .
©) a+7’ ‘ o+ L Y aBy—2(1+ay)8
i

First of all, we have

F(0,e) = b + of exp <—, o+ 1Z0>
2 a+%U’(O) 2 a+%U’(O) v

__ By _aBfy-20tan)f  efy
2(14 av)b 2(14+ ay)b (14 av)6 ’




92 ANN. OF APPL. MATH. Vol.32

G(0,e) = op — of exp (—, lo + 1Z0>
2\/a+1U(0) 2\ /a+1U(0) v

afy afy —2(1+ ay)l 1

- 2(14+ ay)b 2(1 4 av)d

Then we have the derivatives

1 ]
4<a+)\+>\+ws> \/04+)\+>\+7€U’0)[ )\+76
— exp oA+ —— >[ ]
1(atrt 5t L/a+/\+A+ _U(0) V A+ e /\+75

OéﬁZo
— X A Z
4(a+/\+ e p< \/a+ + 0) [1 )\‘i"Yé‘) }

Atre

4(a+/\+xfws>,/a+>\+Af%U'(0)

£ 93
<1 - A Z A Z
{ —l—exp< \/a+ +)\+7€ o)+\/a+ +)\+7€ 0

13 13
: - A Z 1——
eXp( \/a+ X te O)H (/\+’V€)2]’
and

0 B af [ € }
G\ e)=— - —
ax e 4<a—|—)\+ﬁ> a+ A+ 575:U'(0) (A+7e)?

F(\e)=—

9
O

3

£
+ exp( oA+ —— Zg)[l—]
4(a+/\+ e L /a+/\+ +=:U'(0) V Ate (A+7e)?
3
Z - ———
) [ (™ +7€)2]

afBZy
4o+ A+ 55 )U’
I,

<a+>\+/\+75 \/a+>\+)\+’ys /(0
-{l—i-exp(—\/a—i-)\—i- )
. - A Z 1 —— .
eXp( \/O‘+ e °>}[ (A+vs>]

exp( a+ A
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8<a+)\+

< -1
(3D Atqye) (A +7e)?

There is a critical number \. = —vye + /. Obviously, A, < 0 if 42 > 1 and A, > 0
if 0 < % < 1.
Let us study the zeros of the Evans function. It is easy to find that

gpulse()\a 5) =0,
if and only if F(\,e) =1 or G(\,e) =1, that is A = 0 or A = Ao(e), where A\g(e) is

the unique solution of the equation

af n af

2\/a +Xo(e) + x5=2U"(0) 2\/a +Xo(e) + 3 ==2U'(0)

- exp [—\/a + Xo(e) + /\()(E)S_WeZo] = 1.

Note that

1
b + of exp<—1la+Zo>:aﬁ1—l>l.
2\/a+1U7(0)  2,/a+1U7(0) gl (a+ )0

The existence and uniqueness of such a real solution Ag(¢) may be proved by using

intermediate value theorem and mean value theorem. Let ¥?c > 1. Then —ye <
Ao(g) < 0. Let 0 < 7% < 1. Then \g(g) > 0.

5. The stability /instability of the standing pulse solutions. The lin-
earized stability criterion: The nonlinear stability of the standing pulse solution to
the nonlinear system of reaction diffusion equations (1.1)-(1.2) is equivalent to its
linear stability, which is equivalent to the spectral stability.

By using the definitions of the stability and instability of the standing pulse
solution to the nonlinear system of reaction diffusion equations (1.1)-(1.2) and by
using the linearized stability criterion, we find that the standing pulse solution is
unstable.

6. The instability of the standing pulse solution to the nonlinear
scalar reaction diffusion equation (1.3). For the standing pulse solution to the
nonlinear scalar reaction diffusion equation

@_@_’_ [
ot 0x2 @

the eigenvalue problem is

BH(u—6) —ul.

