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Abstract. In this paper, the piecewise spectral-collocation method is used to solve the
second-order Volterra integral differential equation with nonvanishing delay. In this
collocation method, the main discontinuity point of the solution of the equation is
used to divide the partitions to overcome the disturbance of the numerical error con-
vergence caused by the main discontinuity of the solution of the equation. Derivative
approximation in the sense of integral is constructed in numerical format, and the con-
vergence of the spectral collocation method in the sense of the L* and L? norm is
proved by the Dirichlet formula. At the same time, the error convergence also meets
the effect of spectral accuracy convergence. The numerical experimental results are
given at the end also verify the correctness of the theoretically proven results.
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1 Introduction

Second-order Volterra integro-differential equations (VIDEs) have long appeared in
mathematical models of physical phenomena and biological phenomena, which has led
many scholars to develop a theoretical and numerical analysis of these equations. For
some early research results, such as the general linear method [7], the linear multistep
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method [8,9], the Runge-Kutta method [10,12]. Over the years, polynomial spline collo-
cation method [13-16,27,28], spectral Galerkin method [20] and Bologna [29] have devel-
oped an asymptotic solution for first-order and second-order VIDEs containing arbitrary
kernels. In [24,37], the collocation method is used to approximate second-order VIDEs.
In the recent papers [42—44], an hp-version of the spectral method has been proposed and
analyzed for VIDEs.

The spectral method has been used in applied mathematics and scientific calculations
to numerically solve certain partial differential equations (PDEs) [31-34]. In practice,
the spectral method has high-precision convergence, the so-called “exponential conver-
gence”.

Delay VIDEs have many practical applications, such as competitive ecosystem [1],
biology and Species model [2—4], virus transmission [5], and so on. For more information
on the application of VIDEs with delay in species models, please refer to reference [6].

Remove the integral term in the delayed VIDEs to get the delayed differential equa-
tion(DDEs). The DDEs model appears in many practical problems, such as tumor growth
models [38], species dynamics systems [39], hepatitis virus infection models [40], and
toxic species presence diffusion models [41]. Reference [39] contains a lot of literature on
the application of DDEs.

The literatures using spectral methods for solving delay VIDEs are [17-19,21, 22,24~
26,35]. The numerical methods used in these articles are used to solve the vanishing de-
lay VIDEs. So far, there are few numerical methods for solving the nonvanishing delay
type VIDEs that can make the numerical error converge to the spectral accuracy. When
the VIDEs with nonvanishing delay are numerically solved, it is necessary to overcome
that the solution of the equation has a main discontinuity point, which is inconsistent
with the spectral method’s requirement for the global smoothness of the equation solu-
tion. In the literature [36], the author gives a method of slicing the spectrum for solving
VIDEs with nonvanishing delay first-order VIDEs, and gives proof of convergence. So
far, few scholars have studied the spectral approximation of second-order VIDEs for the
piecewise spectral-collocation method.

The second-order Volterra integro-differential equation with nonvanishing delay con-
sidered here is as follows:

y' () =ar()y(t) +aa(t)y (1) +b1(H)y(0()) +ba(t)y' (6(t)) +g(t)
—l—/o Kl(t,s)y(s)ds~l—/0 Ky (t,8)y (s)ds
0(t)

(1)
+/O Rl(t,s)y(s)ds+/0 Ry(t,8)y'(s)ds, (1.1a)
y(t)=¢(t), y(t)=9(t), te[6(0)0]. (1.1b)

The functions y(t), t € (0,T] are unknown functions, and y € C"*1([0,T]). Assume func-
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tions (1.1) are m > 1 order continuous differentiable functions in their domain, i.e.,

ay (t),az(t),br (t),b2(t),8 (£) €C™([0,T]), ¢(t) €C™([6(0),0]), (1.2a)
Kl(t,S),Kz(t,S)ECm(Ql), Q12={(t,S)ZOSSStST}, (12b)
Ri(Ls),Ra(t,s) €C™ (), = {(,s):0(0) <s<0(), 0<t<T}. (1.2¢)

And the delay function 0 satisfies the following conditions:

0(t):=t—7(t), Te€C™([0,T]), (1.3a)
6 is strictly increasing on [0,T], (1.3b)
T(t)>7(0)>0 forall te[0,T]. (1.3c)

In Eq. (1.1), the non-decaying hysteresis function 0 causes the solution of the Volterra
integro-differential equation to have major discontinuities {¢, }. The recurrence relation
of these major discontinuities for

0(C)=Cu1, 1>0(¢ 1:=0(0), &=0).
And these main discontinuities have the characteristics of consistent interval, that is
Cu—Cu1=71>0, u=>0.
For the convenience of discussion and elaboration in the following papers, we assume
T=C¢Nt1, M2>1.

