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Some Properties of Solutions to the Novikov
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Abstract In this paper, we investigate the Novikov equation with weak dissi-
pation terms. First, we give the local well-posedness and the blow-up scenario.
Then, we discuss the global existence of the solutions under certain conditions.
After that, on condition that the compactly supported initial data keeps its
sign, we prove the infinite propagation speed of our solutions, and establish
the large time behavior. Finally, we also elaborate the persistence property of
our solutions in weighted Sobolev space.

Keywords Blow-up scenario, Global existence, Large time behavior, Persis-
tence property.

MSC(2010) 34G20, 35A01.

1. Introduction

In this paper, we discuss the following Novikov equation with weak dissipation
terms:

Y + yau® + byuug + Ay =0, t>0,xz€R. (1.1)

When X\ = 0, it is a special case of the Holm-Staley b-family equations:

Yy =0, t>0,z€eR, (1.2)

Yr + yau® + byu*”
where k > 1, A € R, u(z,t) denote the velocity field, y(x,t) = u — Ugy.

Holm and Staley [28] got the exchange of stability in the dynamics of solitary
wave solutions under changes in the nonlinear balance, which was in a 141 evo-
lutionary partial differential equation both related to shallow water waves and to
turbulence.

When k£ = 1 and b = 2, equation (1.2) reduces to the famous Camassa-Holm
equation [4], while, if £ = 1 and b = 3, it reduces to the Degasperis-Procesi equation.
These equations arise at various levels of approximation in shallow water theory, and
possess a physics background with shallow water propagation, the bi-Hamiltonian
structure, Lax pair and explicit solutions including classical soliton, cuspon and
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peakon solutions. Moreover, these two types of equations have been also extensively
studied in [5,10,11,13,18,19,22,26,27,39,42,53].

We know that Camassa-Holm equation is completely integrable. Definitely, the
Camassa-Holm equation has many useful properties, for example, conservation rate,
blow-up scenario Global existence and large time behavior for the support of the
momentum density [30,40]. When it comes to the physical relevance of the Camassa-
Holm and Degasperis-Procesi equation, we suggest the readers reading the book
written by Constantin and Lannes [14]. In the H®, s > % space, the solution of the
local well-posedness was proved in [11,36]. In [11,12,32,36,41], the blow up scenario
was widely used. For the Camassa-Holm, the solution of Global existence and local
solution was proved in [2,3,33]. They also proved orbital stability of the peak
solution in [15], In [27], Himonas et al., gave the persistence and unique continuity
of solution of Cassama-Holm equation. They discussed the large time behavior for
the support of momentum density of the Camassa-Holm equation. They proved the
limit of the support of momentum density as t goes to +00 in some sense. Moreover,
the Degasperis-Procesi equation has been widely studied in [8,9,17,31,37,44,53].

When k = 1, for general b, the equation (1.2) was studied in [21,54], which has
established the local well-posedness and sufficient conditions on the initial data to
guarantee the global existence of strong solutions in H?®, s > % Blow-up scenario for
equation (1.2) has been studied in [20,43,45,47,52], and some blow-up criteria was
established in [16,50]. Guan and Yin [24] studied the global existence and blow-up
phenomenon of the integrable two-component Camassa-Holm shallow water system.
Moreover, Liu and Yin [55] presented several conditions for the existence of global
solutions. The large-time behavior of the supporting the momentum density for the
Camassa-Holm equation was studied in [33]. [49] proposed a new method to show
the persistence properties. Guo et al., [25] studied the large time behavior and
persistence properties of solutions to the Camassa-Holm-type equation with higher-
order nonlinearities. Here, we would like mention some related work of equation
(1.2) in [7,23,29,35,38,48,51,57].

In 2011, Zhu and Jiang [59] discussed the case of k =1 in (1.2):

Yt + Yz +byu, + Ay =0, >0,z € R, (1.3)

and got a new criterion on the blow-up phenomenon of the solution, the glob-
al existence and the persistence property of the solution. Zhang [56] considered
the Camassa-Holm equation with weak dissipation terms. Niu and Zhang [45] es-
tablished the local well-posedness of the inhomogeneous weak dissipation equation,
which included both the weakly dissipative Camassa-Holm equation and the weakly
dissipative Degasperis-Procesi equation as its special case. Zhou et al., [58] discussed
the following more general equation:

Y + yau® +byuFlu, + Ay =0, t>0,z€R. (1.4)

For equation (1.4), Zhou et al., [6,34, 58] listed some existing conditions of global
solution and some analytical properties of solution. When k = 2, the equation (1.4)
would be the equation (1.1). The equation (1.1) could be rewritten as:

wy + uuy + G* F(u) + du =0, (1.5)
where
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where y = (1 — 02)u is usually called the potential of fluid.

We organize this paper as follows: First, we give the local well-posedness and
the blow-up scenario of the solution in Section 2. Next, in Section 3, we discuss the
global existence under certain conditions. Then, we prove the infinite propagation
speed and establish the large time behavior properties of our solution in Section 4
and Section 5. Finally, we elaborate the persistence property in Section 6.

2. Local well-posedness and blow-up scenario

In this section, we give the local well-posedness of the equation (1.1) first. Then,
we show the blow-up scenario for the solution to (1.1).

Lemma 2.1. Give the ug € H*(R) with s > % Then, there exist a T > 0 and a
unique solution u(z,t) to (1.1) such that

u(z,t) € C([0,T); H¥(R)) N C*([0,T); H/%(R)). (2.1)

Moreover, the map uo(x) € H® — w € C([0,T); H*(R)) is continuous but not
uniformly continuous.

To prove this result, we will apply Kato’s theorem [46], with X = H'/2 Y = H*,
S = A2 A(u) = 6?0y, f(u) = (b — 6)utpz, — 2u3 — bu?u, and W = {p €
H gl < R},

Moreover, we obtain that u(x,t) € C([0,7); H*(R)) N C1([0,T); H~1(R)), be-
cause u; € H5 1.

