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Abstract. In our recent work we found a surprising breakdown of symmetry
conservation: using standard numerical discretization with very high precision
the computed numerical solutions corresponding to very nice initial data may
converge to completely incorrect steady states due to the gradual accumulation
of machine round-off error. We solved this issue by introducing a new Fourier
filter technique for solutions with certain band gap properties. To further inves-
tigate the attracting basin of steady states we classify in this work all possible
bounded nontrivial steady states for the Allen-Cahn equation. We characterize
sharp dependence of nontrivial steady states on the diffusion coefficient and
prove strict monotonicity of the associated energy. In particular, we establish

*Corresponding author. Email addresses: 1lid@sustech.edu.cn (D. Li), quancy@sustech.edu.cn
(C.Y. Quan), ttang@uic.edu.cn (T. Tang), math.yangwen@gmail.com (W. Yang)



356 D. Lietal. / Commun. Math. Anal. Appl,, 1 (2022), pp. 355-394

a certain self-replicating property amongst the hierarchy of steady states and
give a full classification of their energies and profiles. We develop a new mod-
ulation theory and prove sharp convergence to the steady state with explicit
rates and profiles.

AMS subiject classifications: 35B06, 35B08, 35K10, 74H40

Key words: Allen-Cahn equation, steady state, ground state solution, asymptotic behav-
ior.

1 Introduction

In this paper, we consider the following one-dimensional Allen-Cahn equation
posed on the periodic torus T = [— 71, 71]:

{atuszaxxu_f(u)/ (1.1)

u}t:O:uo,

where x >0 measures the strength of diffusion, f(u)=u>—u=F'(u), and F(u)=

@ is the usual double-well potential. The function u: T — R represents the
concentration difference of phases in an alloy and typically has values in the
physical range [—1,1].

In our recent work [13], we find a very surprising breakdown of parity in
typical high-precision computation of (1.1) with very smooth initial data. For ex-
ample take x =1 and consider Eq. (1.1) with the initial data uy(x) being an odd
function of x such as ug(x)=sinx. By simple PDE arguments the smooth solution
should preserve the odd symmetry for all time. However numerical discretized
solutions turn out to fail to conserve this parity and converge quickly to the spu-
rious states u =31 in not very long time simulations. This striking contradiction
is a manifestation of the gradual accumulation of non-negligible machine round
off errors over time. To resolve this issue, we introduced a new Fourier filter
method which works successfully for a class of initial data with certain symme-
try and band-gap properties. By eliminating the unwanted projections into the
unstable directions at each iteration, we rigorously show (see [12,13]) that the
tiltered solution will converge to the true steady state in long time simulations.

A natural next task is to understand the situation for general solutions without
symmetries or band-gap properties. The pivotal step is to categorize the steady
states of the elliptic Allen-Cahn equations and analyze in detail their spectral



D. Lietal. / Commun. Math. Anal. Appl., 1 (2022), pp. 355-394 357

properties. For full generality we shall consider the steady states of (1.1) on the
whole real axis, i.e.
*u"+u—u>=0 in R. (1.2)

In [6] De Giorgi raised the problem about proving that bounded solutions to
Au=F'(u) in dimensions 2 <#n <8 which are monotone in one direction, must
depend only on one variable in dimension. Since then there are many works in
understanding the structure of the solutions. Particularly, in dimension n=2 and
n =23, Ghoussoub and Gui [9] and Ambrosio and Cabré [2] proved the conjecture
respectively.

We mention the recent work of Wang [17] which gives a new approach to
the De Giorgi conjecture up to dimension 8 under some additional assumptions.
One should note that the De Giorgi conjecture is still unsolved without the afore-
mentioned additional assumptions. In a breakthrough work Del Pino et al. [7]
established the existence of a counterexample in dimensions n > 9. We refer the
readers to [1] for background on De Giorgi’s conjecture, [3, 4] for the study on
the symmetry properties of the solutions to the fractional Allen-Cahn equation
and the recent survey [5] for some related open problems. It is known that the
monotone solutions to (1.2) in any dimension are stable solutions, i.e., the second
variation of the associated energy is non-negative, where the energy functional is
defined as

2
E(u)=/1R<%|Vu|2+}L(1—u2)2) dx. (1.3)

Recently, there is a new counterpart problem for the stable solutions to Allen-
Cahn equation (see, e.g., [14,16,17] and references therein). Based on the mono-
tonicity assumption it is natural to consider the two sides limit (without loss of
generality we assume the function is monotone in x;,)

ut:= lim u, u := lim u.
Xp—>—+00 Xp——00
It is known that the limit functions only depend on the previous n—1 variables.
From a general perspective it is of some importance to study the stable solu-
tions and its energy functional (1.3) in order to understand the structure of steady
states. In the first part of this paper, we shall classify all the steady states of the
2m-periodic solutions to (1.2). Furthermore we consider the variation on the en-
ergy of the ground state with respect to «.

Theorem 1.1. Let 0<x <1 and my be the largest positive integer such that mx <1, then
Eq. (1.2) admits exactly m, non-constant 27t periodic solutions up to some translation
and odd reflection.
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It is known that any periodic solution of (1.2) is bounded. By Modica’s esti-
mate one can get that [u| <1, see [15]. For convenience of the readers we shall
include an elementary proof for the one dimensional case, see Proposition 2.3.
By using Proposition 2.3 it suffices for us to consider periodic solutions to (1.2)
satisfying |u| <1, since u=1 or u= —1 provides the trivial global minimizers of
(1.2) from an energy perspective.

To state the next result, we define the energy for 27t-periodic functions u €
HY(T)

K2 2 1 2 2
EK(M):/T 7|8xu| +Z(1_u) dx. (1.4)
Define
Er=inf E(u), (1.5)
ueS
where

S={9 | ¢(x)€ H'(T) solves (12), p(x) =¢(x+27) and 9| <1, x€R}.

For the 27t-periodic solutions of (1.2), we call u a ground state if u is the least
energy solution. For fixed 0 <« <1, by using the classification result in Proposi-
tion 2.3, we can prove that the ground state solution is unique up to a translation
and reflection. To fix the symmetries it is convenient to introduce the notion of
odd zero-up ground states (see Definition 3.2). In particular if a ground state so-
lution u is odd and satisfy u’(0) >0, we shall call it an odd zero-up ground state
and denote it by U. For any 0 <x <1, define m, >1 as the unique integer such

that ) )
<K< —.
my+1 My

For each j=1,...,my, define (note below that jx <1)
() = U (). 16)

Then {ﬁ,c,]'}]r-'i‘l are all the possible odd zero-up solutions to (3.1). Furthermore the
energies of il ; are given by

1

. 1 - . 2
EK(L{K’]')Z/ (E(Kaqu’]‘)z-i-z(l/l%’j—l) )dx:E]K(U]K)

T

With this notation, we now state the following structure theorem on the en-
ergy functional E,(u) of the 27t-periodic solutions.
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Theorem 1.2. Let E; be defined in (1.5). Then it can be achieved for any x > 0. In
addition, we have

(a) Ex=7 for xk>1 and it is only achieved by the zero function.
(b) Ey is achieved by U, whenever x € (0,1).
(c) If 0<xy <xp <1, then there is strict monotonicity E, <Ej,.