The rest of the paper is organized as follows: in Section 2, a numerical method of
piecewise spectral-collocation is proposed to solve the second-order Volterra integro-
differential equation with nonvanishing delay. Some concepts and several useful lemmas
are described in detail in Section 3. The convergence proof of the method is presented in
Section 4 and the experimental results in Section 5 also verify the effectiveness of the
proposed method. some concluding remarks are given in Section 6.

2 Piecewise spectral-collocation method

In this section, our main goal is to obtain the numerical format of the piecewise spectral-
collocation method for Eq. (1.1). We use the main discontinuity point of the solution of
the equation as the interval node, and use Legendre on each subinterval approximation
of Equations by spectral collocation method. By transformation:

u@:§u+n,qn:§@+m. 21)
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Convert Eq. (1.1) into a new equation defined on [—1,1].

u(x) = A1 (x)u(x) + Az (x)u (x) + By (x)u(8(x)) + B2 () (9(x)) + £ (x)

X
+ 51 (x,z) z)dz-l—/ Sa(x,2)u'(z)dz
-1

B(x)

19
+[1 Q1(x,z)u(z)dz+ B Qa(x,2)u' (z)dz,
u(x)=9(x), u'(x)=x(x), xeld(-1),-1],

where

Bi)=(5) (), Bale) = bu(t(x)), F(x)=(3) s(t(x)),
19(95):%9@(35))—1/ p(x):=¢(t(x)), x(x):=9(t(x)),
$1(x,2):= (Z)aKl(t(x),s(z)), $2(x,2) (Z)ZKz(t(x),s(z)),

Q2= (3) Riltx),s(2), Qar2)i= (3 ) Ralt(@)s(2))
The main breakpoint ¢, becomes
Mu=(2¢,/T)-1, p=-101,--,M.
Let

Ou:=(p ], w=-10,1,---,M.
Next, we divide the interval [—1,1] into M+ 1 subintervals,

M
[-1,1]= U 6y, p=1,,M,
u=0

where
50:: [_1/771]/ 7/]1\/1—"-1:1/ 5‘14:: (17]1/77]4-1-1]'
We choose the following collocation points on the interval [—1,1]:

M
Xni= X!, XM={x] u=axp <af <o <xy =111},
u=0
which
o M1 =T
hll—T/
_|_
oy T

2

(2.2a)
(2.2b)

(2.3a)
(2.3b)
(2.3¢)
(2.3d)

(2.3e)

(2.4)

(2.5)
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Then Eq. (2.2) is true at xl” , that is,

u”(xf‘)zAl(x”)u( [)+ Aa(af ' (x ”)+Bl( u (ﬁ(x”))+32(X?)u/(l9(X?))

/ 51(x 2)u dz+/ Sa(x 2l (2)dz

19x 19x
—I—/ xl ,Z)U dz—l—/ xl ,z)u'(z Ydz+ f (x: )
i=0,1,--,N, u=0,1,,M. (2.6)

M

Next, we use v, o' and ¢! to approximate u(9(x}')), u’(8(x!)) and u” (x!') respectively.

We have
VFV
Ze X € [ Mpr1]-

Therefore, u"|;, (x) can be approximated by ¢, (x). Then u”(x) can be approximated by
o(x), that s,

o(x):=ou(x), if x€[iunu+1l.

In order to facilitate the proof of the theoretical part, we make the following definitions:

—1)+/_xlg(z)dz
d

—p(x)=o(v)

the derivative relationship is

Then function #'(x) can be approximated by p(x).

Similarly, we define:
—1)—1—/ 1,o(z)dz
d

() =p(x).

the derivative relationship is:

Then functionu(x) can be approximated by ¢(x). Thus (2.6) has the following approxi-
mation:

Q?%Al(xl”)G(Xf)JrAz( el )+Bl( {)0 +Ba(x] )of + £ (x})

(x) (x)
4—/l9 Qi ( dz+/ﬁ )p(z)dz. (2.7)
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This can be rewritten as

of mA1(x! )g(x}) + Az (x])p(xf') + Bu(x] )0} +Ba(xf )l + £ (x})

Mr V
+ Z/ H xl ,2)6(z)dz+ Sl(xf‘,z)g(z)dz
M
H- 1 Mr+1 X;J
+ Z Sa(xf' ,2)p(2)dz+ | Sa(xl',2)p(2)dz
Mr Mu
n=2 Mr41 ﬁ(xf)
¥ [T ac@dt [ il 2l
r=0"1r Mu—1
=2 B8(xl')
+ 2/ Qz(xf,z)p(z)dz—k Qz(xf‘,z)p(z)dz. (2.8)
r=0""r Mu-1

To approximate the integral term using the Gauss quadrature formula, we replace the
integration interval [a,b] to the standard interval [—1,1] with the following variables in-

stead ) )
—a +a
z(a,b,v).—Tv—i— >

For the convenience of the following derivation, remember

e[-1,1]. (2.9)

zr(v):=z(n;,r41,0), veE[-1,1], r>0. (2.10)