Theorem 2.1. Assume that ug € H*(R), and let T be the mazimal existence time
of the solution u(x,t) to the equation (1.1) with the initial data ug(x).
(1) If b > 1, then the corresponding solution of the equation (1.1) blows up in
finite time, if and only if
t

lim [ sup(uug)ds = —c0. (2.2)
=T Jo zeR

(2) If b < 1, then the corresponding solution of the equation (1.1) blows up in
finite time, if and only if

t

lim [ inf (uwu,)ds = +o0. (2.3)
t—T 0 zER

Proof. (1) If b > 1, by applying y on (1.1), we have
yys + yyou® + by uu, + Ay? =0

Integrating it with respect to x in R, we have

/yytdw = —/nyqudx—b/y2uumd$—>\/y2dx,
R R R R

1d, o [1,,

which is
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1
f/ 7u2(y2)mdmfb/y2uumdxf)\/yzdac
R 2 R R

+/y2uuwdx—b/y2uu$dm—)\/y2d$
R R R R

2
(1-b) / yPurgde — Ally|2,

122
= §uy

implying
d 2 2 2
dat [yllz2 + 2M [yllze =21 = b) [ y uude.
R

Letting M (t) = sup(uu,), we have
z€R

d
7 22 > (201 = 0)M(8) — 27] [ly]| 7.

Then, we obtain

_ t A
yl172 > llyoll3e €200 Jo M) =s=p)ds,

For any finite time T, when ¢ € [0, T}, if and only if
t

lim [ sup(uug)ds = —oc0.
t=T Jo zer

Then, the corresponding solution of the equation (1.1) blows up in finite time.
(2) It b < 1, let m(t) = inﬂf@(uuw), by using similar method that is used in case
xTE

(1), we have

d
7 Il > (201 = Bym(t) — 2] lyl[Z -

It follows that

— t .
IylIZe > llyoll7a 0 Jotmie)=m=a)ds,

For any finite time T', when ¢ € [0, T, if and only if

t

lim inf (uu, )ds = +o0.
t—=T Jo z€R

Then, the corresponding solution of the equation (1.1) blows up in finite time.
O

3. Global existence
In this section, we discuss some global existence. Now, we introduce the particle

trajectory. Let u(x,t) be a strong solution of (1.1) obtained in the local well-
posedness theorem.
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Assume that A = (1 — 02)z, by using the Green function G = 1eI7l) we have

(e, t) = Ayl t) = Grylant) = 5 [ e lyte. e

R
which is
1 —x ‘ I3 1 x e —£
uwt)= 5o [ Syt s [ e Sylende
1 —x ‘ 3 1 T e —£
’U,z(l’, t) = _56 v € y(£7 t)d§ + 56. € y(§7 t)d€
It follows

+oo
u(z,t) + ug(z,t) = ew/ e Sy(€,t)de,

u(z,t) — ug(x,t) = 6796/ egy(g,t)df.

Let g(x,t) be the solution of the following initial value problem

dq(z,t)
dt

q(z,0) =z, z€eR.

=u®(q(z,t),t), t€[0,T], z€R.

Taking derivative with respect to x, we have

dgi(z,t)

— 2y (¢, 1)y
ir ut,(q,t)g

Then, it follows that
t
Gz (x,t) = exp {/ 2uug(q, 8)ds}, te€[0,T], zeR.
0

¢z(2,0) =1, xR

Therefore, g(x,t) : R — R is an increasing diffeomorphism of the line before blow-

up. From (1.1), by direct calculation, we have

dt
b
+ buy(q(@, t), t)ua(q(z, 1), t)]gz
b
Then, we can prove the following pointwise conservation law
b
y(Q(xa t)v t)qu (33, t) = yo(‘r)ei)\t'

From (3.4), we can easily obtain

2
e%/y%dx:/yé’d:v.
R R

d (y(g(z, 1), )ad) = lye(q(z, 1), 1) + u’(q(z, t), t)ya(q(x, 1), 1)
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Theorem 3.1. Assume that ug € H*(R), if b = 1 and X > 0, the solution of
equation (1.1) exists globally in time.

Proof. Applying y on (1.1) and taking integral with respect to x, we have

d
G W=+ 201w =20 - 0) [ Punade.
R

If b = 1, we obtain

d 2 d 2 2
a(em lyllz=) = 62”(% lyllz> + 2 lyl[L2) = 0.

When A\ > 0, we have

2 —2A 2 2
lylze = e™** llyollz2 < llyollz2 -

It follows that
2 2 2 2
ullze < llyllz: < llyollz: < Clluollze -

Then, by using theorem 2.1, we prove the global existence of the solution for the
equation (1.1). O

Theorem 3.2. Suppose that ug € H?(R),yo = (1 — 8%)ug does not change sign,
then we have

(1) if b=2 and X > 0, the corresponding solution to (1.1) exists globally.

(2) if b <2 and A > 0, the corresponding solution to (1.1) exists globally.

Proof. (1) Taking integral both sides of the equation (1.1) to x variable, we have

/ytdx: —/yqudx—b/yuuidx—)\/ydac.
R R R R

d
Gl + Al = 2= 1) [ yusda.
R

It follows that

If b = 2, by applying e’ on the formula above, we obtain

d

d
(@ yle) =yl + Allylle) = 0.

When X > 0, we get

Y
Iyl =™ Ilyoll,r < llyollz: -

Assume that yg > 0, by the blow-up scenario, it is sufficient that u and u, are
bounded for all ¢. By equation (3.1), we have

—+oo

ue) = 3o [ Sylenaer g [ etue s

—0o0 x

< / y(&,1)de
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_ -\t d
c /R yo(€, 1)de
< t)d
Am@ﬂ&
and

+oo
wge [ etuena < g [aenie<s [ mwenas

w > =z [ e > =5 [ wenas > -3 [ (et

— 00

Based on the calculation above, we have
0<us< [ et
R

1 1
-3 [ wi.0de <ur < 5 [ i

Hence, the conclusion is established, when yo < 0. By the similar method that
is applied above, we could also obtain the global existence result. Therefore, when
yo = (1 — 9?)ug does not change sign, the solution of equation (1.1) exists globally.