(d) The odd zero-up ground state U satisfies

’UK(x)—tanh (ﬁ) ’ < Cexp (—g)

with universal positive constants C and d, and

lim%:é\/i>0.
k=0 K 3

(e) For 0<x <1, the 2m-periodic solutions of problem (1.2) have the following replica
property: any 27t-periodic solution u of (1.2) which is not identically +1 or 0 must
coincide (after some shift and odd reflection if necessary) with i ; for an integer

j< % Here il ; is defined in (1.6). Furthermore Ex(1) = Epy (U ).

From Theorem 1.1 we can see that 0 is the only 27-periodic solution to Eq. (1.2)
whenever x > 1. This is in complete agreement with numerical experiments. Fur-

thermore, when « > 1, u(x,t) converges to 0 exponentially as O(e_("z_l)t), while
the convergence rate becomes O(t~1/2) for x = 1. In the second part of this work,
we shall rigorously prove these convergence results and identify explicit profiles.
Our strategy is quite robust and we shall illustrate it for a general fractional Allen-
Cahn equation

{atu:—K2A7u+u—u3, (x,£) €T % (0,00), (1.7)

u}t:ozuo,

where A7 = (—0yy)7/? is the fractional Laplacian of order y € (0,2]. When =2
it coincides with the usual —d,,. For simplicity of presentation we state below
a simple version of the obtained results in Section 4. Sharper results concerning
profiles, rates etc. can be found in Section 4.
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Theorem 1.3 (Vanishing as t —o0). Let k >1 and 0 <y <2. Assume uy is 27t periodic,
odd and bounded. Suppose u is the solution to (1.7) corresponding to the initial data uy.
If k>1, we have

u(x,t) :e_("z_l)toc*sinx—l—r(t), Vi>1, (1.8)

where ., depends on ug,7y and x, and

17(8) ] r00my=0(e= V") as o,

For k=1, we have
u(x,t)zt_%ﬁ*sinx-i—rl(t), Vt>1, (1.9)

where B depends on ug,7y and
I ()]l sogmy =0(t72) a5 t—-+oo.

When « € (0,1), the corresponding theory of convergence becomes quite in-
volved. Indeed, from Theorem 1.1 we see that the number of steady states (up to
identification of symmetry) increases as O(1) when x decays to zero. At the mo-
ment there is no general theory for the precise identification of the corresponding
steady for arbitrary initial data. However for a class of benign initial data, we
have the following precise and definite convergence results.

Theorem 1.4. Let 0 <« <1. Assume the initial data ug:IR — R is 27t-periodic, odd and
non-negative in [0, 7t|, then we have u(x,t) — Uy or 0 as t — co. Moreover, if uy #0 and
Ex(uo) < %, then u(x,t) — Uy as t — oo and the rate of convergence is exponential in
time.

To the best of our knowledge, Theorem 1.4 along with earlier results are the
tirst sharp quantitative convergence results on the Allen-Cahn equation. We plan
to develop this program on much more general phase field models in forthcom-
ing works.

The rest of this paper is organized as follows. In Section 2 we introduce pre-
liminary analysis of the steady states and examine in detail the profiles of the
ground states. In Section 3 we prove Theorems 1.1 and 1.2, give full classifica-
tion of the steady states and analyze their profiles and energy monotonicity. In
Section 4 we study the convergence of the general parabolic Allen-Cahn equation
(1.7), and prove Theorems 1.3 and 1.4. In Section 5 we give concluding remarks.
The proof of Proposition 2.3 is given in the appendix.
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2 Classification of steady states

The solutions to x?u” +u—u® =0 are remarkably rigid, as documented by the
following “patching” of nonlinear solutions.

Proposition 2.1 (Patching of nonlinear solutions via reflection). The following hold.

* Even reflection. Suppose k >0, and for some €9 > 0 we have

u"+u—ut=0, V—eyr<x<0,

where u € C?((—eo,0)) and we assume lim,_,o_u'(x)=0. Define u(x) =u(—x)
for 0<x < eg. Then it holds that u € C*®((—ep,€p)) with u’(0) =0 and solving the
same equation on the whole interval.

* Odd reflection. Suppose x>0, and for some €y >0 we have
u"+u—ut=0, Yo<x<ey,

where u € C2((0,€9)) and we assume lim, o, u(x)=0. Define u(x)=—u(—x)
for —eg < x <0. Then it holds that u e C*®((—ep,€p)) with u(0) =0 and solving
the same equation on the whole interval.

Remark 2.1. Proposition 2.1 shows that the solution is remarkably rigid. If we
know the profile of u on some interval (a,b) with u(a) =0, u/(b) =0. Then the
solution can be uniquely determined on a larger interval.

Proof. We shall only prove the first case as the second case is similar. First it is not
difficult to that u has bounded derivatives in [—%,0) which can be extended to 0
from the left. The extended u satisfies the equation on (—¢€(,0)N(0,€p). Further-
more the equation also holds at x =0 up to third order derivatives. Then we can
bootstrap the regularity of u by using the equation and conclude that uc C*. [

3

Observe that for uy(x) =sinx, since f(u) =u” —u, we have

u(x,t)= Y. cy(t)sinmx.
m>1: misodd

In particular it follows that the corresponding steady state u is odd. If 27 is
the minimal period (such solution is actually the odd zero-up ground state up to
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a reflection if necessary, see Definition 3.2), then 1, (0) = 1, (5 ) =0. In addition,
U satisfies the steady state equation

xK*u" —f(u)=0 on T. (2.1)

We may look for the steady state such that it is monotonically increasing on [0, 7]
with 1 (0) = uy,(5) = 0. Effectively by using reflection symmetry, the whole
graph of us, will be determined by its graph on the interval [0,5].

To simplify the notation we now write u =1, as the desired steady state. We
consider the regime 0 <« <1 (for simplicity we suppress the notational depen-
dence of u on k). Denote u(5) =N <1 and observe that we should have N —1 as
x — 0. Multiplying (2.1) by u” and using u'(5) =0, we have

() =5y (2 -1)" = (N*-1)?).

If u is monotonically increasing, it satisfies

()= —1p— (V1

even reflection

[ LN

QS
8
-
Ry

A odd reflection A

@)
Ry
@)
Ry

Figure 1: Even reflection and odd reflection.
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with #(0) =0, u(5) = N. We then obtain

/ \/ N2) duzz\;TEK.

For each fixed 0 < x < 1, there exists a unique 0 < N = N(x) < 1 such that the
above identity holds. Furthermore one can determine the dependence of N on «.
Indeed by a change of variable u— Nsin6, the left-hand side of the above equation
is denoted by

4. (22

/ V(2 —N?)? _/ \/2 N2(1+sin?0)

Here we note that g is monotonically increasing on [0,1), g(0) = ﬁ and ¢(1)=

In particular we see the necessity of x <1! Otherwise if x >1, Eq. (2.1) admits the
trivial solution u=0. For 0 < x <1, it is not difficult to check that

1-N(k)=0(e*).

Sharper asymptotics can certainly be derived.
We summarize the above discussion as the following proposition.

Proposition 2.2 (Characterization of a special steady state for 0 <« <1). The fol-

lowing hold:
1) The function g defined in (2.2) is monotonically increasing on [0,1), g(0) = 3 ¥
and g(N) — o0 as N — 1.
2) For any 0 <x <1, there exists a unique 0 < Ny <1 such that
s
Ny )= . 2.3
8Nk = 2.3)
Furthermore we have o o
cie” * <1—Nx<cse «, (2.4)

where ¢;>0,i=1,...,4 are absolute constants.
3) For any 0 <x <1, there exists a 27t-periodic C* odd function u, such that
* u, is a steady state, i.e. k*ull — f(u,)=0.