M =" — arp + af ;]”,((%) §5(z) — ¥(Zo) 5z — Zo)

~—
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The linear differential operator Lg is defined by

$(0)
u'(0)

The essential spectrum of the operator Ly is

Lob =¥ — avp+aB [ () —

Jessential(L:O) = {>\ =—a-ri:r S R}

The eigenvalue problem may be rewritten as

i ()= (atn 0) () o8 By -~ gy =] (1)

The general solution is given by

(WA""”)) — Cy(\) exp(Va T a) (ﬁ) + Co(\) exp(—va T Az) ( L )

b(h2) et
+2\j‘%(*(]0/)( S (Vo T Ar) (_\/Olﬁ) H(x)
AT gl Ao~ 2] oy ) e ),

The first component of the general solution is given by
(A z) = Cr1(A\) exp(Va + Az) + Ca(N) exp(—Va + Ax)
+ afy(%,0) exp(V Oz—i—)\x)[l—H(m)]—i—M exp(—Va+Az)H (x)

2V/aFAU'(0) 2V a+ AU’ (0)
O‘ﬂd}()‘a ZO)
“ e v gy SRV M = 2ol — Hiz — Zo)
B (N, Zo)
Toa g U () SRVt Me — Zo)|Hw = Zo).

The Evans function is defined by

_ af ’ afs ?
Epise(N) = [1- = mwm] - G AT AZ)

There exists a positive eigenvalue Ao > 0. The instability of the standing pulse
solution to the nonlinear scalar reaction diffusion equation (1.3) is established. The
proof of Theorem 1 is finished.



No.1 L.H. Zhang, Solution of Reaction Diffusion Equations 95

3 Conclusion and Remarks

3.1 Summary
Consider the following nonlinear system of reaction diffusion equations arising
from mathematical neuroscience

2
%z?ﬂﬁ—l—a[ﬁ[ﬂu—@)—u]—m
ow
i e(u —~yw),

and the nonlinear scalar reaction diffusion equations

2

21; = g;; + a[fH(u — 6) — ul,
and
ou  0%u

E:w—l—a[BH(u—Q)—u}—wo.

The main purpose is to couple together the linearized stability criterion (the equiv-
alence of the nonlinear stability, the linear stability and the spectral stability of the
standing pulse solutions) and Evans functions to accomplish the nonlinear instabili-
ty of the standing pulse solutions. We constructe Evans functions (complex analytic
functions) to accomplish the instability of the standing pulse solutions. We study
the eigenvalues and eigenfunctions of some eigenvalue problems. It turns out that a
complex number )\ is an eigenvalue of the eigenvalue problem if and only if g is a
zero of the Evans function. The introduction and application of the Evans functions
to standing pulse solutions to the model equations will have great impacts on how
to construct and apply Evans functions for stability of fast multiple traveling pulse
solutions.

The scalar equations may be obtained by setting ¢ = 0 and w = 0, ¢ = 0 and
wo = S — 20), respectively, in the system.

Summary of the eigenvalue problem
P(A,e,0)

u'(0)

€
A+ e

and the Evans function

YA, Zo)
U'(Zo)

Mp = ¥ — ap— —— g+ a [ 5() — 5 — Zo>] ,

2

of

2,/a+ A+ 55:U(0)
2
of exp <—\/oz—|—/\+€Zo> ,
2\ o+ X+ 55:U(0) At e

gpulse()‘ve) =1|1-
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for the nonlinear system of reaction diffusion equations

ou  0*u

il + a[fH(u —0) — u] —w,
ow (1 — )

5 = clu—w).

(I) The Evans function £ = Epyise(A, €) is a complex analytic function of A and
g, it is real-valued if A\ is real.

(IT) The complex number )¢ is an eigenvalue of the eigenvalue problem if and
only if A\g is a zero of the Evans function, that is, Eyuise(Ao,€) = 0. In particular,
gpulse(oa 5) =0.

(III) The imaginary part of the Evans function &,yise(A, €) is equal to zero if and
only if the imaginary part of X is equal to zero. In another word, all eigenvalues to
the eigenvalue problem are real.

(IV) The algebraic multiplicity of any eigenvalue )¢ of the eigenvalue problem
is equal to the order of the zero A\g of the Evans function £ = £(), ¢).