(2) If b< 2and A >0, by (3.5), assume that yo > 0, we have

e / Sy (€. 1)

— 00

<e—w</_m y%(g,wdf)%(/j T de)
2—b 220

207 ke nae!

)52 / ol (€. 1)de) ¥

_ e—At(

2—-0

<
( 2

and

+oo
e / ¢Sy €, 1)de

too too 2 2-b
<em</ y%(m)dé)%(/ o d) 7"

2—0b 2-0 2 b
<507 ([ v naot.
R
By the blow-up scenario, it is sufficient that v and w, are bounded for all t.

Therefore, by equation (3.1), we have

+oo

ue) = 3o [ Sylenaer g [ etuens

— 00 x
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<50 ([ et

and

Based on the calculation above, we have

2—-10

O<us (T)%/Ry?(f,t)dﬁ)%

b 2-» 2 b 1 2—b 20 2 b
55 (€0t <u <50 ([ wlcniol.

Hence, the conclusion is established, when yo < 0. By the similar method that is
used above, we also get the global existence result. Therefore, when yo = (1—92)uy
does not change sign, the soltion of equation (1.1) exists globally. O

4. Infinite propagation speed

Set
E(t) = /R Syl e, F(t) = /R eEy (€. 1)de. (4.1)

Theorem 4.1. Ifb > 0, A € R, assume the initial value ugy Z 0 has a compact
supported set [a,c]. Fort € (0,T], the solution u(x,t) corresponding to the (1.1)
has the following properties:

%e_zE(t) Jf x> qlet).
u(z,t) =94 ' (4.2)
§exF(t) Jf < glat).

In addition, if b € [0,6] , we have

(1) when yo > 0, eME(t) is a strictly increasing function, e\ F(t) is a strictly
decreasing function.

(2) when yo < 0, eME(t) is a strictly decreasing function, e F(t) is a strictly
increasing function.

Remark 4.1. From the theorem above we know, even if the initial value ug has
a compact supported set [a,c|, for any ¢ > 0, the solution u(x,t) does not have a
compact supported.
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Proof. From (3.4), we have
y(q(z,t),t) =0, x<aorz>c.
Therefore, when z > ¢(c, t), we obtain

u(z,t) = Gxy(zx,t)

1 q(c,t)
fe_m/ egy(f,t)df
2 q(a,t)

1
ieiajE(t)v

and when x < ¢(a,t), we have

u(z,t) = G xy(x,t)

1

q(c,t)
iex/ e_5y(§7 t)d¢
q(a,t)

1
SEF().

Now, we prove the monotonicity of e’ E(t) and e M F(t).
(1) By (4.1), for E(t), taking derivative with respect to x variable, we have

dE(t)

7:/Re§yt(§,t)d§.

From equation (1.1), we obtain

dE(t
% = — /]R 65(u2y§ + bquy)dg - )\/Regy(gvt)df
R
Then, we have
dleME®)] dE(t)
— L = MAE() + 7]

dt
= —eAt/ e (uPye + buugy)de.
R

Let

J=— ef(u2y£ + buuey)dé

T

=— [ ¢ 2y§d§—b/ egyuugdé“
R

R
= —c*uly +/yefu2d§+2/yeguu5d§—b/ egyuu5d§
R R R R
= —cfuly| + / yeSu’de + (2 — b) / eSuug (u — uge)dE
R JR R
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= —efuly +/65u3d§—/efu2uggd§
R JR R

+(2-0) /Re£u2u5d§ (2- b)/]R eSungugeds

2-9 3-0b
:—65u2y —egu2u§ — efuug +765u3
R
b 6—0b
+§/Refu3df+?/R uugdf—f—i/eg
and
€2 €42 € —b s
Hy = —e*uy| —euue| — euug| + eu
R R R R
2-b 3-b
—ef (uPy + uPue + 5 uug— 3 u?)
R
b 4 2-b
= e(3u JrT ug)R
-b

b 5 2-0
2 - 3 2
uug) — lim eg(gu + 5 )]

E——o0

b . 2
=]l §(—u?
[5_113006(3“ +

=0.

Then, we can obtain

At —
dle df( )] ( / 3 3d§—|—7/ gdf—&—%b/ﬂ{egugdf)

Since yo < 0 with compact support in an internal [a,c], a direct consequence of
(3.1) and (3.2) implies that

u(z,t) <0, w(z,t)+uy(z,t) <0, wu(z,t)—ug(x,t) <O0. (4.3)
For all t € [0,7] and x € R, it follows that

1
ud 4+ u;o’c = (u-+ um)(u2 — WUy +u%) = (u+ ug)[(u— iuz) + iui] <0 (4.4)

and

u? —ud = (u—ug)(u? g +u2) = (u—ug)[(u+ %um) + iuz] <0.  (4.5)

If 0 < b <2, we have

dle™E(t)] b €3 6—0b € o 2—b €3
— = (g/Reudf—FT/Re uugdf—i—T/Re ugd§)
<e)‘t(ml/eg(ug—kug’)d{—kmz/egug(u—i—u&)d{)
R R

<0,

where mq, mo > 0, and satisfy that m, +my = gb. If 2 < b < 6, we have

At —
dle df( )} ( / 13 3d€—|—7/ gdﬁ—i—QTb/ReEugdf
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b 6—0b 2—b
= e)‘t(g/Refu:adf—F —5 /Reguugdg + — /Regugdf)

< e)‘t(mg/ReE(u3 - ug’)dé + m4/ReEu§(u — ug)dg)