* ux(0)=u,(5)=0, ux(5)=Nx, and uy is monotonically increasing on [0,5].
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o ug(m—x)=uy(x) for 7 <x<m
Moreover for 0 <x <1, we have

X

2K

0§tanh< )—uK(x)gexp<—c—5>, Vnggg, (2.5)

where c5 >0 is an absolute constant.

Proof. 1) For fixed N €[0,1), taking the derivative of ¢(N) with respect to N,

we have )

7 N(1+sin*0
g/(N):/ ( . 2) 3
0 (2—N?2(1+sin"0))?2

It is not difficult to verify that both the numerator and denominator are
positive in (0,7 ), therefore, we have shown that ¢’(N) >0 and it proves that
g is monotonically increasing for N € [0,1). When N =0, we have

7 1 T
3(0)= [ =5

While as N is close to 1, we have

g(N):/2 ! d@:/z L
0 V2—2N2+4N2cos26 0 /2—2N2+ N2sin26

de

1 do>L [ L4
0 V2—2N2+N202  ~ NJs /52402

1 /11 1
>—/ ——df=— logé, 2.6
NJs V28 /AN g (2.6)
where
_ N2
0= ZI\?ZN —0 as N—1

Here, it is assumed implicitly that N >+/2/3 so that § <1. Then, it is easy to
see that g(N) —ocoas N—1.

2) The existence and uniqueness of Ny follows easily from the behavior of the
function g(-). Now we shall show the upper and lower bounds on Nj. It is
clear from Step 1 that Ny —1 as k—0. If N, < V/2/3, then « is bounded away
from zero by an absolute constant and the desired estimate (2.4) clearly
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holds in this case. Thus we only need to consider the situation Ny >/2/3.
To ease the notation we denote N = N, with N >+/2/3. From (2.6), we have

s 1
=¢(N)>——=—1ogJd,
2v/2k 8(N) VAN 8
which yields directly
N?  _nx
1—N>2+2Ne N

On the other hand, using sinf > %9, we have

T 1

__g(N)z/ de
2V/2x V22— 2N2+N2sin 0

1
dG—

7T -
= ——F——=db
/\/2 2N24N2(26) 0 2NV &2 +62

0 2Nx/52+92 /6 2N\/(52+92

s

<IN 2N o 108?,

which yields

N? , v
242N
Therefore, when N >+/2/3, we have

1-N<

LIRSS N e ¥ <1-N< N ez‘@<e2 7w
316 272N 212N 1

3) Fix 0 <x <1 and consider the function

Zdy, 0<u<N.

9= T

Clearly h:[0,N] — [0,7] is strictly monotonically increasing and bijective.
The inverse map of /(1) then defines the desired function u, on the interval
[0,5]. Itis known that (%) =N and v’ (%) =0, by Proposition 2.1 we derive
that u is even respect to x= 7, i.e., u(x) =u(mr—x) for x€ (0, 7).
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Finally to show (2.5), we denote 6(x) =tanh(—%-). Clearly

V2K
e VT T
5 1-0)
11,(0) =0(0) =0
Observe that i , ,
I < Tar (1—uy).

Denote 17(x) =u,(x) —0(x). Clearly #(0) =0 and

1
"< ——(u +0)7.
77 \/EK(uK )77

This implies that 77(x) <0 for all 0<x < Z. Thus
T
ue(x)—0(x)<0, V0o<x< >

We now show the lower bound. By (2.4) we can choose an absolute constant
dp > 0 sufficiently small such that

o 1
1-N2<cze * < r'0(1—9(x)2), Y0 <x <.

This implies

V(1= ()2)2— (1= N2)2 416 (x)*
>C(1—ue(x)*+1-0(x)?)

for x €]0,6p] and some generic constant C > 0. Now observe that

d 1 (1-u)?—(1-6%)2—(1-N?)?

x|~ 2k VA—u2)2—(1-N2)2+1-62°

Thus for 0 < x <dy, we have

d - _l
L0 n+0( ),
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where by >0 is an absolute constant. Then for 0<x<b; (b; >0 is a sufficiently
small absolute constant), we have
by
sup [17(x)|<e” ¥,
OSXSbl

where b, >0 is an absolute constant. Thus for 0 < x <b;, we have

For b; <x < 7, by using monotonicity, we have

U (x)—06(x) Zu;{(b1)—9<g)

T
= — —f(=)>—e"F
i (b1) =6(b1) +6(b1) —6 (3 ) 2 —e ¥,
where é5 is an absolute constant. The desired result then follows easily by
collecting the estimates. O

A periodic steady state on T can be extended naturally to the whole space IR.
Therefore, such periodic steady states can be seen as a special solution to the
following steady state equation defined in R

Ku"+u—u=0, xeR. (2.8)

Multiplying (2.8) by u’, we derive that

1
K2 (u')? +u?— Eu"‘ is a constant, denoted by C, (2.9)

which can be rewritten as

1 1
Kz(u’)zzi(uz—l)z—i—C—E. (2.10)

Concerning the solution of (2.8), we have the following result.

Proposition 2.3. Let u be a bounded solution to (2.8) and C be the constant defined in
(2.9), then the following hold:

(1) If C> %, u can not exist.

—1 _ —
(2) If C=5, then u—itanh% or u==1.
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u==+1

i
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|
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Y

Figure 2: Classification of bounded steady states of Allen-Cahn (x = %)

(3) If0< C< 3, then u is a periodic function and |u| <1.
(4) If C=0, then u=0.

Proof. Although the above conclusion is a folklore, we provide the proof for the
sake of completeness in Appendix A and a graphical illustration in Fig. 2. In the
case of 0< C< 3, an odd periodic steady state which has its period precisely given
by 27 is characterized by Proposition 2.2. O

3 Classification of steady state energy

In this section, we consider the energy E,(u) (see (1.4)) of solutions to (1.2). From
the discussion of Section 2, we see that a nontrivial bounded steady state is a 27-
periodic function. Therefore, we focus on the following problem:

K*u"+u—ut=0, u(x)=u(x+2m) for x€R. (3.1)
For simplicity of presentation, we introduce the following definition.

Definition 3.1 (Odd zero-up solution). We shall say that u is an odd zero-up solution
to (3.1) if the solution u is odd and u’(0) > 0.
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Definition 3.2 (Odd zero-up ground states). For each 0 <k <1, we define U, = uy,
where uy is obtained in Proposition 2.2 as the odd zero-up ground state solution to (3.1).

(0)

We also define the odd zero-up ground state energies Ex~ as

B = [ (3 U) 4 (U -1)7 )

-/ (%(u,((x>2_1)2_i(zv,%—1)2) dx, (32)

where 0 < Ny <1 is the unique number satisfying

7 1 T
/ do——"_. (3.3)
O \[2-Np(14sin2g) 2V

For any solution of (3.1), we assume that its minimal period is % for some
suitable positive integer m. From the proof of Proposition 2.3, it is not difficult
to see that u(x) has 2m zero points in [x,x+27) for any x € R and u(x) has odd
symmetry with respect to any zero point. In addition, we can easily prove that the
distance between any two consecutive zero points is same and equals to %” After
a suitable shift of the solution, we may assume #(0)=0 and u is odd. On the other
hand, if u(x) is a solution to (3.1), obviously u(—x) is also a solution. Hence, we
may assume that 1/ (0) >0 after reflection if necessary. Therefore, in this section we
shall restrict our discussion on the odd zero-up solutions of Eq. (3.1). Concerning
all the odd zero-up solutions to (3.1), we have the following classification result.