Using the Gauss quadrature formula to approximate the integral term in (2.8), we can get
o) =A1(x] )G(X?) +Ax(x])p(x}) + B (x} o} +Ba(x] )} + f(x{)

N
+ Z hy Z S1(at 20 (ve) )6 (2 (i) )i

“”Z&azy (—1,x50)) ez (2~ x5, ey
+ Z hy Z Sa(xl',zr (i) p (2 (Vi) )i

x +1
: 252 xl 'ZH 1/xirVk)))P(Zy(Z(—in/Vk)))wk

S +1
2

+ZMZ@UHMMMQMMWMW1
=0 k=0

N _ ~
><kZQ1(xf’,zyfl(Z(—Ll?(Xf’)rvk)))g(nyl(Z(—Ll?(X?),vk)))wk
=0
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-2 N g
+ Y 1Y Qa2 (vie))p(zr (Vi) )k + Ty (12)+1
r=0 =0

X i Qa(xl,zum1(z(=1,8(x),u)))p (21 (2(— 1,0 (xL), i) ) ), (2.11)
k=0

where vk, k=0,1,---,N are N+1 Legendre Gauss-Lobatto integral nodes on the interval
[—1,1], and the corresponding weight function is wy, k=0,1,---,N. Additionally,

~ 1 +1,—
8 )= 8() — E T >0 212)
= I =

Simplifying (2.11) gives

o) =A1(x])g(x)+ Ao (x] )o(x ) + B (x] )0} +Ba(x] ) o} + f (%] )+ (x])
+B () A () +Aa(xl), i=0,1,--,N, u=0,1,--,M, (2.13)

where B1(x!') and B (x!') can be expressed as:

p-1 N
xy) = Zhr 251(x?,zr(vk))g(zr(vk))wk

r=0

x +1
d Zsl xl /Z]A. 1/xirvk)))g(zﬂ(z(_]-/xilvk)))wk/

X)) = Z hy ZSz(X?IZr(Vk))P(Zr(Vk))wk

r=0

z+1
x ZSz 2 (2(=1,x5,v0))) p (2 (2(—1,x3,vk) ) )y,

A1(xl') and A5 (x!') can be expressed as:

([ 9(x))+1 X
+ ZQ1 x;,2(=1,9(x7),vie) ) (2(=1,8(x7), vie) ), n=0,

o
M(x)):= Zhr ZQ1(x?fzr(vk))g(zr(w))wafhﬂ—l19(Zz)Jr1
r=0 k=0

N _ ~
X kZ Q1 (¢, zu1(2(=1,8(x} ), vi)))g (zp—1(2(—=1,9(x]) vi) ) )wr, >0,
=0



1340 Z.Chen, Y. Chen and Y. Huang / Adv. Appl. Math. Mech., 14 (2022), pp. 1333-1356

— = Y Qo (2, 2(—1,8(xD),vi) ) x (2(—1,8(x), k) ey, =0,
k=0
_2 <
)\Z(X?) = yz:hr iQz(X?,Zr(l/k))p(zy(yk))wk_*_hyilﬂ(xii)—’_l
r=0 k=0

2

X i Qa(xl' zu 1 (2(=1,8(x),vi)))p (21 (2(=1,8(x} ) wi)) )y, >0,
k=0

Relying on the discrete system (2.13) alone is not enough to solve the unknown. We need
another four about g(xf‘), p(x?), vf, Q?r Uf, i=0,1,---,N, u=0,1,---,M for discrete systems

—1)+/ 0(z)dz
r
+Z/ " dz+/ QH
u—1
=x(— Zh ZQV Zr vk))wk—i—hﬂ 2 ZQV zy (—=1,x,vx)) ) wi
=0 k=0

-1+ Zhr ZQ;;F;(Zr(Uk))wk

x+1 ~
ZQ] ZFV ZV 1,x,vk)))wk, xe [ﬂy;ﬂy—i—l]; (214)
k=0  j=0

where

2 +
v Tu1 T

Xi= .
Mu+1 =Ny Mu+1 =My

According to (2.14), we get
i
—1) +/ u'(z)dz. (2.15)
-1
Then (2.15) has the following approximation
!
c(ah) :¢(—1)+/ o0(z)dz, i=0,1,- N, u=0,1,---,M. (2.16)
-1
Similarly, we can get
9(x;)
u(®(x) =u(-1)+ [
B(xl)+1

Hh " do+h 1 " 1,0(x! dv. (2.17
=p(0+ L [ @)oo= [ G (130 @17)

-1
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Then (2.17) has the following approximation:

Vf:l/](—]_)—Faz(le), Z.:OI]-/“'/I\II I’l:O/]-/"'/M/ (218)
where
1p(19(x?))—¢(—1), u=0,
ap(xt) = 9 +1XN N -
2(%7) Eh Epkwkjthy 11— & ) Y o} Y Fi(2(—1,8(x),00))wr, p>0.
=0 k=0

Similarly, we have
i
o ()=l (<1)+ [
xi+1

+Zh/ u" (z¢(v))do+hy, 5 /Zu”(zﬂ(z(—l,xi,v)))dv. (2.19)

Then (2.19) has the following approximation:
p(xl)=x(-1)+as(x}), i=0,1,---,N, p=01,--,M, (2.20)

where

Zh ngwk+h Zg] ZF —1,x;,vk) ) wy (2.21)
r=0 =0

Finally, we have

1—2 Y x}{ »
:X(—l)+i;)hr/1lu”(z,(v))dv—khy_llg(’zm/Zu”(zy_l(z(—l,ﬁ(xf),v)))dv. (2.22)

Then (2.22) has the following approximation:
ol =x(—1)+ag(x!), i=0,1,--,N, pu=0,1,--,M, (2.23)
where

x(B(x ?))—x(—l), n=0,
V): u—2

Zh ngwk—l—h}, 1 Z ZF vg))wy, p>0.
= j=0

The other four discrete systerns we are lookmg for are (2.16), (2.20), (2.18) and (2.23). Our
method is to solve for Qf’, p(x; ) and G(x; ") (i=0,1,---,N, #=0,1,---,M) through (2.13),
(2.16), (2.20), (2.18) and (2.23).

The approximation of y( ) is ¢(2t—1) and the approximation of y'(t) is 2p(3t—1),
the approximation of " (t) is (%)%0(%t—1).
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3 Some preliminaries and useful lemmas

In this section, we give the lemmas needed in the theoretical proof.
Let (a,b) be a bounded interval on the real number field, and w(x) be the Legendre
weight function on (a,b). L2 (a,b) is the measurable function space, and its corresponding

norm is
1/2
Iz 0= (/\u ) ool ) .

L*(a,b) is the measurable function space, and its corresponding norm is

[ [| o (q,p):=e55 sup |u(x)].
x€(a,b)

Let Aj, denote the collection of subintervals 6,, u =0,1,---,M. We define the broken
Sobolev space H" (A},) as

H™(Ap):= {u: ulg, €H™ (3), ]/t:O,l,---,M}.

The associated norm is

1/2
[TIINE (ZHM IILzAh> /

where
M

I = 1 12 ) gy K01

Lemma 3.1 ([23]). Let 0 <M < +oco. If the non-negative integrable function e(x) satisfies

e(x)§v(x)+M/1xe z)dz

where v(x) is also a non-negative integrable function, then
lellr(—11) <Cllollr(=1,1), P=2,4c0.

Lemma 3.2 ([36]). Let ue€ C([—1,1))NH™(Ay). Define Iy as the interpolation operator. Note
has max{hy:u=0,1,---,M}. Then when N >m—1, we have

lu—Inull 21,0 S CR"N {1 || 12(a,), (3.1a)
12— Inut]| oo 1,1y < CH" 2N 27m [0 oy, (3.1b)
[Nz (—1,1) < Clog(N+1), (3.1¢)
1INl p2(—1,1) S Cllutfl Lo (—1,1)- (3.1d)
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Lemma 3.3 ([11]). Let u € H"(—1,1),m >1 and ¢ € Py, Pn be A set of polynomials of all
degrees up to N. The existence of a constant C that has nothing to do with N makes it possible to
have N>m—1

1 N
‘/1”(x)§0(x)_2”(xj)§0(xj)wj <CN|ull 2 [ @ll2-1,1)0
_ =
where x; is the Legendre Gauss-Lobatto quadrature node point, and the corresponding weight
function is wj, j=0,1,---,N.
Lemma 3.4 ([36]). Let u€ H"(—1,1),m>1 and ¢|s, € Pn(Sy), that is, ¢ is a polynomial

whose degree does not exceed N in the interval 5,. When N >m—1, there is a constant C that is
unrelated to N is established as follows

SCHNT"07ull 21 ) l@ll2(-1,0), X E0p,

‘ [ w29 -5

where
u—1 N
S(x):= Zohr ;,)Mb,(Zr(Vj))Wér(Zr(Vj))wj
r= j=

T+1 Y _
+hy—— Y uls, (2 (2(=1,%,v))) pls, (2 (2(=1,5,))) )y,
=0

T 2 x_77y+1+77;4,
Hu+1— 1y Hyu+1—1y

vj is the Legendre Gauss-Lobatto point, the corresponding weight is wj, j=0,1,---,N.