<0,

where ms, my > 0, and satisfy that m; + my = 172—2. Then, for any z € R, all
t €10,7] and b € [0, 6], we have

dle E(t)]

0
dt <5

which is the e E(t) is a strictly decreasing function, when yo < 0 and b € [0, 6].
Since yo > 0 with compact support in an internal [a, ¢, a direct consequence of
(3.1) and (3.2) implies that

u(z,t) 20, wu(x,t)+ug(z,t) =20, wulx,t)—ug(z,t)>0. (4.6)

For all ¢ € [0,7T] and z € R, it follows that

1
ud +ud = (u+ ug)[(u — Eum)2 + %ui] >0 (4.7
and
3 3 L o 39
w —u, = (u—ug)[(u+ iuz) + Zux] > 0. (4.8)

If 0 < b <2, we have

dleME(t))]

>€At(7ﬁ1/65(’&3+Ug)d£+W§2/€§u§(u+U€)df)

>0,

where mq,mo > 0, satisfying that my + mq = %‘b. If 2 < b < 6, we have

dleME(t
de™ B®)] > e’\t(m;),/ et (ud — ug)dﬁ + n’t4/ egug(u — ug)d§)
>0,
where g, mis > 0, satisfy that niz + iy = %52

Then, for any € R, all ¢t € [0,7] and b € [0, 6], we have

dleME(t))]

0.
i@

Therefore, the conclusion is right, e* E(t) is a strictly increasing function, when
Yo <0 and b € [0, 6].
(2) For F(t), similar as the method of case (1), we have

N L
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= 7/ 675(u2y5 + buuey)dé — AF(t)
R

and

d[eM F(t)]

= —eM / 675(u2y5 + buuey)dé = —e M.
dt R

For J5, we have
Jy = —/ e~ (u?ye + buugy)dé
R
= —/ e_Equgdg—b/ e_éyuugdf
R R
= —e Suly f/ye*5u2d§+2/yefguu5dffb/e*5yuu§df
R JR R R
= —e Suly| + / ye Suldé + (2 —b) / e Suug (v — uge)dé
R JR R
= —e Suty| — / e~ tulde + / e_§u2u§§d§
R JR R

+2-0b / e SuPugdé — (2 — b)/ e Suugugedé
R R

N

2—0
— —e‘fuug
R

R R 3
b ¢ 3 6—-0 £ 9 2—-b —¢ 3
—g/Re 5ud£—?/Re uuédf—TRe ugd§

b 6—10 2—-0
- __ =&, 34c 7 &2 2 7 —£,,3
3/]1@6 u’dg 5 /Re uugd§ 5 /Re ugd§.

Considering yo < 0, from (4.3), (4.4) and (4.5), if 0 < b < 2, we have

2

3 —
= —eCuly| +etu Ug + e S’

R

At
W > eM(my /R efg(ug’ —u3)d€ + no /R 6*5u§(u5 — u)d¢)

> 0,
where ny,n9 > 0 and ny + ng = ?. If 2 < b < 6, we obtain

At
w > —eM(ng /Re—i(us + ud)d + ny /Re_%?(u + ug)dt)
> 0,

where n3,ng > 0 and ng + ny = bg—z Therefore, e”F(t) is a strictly increasing
function, when yo < 0 and b € [0, 6] for any x € R and all ¢ € [0,T].

On the other hand, when yo > 0, from (4.6), (4.7) and (4.8), if 0 < b < 2, we
have

oM
w < eM(ny /R efg(ug’ — u®)dE + 1y /]R 6751@(% — w)d§)

<0,
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where 11,715 > 0 and 17 + ny = %‘b. Further, if 2 < b < 6, we obtain

dleMF(t
de™ F b)) < —e)‘t(n},/ e S (u® + ug)dﬁ + ﬁ4/ e_fuz(u + ug)d§)
dt R R
<0,
where 13,74 > 0 and ng + 1y = 1’5—2. Therefore, for any « € R and all t € [0, 7],
when b € [0, 6], e* F(t) is a decreasing function as yo > 0. Therefore, the conclusion
is established based on the calculation above. O

5. Large time behavior for the support of momen-
tum density

In this section, we will discuss the large time behavior for the support of momentum

density.

Lemma 5.1. If b > 0, A < 0, assume the initial value ug Z 0 has a compact
supported set [a,c] , say yo =0, if x < a or & > c. Then, if yo(x)(£ 0) does not
change sign, x € [a, c], we have

lim eMF(t) = 0.

t——+oo
Proof. When yo(z)( 0) does not change sign, z € [a, ¢|, assume that
- At
t_1}+mooe F(t) #0.

Therefore, there is a constant g > 0, for any T > 0, there will exist a ¢ > T such
that |e* F(t)| > o. Then, by calculation, we have

d t
A1) 2 (gfa, 1), 1)

=(3 L catat) F(t))?

1 2q(a f)( ktF‘(LL))2

=3¢ 62)\t

1 e2a(at) 20 €0’

4 o2
It follows that

—2q(a t) < —2Xt _ 1 —2c
o J+e

Taking T = —W, for any t > T, we obtain

€0 _ont -2
ﬁ(e — ].) +e ¢ < 0

This is the contradiction. Therefore, we have

lim eMF(t) = 0.
t—+oo
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Theorem 5.1. Ifb > 2, A < 0, suppose that yo(z) € L% has a compact supported
set [a,c]. Then, if yo(x)(# 0) does not change sign, x € [a, c], we have

2q(c,t) 2q(a,t)
ebv-2 —e -2 — 400, as t— +oo.