(V) The Evans function enjoys the following limit

lim |[Epuse(N, €)] =1,
[A| =00

in the right half plane {\ € C: ReA > —ne}.
3.2 Future Directions and Open Problems

Consider the following nonlinear singularly perturbed system of reaction diffusion
equations (1.1)-(1.2), that is

ou 0%
Ezw"‘a[ﬁ}[(u—e)—u}—w,
ow _ (u — yw)

at—su yw).

In the future, we would like to accomplish the existence and stability of fast multiple
traveling pulse solutions

(U,W) = (Ul(e, @ + Vst (e)t), W (e, x + Vpast (€)1))

with fast moving coordinates z = = + Vs (€)t and fast wave speeds vgs(€), and to
accomplish the existence and instability of slow multiple traveling pulse solutions

(U W) = (U(e,x + vslow (€)t), W (e, & + Vglow (€)1))

with slow moving coordinates z = & + vgjow (€)t and slow wave speeds vgow(€). These
problems are very interesting and important in applied mathematics but they have
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been open for a long time. We will introduce Evans functions and establish a global
strong maximum principle for Evans functions, couple together linearized stability
criterion, Hopf lemma and many other important ideas, methods and techniques
in dynamical systems to accomplish the existence and stability of the fast multiple
traveling pulse solutions.

Consider the nonlinear scalar reaction diffusion equation

ou _ b

ot 0x2
There exists a unique stable traveling wave front u(z,t) = Ugont(x + vot), such that
UcCYR)NC?(R—{0}); U < 6 on (—00,0), U(0) =6, U'(0) >0 and U > 6 on
(0,00). The wave speed vy is given by

+ a[fH(u —0) — ul.

a(f —20)

0= Y

0(B—06)

Let z = x + vyt. The traveling wave front is given explicitly by

1
U(z) = fexp [2(V0+\/1/§+—4a)z], for all z < 0;
1
U(e) = 5+ 0 B)exp [ 30— i +40)2] . forall s >0

The traveling wave front enjoys the following boundary conditions

lim U(z) =0, lim U(z) = g, lim U'(z) = 0.

Z——00 Z—00 z—+oo

Consider the nonlinear scalar reaction diffusion equation

87111 — 827” + Oé[

ot 0x2
There exists a unique stable traveling wave back u(x,t) = Upaec(z + vot), such that
UecCHR)NC?*R - {0}); U > 0 on (—0,0), U(0) =6, U'(0) < 0and U < 6§ on
(0,00). Let z = x 4+ vyt. The traveling wave back is given explicitly by

1
U(z) =20 —fexp {2(1/0—1— \/Vg—i—iﬁla)z} , forall z <0;
U(z) =20 -3 — (0 — ) exp [;(Vo— \/Vg+4a)z] , forall z > 0.

The traveling wave back enjoys the following boundary conditions

BH(u—0) — u] — wo.

lim U(z)=20,  lim U(z) =20 -3, lim U'(z) =0.

Z——00 Z—00 z—+o0
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Under the same assumptions a > 0 and 0 < 20 < 3, the nonlinear scalar reaction
diffusion equation (1.3) supports both a traveling wave front and a standing pulse
solution. When the parameter ¢ is perturbed from ¢ = 0 to € > 0, the traveling
wave front becomes part of the fast traveling pulse solution and the standing pulse
solution becomes part of the slow traveling pulse solutions.

3.3 Remarks

The fast single traveling pulse solution may be viewed as the perturbation of
the traveling wave front and the traveling wave back. The fast multiple traveling
pulse solution may be viewed as m copies of the fast single traveling pulse solution
appropriately placed together. Therefore, the Evans function for the fast single
traveling pulse solution is equal to the product of the Evans function for the traveling
wave front and the Evans function for the traveling wave back plus a small function
due to perturbation. The Evans function for the fast multiple traveling pulse solution
is equal to the product of m Evans functions for the fast single traveling pulse
solution plus a small function due to perturbation. More precisely

gfastfsinglefpulse()\v 5) - gfront(A)gback()\) + gsingularfperturbationfl()\7 5);
gfast—multiple—pulse()\v 5) = [gfront()\)gback(A) + 5singular—perturbation—1()\a 5)]m
+gsingular—perturbation—2 ()\a 5) )
for all A € Q and € > 0, where @ = {\ € C: Re\ > —4¢} is a right half complex
plane.

