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Abstract. In this paper, a two-grid block-centered finite difference method for the in-
compressible miscible displacement in porous medium is introduced and analyzed,
which is to solve a nonlinear equation on coarse mesh space of size H and a linear
equation on fine grid of size . We establish the full discrete two-grid block-centered
finite difference scheme on a uniform grid. The error estimates for the pressure, Darcy
velocity, concentration variables are derived, which show that the discrete L, error
is O(At+h?+H*). Finally, two numerical examples are provided to demonstrate the
effectiveness and accuracy of our algorithm.
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1 Introduction

In this paper, we consider the incompressible miscible displacement in porous media [1-
3]

V-u=gq(x,t), xeQ), te],
K(x)

=——=Vp, xeEN, te€],
pie) "
ac

(x) 5+ V- (uc) =V-(DVec) =g, x€Q, te].

We assume that (2 is a rectangular domain in R?, t € | = (0,T], and T denotes the final
time. The concentration is denoted by c(x,t), p(x,t) is the fluid pressure, and u= (uy,us)"
is Darcy velocity of the fluid, x(x) and ¢(x) represent the permeability and porosity of
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the porous medium, respectively. u(c) is the concentration dependent viscosity. The
function ¢ is the concentration of the same component as measured by ¢ in the injected
fluid, which must be specified whenever injection is taking place, and it will be assumed
that ¢ =c, when the fluid is being produced, g is the external flow rate at wells.

For the sake of simplicity, let a(c) =«x(x)/pu(c), D= ¢dnI=Al, and w = (w*,wY) =
uc—DVc=uc—AVc, where d,, is the molecular diffusivity, I is the second order identity
matrix. Then the question may be equivalently written in the form:

V-u=q(x,t), xen, te], (1.1a)
u=-—a(c)Vp, xen, te], (1.1b)
go(x)gi—kv-w:f(é), xeN, te], (1.1¢)
w=uc—AVc, xe, te], (1.1d)

where f(¢)=2g.
We consider the following boundary condition and initial condition for the problem:

u-n=0, x€ad, te], (1.2a)
(AVc)-n=0, x€d, te], (1.2b)
Cli—o=rco, xe, (1.2¢)

where n is the unit outward normal vextor to 002, the compatibility condition and the
uniqueness condition are as follows

/Qp(x)dx:O. (1.3)

For problem (1.1a)-(1.3), we consider the following smoothness hypotheses (H):

(1) The funtions a(c),b(c),A are bounded, And, there exist positive constants ay, a1, by,
b1, Ag, A1, such that

O<agp<a<a;, 0<by<b<b;, 0<Ag<A<A4.

(2) The second derivative of f, g are continuously bounded in 2 x ], f, a is Lipschitz-
continuous corresponding to variable c. The function ¢ is continuous, there exist a
positive constant ¢g, such that ¢ > ¢y > 0.

(3) PELea(J;Wa(Q)), ue CHWEL(Q))?, c € WL (W (2)).

People have been interested in efficient oil exploitation and improving the utilization
of groundwater resource for a long time. Two-phase flow and transportation of fluids
in porous media play a vital role in both theoretic and applicative aspects in groundwa-
ter contamination or petroleum engineering. The incompressible miscible displacement
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problem in porous media is a large nonlinear system, so we want to study highly effi-
cient and highly accurate numerical schemes to improve the numerical computational
efficiency.

As we know, the block-centered finite difference method, sometimes called cell-
centered finite difference method, is a simple but effective method. It can be considered
as the lowest order Raviart-Thomas mixed element method in [4], with proper quadra-
ture formulation. In [5], Wheeler presented on convergence of block-centered finite dif-
ference for elliptic problem. Moreover, the mixed finite elements for elliptic problems
with tensor coefficients as cell-centered finite differences was considered in [6]. In [1],
Lui proofed Convergence of the block center finite difference scheme for two-phase flow
in porous media. Then, Rui had done many research about the block-centered finite dif-
ference in [7-9].

The two-grid method is a quite effective method to solve the nonlinear equations.
This method was introduced by Xu in [10,11]. And Layton studied the nonlinear bound-
ary value problems by two-grid method in [12]. Nonlinear parabolic equations with this
method are considered in [13]. Many people are attracted to do research about two-grid
techniques with the finite element, discontinuous Galerkin methods, and mixed element,
for example, in [14-17]. Moreover, the two-grid method is presented and analyzed in
the work of Chen [18-21] for miscible displacement problem. The basic process of two-
grid method is to solve a nonlinear equation on coarse mesh space of size H and a linear
equation on fine grid of size h.