Proof. (1) When yo > 0(£ 0),z € [a, ], for any t > 0, we have F(t) > 0. By
direct calculation, we have

N ottt = et an?
= [/C(y(q»t)qf)%dw]
=1 0.0t gedal?

o

q(c,t) R .
- / (y(. 1) P e’

(ast)
Q(C’t) Q(C’t) _
<([weneta | ety
Q(a)t) Q(a)t)
= PO — Sy
Therefore, we obtain
pen  agen (5 i do)®
2g(c,t) 2g(a,t) 2 Yo dx)2 | 2
b—2 b—2 2 a b—2
c c G5 F(t)ert )

According to limit that lim eMF(t) = 0, we have

t——+oo

2q(c,t) 2q(a,t)
b—2

e —e -2 — 400, as t— +4oo.

(2) When yo < 0(# 0),x € [a,c], for any ¢t > 0, we have F'(¢t) < 0. By direct
calculation, we have

[ amtaelt = [ el
~ 1 (-sta.0ahpaslt
~ 1 vl Paual?
-1 " ot tagt

(a,t)
q(c,t) q(c,t) B
<(fpenea | etagE
q(a,t) q(a,t)
b—2  2q(.t) 2q(a.t)  b—2

— PO — )
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Hence, we obtain

et et 2RI e

2q(c,t) 2q(a,t)

e v-2 —e -2 — 400, as t— +oo.

O

Theorem 5.2. If b =2\ < 0, suppose that yo(x) € L1 has a compact supported
set [a, c], then if yo(x)(#£ 0) does not change sign, x € [a, c], we have

q(e,t) = 400, as t— 4oo.

Proof. (1) When yo > 0(# 0),z € [a,c|, for any ¢t > 0, we have F(t) > 0.
Therefore, by direct calculation, we obtain

(& (&
e_’\t/ yodxz/ yoe Mdx
a a

C
= / y(q,t)q.dx

q(c,t)
< eale) / y(E,t)eEde
q(a,t)

= 1D (1)

Then, according to the limit that , lim eMF(t) =0, we have

—+o0

c
eq(c,t) > fa yodac
F(t)eM

— +o0, as t— o0,

which is
q(c,t) = 400, as t— 4oo.

(2) When yo < 0(#£ 0),z € [a, ¢], for any t > 0, we have F(t) < 0. Therefore, by
direct calculation, we obtain

(& C
e”‘t/ —yodacz/ —yoe Mdx
a a

= / —y(q,t)qzdx

q(c,t)
< et / y(€ tye e
q(a,t)

=~ (1)
Then, we have

eq(c,t) > fac —yod]}

/W—)—FOO, as t—>+OO,



Some Properties of Solutions to the Novikov Equation 235

which is
q(e,t) = 400, as t— +oo.

O

Theorem 5.3. Let A < 0, when 0 < b < 2, yo(x) € Lz orb =0, yo(z) € Lo,
assume that yo(x) € L% has a compact supported set [a,c|, then
(1) if yo(z) = 0(# 0), x € [a, ], we have

—4 [t inf ds  2q(e. 2q(a,
Jo laf(ue) 6(6 c= e g(fbt)) — 400, as t— +oo.

(2) if yo(z) < 0(£0), x € [a, ], we have

—4 [g sup(uug)ds  2qct)  2q(at)
oER (e72=v —e 270 ) = 400, as t— +4oo.

Proof. (1) When yo > 0 and A <0, if x € [a,¢] and 0 < b < 2, we obtain

d
= Wil = (2—b)/yuumdw—A\IyIIL1
R

>[(2-b)i - .
> [(2— 1) inf (wea) = Al 9]l

which is

Ot [(2—b) ;rgk(uui)—)\] ds

J;
Yl > e
. efot(Q—b) ilé%(uum)ds—)\t

lyoll L1
||3/0||L1 :

From equation (3.5), we have

ol = / yda
R
q(c,t)

<([ vt [ yetagi([* ey
R R q(a,t)
2—b, 2q(c,t) 2<12(u,t) 2-b

= ([ it PO - S

Then, we obtain

t -
—4 [, ;rel&(uur)dé 2(52(3:) 2(1(&2:) 2 HyOHLl

—€ )22 b[ 1]2%1)_>+00a
~ 7 lyoll 2, (eME(2)2

(e T
2
2
Lb

as t— +oo.

If b =0, we have

2fJ iréfR(uuw)ds—
x

At
Iyl =e lyoll 11
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lyll s Z/ydx
R
Z/y (ye®)%e
R
a(c,t) _
<t [ yRat([vetagt([" " eag
R R q

b—0

and

N
N

dg

(at)
3 2—b, 24t alart) 2
= tl( [ b )t NP AR
b—0 R 2
Finally, we obtain
—4 [t inf (uug)ds
B o) oy o ol o e
(lim [[yol|? > ) (e F(t))2
b—0 Lb

(2) When yo <0, if € [a,c] and 0 < b < 2, we obtain

d
2 19l <12 = b)sup(uuz) = Alllyll s
z€R

which is

fJ[(Q—b) sup(uug)—A]ds
1=yl > e re I=oll £+

fJ(Q—b) sup(uug )ds—At
e er =voll:

and we have

2—b, 2q(ct) 2q(at)  2-b

= ([ (e e MR

Then, we get

_ t w.)ds /
I s C S, 9ol s |75 — +00,as  t — +00.

(MF(1))>

2
b

N vl

If b =0, we have

2 fot sup(uug )ds—At
zER

=yl = e l=yoll .1

=yl .1 =/—ydw
R

and
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= /R(*y)%(*ye*)%e%dg
< imt [ o[ cpetant [ " g gyt

b—0 (a,t)
. 2 b,y 1.2—=b, 2a(t) 2q(a.t) \12-b
= lim[( [ (—yo)*dz)*(—e " F(t))?] (e —e= ) 7]
=0 IR 2
Hence, we obtain
—4 (! sup(uug)ds
e o ggles) (ea(et) — ea(at)y > ”%/O”LI - ]2 = +oo, as t— +oo.
: 2 At 3
(tim lgoll#, ) (2P (1))
Therefore, the conclusion is established. O]

6. Persistence property

In this section, we will consider the persistence property in Sobolev space.