Theorem 3.1 (Classification of odd zero-up solutions to (3.1)). For any 0 <x <1,

define m, > 1 as the unique integer such that

1
<< —.
me+1 My

Then there are only my odd zero-up solutions to (3.1). More precisely the following hold:
For each j=1,...,my, define (note below that jx <1)

ity (%) = Uj (jx)-

Then {ﬁ,{,j }]mz"l are all the possible odd zero-up solutions to (3.1). Furthermore the ener-
gies of . j are given by

1 B 1,._ 2 0

where E](g ) was defined in (3.2).
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Proof. Suppose u is a possible odd zero-up solution to (3.1). The crucial observa-
tion is that we must have u achieves its first peak at x = 2—75 for some integer j > 1.
Now make a change of variable y=jx, and 7(y) =u(x). Then clearly

2 2 @ 3

P2 —i+ia’ =0,
dy?

1(0)=0, #'(0)>0, and @' (5 ) =0. From the proof in Step 3 of Proposition 2.2, there

exists a unique solution u w1th |u| <1 solving the equation

1
' =—1/(1—u? 1—N?
T\ (1= (1N 2
with (0)=0, u’(5)=0. As a consequence, we obtain that 7= U;.. Now note that
jk <1 and this gives the constraint j <m,. The characterization (3 4) follows from
the fact that

= (%(ﬁK,j<x>2—1>2—}L<NfK—1>2)dx
_/( Uy (jx)? 1)2—i(N].2K—1)2)dx,

and the fact that Uj is 27t-periodic. O

By Theorem 3.1 one can easily get Theorem 1.1. We notice that the C° estimate
in the point (d) of Theorem 1.2 follows easily by (2.5). While for the point (e),
one can easily prove it by some direct computations. For the left conclusions in
Theorem 1.2, we rephrase it as the following result for the odd zero-up solutions.

Theorem 3.2 (Monotonicity and asymptotics of odd zero-up ground state ener-

gies). For any x>0, define

Ex= inf (%(Kaxu)%ri(uz—l)z) dx,

ueSoJT

where
So:= {(])|4):T—>]R is odd and C', ¢/ (0) >0}.

Then we have

(a) Ex=7% for x>1. Furthermore

/T (%(Kaxu)%i (u2_1)2) dx > g

for any u not identically zero.
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(b) Ex= E for 0 <x < 1. Moreover the infimum is only achieved by U.
(c) If0<xy <xp <1, then Ey, < Ey,.

Furthermore
EY (0)

k—0 K

\/ 2>0. (3.5)

Before proving Theorem 3.2, we establish the following important lemma.

Lemma 3.1. Let Uy be the odd zero-up ground state to (3.1). Suppose that 0<x1 <k <1,
then we have
uKl(X)>UK2(X), XG(O,—].

Proof. At first, we notice that U, (0) =0, Uy is monotone increasing for x € (0,5).
By Eq. (2.10) we have

oy V(A= UR(x)2— (1—NR)?
UK(X)— \/EK

where Ny is the maximal value of uy in [0,7], i.e., Ny =Ux(5 ). By (3.6) we have

for x¢ (O,E ,

5) (3.6)

uy(x) T
dx= , x€(0,=),
/ VUE(x) —2U2(x) +2N2 — N? V2K ( 2)
which is equivalent to
Uy K X 7T
ds=—=, x€(0,%). 3.7
/0 /84 —2s2+2N2 — N2 V2 ( 2) (37)

If 0<% <xp <1, wehave 1> Ny, >Ny, >0 by Eq. (3.3). This implies that
1>2Nz —Ng, >2N7 — Ny, >0.

Therefore for any s € (0,min{ Ny, , Ny, }) we have

. < 2 . (3.8)

Vi 222N - NE \ [st—22+2N2 — N,

Together with (3.7) we derive that Uy, (x) > Uy, (x) for x € (0,7]. This proves the
lemma. O
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Proof of Theorem 3.2. We shall prove Theorem 3.2 point by point. For point (a), we
notice that 1 =0 is the only odd zero-up solution to (3.1) whenever k¥ > 1. Then it
is easy to verify that Ex= 7% for x> 1.

Next, we consider the point (b). For any 27r-periodic odd zero-up solution
of (3.1) which is different by U, we denote its minimal period by 2* and the
solution by u,,, m > 2. Consider the function

o(y)=um(x), y=mx.

Then it is not difficult to verify that
T
v(x)=Upmc(x), x€ (O'E)'
By Lemma 3.1, for m >2 we have
Ue(x) > Upe(x) for xe (o,g). (3.9)

On the other hand, we notice that

— [ (1—-u})dx. (3.10)
0
Using (3.9) we have
EY < g0 (3.11)
By Eq. (3.4) we get
E) = E(uy) =/ 1(Kum)z—kl(u2 —1)2 dx.
mK T 2 4 m

Together with (3.11) we obtain that

and it proves the point (b).
The assertion (c) follows from assertion (b), Lemma 3.1 and Eq. (3.10).
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In the end, we shall show the asymptotics as k — 0. By Proposition 2.2, the
main part of Uy on [—-7,Z] is given by tanh(ﬁ). The result (3.5) then follows

from a simple computation

%Z\/E/IR (tanh2y—1)2dy:\@/]R (1—tanh2y)dtanhy:§\/§,

where y= ﬁ O

Corollary 3.1. For any 0 <x <1, if ug is odd, 27t-periodic (monotonicity of ug is not

required), and E(ug) < Eég), then the steady state of (1.1) is £U,, where Uy be the odd
zero-up ground state to (3.1).

Proof. Obviously, we have E,(CO) <E(up) < Egi). From the energy dissipation prop-

erty of (1.1), we can claim that 277 is the minimal period of the steady state for the
initial condition u. ]

4 Convergence to the steady state

In this section, we investigate the convergence rate of the solution and character-
ize the detailed profiles as t — cc.

41 CaseofO<x<1

We start this subsection with the following result on the spectrum analysis. This
is crucial in showing the convergence rate is exponential.

Lemma 4.1. Let 0 <x <1. Assume Uy is the odd zero-up ground state. Then for any
2mt-periodic odd function ¢ € H'(T) we have

[ P | (BUZ=1) g = Cllgln (1)
for some universal constant C > 0.