All in all, the two-grid block-centered finite difference method concludes the advan-
tages of the block-centered finite difference method and the two-grid method, which can
not only solve the nonlinear problem efficiently and accurately, but also make the numer-
ical results of the problem reach the second-order convergence accuracy. In addition, the
two-grid block-centered finite difference method is applied to many problems [22, 23],
for example, the Darcy-Forchheimer model and the non-Fickian flow model. There is
no two-grid block-centered finite difference methods for the incompressible miscible dis-
placement in porous medium, therefore we propose the corresponding algorithm in this
paper. By using this method, we establish the full discrete two-grid block-centered finite
difference scheme on a uniform grid and prove the error estimates for the pressure, Darcy
velocity, concentration variables. Some numerical examples are carried out to check the
accuracy and efficiency of the method. The convergence rates for the pressure and ve-
locity in discrete L? norms are second-order under the conditions & = O(H?), which are
consistent with the numerical analysis. Moreover, we also give the numerical examples,
compared with the nonlinear implicit scheme, the efficiency and accuracy of the two-grid
block-centered finite difference method are illustrated.

The paper is organized as follows. In Section 2, we give some notations and lemmas.
In Section 3, we give the two-grid block-centered finite difference algorithm. Then in
Section 4, we present the error estimates for the two-grid block-centered finite difference
method. Finally in Section 5, Two numerical examples of the two-grid block-centered
finite difference scheme are drawn.
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Through out the paper we use M, with or without subscript, to denote a positive
constant, which could have different values at different appearances.

2 Some notation and lemmas

Firstly, we define some notations. Let N >0 be a positive integer. Set At=T/N, t, =nAt,
forn<N, At"=t,—t,_1, At=max, At". For simplicity in constructing the finite difference
algorithm, we suppose that the domain (2 is a rectangular, Q2 = [d},d}] x [d% ,dg].

Let L?(Q2) be the standard Banach space with norm

ol = ( [ foPdcr)

For the sake of simplicity, let (-,-) denote the L?((2) inner product. And let W’;(Q) be the
standard Sobolev space

WEQ) = {g: 1gllwi o) <o},

where

1/p
181wy = < ). IID”‘gllip(Q)> :
la| <k
Let
S=1%(Q2) and V=H(Q,div)={ve(L*(Q)), V-vel?(Q)}.

And V? is denoted as the subspaces of V containing functions with normal traces equal
to 0.

Let fj be the quasi-uniform partition of (2 into rectangles in two dimensions with
mesh size h. The lowest-order Raviart-Thomas-Nédélec (RTN) space on rectangles [4,24]
is considered. Thus, on an element D € f ;,, we have

Vi (D) ={(a1x+p1, “2y+ﬁz)T:oci, Bi€R,i=1,2},
Sp(D)={a:a€R}.

To construct the two-grid algorithm we have to define a coarse partition and a fine par-
tition of (2 simultaneously. First we define the fine grid (2, in detail. The notations are
similar to those in [5]. The fine partition (), =d; x (SZ for (2 is as follows:

Y. Y oy
Oy d1—y1/z<y3/z<'“<yNg—1/2<yNg+1/z—d2-
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Yisar2

Q i, j+1/2

Yivi2

& i+1/2, ]

Yiarz
Xi1z2 Xis1i2 Xivar2

Figure 1: An example of mesh partition.

Forizl,---,NfC’ andjzl,m,N;’ define

hi =Xit12—Xi-1/2, h]y:yHl/Z_yi*l/Z'
hiv1p=xis1—xi=(hi +h1)/2, M=y =y = (0 +hi1) /2,
h :rr}?x{hf, h]V}, Q= (xi-1/2,%i+1/2) X (Yj-1/2.Yj+1/2),

Qi1y0=(Xi,xi01) X (Yj-1/2Yj4172),  Qijr12=(Xim1/2,Xi1172) X (Y}, Yj1)-

Fig. 1 is the description of mesh construction and the nodes.

Let gi,]'/ gi+1/2,j/ gi,j+1/2 denote g(xi,y]-), g(xi+1/2,y]-), g(xi,yjﬂ/z). Define the discrete
inner products and norms:

NIt NI Ni-1Nj
(f,.8)=) ) il fijgij, (f)x= Y Y 1ol fiv1/2, 814172,
i=1j=1 i=1 j=1
Ni Nj—1
(F&)y=)_ Y ikl pfijringijrie, (V)TM= 0517+ (@Y, 1Y),
i=1 =1
Define
[dx8liv1/2j= (Siv1j—8ij) / Mii1/0r (Ay8lij1/2=(8ij+1=8i1) /iy o0
[Dxglij=(8i+1/2j—8i-1/27)/hi, [Dy8lij=(8ij+1/2—8ij-1/2) /1],

[Dgli;=[Dxg,Dygl) dig"=(g"—g" 1)/ At
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Similarly to (2;, we define a coarse grid Q= 6% x 67;. Replacing h*, h¥ we use H*, HY to
denote the mesh sizes in x and y directions of the coarse grid, respectively. And similar
to [dxg], [Dxgl, [dy8], [Dyg] we use [dy g, [Dxugl, [dy,ug], [Dy,ug] to denote the finite
difference operators on the coarse grid. For the sake of simplicity, we do not give their
definitions in detail. For a discrete function, its norms and seminorms can also be defined
similarly on the coarse grid.

Then we present some lemmas as follow.