Very similarly, for slow single traveling pulse solution and slow multiple traveling
pulse solutions, there hold the following representations for the Evans functions

gslowfsinglefpulse()\a 5) = gstandingfsinglefpulse()\7 5) + gsingularfperturbationfl ()\a 5)7
m
gslow—multiple—pulse()\a 5) = [gstanding—single—pulse()‘) + gsingular—perturbation—?)()‘7 5)]

+gsingular—perturbation—4 ()\a 5) )

for all A € C with ReA > —ve and for all € > 0, where

Eangeesmbaion-1(0,2) = Xexp =2 0(1)| O)
Esingular—perturbation—2(A, €) = A exp :—iO(l): 0(1),
Esingular—perturbation—3(A, €) = Aexp _—io (1)- O(1),
Eangeesmbaion-1(0,2) = Xexp [~20(1)| O
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To see if the neutral eigenvalue is algebraically simple, let us differentiate the repre-
sentations with respect to A\. We have

0
a gfastfsinglefpulse ()\7 5)

0
= 5f/ront (A)gback(A) + gfront (A)g];ack<)\) + 5gsingularfperturbationfl ()\7 5)7
0

ﬁ gfastfmultiplefpulse ()\7 5)

=m [Sfront (A)Sback ()\) + Ssingularfperturbationf 1 ()\7 E)]m

0
' [8f/ront (A) gback ()\> + gfront ()\>gll)ack ( A) + agsingularfperturbationf 1 (A, 5)]

0

+ ﬁgsingularfperturbatioan (Aa 5) .

-1

Let A =0, then we have

0
agfastfsinglefpulse (0; 5)

0
= géront (O)Eback(o) + gfront (O)E{MCk(O) + ﬁgsingularfperturbationf1 (07 5)
0
= 5gsingular7perturbationf1(0; 5) > 07
0
58fastfmultiplefpulse (07 5)
= m[gfront (O)Sback(()) + 5singularfperturbati0nfl (07 E)]mil

0
: [gfront (O)gback (0) + gfront (O)g{)ack (0) + agsingularfperturbationfl (0, g)]

+ 5 gsingularfperturbation72 (07 5)

0
= 5gsingularfperturbationf2(07 5) > 0.

Overall, the neutral eigenvalue A = 0 is simple.

3.4 A Technical Lemma

Lemma Let A be an (2m) x (2m) complex constant matriz. Suppose that
Ang = pgpne, that is, w1, pe, -+, pom are the eigenvalues and n1, N2, -+, Mom
are the corresponding linearly independent eigenvectors of A. The real parts of the
eigenvalues satisfy Reuy > 0, for all k = 1,2,--- ;p and Reur < 0, for all k =
p+1,---,2m, for some positive integer p > 1. Let § represent the Dirac delta
impulse function. Let x1, T3, T3, -+, Tom be real constants and &1, &, &3, -+,
Eom be complex constant vectors. Consider the following linear system of differential
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equations

2m
W =AY =Y 6w — m)é
k=1

There exists a bounded explicit particular solution to the system

fiu(2) 0 0 e 0
9m 0 for(x) 0 e 0
Yay=> 1T 0 0 faplz) -0 7l
= z z R
0 0 0 o fomg(x)
where T = (n1,m2, -+ ,M2m) 1S the matriz consisting of the linearly independent

eigenvectors, and

(@) = explpg (v — zp)][1 — H(z — )],

forallk=1,2,--- p and

fra(x) = —explur(z — o) | H (z — 2),

forallk =p+1,--- ,2m, where H = H(x —xy,) is a Heaviside step function, defined
by H(z — z) = 0 on (—o0,zx), H(0) = 3, H(z — zy) = 1 on (zy,00).
Proof Note that

(explp1(z — z)|m, explpz(x — xk)|n2, - - - explun(z — k) |12m)

is a fundamental matrix of the homogeneous linear system ¢’ = A, for all k =
1,2,3,---,2m. By using the method of variation of parameters and the fundamental
matrices, the proof is very easy and it is omitted.
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