Definition 6.1. A nonnegative function v : R — R is called sub-multiplicative,
if v(z +y) < v(x)v(y) holds for all z,y € R™. Given a sub-multiplicative function
v, a positive function ¢ is called v-moderate, if there exists a constant C' > 0 such
that ¢(z +y) < Cv(z)¢p(y) holds for all z,y € R™.

It is proved in Brandolese [46] that ¢ is v-moderate, if and only if the weighted
Young inequality

[(f1* f2)0lle < Cllfrollpa || f20] e (6.1)
holds for any two measurable functions fi, fo and 1 < p < oco.

Definition 6.2. We say that ¢ : R — (0, +00) is an admissible weight for (1.1),
if it is locally absolutely continuous such that |¢ (z)] < Alp(x)| for some A > 0
and a.e. x € R, and is v-moderate with a sub-multiplicative function v satisfying
infrv > 0 and

/Rv(x)e_lx‘dx < o0. (6.2)

Theorem 6.1. Let ug € H*(R) with s > %, A€eER 2<p< oandu €
C([0,t); H*(R)) N C([0,t); H*~Y(R)) be the strong solution to (1.1) starting from
ug such that dug, puo, € LP(R) for an admissible weight function ¢ of (1.1). Then,
for allt € [0,T), we have the estimate

1gu(, t)llze + [ $ua (s )z < M (|lgug (1) o + [[$uoa(- )z),
where the constant C depends only on the weight v, ¢ and

M= suwp |ufn.
te[0,T)
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Remark 6.1. The example for admissible weight functions can be found in [18]

x| B
3(7) = ba,p.,5(x) = e (1 + |z[)" log(e + ||, (6.3)
where we require that « >0, 0<A8<1, af<l1.

Proof. For the sake of convenience, we rewrite (1.1) as a transport equation (1.5)
with

[z]

where G(x) = e~ "2 is again the Green’s function of the operator (1 — d2). For any
N € N\{0}, we define N-truncation:

¢n (x) = min{(z), N}.

Then, it is easy to check that ¢n(z) : R — R is a locally absolutely continuous
function satisfying ||¢pn (x)||L= < N and |¢y| < A¢n(z) a.e. on R. For p € [2, +00),
multiplying (1.5) by ¢n|onulP~2¢nu and integrating both sides on the lines, one
can get

lonulls Glonulis + [ onuPusda+ [ 636 Pl 2onuds
+ )\/Rung\ngNuP*zgﬁNudx =0.
We observe that
|/RU\¢NUI’”uxd$| < Cilllulli + lualZelllonully,
and by Holder’s inequality that
| [ oxG Fulowulr 2owuds] < 636+ F (@) slléxulls"

Moreover, by using (6.1) and (6.2), we have

[oNG = F (u)|ze < |GollLal[onF (w)llLe < [|onF (u)] e
Besides, we have
\)‘/R“¢N|¢Nu|p_2¢NUd$| = Al [lonully, -
Hence, we obtain
d 2 2
Zlovulzr < Colllulzoe + llulze +ADlun e + llonF (uw)llzr- (6.4)

Differentiating (1.5) with respect to the variable x produces the following equation

Urg + 202 + 0 (G * F (1)) + U gy + uy = 0.



Some Properties of Solutions to the Novikov Equation 239

Multiplying the above equation by ¢n|¢nuz|[P~2¢nu, and integrating over the line,
one has

lowuall G lowusler + [ 6x0u(Gor (@)loxuaPonusds
+/Ru2um¢zv|¢zvux|p*2¢zvuxdx
L2 /R T L
TN /R e |onul 2 pxude =0,
and also

/Ru2um¢zv\¢zvux|p_2¢zvua;dx = / WP PNty PR ANUL [(up PN )z — U OpdN]dT

R

:/zﬁam(M)d%
R p
:Au2|¢Nuz‘p72¢NUx(uz¢;V)d1"

Note that since |¢y (z)] < A¢n(x) a.e. on R, it follows that

|/Ru2u:cm¢N|¢Nur|p72¢Nude| < Ca(llullfe + lus )1+ A)lonuslfo,
and

|A““3¢NI¢Nuxlp_2¢Nuzd$| < Ca(ullfee + lualZoe)lonuallZ,-

Then,

\/quNax(G * F () onua " dnuadr| < |on0: (G x F(w)|olldnuaFy

By using the fact 9,G = —%sgn(az)e"m‘ in the weak sense and applying (6.1) and
(6.2) again, we have

[¢NO (G F (u)llLe < [[(02G)v|1rllonF (uw)|ze < llonF (w)|[Lr.
Besides, we have
‘A/]RUI¢N|¢Nu|p_2¢Nde| = |>‘| ||¢NUIHIZ/Z)
Thus, we get
d 2 2
Zlueconlle < Os([lullze + lluallze +[ADIoNuallLe +llonF (w)l|ze-

Combining above results together,
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udnllzr + luzdnllze) < Colllullzoe + lluallZeo +[A])
(luonllzr + uzpnlize) + llonF (W)llze.  (6.5)

prl
Further, we can easily conclude by using the definition of F (u) that

lonF (@llze < Cr(lulie + luallZoe + luaelZoe + A (lupnllze + lucpn] o).

Combining with (6.5), we obtain

d
S ([uonllee + lluadnllee) < ClllulZe + llual|Zo + uzellZe +|A]

(llugnllze + [[uzdn | Lr)
< CM + X)) (Jluon e + [[uadn]Le)-

By Gronwalls’ inequality, we have

(lupn e + luadn|lr) < M (lugdn | Lo + [|uoadn | Lr)-

Letting p — +o0, due to the term e“M+AD? is independent on p, which implies
that

(lugn Lo + luzdnllz) < @MV lugn Lo + [[uordn|Le)-
This completes the proof. O
Acknowledgements

The reviewers are appreciated for their careful work and thoughtful suggestions that
have helped improve this paper substantially.