. X Yy X X Y _
Lemma 2.1. Let pij, w4 ), ; and Wi i1 be any values such that W12, =WN, 4172, = Wi 2=

Yy _
WiN,+1/27 0, then we have

(p.Dxw*) =—(dxp,w")x, (p,Dyw?)=—(dyp,w?)y.

This lemma can be proven similar to [5].

Next the interpolant operator is defined, which is similar to that in [13]. For points
(x,y), set x€[x;,xi11], y€[y;,yj41], then, IT;c(x,y) can be defined as follow. For i=0,---, Ny,
j=1,--,N,,

(o (KX XX Y
Mye(x,y) = <C"f (xm—xi) i <xi+1_xi>> (%’H‘%‘)

Xit1—X X—Xj y—yj >
+1¢ij +Civ1, .
< EAS <Xi+1—xi> L (xi+1—xi>> (yj+1—yj

For j=1,---,Ny, the two-point extrapolation is defined

(25 +h3)er; — ey
hi+h3 ’

yc(x1/2,y) =

and by Taylor’s theorem, we can obtain that

|(ITye—c) (x1/2,y5)| = O (K?).

For points (x,y), assuming x € [x12,X1], Y€ [y;,¥j41], then, IT,c(x,y) can be obtained as the
bilinear interpolant between ¢y, ¢1,j;1, IT,c(x1/2,;), and ITc(x1/2,yj41). Then for these
points, we can evaluate that |IT,,c—c|= Mh? by interpolation theory. Moreover, for points
(x,y), such that x € [xn,, XN, +1/2], Y € [yj,yj+1] or x € [xi,xi11], y € [y1/2,y1] or x € [x;,xi41],
Y € [yn,,¥n,+1/2], we can define I1,c(x,y) similarly. Lastly, by three-point extrapolantion,
we define IT,¢c(x1/2,¥1/2) :

I,c(x1/2,y1/2) =IThe(x1,y1/2) +11c(x1/2,1) — P1a
=c11/2+C1/21—C11+MH?,

We can easily get that
|(TTye =) (x1/2,1/2)| < MI?
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by Taylor’s expansion. Hence, for points (x,y), assuming x € [x1,2,X1], ¥ € [y1/2,41],
IT,c(x,y) can be obtained as the bilinear interpolant between c; 1, ITj;c121, I1;c11/2, and
Hhcl/Z,l/Z- We can define, Hhcl/Z,Ny—i-l/Z/ HhCNX+1/2,1/2, HhCNx+1/2,Ny+1/2 surularly And
in the other three corner regions, we can ge the same approximations. Thus the following
lemma is obtained.

Lemma 2.2. Suppose c is twice differentiable in space, then we can have the estimate that
1TTc— |0 < MK2.
3 Two-grid block-centered finite difference algorithm

The full discrete two-grid block-centered finite difference scheme for the nonlinear prob-
lem (1.1a)-(1.2¢) is as follows:

[DLUji )+ [Dy U] =g, (3.1a)
[“(Hhcizc)]?ﬁl/z,/ [uﬂ?-s-l/z,j = [dxph]?ﬂ/z,jf (3.1b)
[a(HhCZ)]Zfﬁl/z[UZ]Zm/z =—dyPulij11/2/ (3.1¢)
@i jd:Call+ [DW T+ [DyWy T2 = [F (O], (3.1d)
Wi ltia o, = (Uit s, TGy i 2, — (MGl i 0 (3.1e)
(Williia 2= W) 1 2 TGN 1 2 — [Ady Gl 20 (3.1f)
Cijli=0=co, (3.1g)
where
(c)=—L.
a(c)
The condition (1.3) can be discretized as follows:
Ny Ny
Y ) [Bl=0.
i=1j=1
For the sake of simplicity, let
g=—AVc. (3.2)
Then the boundary and initial approximations can be discretized as follows:
(U1 0= Ui IR, 12 =0, I<j<Ny,
(U] 2= U], 11/2=0 1<i<Ny,
[Gili)2,i=[GilN, 412, =0/ 1<j<N,,
Gili1 2= Gylin, 112=0, 1<i< N,
[

CulYj=co.js 1<i<N,, 1<j<N,.
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Noting Lemma 2.1, the question is equivalent to the mixed finite element problem
with discrete inner product. For U} €Sy, /' €V, C €Sy, W)l €V,

(D<U;"+DyU;" ,s) = (V-Uy,s) = (q},,5), Vs€eSy, (3.3a)
(a(IT,C) Uy, 0) ppg = (P, V -0), YoeVy, (3.3b)
(pd:Cjl,s)+(V-Wyi,s)=(f(Cl,s)), Vs€Sy, (3.3¢)
(W}T/U)TM:(UZHhCzIU)TM+(ACZ/v'U)/ Yo eV, (33(31)

The two-grid algorithm has two steps:

Step 1. On the coarse grid 2y with mesh sizes H* and HY, we compute
{UI’TI,PI’TI,C}’{,WfI}le € S X Vi x Sy x Vi to satisfy the following nonlinear system:

(V-Uf,s)=(q%,s), Vs € Sy, (3.4a)
(a(TTxCH) U, v) rp = (PR, V-0), Yve Vy, (3.4b)
(pdiCly,s)+(V-Wip,s) = (f(Cl9)), Vs €Sy, (3.4¢)
(Wi,0) v = (UL CY,0)tm+ (ACE, V -0), YoeVy, (3.4d)

where the initial approximation C% =c?.