4 Convergence analysis

Theorem 4.1. Let u(x) be the solution of Eq. (2.2). Use the numerical format (2.13), (2.16),
(2.20), (2.18) and (2.23) The approximation of u(x) is g(x), the approximation of its derivative
is p(x), and the approximation of its second derivative is o(x). Then for a sufficiently large
N >m—1 there is

el 1) SCNY2R (] oy )+ 1l -1

+ [|u(m+2 ||L2(Ah)+1), i=0,1,2, 4.1)
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where
o, xe[9(—1),~1],
() ‘{u<x>—g<x>, (~11
o [0 0(~1), 1]
' W (x)—p(x), xe(-11]
o 9(—1), -1
2(x) {u"<x>—e<x>, (-11]

R is a constant related only to the m order derivative of S;(x,z), Qj(x,z), ¥(z), x(z), (j=1,2).

Proof. During the derivation of the numerical format part, we can get

u(xl')—g(xl') _/xl e1(z)dz, ' () —p(xt) —/xli ex(z)dz, (4.2a)
u(@(xl'))—vt' = i(Xi)el(z)dz, u' (8(xl))—of = i(x[)ez(z)dz. (4.2b)

Subtracting (2.6) from (2.13) gives

xt xl 8(x)
u” (x')—of :Al(xf)/ 1 el(z)dz—I—Az(x’-‘)/ ez(z)dz—kBl(x’.‘)/ e1(z)dz

ﬂ(xy)
+Ba(x l)/ dz+/ Sq( xl ,z)eo dz+/ So( xl ,z)el( )dz
1

+/ 1(xt,z)eo(z dz+/ xf‘,z)el(z)dz—kZEj(x?), (4.3)
=0

where

/ 01(x,2)c(2)dz— A1 (x), xe[-1,1],
[, Qrp(Edz-a(x), re[-11]
Ey:= /x S1(x,2)g(z)dz—B1(x), xe[-1,1],

Sa(x,z)p(z)dz—Ba(x), xe[-1,1].
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Multiply F/'(x) by the two ends of (4.3) and add i =0 to N. Then

9(xt) N i
/ Ql(xf‘,z)eo(z)dz> F'(x) +2 (/ Qx(xl,2)er (Z)d2> F'(x)

3 N
+ L LEGNE (), x€ ) (4.4)

According to the definition of Iy and ¢(x), we can get

I (x) —0(x) =In (Al (%) [ 1 e (z)dz) N <A2(x) 1 1 ez(z)dz>
Ly (Bl(x) /_ i(x) e (z)dz> LIy (Bg(x) /_ i(x) ez(z)dz>
Yy ( /_ xl Sl(x,z)eo(z)dz) ty ( /_ 1 Sy (x,2)er (z)dz>
Fix ( [ Ql(x,Z)€o(Z)dZ> tIy ( [ a2 (z)dz)

3
+Y INEj(x), x€[-1,1]. (4.5)
j=0
Through (4.5), we can get'
X

3 X
x):jzozNE +2E )+ Ar(x /1 (z)dz+A2(x)/ ex(2)dz

-1

ﬂ(x) d(x)
+131(x)/_1 e1(2)dz+ Ba(x /_ dz+/ 51(x

B(x)
+/ Sa(x,z)eq(z dz—I— Q1(x,z)eo(z dz+/ Qa2(x,2)e1(z)dz,  (4.6)
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where

X

Eq(x):=(I—-Iy)u"(x), Es(x):= (IN—I)Al(x)/ e1(z)dz,

-1
x d(x)

E6(x)::(IN—I)A2(x)/ er(z)dz, Ey(x)::(IN—I)Bl(x)/ e1(z)dz,

-1 -1
B(x)

Eg(x):= (In—I)Ba(x) / e2(2)dz, Eo(x):= (Iy—1I) /_ xlsl(x,z)eo(z)dz,

-1
Eyo(x) = (In—1I) [ 1 Sa(x,2)er(2)dz, Eni(x):=(In—1I) [ i(x) Q1 (x,2)e0(2)dz,
Eyp(x) = (In—1I) [ i(x) Qo (x,2)es (2)dz.

Using Dirichlet formula

// (t,8))dsdTt= // (t,s))dtds. 4.7)

Acting on the right end of (4.6) gives:
Ay (%) L xle (2)dz= / " Ay (x) (x—T)ea(1)dT,
By(x /_ e1(2) z_/ (x—T)es(T)dT,
/7 S (x,2)e0(z)dz = [ 1 [ /:Sl(xz)(z T)dz]ez(r)dr,

/li(x) Q1(X,Z)80(Z)dzz/t9(x) [/Tﬂ(x)Ql(x,z)(Z—T)dZ] ex(7)dr,

-1

/_xl Sa(x,z)eq(z)dz= /_xl [/:Sz(x,z)dz] ex(7)dT,

/ﬂ(X) Q2(x,z)eq (Z)dz:/g(x) [/j(x) Qz(x,z)dz] er(T)dT.