References

[1] L. Brandolese, Breakdown for the Camassa—Holm Equation Using Decay Cri-
teria and Persistence in Weighted Spaces, International Mathematics Research
Notices, 2012, 22, 5161-5181.

[2] A. Bressan and A. Constantin, Global conservative solutions of the Camassa—
Holm equation, Archive for Rational Mechanics and Analysis, 2007, 183, 215—
239.

[3] A. Bressan and A. Constantin, Global dissipative solutions of the Camassa—
Holm equation, Analysis & Applications, 2007, 5, 1-27.

[4] R. Camassa and D. D. Holm, An integrable shallow water equation with peaked
solitons, Physical Review Letters, 1993, 71(11), 1661-1664.

[5) M. Chen, S. Liu and Y. Zhang, A two-component generalization of the
Camassa—Holm equation and its solutions, Letters in Mathematical Physics,
2005, 75(1), 1-15.



Some Properties of Solutions to the Novikov Equation 241

[6]

[9]

[10]

[11]

[18]
[19]
[20]

[21]

R. Chen, Y. Liu and P. Zhang, The Hélder continuity of the solution map to
the b-family equation in weak topology, Mathematische Annalen, 2013, 357(4),
1245-1289.

O. Christov, S. Hakkaev and I. D. Iliev, Non-uniform continuity of periodic
Holm~—Staley b-family of equations, Nonlinear Analysis, 2012, 75(13), 4821—
4838.

G. M. Coclite and K. H. Karlsen, Periodic solutions of the Degasperis—Procesi
equation: well-posedness and asymptotics, Journal of Functional Analysis,
2015, 268(5), 1053-1077.

G. M. Coclite, K. H. Karlsen and Y. S. Kwon, Initial-boundary value problems
for conservation laws with source terms and the Degasperis—Procesi equation,

Journal of Functional Analysis, 2009, 257(12), 3823-3857.

A. Constantin, Finite propagation speed for the Camassa—Holm equation, Jour-

nal of Mathematical Physics, 2005, 46(2), Article ID 023506, 5 pages.

A. Constantin and J. Escher, Well-posedness, global existence, and blowup phe-
nomena for a periodic quasi-linear hyperbolic equation, Communications on
Pure and Applied Mathematics, 1998, 51(5), 475-504.

A. Constantin and J. Escher, Wave breaking for nonlinear nonlocal shallow
water equations, Acta Mathematica, 1998, 181, 229-243.

A. Constantin, R. I. Ivanov and J. Lenells, Inverse Scattering Transform for
the Degasperis—Procesi Equation, Nonlinearity, 2010, 23(10), 2559-2575.

A. Constantin and D. Lannes, The Hydrodynamical Relevance of the Camassa—
Holm and Degasperis—Procesi Equations, Archive for Rational Mechanics and
Analysis, 2009, 192, 165-186.

A. Constantin and W. A. Strauss, Stability of Peakons, Communications on
Pure and Applied Mathematics, 2000, 53, 603-610.

F. Cortez, Blow-up for the b-family of equations, Mathematical Methods in the
Applied Sciences, 2017, 40, 1333-1345.

O. Christov and S. Hakkaev, On the Cauchy problem for the periodic b-family
of equations and of the non-uniform continuity of Degasperis—Procesi equation,
Journal of Mathematical Analysis and Applications, 2009, 360(1), 47-56.

R. Danchin, A few remarks on the Camassa—Holm equation, Differential and
Integral Equations, 2001, 14(8), 953-988.

R. Danchin, A note on well-posedness for Camassa—Holm equation, Journal of
Differential Equations, 2002, 192(2), 429-444.

X. Dong, On local-in-space blow-up scenarios for a weakly dissipative rotation—
Camassa—Holm equation, Applicable Analysis, 2021, 100(14), 17 pages.

J. Escher and Z. Yin, Well-posedness, blow-up phenomena and global solutions
for the b-equation, Journal fiir die Reine und Angewandte Mathematik, 2008,
624, 51-80.

G. Falqui, On a Camassa—Holm type equation with two dependent variables,
Journal of Physics A: Mathematical and General, 2006, 39(2), 327-342.

K. Grayshan, Peakon solutions of the Novikov equation and properties of the
data-to-solution map, Journal of Mathematical Analysis and Applications,
2013, 397(2), 515-521.



242

S. Lin, Y. Cai, J. Luo, Z. Xuan & Y. Zhao

[24]

[25]

[26]

[27]

[28]

[36]

[37]

[38]

[39]

C. Guan and Z. Yin, Global existence and blow-up phenomena for an integrable
two-component Camassa—Holm shallow water system, Journal of Differential
Equations, 2010, 248(8), 2003-2014.

Z. Guo, X. Li and C. Yu, Some Properties of Solutions to the Camassa—Holm-
Type Equation with Higher-Order Nonlinearities, Journal of Nonlinear Science,
2018, 28, 1901-1914.

Y. Hao and K. Zhang, Stability of Peakons for a Nonlinear Generalization
of the Camassa-Holm FEquation, Journal of Nonlinear Modeling and Analysis,
2022, 4(1), 141-152.

A. A. Himonas, G. Misiolek, G. Ponce and Y. Zhou, Persistence Properties and
Unique Continuation of Solutions of the Camassa—Holm equation, Communi-
cations in Mathematical Physics, 2006, 271(2), 511-522.

D. D. Holm and M. F. Staley, Nonlinear balance and exchange of stability
in dynamics of solitons, peakons, ramps/cliffs and leftons in a 1+1 nonlinear
evolutionary PDE, Physics Letters A, 2003, 308(5), 437—444.

A. N. W. Hone and J. Wang, Integrable peakon equations with cubic nonlinear-
ity, Journal of Physics A: Mathematical and Theoretical, 2008, 41(37), Article
ID 372002, 11 pages.