Step 2. On the fine grid (2;, with mesh sizes h* and hY, we compute {U;},P,’f,CZ,W[: nN:1 S
Sp X Vi, x Sy x Vj, to satisfy the following linear system:

(V-Uy,s)=(qy,s), Vse Sy, (3.5a)

(A(IL,CHUy,0) = (P, V-0), YoeVy, (3.5b)

(pd:Ch,s)+(V-Wi,s)=(f(C}l),s), VseSy, (3.50)

(Wi, 0)rm = (UIT,CHLo) v+ (AC), V -0), YoeV,, (3.5d)
where the initial approximation Cp =c?, and

A(QTL,CHU) =a(ITgCH) Uy +a.(TIgCH) RyU (Cl —I1gCE), (3.6a)

UL, Clr = RyURIL,C + 115 C (R, Uy — Ry U,). (3.6b)

Here, we define the interpolant operator Ryu = (RY;u*,R}u¥) which is similar to that
in [23]. For points (x,y), assuming x € [x;_1,2,Xi+1/2], Y € [y;,Yj+1], then, Rf;u* (x,y) can be
presented as the bilinear interpolant of u; , /2,j7 ui 4 /2,417 uy /2,j7 uy /241" Moreover,
we define Ryuj, , », ,, by the two-point extrapolation of u;,, ,,, and 7, ,,. For points
(x,y) such that x € [x;_1/2,Xi+1/2], Y€ [V1/2,y1], Rju*(x,y) can be presented as the bilinear
interpolant of u} ; /217 u;y 1217 Riuf 1/21/27 Rjui 4 /212" And other points are similar to
the above, as well as the definition of R;uY. By interpolation theory, we can obtain that

IRyt —ulo < MH?,

where u*, u¥ are twice differentiable in space.

The block-centered finite difference method, can be considered as the lowest order
Raviart-Thomas mixed element method in [4], so the existence and uniqueness of a solu-
tion to the discrete nonlinear question are easily obtained, the proof is similar to [2].
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4 Error estimates of the two-grid scheme

In this section, we consider the error estimation for the two-grid block-centered finite
difference algorithm.

First, to analyze the error estimation, we consider the following question and discrete
scheme firstly.

For the elliptic problem

V-u=gq, xe),
u=-—a(c)Vp, x€Q,
u-v=0, x€9.),

{Ur,Pr} € S, x Vj, denote the nonlinear block-centered finite difference approximations
to {u",p"}, respectively. Their values are defined by the following scheme:

(V-Uj,s)=(q5,s), Vs€Sy, (4.1a)
(a(c)U}},0) ppp= (B, V 0), YoeV,, (4.1b)

where c is the exact solution to problems (1.1a)-(1.3).
For the parabolic problem

q’%-i-v-g:f(x,at)—v-(uc):F(x’t)l er, tE],
8=—AVE, xeQ, tej,
g-l/:O/ xeaQ, tEI,

{C”,GZ} € S, x V), denote the nonlinear block-centered finite difference approximations
to {c",g"}, respectively. Their values are defined by the following scheme:

(pd;Cll,s)+(V-Gls)=(F,s), VseSy, (4.2a)

(Go)rm=(AC!,V-v), YoV, (4.2b)
By Eq. (3.2), we have

(Gh,v)TM = (ACh,V-v), YveV,. (4.3)

Now for the convenience of analysis, we set
Py—p=Py—Py+Di—p=mp+n,
Uy —u=Uy— U+ U, —u=Eu+Pn,
Ch—c=Cp—Cy+Cr—c=0,+0y,
Wy — G = 71+ UyI T, Gy,
=G, —Gy,.

In [5] and [8], we can obtain that the approximate solution of the discrete scheme (4.1a)-
(4.1b) and (4.2a)-(4.2b) exists uniquely. Moreover, the following results are easily got.
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Lemma 4.1. Suppose the hypotheses (H) hold, then there exists a positive constant M indepen-
dent of h and At such that

||'YZ||M§M’”12/ H,BZHTMSMPIZ,
ol m < M(At+1?),
10| < M.

Next we give the error analysis of the nonlinear scheme (3.4a)-(3.4d) on the course
grid.
Subtracting (4.1a) from (3.4a), we can obtain

(V-&,s)=0, VseSy. (4.4)

And subtracting (4.1b) from (3.4b), we have that

(11 e 0) (i, Vo)
=— ((oc(HHCI’fl_l)—uc(c)> Hﬁ,v) - Vve Vy. (4.5)

Subtracting (4.2a) from (3.4c), we can get

(di0fy,s)+ (V- 1t8,8)
=(f(Cl)—Fip,s)+ (V- (ULIIHCE) ), Vs€Sy. (4.6)

And (3.4d) subtracting (4.2b), we have that
(nIIEI/U)TM: (/\GI;ZIIVU)/ Voe VH (47)

Selecting s=7}; in (4.4) and v=_}; in (4.5), then adding (4.4) to (4.5), we have the following
equations.