Proof. First of all, we notice that C>0 due to the fact Uy is the odd zero-up ground
state. Next, we shall prove that C >0 by contradiction. Suppose that C =0 then
we can find a sequence of odd functions ¢, such that || | ;1) =1 and

1
20 12 2 27 oL
/TK )| dx—l—/jr(BullK 1) |l dx_n. (4.2)
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Passing to a subsequence if necessary, we obtain there exists a nontrivial odd
function ¢ € H'(T) such that ¢, weakly converges to ¢. in H!(T) and

¢+ (1-3Uz)$p.=0 on T. (4.3)

After direct computations we see that
— f 204712 2_ 2\ 4
EK(UK+C¢*)_EK(UK)+ 2 JT K |(P*| +(3u1< 1)|‘P*| X
oA
+ /T <c3uK<p2+ Zcp‘i) dx (4.4)

for any real number c. Here we have used Uy is the odd zero-up ground state.
Using (4.3) we see that the second term on the right hand side of (4.4) vanishes,
then together with E, (U +c¢«) > Ex(Uy) for any ¢, we see that

Ugp> =0.
/T kP

It implies that ¢, must possess a zero point in (0,77), denoted by x.. By the well-
known Strum Comparison Theorem (see [10, Theorem VI-1-1] for instance) we
derive that any solution of the following equation must have a zero point in
(0,x4):

K¢+ (1-UZ)p=0. (4.5)
However, we notice that Uy is a solution of (4.5) and positive in (0,77). Hence, we
arrive at a contradiction and the lemma is proved. O

With above lemma, we are now able to establish the proof of Theorem 1.4.

Proof of Theorem 1.4. By smoothing estimates we may assume with no loss that
ug € C*®. It is not difficult to check that u(x,t) is a 27r-periodic odd function and
also odd symmetric with respect to x = 7r. Therefore

u(0,t)=u(m,t)=0, Vi>0. (4.6)

Together with that ug(x) is non-negative in [0,77], we conclude that u(x,t) >0 for
x € [0,71] by Maximum Principle, see [8, Section 2] for instance. Similarly, we have
u(x,t) <0 for x € [—7,0]. Now by using the energy conservation we have

d (1
i (310l + [ Pl ) == o3, @7)
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where F(u)=1(u?—1)2. It follows that [|0;u|| 1172 <°0 and one can extract a subse-

quence such that d;u(t,)—0in L?. By using higher uniform Sobolev estimates one
can obtain convergence in higher norms. In particular we can obtain u(t,) — e
for some steady state of (3.1). In addition, u is a 27-periodic odd function and
non-negative for x € [0,77]. By the proof of Theorem 1.1 we see that 0 and U are
the only steady states which are non-negative in [0,77]. As a consequence, we
derive that 1. could be either U, or the trivial solution 0.

If Ex(ug) < 7 and ug(x) #0, using (4.7) we see that

EK(uoo) < EK(”O) < g

The equality sign holds only ue =ug. While it is known that E,(0) =7 and 1 #0.
Then we get 1. = Ux. To obtain exponential convergence, we can take t, suffi-
ciently large such that u(t,) is sufficiently close to the steady state u,. Combined
with Lemma 4.1 we then obtain the exponential convergence. Thus, we finish the
whole proof. O

Remark 4.1. If the initial data ug is 277-periodic and satisfies

{uo(x):—uo(—x), VxeR,

, (4.8)
up(x) >0, ug(x)=up(mr—x), Vxe(0,%).

Then by Theorem 1.4 we can prove that u(x,t)— Uy as t— 0o whenever E (1) <%.
A typical example of the initial data satisfying (4.8) is 1o (x)=sinx. More examples
can be easily constructed along these lines.

Before we end the study for the case x € (0,1), we present the following result
establishing an useful property of the odd zero-up ground state. This part is of
independent interest.

Lemma4.2. Fixxe [%,1) and assume Ul is the unique odd zero-up ground state for the

equation

K" +u—ut=0 on T=[-m,n]|.

Suppose that u € H'(T) is an odd function on T such that
1 1 2 7T
Ex(u) :/T <§K2(u’)2+1(u2—1) ) dx < E_CK'

where Cy is a positive constant depending on k. Then we have

min { || — Ul g ), [+ Ul ) | < Cy B () — E(U), (4.9)

where C >0 is an absolute constant.
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Remark 4.2. In the special case x =0.9, we can take C, =0.001. For the case x €
(O,%), there are multiple steady-states and we shall address this issue elsewhere.

Proof. We first claim that for odd u € H'(T), when E(u)—E(Uy) — 0, we must
have
min{ u—Usll g1 ry, [+ Ul ) § 0.

We shall prove this by contradiction. Suppose the statement is not true, then for
some ¢y >0, there exists a sequence of odd functions {u, } such that

E(un)~E(U) <, (4.10)
and

Using (4.10) we can find a universal constant C such that
/T|u;]2dx—i—/jr(l—u$l)2dxgc, (4.12)

which implies that {u,} is a sequence of odd functions, and bounded in H'(T).
Then we could select a subsequence, still denoted by {u,}, which converges
weakly to u, in H!(T) for some odd function u, € H!(T). By the Rellich lemma
and lower semi-continuity of weak convergence, we have

This implies that E(Uy) = E(u). Then we conclude that u, is either U, or —Uy.
Thus u, strongly converges to Uy or —U in H(T). This contradicts to (4.11).

Therefore, the claim holds.
By using the claim, to establish (4.9), it suffices for us to consider the situation

mnin { s — Ul 1y, [0+ Ul ) } <1

In this case, without loss of generality we assume that u/(0) >0 and denote =
u—U,. Then it is not difficult to check that

B)—E(U) =5 [ [@@m+ (G -1)p]dr+0 ().
By Lemma 4.1, we have
2/ + (BUE=1)|dx>Clly 3,

where C >0 is an absolute constant. The desired conclusion follows easily. O
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4.2 Caseofrx>1

In the case of x > 1, we consider the a general Allen-Cahn equation

{atu:—KZAVu—(uf”—u), (x,t) €T x (0,00), (4.13)

], _o=wo,

where A7 = (—dyy)?/? is the fractional Laplacian of order € (0,2). When =2 it
coincides with —dyy.

Proposition 4.1 (Preliminary properties of steady states for 0 <y <1). Let 0<y<2
and x> 0. Suppose ¢: T — R is C1 and satisfies

—K2ATp— (¢ ~1)¢p=0.
Then ¢ € C*(T), and only one of the following occur:

* p=1,
* p=-1;
* [[Pllo <1

Proof. This follows from the usual maximum principle argument using the ex-
pression

(A"¢)(x)=C, Y PV / o)

= |<n|x y—i—2n7r]1+7 ay.
Alternatively one can also derive the result using harmonic extension. O

To state the next result, we introduce the Fourier projection operators I'l;, IT>»
such that for f =)~ fusinmx (assume the series converges sulfficiently fast),

I f = fisinx, Ilsof= ) fusinmx. (4.14)

m>2

In other words, I1; is the projection to the first sine-mode, and 11>, simply re-
moves the first Fourier mode in the sine series expansion.

Theorem 4.1. Let xk > 1 and 0 <y <2. Assume ug is 27t periodic, odd and bounded.
Suppose u is the solution to (4.13) corresponding to the initial data ug. If x > 1, we have
exponential decay

(2 _
[u(t, )2 < lugll2e~* 1", >0, (4.15)



378 D. Lietal. / Commun. Math. Anal. Appl,, 1 (2022), pp. 355-394

()0 < Bre D, > (4.16)

51
2/
1

ITToou(t, )l o < Bae™™,  Vt>3, (4.17)

where B1 >0, B2 >0 depend on (ug, v, ), and 11>, is defined in (4.14). The constant
11> x> —1 is given by

nlzmin{K227—1,3(K2—1)}.

For k=1, we have algebraic decay

lu(t, )2 < _Vluoll2 V>0

, Vt>0, (4.18)
VHluol3+7
1
lutt )l <pst™2, Vi, (4.19)
1
IEszu(t, ) o <Bat ™2, V25, (4.20)

where B3>0, B4 >0 depend on (ug, y).