~1 -1
This leads to the existence of constants Cy,C,,C >0 such that

X

Al(x)/xlel(z)dz+A2(x)/162

B(x)

(z)dz+By (%) /

-1

e1 (z)dz+B2(x)/ ex(z)dz

-1

—|—/_xl 51(Jc,z)eo(z)al.z+/_xl Sa(x,z)e (z)dz—i—/_&l(x) Ql(x,z)eo(z)dz—k/_ﬂl(x) Qa(x,z)e1(z)dz
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X 9(x)
§C1/ ez(z)dz+C2/ e(z)dz
- 1

1
SC/xlez(z)dz. (4.8)

From Lemma 3.1, we can estimate e (x) in (4.5), as follows
3 12

IINEjllo(—11)+ Y IEillzo(—1,1) |- (4.9)
=0 j=4

ezl Lo (-1,1) SC(
j

Next, we estimate the right term of the inequality (4.9).
We first estimate || InEo ||~ (-1,1)- Get it from (3.1c)

HINEOHLDO(_l §Clog(N+1)HE0HLm(_M). (4.10)

A1)

By Lemma 3.3, we can get (x € ép)

Eo(x)| <ON a5 (Qu((-1,80), ) (a(-1,80) D) |,
| 8(x)4+1m
<N F o @ @) s
<N 0@ PO iy oy (@11)
By Lemma 3.4, we have (x€4,, > 0)
[Eo@)| <eN "oz (@ue ), o 1 iz
SCN’mHaT(QMx,-)) LZ(_Lﬁ(x))(HEOHL“’(fl,l)+””HL°°(71,1))- (4.12)
Then N
Bl sy, SENT"r(Heollmany+ Nty ) (413)
where
NI: am I : ’ am a :
© max{%ﬁ( "(Q1(x,)(+)) L2(0(x),-1)’ xelyu] # () L%—Lﬂ(x))}

Combining (4.10) and (4.13) gives

1INEo|1o(-1,1) SCN "log(N+1)Q1 <||30||L°°(—1,1) + ||”||L°°(—1,1))~ (4.14)
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Using an analysis process similar to estimating ||INEol|;~(—1,1), we get

HNEn (11 < CN"log(N+1) Q2 llerll 1)+l 11 )
| Nzl 1) < CN"1og(N+1)S1 (lleoll 1)+ lulli 1) )

| INEsll (-1 < CN~"og(N+1)3 (lletll 1+ 1 1m-1)).

where
N:: am - . , am .
Q2 max{ra?e%;( 2 (Qax)x()) L2(8(x),—1) xre?'?l)r(l] 2 (Q(x))
. o .
51 (max, 2 (S1(x,0)) (i)
Syi= 9" (S (x,- .
2i= max, 2 (S2(x,0)) i)

(4.15a)
(4.15b)

(4.15¢)

2(~18(x)) }

Next estimate is ]\Ej\]Loo(,lll),j:4,5,- --,12. Note u\(;#(x) EH’”*Z(@), u=0,1,---,M. Apply

(3.1b) to u(x) gets
1om m
IEallzo(-1,2) SCN2 T [ul™ D .

Now estimate || Eq1 |~ (—1,1)- For the sake of brevity, let

7(x) ::/ﬁm Q1(x,z)ep(z)dz.

-1

When m =1, we can get from (3.1b):
1
I(IN =)yl (—1,1) SCN2[|037 [l 12(—1.1)-
Obviously, we have
8(x) 9
70| =[x 0)(@0)8 1)+ [ B2 (x2)e0(2)i

<lleol|L=(-1,1 ‘ (Ql(x,ﬁ(x))ﬂ'(X) +/_01(X) %(x,z)dz) ‘

§C||30||L°°(—1,1)~

Combining (4.18) and (4.19), we can get:

_1
|En HL°°(—1,1) =l (IN—I)'YHLw(fl,l) <CN™2 HeOHL‘X’(fl,l)-

(4.16)

(4.17)

(4.18)

(4.19)

(4.20)
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Similarly, we have

IEs |1 (~1,0) SCI\[_%”31||L°<>(—1,1)1 | E6llze(-1,1) SCN—%HEZHL‘”(—Ll)I (4.21a)
1Bzl (1,0 SCNT2len [ (1,00, IEs || o(_1,1) S CN"2 [leal| o 1., (4.21b)
|Eollze(-1,1) SCN_%HeOHL“(—l,l)/ ||E1o||Loo(_1,1)§CN‘%||61||L00(_1,1), (4.21c)
1Btz oo(-1,0) S CN72 et | o 11. (4.21d)

Combining (4.14), (4.31), (4.16), (4.20) and (4.21), we have

lealli(-1,1) SCN " (1og(N-+1) (||| o1,y + 18| o 1.1)) + NV 2|2 12, )
+CN2(Jleo|l o (—1,1)+ llenll Lo 1.1))s (4.22)

where
R:zmax{@,@,ﬁ,@}.