(a(TaC)E k) e = — (« (T CE) —a(0)) Ufy &) 1y (4.8)

Together the assumption of a(c) with Taylor expansion and noting Lemma 2.2, Lemma
4.1 and e-Chauchy inequality, we have that

&8 1173 < M| (TTaCl —c") el v
<M HCH—c"[[mlI S llrm
< M| TTCH — e+ ac — | Ty +ell 8l
<M([|65 1P+ o1+ H*) +ell &t Fa

Then,
181170 < MCH* (107 1+ oy 11)- (4.9)
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Selecting v =07, in (4.6) and s = 7t}; in (4.7), then adding (4.7) to (4.6), we can obtain

1
@d;0%,07;) + (X”}i{r”}zl) .

(
(f(Ch) — Fi1,0%) — (V- (URITHCEy), 0F)
(f(Cl) —£(€"),05)+ (V- (uc) =D (u"c")+D(u"c") =V - (U TTuChy), 0F)

- (ZEi,e,’z,). (4.10)
i=1
Next we will estimate the three terms in the right side of (4.10). Note that

on_an_ | Chi=c" if >0,
" 0, if g"<0.

Therefore together the assumption of f(c) with Taylor expansion and Lemma 4.1, we can
get that

(fe(07)(CE—2"),08)]|
(fe(07)(C C”)ﬁ?;)\
SM H9HH2+HUHH2)/ (4.11)

I(E1,9?1)|=|(f( Ch) — f("”) 0%)|
Mi
Mi

where 07 is between C?I and ¢". By the smoothness assumption (Hy),
| (E2,0) | <M|(V - (ue) = V- (u"c"),0Fp) |+ (V- (u"c") = D(u"c"))|
<M(H*+0%]1%). (4.12)
Noting Lemma 2.1 and (4.9), we have that
(B8] <M| (e ~ Ut Cl— )|
<M|(u"c" —u"TIgCY, 7}y | + M| (" Ty Cl — U Ty CYy, 7t ) T |
<M(||c" =TT Cl |1+ [[u" — U 1) +ell 7

<M(||H*+0% 1>+ log|?) +el 7l Far- (4.13)
Furthermore, we have
(911 _anl) 1 B
(gei6 01) = (@03 ) = 5 (290, 01) —2( 00} 0]

1 n n n— n— n— n— n n n— n
=57 (995,08) — (90101 + (@0 05 )+ (901, 05) —2( 90}, 0]
1 n o on 1 n n— n n
:Qdf((PeHreH)WLTAt[(GD(GH—GH 1>r9H—9H)]

1 At
:Edt((Pf)In{rG?{)*‘7(€0dt91@/91ﬁ1)- (4.14)
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Analyzing the left hand side of (4.10), we have

(ds6}1,031)+ (Arely, iy g > 22 dtHf)Hller(PO*HdtQHH2 1||7TnHH2TM
—2At(H9HH2 63 11%) + 7H7Tlrzl|‘2TM- (4.15)

Then combing (4.10) with (4.11)-(4.15), we can get that:

. 1
2At(||9H||2 H%1H2)+71||7TI’31HZTM§M(H4+H91”{H2+HUI’?;HZ)JreHﬂ}TIHZTM- (4.16)

Noting Lemma 4.1 and e-Cauchy inequality, we give that

2At(IIGHIIZ—HG” A+ *1||7T1711||2TM§M||9175H2+M((At)2+H4)~ (4.17)

Multiplying 2At in two sides, summing for 7 from 1 to N and noting 7%, =0, we have that
2 12y, Lo 2 - 2 2 14
o181~ 167 1%)+ At ) 7 e <MD I9F PAE+M((A*+HY). - (4.18)
n=1 n=1
Recalling 6%, =0 and noting Gronwall’s lemma, we give the result
N
l0R 17 +At Y [ I3 < M((A1)?+HY), (4.19)
n=1

where At is selected sufficiently small.
Noting Lemma 4.1 and (4.19), we get (4.9),

185l T;m < M(At+H?). (4.20)
By Liu [1], using the dual method, we get the estimate of 17},

I8 |l 7m < M(At+H?). 4.21)
By Lemma 4.1, we obtain the following theorem.
Theorem 4.1. Let U}, Py, C}, be obtained by Step 1 of the two-grid finite difference algorithm.
Suppose the hypotheses (H) hold and that the time step At is sufficiently small, then for 1<n<N,

there exists a positive constant M independent of H and At such that

JUf—u™||rm+ | P —p" |+ || Cly — " || < M(At+ H?). (4.22)
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Next we give the error estimates on the fine grid. Subtracting (4.1a) from (3.5a), we
can obtain