Remark 4.3. For « > 1, higher (i.e. H™,m > 10) Sobolev norms of u also decay
exponentially but we shall not dwell on this issue here. Note that we state the
decay result for t > J to allow the smoothing effect to kick in. The number J
is for convenience only and it can be replaced by any other ¢y > 0 with suitable
adjustment of the corresponding pre-factors in the estimates.

Proof. First we note that for bounded initial data, local and global wellposedness
is not an issue and we focus solely on the decay estimates.

For the 1.2 decay estimates, first we assume 1 is smooth, and in particular has
a finite sine-series expansion. It follows that u(t) must have a spectral gap. By
using the Poincaré inequality we have

HA%uHLZ(T) Z HuHLZ(T)

By using the above estimate and the fact that x > 1, we obtain

1d
577 1l2) —K2HA2uH2+|| Hz—\lu||4 = (k* = 1) ||| 3~ lJull3

— (1 =1) Jull3— H 12,
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where in the last step we have used the Holder’s inequality. Then, we derive that
in the case of k >1,

(k2=
luell2 < lugl2e= ",

while in the case of k=1,

Vlluoll2

\/Huoll3+7

By a simple approximation argument, both estimates also hold under the as-
sumption that ug € L*.
We now show (4.16). First by smoothing estimates and interpolation, we have

o (u(

]2 <

<we ™Mt vE> %,
where a1 >0 depends on (1, v, k), and x; >0 depends only on «. It follows easily
that

D=

1
27 Vt Z E/
where & >0 depends on (uy, 7y, ). We now compute for ¢ %

105 (2 (8 ) [, S @ae ™ [[97u(, )

3 3 (1020(e,)18) < 2 | AT+ 0103+ 510 ) |20
< (2~ 1) +aze ) [[210u]

Integrating in time then yields (4.16).
The proof of (4.17) is similar. Note that for all t>1 5,
[T (3(8, ) [, < [0 (3 (8, )) |, S mae ™0,

where a3 >0 depends on (uo, 7, ). With this we compute

2 (l0ru(e, ) 2)

< | ARO[+ [T+ 3206 0100120
< (— (@27 -1) ) [ T T} +ase ™0V S1 Lo,

Thus (4.17) follows from a simple ODE argument.
Finally (4.20) follows from working with the system
Ol Tspu=— k> AV s pu+TTsou—T1so (1),

and bootstrapping estimates using (4.18). The estimate (4.19) is obvious. We omit
the details. O
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We turn now to some (by now) standard log-convexity results.

Proposition 4.2 (Log convexity for an almost-linear model). Suppose H is a real
Hilbert space with inner product (-,-) and norm ||-||. Let A be a symmetric operator on
H with domain D(A). Let T >0 and u € C}([0,T],H) satisfy u(t) € D(A) for each
0<t<T,and

[0su+Aul <a(t)lu(t)], YO<t<T,

where «(t) >0 satisfies
/Osz(t)sz 0.
Denote m(t) = ||u(t)||?>. Then m is log-convex
m(t) < elo (a(s)+sa(s))ds V1= Fy(T)E, VO<t<T.
It follows that either m(t) =0 on [0,T] or m(t) >0 for all t € [0, T].

Proof. First we assume that m(t) >0 for all 0 <t <T. Denote f =d;u+ Au so that

oru=—Au+f.
Denote 5
bl = E<u,f>
Then clearly
4 lnm-i—/Tb (s)ds —E<u —Au)
dt ¢ 1 T m
and

L& | Tb d
zﬁ(nm—l—/t 1(s) s)

(up,—Au)  (u,—Au)(u,—Au+f)

m m2
:mHAqu—ﬂLgu/—Au>|2+ (f,—mAu> . <u,AZl>2<u,f>.

We decompose Au= ciu+cut where c1,c € R and u= is a unit vector orthogonal
to u. Plugging this into the last expression, we obtain

P (lnm_|_/th1 (s)ds) _ A c(fut)

4dr2 mom



D. Lietal. / Commun. Math. Anal. Appl., 1 (2022), pp. 355-394

, (eA=3UER THEP 1

It follows that r(t) is convex, where

r(t)=Inm(t)+ Tbl(s)ds—i— T/T[X?(s)dsd’f.

Jt t

From the convexity of r(t) we deduce

(0= (1-1 ) )+ (D)
This implies that
Inm(t) < (1—%) Inm(0) + < Inm(T) + (1_%) b(0)+

Since b(T) =0 and
T T
//[X(T)ZdeSZO,
t Js

we obtain

(1—%) b(O)-I—%b(T)—b(t): (17) b(0)—b(t)

gZ/OT]bl(s)|ds+/0T/TToc2(s)dsdT
< /OT <4w(s)+soc(s)2) ds.

Z“(t)z‘

b(T)—b(t).

381

Thus the desired inequality holds under the assumption that m(t) >0 for all t €

[0,T].

Now we show how to remove this assumption. Assume that m(t) is not iden-
tically zero. Since m(t) >0 is a continuous function of t and m(t) is not identically
zero, we may assume that there exists to€[0, T] such that m(tp) >0. By a continuity

argument we can assume t € (0,T). Now denote

ty =sup{t:t >t such that m(s) >0 for all ) <s<t},
t_=inf{t:t <tg such that m(s) >0 forall t <s<ty}.
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If t; < T, then we have m(t;) =0 with m(t) >0 for all ty <t <t;. By using
a version of the proved inequality on the interval [to,t+ —#] (note that m(t) >0 for
all to<t<t, —ny and thus we can use the proved inequality with the interval [0,T]
now replaced by [to,t+ —7]) and sending 17 — 0, we clearly obtain a contradiction.
If ty =T and m(T) =0, we also obtain a contradiction by a similar argument. By
a similar reasoning we obtain t_ =0 and m(0) > 0. Thus we have proved that
m(t)>0 for all t €[0,T]. O

Lemma 4.3. For any 0 <y <2, there exits 1o =1o(7y) >0 such that the following hold
for any smooth 27t-periodic odd function u on T:

[ (=) = o

For v =2, we can take 1y = %.

Proof. It follows from a general result in [11]. For v =2 we give a direct proof as
follows (below we write [;dx as [)

3
/u3(—axxu) :3/(axu)2u2:Z/(ax(|u|u))2dx
3 3
> ufull3 =2 ]

Note that in the above we took advantage of the odd symmetry since the function
v=|u|u is still odd on [—7,7]. Note that regularity is not an issue here since the
function g(z) = |z|z is nice. O

Theorem 4.2 (Log convexity of L? mass for the nonlinear case). Let x >0 and 0 <
v <2. Assume uy is 27t periodic, odd and bounded. To avoid triviality assume ||up]|2 >0
so that ug is not identically zero. Suppose u is the solution to (4.13) corresponding to the
initial data uy. Denote m(t) =||u(t) ||%% ()" Then the following hold:

e [f0<x<1, then m(t) is log-convex on any interval 0 <t; < tp

t—t t—t

c1-(ta—t)? 1 =
m(t)§€ T m(tl) 2 1m(t2) 271, Vte (tlltZ)/
where c1 >0 is a constant depending only on (||ug ||, v, %).

e Ifx>1, then m(t) is log-convex on any interval 0 <t <t

t—t t—t

7" e
m(t)<com(t) 2 um(b) 2N, VEE(t,t),

where cy >0 is a constant depending only on ({|ug ||, v, %).
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e Ifk=1, then m(t) is log-convex on any interval 0 <t <t

t—t t—t

m(t) < (14t —H)%m(t) 2 im(t) 20, VEE (ht),
where c3 >0 is a constant depending only on (||ug ||, v, %).

e For each 0 <y <2, there is kg =ko(7y) > 0 such that if k > kg, then we have sharp
log-convexity, i.e. on any interval 0 <ty <t

-t -t

m(t) gm(tl)l_ﬁm(tz)ﬁ, Ve (t,t). (4.21)
Furthermore for o =2, we can choose x(2) =2//3.