Now we need two |[e1|[r~(—1,1) and [[eo|[r=(—1,1), [€2[|1=(~1,1) and [[e1 ]| = (-1,1) Telation.
Multiply both ends of the first term in (4.2) by F/'(x) and add from i=0 to N to get

eo() =E()+ (=) ([ xlel (s)ds)+ [ xlel(s)ds, (4.23)

where _
E(x):=(I—1Iy)u(x).
We have:

Jeolli-11 SC(IE@ 1+ Nn=D( [ er(s)ds) w1 +lerlimc-1n) )

Applying (3.1b) to E(x), and applying (3.1b) when m =1 to the right middle term of the
above inequality, we get

—m=3
leoll (1,1 SCN "2 [ul™ [ 25 ) +Cllen | o -1,0. (4.24)

Similarly, for the second term in (4.2) we can get

e1(x)=E(0)+ (v —1) / xlez(s)ds) + /_ xlez(s)ds, (4.25)

where R
E(x):=(I—In)u'(x).
This will get
le1]|zoo(—1,1) < CN ™3 [0+2) l2(a,) +Clleall o (=1,1)- (4.26)
We can then derive (4.1) by combining the results (4.22), (4.24) and (4.26). O
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Theorem 4.2. Let u(x) be the solution of Eq. (2.2). Use the numerical format (2.13), (2.16),
(2.20), (2.18), and (2.23) The approximation of u(x) is g(x), the approximation of its derivative
is p(x), and the approximation of its second derivative is o(x). Then for a sufficiently large
N>m—1 there is
lleill2(-1,1) SCN_W(R+1)2(||”||L°°(—1,1)+||ul||L°°(—1,1)
|2 n,y 1), i=0,1,2 (4.27)

Proof. Using Lemma 3.1, we get from (4.6) and (4.8)
3 12
lealliz(-1, <C (L INEill 20+ L IEjll 21y (4.28)
j=0 j=4

Applying Ey(x) from(3.1d) to (4.28), we get
[ InEoll2(=1,1) < Cl|Eollroo(~1,1)- (4.29)
By (4.13) and Theorem 4.1, we have
1IN Eoll 21,0y < CNT"R(R+1) (|l oo,y + 11l o,y + 1042 1200, +1), - (4:30)
Similarly, we have
HINEIHLZ(fl,l)SCN_mR(R+1)<||u”L°°(—1,1)+HuHL""(—1,1)+|‘u(m+2)||L2(Ah)+1)/ (4.31a)
HINEZHLZ(fl,l)SCN_mR(R"f_l)(HuHL“’(—l,l)"'_HuHL""(—1,1)+|‘u(m+2)||L2(Ah)+l)/ (4.31b)
||INE3HL2(71,1)SCNimR(R"f"l)(HuHL""(—1,1)+|‘uHL°°(—1,1)+Hu(m+2)HLZ(Ah)"_l)- (4.31c)
Notice u"[5,(x) € H" (), p=0,1,---,M. Applying (3.1a) to u”(x), we have
| Eallz2(-1,0) SCNimH”(mH)HLZ(Ah)- (4.32)
Similar to the analysis process of (4.18)-(4.20), applying (3.1a) at m=1 to y(x)

11 llr2(-1,0) = 1= In) Y ()l 12(-1,0) SCN | eoll oo —1,1)- (4.33)

Using the estimate of ¢p in Theorem 4.1, we can convert the above inequality to

IEn|l2(—11) SCNT""V/2R (||“||L°°(—1,1) | oo 1,0+ [ r2(Ap) +1)~ (4.34)
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Similarly, we have

I Esr2(-1,1) < CN*m*UzR(H”HLW(—Ll) Al oo (—1,0) + [0+2) lr2(An) +1)/ (4.35a)

1E7[l12(<1,1) < CN*m*UZR(H“HLw(q,l) Al oo 1,1y + (2 [ +1>/ (4.35b)

|Eollr2(—1,1) < CN*m*l/zR(H“HLw(q,l) Al oo (—1,1) + (2 r2(a,) +1)/ (4.35¢)

| Erollr2(~1,1) < CN*m*lﬂR(H“HLw(q,n‘f‘ [l oo (—1,2)+ Jum+2) HLZ(Ah)‘H)/ (4.35d)

| E12llr2(-1,1) < CN*m*l/zR(H“HLw(q,U‘F [l oo (—1,2)+ [Jumt2) HLZ(Ah)+1>- (4.35e)
Similar to the analysis process of (4.18)-(4.20), applying (3.1a) when m =1 to get

Bl an CNeallio 1 =65, (436

Combining (4.28), (4.30), (4.31), (4.32), (4.34), (4.35) and (4.36) gives the estimate of e in
(4.27).
Now to estimate e1. Get from (4.25)

etz <COE@Ncan+ | (v=1) [ ealsdas|,  +lealizian).