(V-¢;,5)=0, Vses. (4.23)
And subtracting (4.1b) from (3.5b), we have that
(A(RCE UL — ()T o)t = (1, Y -0), Vo€ Vi
By Taylor expansion, we have
a(c") 0
= (T Cly) U+ e (Tl U (€~ T Ch) + e (e (€~ T )T,
where c* is selected between ¢" and I15C},. Thus, we get

(a(ITHCEy)Cp,0) M
=11,V -0) + (e (I Cly) Ru Uy (" —11,Cp)),v) tm
+ (2 (TIgCy) (" =TT CH) (u" —RyU}),v) tm
+ (e (T CHy) (" =TT Cly) (U —u") o) T

1, i
+ ()" ~THCH)* )

=(n},V-0) (Zn,v) o YOEVL (4.24)

We can obtain the following equation by subtracting (4.2a) from (3.5¢)

(pd:0y,5)+ (V- 11,5)
=(f(Ch)—F/.5)— (V- (U}ILC}),5), Vs€S). (4.25)

And (3.5d) subtracting (4.2b), we can get

(7, 0) v+ (UL TTL,Cl o) v
:(RHUIIEIH;[CZ—FHHC}EI(R;ZUZZ —RHUE),U)TM—F (/\GZ,VU), YoeV,. (4.26)

Setting s=1;!, v=_}!, (4.23) and (4.24) can be transformed into the following:

(a(TIgCH)&h,Ch)TM = (ZE,Ch) (4.27)
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We now analyze each term on the right hand side of (4.27). By Lemma 2.2, Lemma 4.1
and e-Chauchy inequality, we have that

[(T1,¢n) v < llacRaUF || ool [T1,.Cl — " ([ 155 [ 7

< M||IL,Cjf =TTy + 105" — " ||+ €|8) 17

<M||Ci =" [P+ ME* +€|| & 17

<M((AE+ 1+ 163117) +€ll&h 1 Tm (4.28a)
[(T2,¢p) vl <o | (TTHC — ") (RuUgy —u™) [ 155 [ 7m

<M CH =" [P RaUgy —u" 1> +-€ll&) 7

<M((AE?+HY) (A1) +H) +el1gh I Fm (4.28b)
[(T3,&0) v | < M| (T Cly —c") (T —u™) [[1&5 |

<M TTECH — P T — " 1P+l Fa

<M((B8)*+HYH el s (4.28¢)
|(Ta, i) | < lleee O [l oo T CEy — €™ 121187 | mma
<M((A)*+H®) 4|1} 1 Fa- (4.28d)

Analyzing the left hand side of (4.27), we infer that

e e (A (4.29)
Then, from the analyzing of the both sides of (4.27), we can obtain
187 170 < M((A1)?+ 1+ H) + M|} 1> (4.30)
Selecting v=0, in (4.25), and s = 77} in (4.26), then adding (4.25) to (4.26), we can get
(ph60,03)+ (k)

=(f(C) —F,05) — (V- (U;IL,Cy),65)

=(f(C

(RHUIITIHhCZ — LI;ZHhCZ —I—HHC?I(R;IU;Z —RHUIH{),T[Z)TM
)= f(&"),0) + (V- (uc) = V- (U 11,y 6;)

=3 )k

(RHU?[HhCZ - U,’thCZﬁ—HHC}Q(RhU}f —RHLII’?,),NZ)TM

:@3; ]i,gg), (4.31)

>
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Similar to the proof process of Lemma (4.1a), we obtain

|(Ju+J2,60) | < M(E*+ 1165 1>+ 1lo7 1)
<M((At)+H+671%), (4.32a)
| (J3,04)| < M| CE (U —u™), 7)) tav |+ M| (TL,Cly (u” — Uy ), 753 ) 7|
+| (I Cl —I1,Cy) (u" — RuUg), 1) M|
<MW+ HE+ AP) + M(H*+ 1+ A2 4|07 |12) (HA4-A%) e 7T |5
<M((A)2+K*+HE) +e| ) Fm (4.32b)

Next we will estimate the terms in the right side of (4.31), we have that

1 0 _ 1
(pdiéf o)+ (3 ehh) 2 oy (BRI =16 )+ (439)
Then, from the analysis of the both sides of (4.31), we can obtain

9o 2 12 1 2
o el =16 )+/T1||7TZHTM

<M((At)2+1+H®) + M||07 1> +e |72 |- (4.34)

Multiplying 2At in two sides, summing for 7 from 1 to N and noting 7%, =0, we infer that

1 N
o (1611 = 16311%)+ At 3, 173 7
n=1
N
<MY |6} |>At+M((At)>+h*+ HP). (4.35)
n=1
Recalling 6% =0 and applying Gronwall’s lemma, we get the result
N
165717+ At Y 173173 < M((A)*+ 1"+ HP), (4.36)

n=1

where At is selected sufficiently small.
Noting Lemma 4.1, we have the following theorem.