Proof. First we consider the case 0 <x <1. Observe that
9ete+1 AV —u |, < [[u(8)[|Z [ (1) ]2
It is not difficult to check that

sup [lu(f)[|Le <&,
0<t<oo
where ¢; >0 depends only on (||tg ||, Y, %). Thus the result follows from Proposi-
tion 4.2.
Now for x > 1, we observe that by using Theorem 4.1 (note that for 0 <s < %
we have uniform control of L*-norm), it holds that

lu(s)||Le < e %5, V¥s>0,
where & >0 depends only on (|||, 7, %) and 61 depends only on (x,7). Thus
i(s):=u(s)||Fo <Ge ", V¥s>0.

On any time interval [t,f;] with 0 <t; <t,, in order to apply Proposition 4.2, we
note for + >0,
a(t)=&(t +1t) <cZe 20,

Thus the desired result follows for x > 1.
The case for k=1 follows similarly from Theorem 4.1 and Proposition 4.2. The
main observation is that

Nl—

|u(s)||re=O((1+s)"2) for s>0.
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Finally we turn to the proof of (4.21). We shall appeal to a more “nonlinear”
proof as follows. Denote

N2

()=, A=rk2(-dp)} 1.

Thus we have

= —Au—us.
Denote
m’—im m”—d—zm
dt dr

It is not difficult to check that (below (-,-) denotes the usual L? inner product, and
up=0xun)
=2(u,us) = —2(u,Au) —2||ul|,

m/
m' = —4(uy, Au) —8(u>,uy).

Thus
%m’:<u,ut>,
1
=B (1),
1 1
' m = 2= a3l B G P (5, Aae)+ ) .

It remains for us to verify
<u3,Au>:K2/ 13 (—dsy) Tudx — ||ul|2 > 0.
T

This in turn follows from Lemma 4.3. O

Corollary 4.1 (No finite time extinction of L2 mass). Let x>0 and 0<~ <2. Assume
ug is 27t periodic, odd and bounded. To avoid triviality assume ||ug||2 >0 so that ug is not
identically zero. Suppose u is the solution to (4.13) corresponding to the initial data uy.
Then [[u(t)[|;2 >0 for any 0 <t <.

Proof. This follows easily from Proposition 4.2. O

Theorem 4.3 (Profiles as t — 00). Let k >1 and 0 <y <2. Assume ug is 27t periodic,
odd and bounded. To avoid triviality assume ||ug||2 >0 so that ug is not identically zero.
Suppose u is the solution to (4.13) corresponding to the initial data ug. Then the following
hold:
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e Case x>1. Forall t>1, we have
u(x,t) :e_("z_l)toc*sinx—l—r(t), (4.22)

where the constant w,. depends on (ug,y,x). The remainder term r(t) has the esti-
mate

|7 (8) || oo <&e Mt Vt>1

with & >0 depends only on (ug,7y,x), and
s { 257 _ 2_ 2_
m=min{ k227 —1,3(x 1)}>K 1.

e Case xk=1. Forall t > 1, we have
u(x,t) :t_%ﬁ*sinx—l—rl(t), (4.23)

where the constant B depends on (ug, 7y). If B« =0, then the remainder term r1(t)

has the estimate
I ()0 <Pty /in(t42), vi>1

with B> 0 depends only on (ug,). If B« #0, then the remainder term r1(t) has the
estimate

71(8) | o < Bt 2In(t+2), Vi>1

with B> 0 depends only on (ug,).

Remark 4.4. Clearly, Theorem 1.3 follows from above result immediately. Note
that for x > 1 and generic nontrivial odd periodic 1y we could have a, =0. An
easy example is #y(x) =sin2x. On the other hand, a further interesting question
is to investigate whether the following scenario is possible: namely if we denote

aq () =/Tu(t,x)sinxdx,

then for some t=t., a1 (t)=0 for t >t,, and a1 (t) #0 for t <t. with t.—t sufficiently
small.

Proof. We first consider « >1. Write

u=ITliu+II>ou,
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where the operators I1;,I1>, were defined in (4.14). By Theorem 4.1 the term
IT>,u has the desired decay for f >1 and can be included in the remainder r(¢).
Thus we only need to treat the single-mode part I1ju. Denote

1
ITyu(t)=a(t)sinx, a(t)= —/ [T u(t,x)sinxdx,
IT; (—u?(t)) =b(t)sinx, / IT; (—u®(t,x)) sinxdx.
By Theorem 4.1, we have for some C >0 depending only on (,7,x),

b(t)] < Ce¥W 11 >

I\Jl*—‘

Clearly we have

—a(t)=—(x*—1)a(t)+b(t).

t
a(t):e_(Kz_l)( ) (;) ( 1)( )b(s)ds
-1)

Th
( )+/l°°e “D%b(s)ds) +#(1),

2

:e—(KZ—l) %

where -
(1) e V8 [ el D8 p(s)|ds 0 (20 1)),
t

Clearly then (4.22) follows.

The proof of (4.23) is slightly more intricate. We only need to treat the piece
ITyu since the part IT>,u can be included in the remainder term rq(f). Observe
that for t > %, by Theorem 4.1 we have

u(t)? = (Thu(t) +TTsqu(t))’ = (T u)3 +7(t),

where

(6| go=0(t3), vt

Denote ITju(t) =a(t)sinx, clearly

I, (T u(f)?) = 2a(t)3sinx.
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For a(t) we have the ODE

d 3 1
- =__ > —
dta(t) 4a(t) +b(t), t>3,
where |b(t)|=O(t"3).
Denote (t) =a(t)%. We clearly have
d 30002 -3
dte( )——EG(t) +0O(t7).

By Proposition 4.3 proved below, we have for t >3,

0(t)= 97*+(’)(t—21nt).

Note that 6, >0 since 6(t) is always nonnegative.

Now if 6, =0 we can take B, =0 and the desired result follows easily. If 6, >0,
then |a(t)| ~t~1/2 for t large. By continuity it can only take one sign. Thus we
obtain B, =+/0, or B, = —+/0,. The estimate for the remainder term is trivial. We
omit the details. O

Lemma 4.4. Assume Ty >1. Suppose 0:[Ty,00) — [0,00) is continuously differentiable
and satisfy

0<limsup{t0(t)} <oo, 0/(£)>—262(H)—t22, Vi>T.

t—ro0 2
Then we have
li{ninf{tQ(t)} > 0.
—00

Proof. It is natural to appeal to a maximum principle argument. Denote

20p =limsup{t0(t)} >0. (4.24)

t—o0

Let
Q(t)=6(t)—ot ",

1 1
<min< =6
170_1’1’111’1{ 0s 10}

where 79 > 0 satisfies
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By (4.24), we can choose t; > 0 sufficiently large such that

6o To 202
6(ty) > — t .
(O)_to’ 22 >0

Note that the second condition above guarantees that

To 202
gt >0, Vit

Now consider Q)() on the time interval [t,00). If Q(#) >0 for all >t we are done.
Otherwise there exists some time 1 >ty such that Q(#;) =0. But then clearly

_To o 315 1o 225, M0 22
9(t1)—t1, Q'(t)= 2t2+t2 t _22 —t;22>0.