J. Lenells, Conservation laws of the Camassa—Holm equation, Journal of
Physics A: Mathematical and Theoretical, 2005, 38, 869-880.

J. Lenells, Traveling wave solutions of the Degasperis—Procesi equation, Journal
of Mathematical Analysis and Applications, 2005, 306(1), 72-82.

Z. Jiang, L. Ni and Y. Zhou, Wave breaking of the Camassa-Holm equation,
Journal of Nonlinear Science, 2012, 22, 235-245.

Z. Jiang, Y. Zhou and M. Zhu, Large time behavior for the support of momen-
tum density of the Camassa-Holm equation, Journal of Mathematical Physics,
2013, 54(8), 1661-1664.

S. Lai, L. Nan and Y. Wu, The existence of global weak solutions for a weakly
dissipative Camassa-Holm equation in H'(R), Boundary Value Problems, 2013,
26, 12 pages.

C. de Lellis, C. Kappeler and T. Topalov, Low-Regularity Solutions of the

Periodic Camassa—Holm Equation, Communications in Partial Differential E-
quations, 2007, 32(1-3), 87-126.

Y. Li and P. Olver, Well-posedness and blow-up solutions for an integrable
nonlinear dispersive model wave equation, Journal of Differential Equations,
2000, 162, 27-63.

Y. Liu and Z. Yin, Global existence and blow-up phenomena for the Degasperis-
Procesi equation, Communications in Mathematical Physics, 2006, 267, 801—
820.

W. Long, Conserved quantities, global existence and blow-up for a generalized
CH equation, Discrete and Continuous Dynamical Systems, 2016, 37(3), 1733~
1748.

X. Lu, L. Lu and A . Chen, New Peakons and Periodic Peakons of the Modified

Camassa-Holm Equation, Journal of Nonlinear Modeling and Analysis, 2020,
2(3), 345-353.



Some Properties of Solutions to the Novikov Equation 243

[40]
[41]

[42]

[43]

[44]

[45]

[46]
[47]

[48]

[49]

[50]

[51]

[52]

[53]
[54]

[55]

[56]

H. McKean, Breakdown of the Camassa-Holm equation, Communications on
Pure and Applied Mathematics, 2004, 57, 416—418.

H. McKean, Breakdown of a shallow water equation, Asian Journal of Mathe-
matics, 1998, 2, 767-774.

L. Molinet, On Well-Posedness Results for Camassa-Holm Equation on the
Line: A Survey, Journal of Nonlinear Mathematical Physics, 2004, 11(4), 521-
533.

C. Mu, S. Zhou and Z. Rong, Well-posedness and blow-up phenomena for a
higher order shallow water equation, Journal of Differential Equations, 2011,
251(12), 3488-3499.

O. Mustafa, A note on the Degasperis-Procesi equation, Journal of Nonlinear
Mathematical Physics, 2005, 12, 10-14.

W. Niu and S. Zhang, Blow-up phenomena and global existence for the nonuni-
form weakly dissipative b-equation, Journal of Mathematical Analysis and Ap-
plications, 2011, 374(1), 166-177.

G. Rodriguez-Blanco, On the Cauchy problem for the Camassa—Holm equation,
Nonlinear Analysis: Theory Methods & Applications, 2001, 46(3), 309-327.

S. Saha, Blow-Up Results for the Periodic Peakon b-Family of Equations, Com-
munications in Differential and Difference Equations, 2013, 4(1), 1-20.

L. Tian, Y. Wang and J. Zhou, Global conservative and dissipative solutions
of a coupled Camassa—Holm equations, Journal of Mathematical Physics, 2011,
52(6), 215-239.

H. B. da Veiga and F. Crispo, A Missed Persistence Property for the Fuler
Equations, and its Effect on Inviscid Limits, Nonlinearity, 2012, 25(6), 1661
1669.

Y. Wang and M. Zhu, Blow-up phenomena and persistence property for the
modified b-family of equations, Journal of Differential Equations, 2016, 262(3),
1161-1191.

Z. Xin and P. Zhang, On the weak solutions to a shallow water equation, Com-
munications on Pure and Applied Mathematics, 2000, 53(11), 1411-1433.

A.Yiand P. J. Olver, Well-posedness and Blow-up Solutions for an Integrable
Nonlinearly Dispersive Model Wave Equation, Journal of Differential Equation-
s, 2000, 162(1), 27-63.

Y. Zhou, Blow-up phenomenon for the integrable Degasperis—Procesi equation,
Physics Letters A, 2004, 328(2-3), 157-162.

Y. Zhou, On solutions to the Holm-Staley b-family of equations, Nonlinearity,
2010, 23(2), 369-381.

Y. Liu and Z. Yin, Global Ezxistence and Blow-Up Phenomena for the
Degasperis—Procesi Equation, Communications in Mathematical Physics, 2006,
267(3), 801-820.

Q. Zhang, Global existence and finite time blow up for the weighted semilinear
wave equation, Nonlinear Analysis: Real World Applications, 2000, 51, Article
ID 103006, 13 pages.



244 S. Lin, Y. Cai, J. Luo, Z. Xuan & Y. Zhao

[57] S. Zhou, The Cauchy problem for a generalized b-equation with higher-order
nonlinearities in critical Besov spaces and weighted LP spaces, Discrete and
Continuous Dynamical Systems, 2014, 34(11), 4967-4986.

[58] S. Zhou, C. Mu and L. Wang, Well-posedness, blow-up phenomena and global
existence for the generalized b-equation with higher-order nonlinearities and
weak dissipation, Discrete and Continuous Dynamical Systems, 2014, 34(2),
843-867.

[59] M. Zhu and Z. Jiang, Some properties of solutions to the weakly dissipative
b-family equation, Nonlinear Analysis: Real World Applications, 2012, 13(1),
158-167.



	Introduction
	Local well-posedness and blow-up scenario
	Global existence
	Infinite propagation speed
	Large time behavior for the support of momentum density
	Persistence property