Theorem 4.2. Let U}, P}, C}! be obtained by Step 2 of the two-grid finite difference algorithm.
Suppose the hypotheses (H) hold and that the time step At is sufficiently small, then for 1<n<N,
we have

UG ="l raa+ [Py = p" |+ [|Clf =" | < M(At+ 1+ HY). (4.37)
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5 Numerical tests

In this section, some numerical experiments using the two-grid block-centered finite dif-
ference method have been constructed.
For the following incompressible miscible displacement problem:

V-u=q(x,t), xeQ, te(0,T],

u=-—a(c)Vp, xeQ, te(0,T], G.1)

(pg(;—FV- (uc)—V-(DVc)=f(¢), x€Q, te(0,T].
For convenient, the domain (2= (0,1)? is uniformly divided by the rectangle of uniform
mesh size H and &, respectively. And as presented in Theorem 4.2, we set h = H2. Mean-
while, we choose the time step T sufficiently small to illustrate the space convergence rate
in Examples 5.1 and 5.2. And we also set T =h? to illustrate the time convergence rate
in Example 5.3. In addition, to verify the efficiency of the two-grid block-centered finite
difference method, we apply the nonlinear implicit scheme in (3.4a)-(3.4d) with mesh
size h. Tables 1, 2, 3 and 4 are presented to get the space convergence rate and the effi-
ciency of the two-grid block-centered finite difference method, while the Tables 5 and 6
are given in order to obtain the time convergence rate and the efficiency of the two-grid
block-centered finite difference method. Moreover, to present vividly the numerical so-
lutions, Figs. 2-7 are given with H=1/8, h=1/64, T=1e—3, and Figs. 8-10 are given with
H=1/8,h=1/64, T=1. And we define the norm

th_PHO,oozlg}%XN{H(Ph_p) [}

Example 5.1. Here, p=1, D=0.01, a(c) "' = (c+2), T=1.0e—5, T =1.0e— 3. Meanwhile,
f(x,t,c) and g(x,t) are suitably chosen such that the exact solution of (5.1) is

{ c=sin?(7tx)sin? (7ty)t,

_ 1.4 .4 2 _pgin2 .2 9 1
p=—5sin (7x)sin® (7ry ) t= —2sin” (71x) sin (ny)t—|—128t +2t.

Then, we have

q=_2t7*cos(27tx)sin(rry)? +2t 7> cos(27ty ) sin(71x)?,
f=c*+sin(rmx)?sin(ry)* — A (2% cos(27x) sin( 7ty )? + 2t 7t cos (27ry ) sin (7rx ) )

4

— t?sin(7rx ) *sin(7ry ) 4-2t% 7w* cos (27t ) sin (7rx ) 2sin 77y )

4212712 cos(27ty ) sin(7rx ) *sin 7ty )2 422 7% cos (71x) sin (7rx ) sin (271x) sin 7ty ) *

+-2t?7t% cos(ry) sin(7rx ) sin(7ry ) sin (271y).
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Figure 2: The concentration figures for Example 5.1. (a): the
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exact solution ¢, (b): the numerical solution Cy,.

Figure 3: The pressure figures for Example 5.1. (a): the exact solution p, (b): the numerical solution Pj,.

Table 1: Error and CPU time cost of two-grid method with Example 5.1.

H h

lc—=Chlloe rate

lp—Pyllo rate

[[— U]

rate CPU time

0,00

1.3350e-08
9.0352e-10

272
274
276

5.6745e-11

1.94

2.00

1.3062e-04

2.1301e-04

0.1143 s

7.2375e-06

4.4802e-07

2.09

2.01

1.2417e-05
7.7282e-07

2.05
2.00

0.5750 s
299.5745 s

Table 2: Error and CPU time cost of nonlinear implicit scheme with Example 5.1.

h

||C_Ch| 0,00

rate

”p_Phl 0,00

rate

||u_uh| 0,00

rate

CPU time

1.3350e-08
9.0352e-10
5.6745e-11

272
274
2 6

1.94
2.00

1.3060e-04
7.2409e-06
4.4930e-07

2.09
2.01

2.1301e-04
1.2417e-05
7.7282e-07

2.05

2.00 864.5798 s

0.1249 s
0.6754 s
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(a) (b)

Figure 4. The Darcy velocity figures for Example 5.1. (a): the exact solution u, (b): the numerical solution Uj,.

Table 3: Error and CPU time cost of two-grid method with Example 5.2.