Thus Q)() continuous to be positive a little bit past #1. This argument then guar-
antees that Q)(t) >0 for all t > ¢. O

Lemma 4.5. Assume To>1 and 0<xy<1. Suppose 0:[Ty,00) — [0,00) satisfies
< — — >1Ty.
o <2, 2/ d+22, V> To

Then there exists a constant C; >0 depending on xo and Ty such that

C1

oH<q, V=T

Proof. We begin by noting that, if we assume

O(t)g%, Vt>max{T0,—},
then we obtain
1 a2 1 a2
G(t)gi-T—i—ﬁg?, Vt>max{T0, 2}

Now define ag =%y <1, and &y, 1 =a7. Note that

k
= 62 anO.
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Clearly it holds that
0(t) < ﬂ, Vthax{To, l}
t K
Consider t € -, ﬁ] = [D%k,%] Clearly it holds that
k
1
ockg t 2.
Thus we have for all t € [ﬁ’ ﬁ] with [Xlk > Ty, it holds that
O(t) <t 2.

Thus we have for all ¢ sufficiently large
3
O(t) <t 2.
Iterating this estimate again we obtain 0(t) < O(t2). O

Proposition 4.3. Assume T>3. Suppose 0:[T,00)—[0,00) is continuously differentiable
and satisfy

sup (16(1)) < oo, 9’(t)=—§92(t)+13(t), VST,
t>Tph

where for some Ko >0
IF(t)| <Kot™3, Vt>T.

Then there exists 0, € R, such that

0(t)= GT*—l—R(t),

where

RO
T Int /#? )

Proof. Note that we only need to investigate the regime t > 1. We shall discuss
two cases:

Case 1. limsup,_, . {t6(t)} > 0. In this case we use Lemma 4.4. Clearly for Ty
sufficiently large we have

G(t)tNl, Vt>T.
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From the ODE we obtain

% G) =§+(’)(t‘1).

It follows that for T sufficiently large and all > T +2,

1
dq +d2(t—T6)+O(ln(t—T6)),

o(t) =

where d; > 0,d; > 0 are constants. The desired asymptotics then follows
easily.

Case 2. limsup,_, . {t0(f)} =0. In this case we make a change of variable

F=NT, 6(t)=20(1), %F(t)zﬁ(r).
Clearly
A o) =~ NO? 1 (1), |E(1)| <Ky—st D
dt - 27 ’ =0 N2

Thus if we take v = 55 and N sufficiently large, we obtain

2/ @2 ds+—, VT>1,

where 19 is sufficiently large. We then use Lemma 4.5 to conclude that
O(1)=0O(172). Thus in this case 8(t) = O(t2). O

5 Concluding remarks

In this work we considered the classification of steady states to the one-dimensio-
nal periodic Allen-Cahn equation with standard double well potential. We gave
a full classification of all possible steady states and identified their precise de-
pendence on the diffusion coefficient in terms of energy and profiles. We found
a novel self-replicating property of steady state solutions amongst the hierarchy
solutions organized according to the diffusion parameter. We developed a new
modulation theory around these steady states and proved sharp convergence re-
sults. We discuss below a few possible future directions.
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(1) Classification for other models with different linear dissipations and non-
linearities. Even for the classical Allen-Cahn case, one can investigate the
singular potential functions such as the logarithmic function given by

1 14+u
f(u)__u+§10g1_u/

or the sine-Gordon type
f(u)=—sinu.

Besides the one dimensional theory, we also expect some generalizations to
higher dimensions.

(2) Patching and extension and solutions across general interfaces. It is natural
to consider extending solutions of

Lu—f(u)=0 in Q,

where L is the linear part and f denotes the nonlinear part with appropri-
ate boundary conditions. The task is to investigate under what conditions
we can extend the solution across a portion of the boundary of (2 which is
assumed to be a hypersurface or even some lower dimensional interface. In
one dimension the situation is simple via reflection, but the general situa-
tion certainly merits further investigation.

(38) Convergence theory for general initial data, and also for other equations
and phase field models. These include nonlocal Allen-Cahn equations dri-
ven by general polynomials or logarithmic or even mildly singular nonlin-
earities, also one can investigate Cahn-Hillard equations, Molecular Beam
epitaxy equation, time fractional equations and so on.

Appendix A. Proof of Proposition 2.3
We prove Proposition 2.3 step by step.

(1) Inthe case of C> %, we can see that 1/ never changes sign and it implies that
u is either an increasing or a decreasing function. In addition || has a pos-
itive lower bound, it implies u is unbounded. Thus, there is no bounded
solution.
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In the case of C= %, Eq. (2.10) becomes

K2 ==wu?-1)2

N =

It is easy to check that u=1 or —1 is always a solution to the above equation.
In the range {x||u(x)| <1} we solve the above ODE and get u:j:tanh(%f{),

it defines an entire solution of (2.8). While if {x ||u(x)| > 1} is not empty,
then we can use the ODE 1/ = -1 (12 —1) to derive that the solution must be

2
unbounded. Therefore, {x||u(x)|>1}=®. As a result, we get either |u|=1

or = tanh(%f{) in this case.

In the case of 0 < C < %, according to (2.10), we have

— — ——>
(u 1) +C O,

i.e.,

\u| > \/1—|—\/1—2C or |ul< \/1—\/1—2C.
If there exists some point x; such that u(x1) > v/14++/1—2C (multiplying

by —1 if necessary), then we see from (2.10), that either u(x) is strictly in-
creasing for x € (xq,+00) and u/(x) has a positive lower bound, or strictly
decreasing for x € (—oo,x1) and u’(x) has a negative upper bound. Conse-
quently, u(x) is unbounded, which implies that such x; can not exist. Fur-

ther, u=+1/1+4+/1—-2C is obviously not the solution to (2.8). Therefore, we

can claim that
lu| <y/1—+v1-2C. (A.1)

Now we show that u has local maxima and minima not at infinity. Oth-
erwise, u(x) is monotonic when |x| is sufficiently large. Without loss of
generality, suppose that u(x) is monotone increasing for x large. Then by
(A.1) and (2.10) we have

lim u(x) = \/1—\/1—2C, lim ' (x)=0.

X—00 X—+o0

Using (2.8) we derive that u”(x) # 0 when u(x) is around /1—+/1-2C.

Contradiction arises. Thus, u(x) have both local maxima and minima. Let
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x=a be a local maximum point and x=b be the closest local minimum point
to a, then by (2.10) we get

u(@)=y/1-vI—2C, u(b)=—/1-vI_2C.

By reflection symmetry, 1(2b—a) = \/1—/1—2C. Repeating the reflection
process we could see that u(x) is a periodic function with minimal period
equals to [2b—2a|.

(4) Finally, for the last statement, it can be obtained |u|> V2 or u=0 from (2.10).

From a discussion similar to the above, |u| > v/2 will lead to contradiction.
Then we have u=0.
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