Applying (3.1a) to E(x), and applying (3.1a) at m =1 to the middle term at the right end
of the above inequality

llexllpa(-1,1) SCN~™1 1 +2) l2(a,) +Cllell 21,1y (4.37)

Substituting the estimate of e; in (4.27) into (4.37) gives the estimate of e; in (4.27).
Similarly, we can get for (4.23)

lleollp2(—1,1) SCN~"~2 12 l2ay) tCllell21,1)- (4.38)

Substituting the estimate of e; in (4.27) into (4.38) gives the estimate of ey in (4.27). O

5 Numerical results
Example 5.1. Take in Eq. (1.1)
T:4 1(t) bl ) Elz(t):bz(t):tz,
Ki(t,s)=Rq(t, ): (H—s), Ky(t,s) =Ry(t,s)=cos(t+s),

=Rq(ts
p(t)=¢', o(t)=¢, 0(t)=t-1,
g(t)=e' —te! —t2e' —te! "1 — 2! "1 1-25in(t) +e'sin(2t) +e! "lcos(2t —1).
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Figure 1: Correspondence between error and N for Example 5.1.

Table 1: Correspondence between error and N for Example 5.1.

N 5 8 11 14 20
leol[~ 412¢—05 1.03¢—09 156e—11 3.15e—11 2.35¢—11
leoll;2 1.73e—05 4.87e—10 346e—12 7.42¢—12 5.74e—12
leg][pe  2.366—04 2.54e—09 3.39e—10 7.35¢e—10 5.79¢—10
le]l;2  6.61e—05 1.12e—09 3.05e—11 6.58¢e—11 5.13¢—11
leo|[re  3.75¢—04 9.84¢—09 1.14¢—09 1.25¢—09 2.19¢—09
leall;2 6.12e—04 5.64e—09 845¢—10 9.96¢—10 8.43¢—10

The exact solution of the equation is y(t) =e',t € (0,T].

Fig. 1 shows the convergence of the error under the L* and L? norms at 4 < N < 20.
The specific error data is shown in Table 1. Error exponential convergence, which is the
same as the convergence proof result.

Example 5.2. Take in Eq. (1.1)

T=3, ai(t)=ax(t)=0, bi(t)=by(t)=g(t)=¢,
Ki(t,s)=Ka(t,s)=Ri(t,s)=0, Ro(ts)=el"™),

pl)=t, 9(H)=1, 8()="

The exact solution of the equation is

2 14
tet+E(3t_7)e(3t71)/2_|_gte*1/2+ﬁefl/Z’ te(0,1],

yl(t)/ t€(1/3]/

y(t)=
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Figure 2: Correspondence between error and N for Example 5.2.

Table 2: Correspondence between error and N for Example 5.2.

N

6

10

14

20

24

leo]|
lleol| 2
le1]| e
lle1]| 2
e e
lleall 2

3.87e—02
2.42¢—02
1.73e—02
1.24e—02
8.87¢e—03
5.91e—-03

5.32¢e—06
3.32e—06
2.25¢—06
1.61e—06
1.15e—06
7.67e—07

2.04e—10
1.28¢—10
8.45¢—11
6.03¢e—11
4.31e—11
2.87¢—11

4.00e—12
2.50e—12
9.07¢—-13
5.33¢—13
2.13e—13
1.42e—13

8.09¢e—12
5.05e—12
1.47e—12
8.66e—13
2.18e—13
1.45¢—13

where

1 1 3, 4
=2 (2t 1) 4+ — (t—1)eH 1 - Tl (15t —41)e> /2
4( )e +16( )e +e +675(5 Je
16

20 1
45 —271 (9t-7)/4 | =Y (3t-2)/2 75t —214 (2t-1)/2
TS Je T8¢ + 675870 Je
19, 1 2504, 5 1\, 547, 2 764 i, 31966
e N s > e :
( 7% T3 43¢ to¢ >+9ooe 2712025 T 54675°

ya(t)

Fig. 2 depicts the error convergence in the sense of L* and L? norms at 6 < N <24. The
specific data errors are shown in Table 2. The error converges exponentially, which is the
same as the result of convergence proof.

6 Conclusions

This paper presents a numerical method of piecewise spectral-collocation for second-
order Volterra integro-differential equations with nonvanishing delay based on Legendre
polynomials. The convergence of the method is proved and the numerical experiments
also verify the correctness of the proof results.
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The focus of this work is to construct the derivative approximation in the sense of inte-
gration, which makes it possible to use the Dirichlet formula to prove the convergence of
the method in the theoretical proof process. In addition, we make the solution at the main
discontinuity point of the Volterra integral differential equation solution. The division of
intervals in this method greatly overcomes the disturbance of the main discontinuity of
the solution of the equation to the convergence of the numerical error.
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