H h o Jlc—Cpllo rate |[p—Pyllo rate |[u—Upllo rate CPU time
2-T 272 13350e-08 — 6.5321e-05 —  2.1301le-04 — 0.1116s
272 27% 90352-10 194 3.6096e-06 2.09 1.2418¢-05 2.05 0.5514s
273 276 56745e-11 2.00 2.2367e-07 2.00 7.7351e-07 2.00 306.0547 s

Table 4: Error and CPU time cost of nonlinear implicit scheme with Example 5.2.
h |lc—Cplloo rate |[p—Pylloe rate |[u—Uplloe rate CPU time

272 1.3350e-08 —  6.5321e-05 —  2130le-04 — 0.2545 s
27% 9.0352e-10 1.94 3.6198¢-06 2.09 1.2417e-05 2.05 0.7521s
276 56745e-11 200 2.2461e-07 201 7.7282¢e-07 2.00 887.9120s

Example 5.2. Here, 9=1, D=0.01,a(c) !=(c*+1), t=1.0e—5, T=1.0e—3. Meanwhile,
f(x,t,c) and g(x,t) are suitably chosen, such that the exact solution of (5.1) is

c=cos?(7tx)cos?(my)t,
252 1

__ 1 6 6 3 2 2 3
p=—7cos (71x) cos® (mty )t —cos*(7x) cos (ny)t+7741t +4t.

Then, we have

g =2tpi*cos(rrx)*xsin(rry)? — 4t 7> cos(rrx ) cos(rry)? +2t > cos(rry ) * sin(7x)?,

f=c24+A(2trr*cos(27x) cos(my)* +2t 7> cos(1rx ) > cos(27ty) ) +cos(7rx)*cos 1y )

2 2cos(rty)?

2

cos(rty)? (2t cos(mx)
2

—t2cos(rrx)*cos(ry)* —tcos(rx)
cos(rty)?(2t 7% cos(rrx)*cos(ty)?

2

—2t7r*cos(rtx)?sin(7ry)?) —tcos(mrx)
—2t7t%cos(rry)?#sin(rrx)?) +4t% % cos (rx ) > cos(rry ) sin (rrx)?

+4t2 712 cos (rrx)* cos 1y )? xsin 7ty )2
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Figure 5: The concentration figures for Example

Figure 6: The pressure figures for Example 5.2. (a): the exact solution p, (b): the numerical
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x10*

5.2. (a): the exact solution ¢, (b): the numerical solution Cj,.

solution Pj,.

Figure 7: The Darcy velocity figures for Example 5.2. (a): the exact solution u, (b): the numerical solution Uj,.

Example 5.3. Here, =1, D=1, a(c) " '=(c?+1), t=h?, T=1.0. Meanwhile, f(x,t,c) and
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Table 5: Error and CPU time cost of two-grid method with Example 5.2.

H h |lc—Cplloo rate
21T 272 2.23e-03 — 9.74e-04 — 3.65e-03 — 0.0924 s
272 24 1.31e-04 2.04 6.48e-05 1.96 3.33e-04 1.73 1.5203 s
273 276 8.17e-06 2.00 3.97e-06 2.01 2.58e-05 1.84 1037.4227 s

rate  |[u—Uyllo rate CPU time

q(x,t) are suitably chosen, such that the exact solution of (5.1) is

=x*(1-x) yz(l—y)zt/

_ L6y 663 x2(1— ) 202(1— 12—~ 3y Ly
Then, we have

g=2tx*(x—1)*(y—1)>+ 2ty (x—1)*(y—1)>+2tx°y* (x — 1)> +2tx%y* (y — 1)
+atxy? (2x —2) (y—1)* +4tx’y(2y—2) (x—1)?,
f=+ by (x=1)2(y—1)2+ 0%y (20-2) (y = 1))+ (20°y (x=1)* (y = 1)?
+tx2y? 2y —2) (x—1)?)? — A(2tx* (x —1)?(6y* — 6y +1)
+2ty? (y—1)(6x* —6x+1)) +x%y* (x —1)*(y—1)* — 2ty (x —1)*(y - 1)*
+ 2y (x—1)2(y—1)2(2tx* (x —1)3(y —1)* +2tx%y? (x —1)?
+atty(2y—2) (x—1)%) + 1%y (x = 1) (y = 1)* (2ty* (x— 1) (y - 1)?
+2tx?y? (y—1)2 +-4dtxy? (2x —2) (y —1)?).
From Tables 1-6 and Fig. 2-10, we can obtain that the convergence order of the two-
grid block-centered finite difference method is the O ( At+h? —|—H4) accuracy in discrete L,

norm. These results are corresponding to the error estimates in Theorem 4.2. Moreover,
we also can see that the two-grid method spends less time than the nonlinear implicit
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Figure 8: The concentration figures for Example 5.3. (a): the exact solution ¢, (b): the numerical solution Cj,.
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Table 6: Error and CPU time cost of nonlinear implicit scheme with Example 5.3.

h |lc—Culloo rate |[p—Pyllo rate |[u—Uplloeo rate CPU time
272 3.48e-09 — 9.91e-07 — 3.65e-06 — 0.1227 s
274 3.42e-10 1.67 6.67e-08 1.95 3.33e-07 1.73 5.4492 s
276 2.63e-11 1.85 4.20e-09 1.99 2.58e-08 1.84 35359231 s

1453

Figure 10: The Darcy velocity figures for Example 5.3. (a): the exact solution u, (b): the numerical solution

scheme by comparing Tables 1, 3, 5 with Tables 2, 4, 6. This phenomenon shows that two-
grid method is a highly effective method for the incompressible miscible displacement

problem.
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