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Abstract. This paper concerns the asymptotic behavior of solutions to one-
dimensional semilinear parabolic equations with boundary degeneracy both
in bounded and unbounded intervals. For the problem in a bounded inter-
val, it is shown that there exist both nontrivial global solutions for small initial
data and blowing-up solutions for large one if the degeneracy is not strong.
Whereas in the case that the degeneracy is strong enough, the nontrivial solu-
tion must blow up in a finite time. For the problem in an unbounded interval,
blowing-up theorems of Fujita type are established. It is shown that the critical
Fujita exponent depends on the degeneracy of the equation and the asymptotic
behavior of the diffusion coefficient at infinity, and it may be equal to one or
infinity. Furthermore, the critical case is proved to belong to the blowing-up
case.
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1 Introduction

In this paper, we consider the following semilinear degenerate equation of the

form: 5 5 5
" (a(x)%) = f(x,tu), 0<x<1, t>0, (1.1)

ot ox
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where a€ C([0,1])NC!((0,1]) such that a >0 in (0,1] and a(0) =0. As a parabolic
equation with boundary degeneracy, (1.1) is degenerate at x =0, a portion of the
lateral boundary. Such equations are used to describe some models, such as the
Budyko-Sellers climate model [18], the Black-Scholes model coming from the op-
tion pricing problem [3], and a simplified Crocco-type equation coming from the
study on the velocity field of a laminar flow on a flat plate [7]. The typical case of
ais

a(x)=x", x€[0,1], A>0. (1.2)
In recent years, the null controllability of the control system governed by (1.1)
was studied in [1,8,9,17,22,25,26]. In particular, the following control system
was studied:

ou o [ ,ou _
e (5 ) e =htotna, (xHEO)XOT), (13)
u(0,t)=u(1,t)=0, if 0<AK<],
te(0,T), 14
lim x)‘a—u(x,t)zu(l,t)zo, if A>1, €0T) 14
x—0t  0X
u(x,0)=up(x), x€(0,1), (1.5)

where A >0,c€ L*((0,1) x(0,T)). It was shown that the system (1.3)-(1.5) is null
controllable if 0 < A <2, while not if A > 2. Although the system (1.3)-(1.5) is
not null controllable for A > 2, it was proved in [11,19,21] and [4-6] that it is
approximately controllable in L2((0,1)) and regional null controllable for each
A >0, respectively.

In this paper, we study the asymptotic behavior of solutions to (1.1) with

f(x,t,u)=uf, (x,t,u)e(0,1)x(0,+0)xR, p>1.

That is to say, we consider the following problem:

ou 0 d

a_?_ﬁ <a(x)£) =uP, (x,t)€(0,1) x(0,T), (1.6)
xli)r&a(x)g—Z(x,t) =0, u(1,t)=0, t<(0,T), (1.7)
u(x,0)=up(x), x€(0,1). (1.8)

By a weighted energy estimate, it is shown that the asymptotic behavior of so-
lutions to the problem (1.6)-(1.8) depends on the degenerate rate of a at x =0.
Precisely, it is assumed that a € C([0,1])NC!((0,1]) satisfies

a(0)=0, a(x)>0 for O0<x<I. (1.9)



56 X. Jing, C. Wang and M. Zhou / Commun. Math. Res., 39 (2023), pp. 54-78

Furthermore, a satisfies one of the following two asymptotic behaviors as x—07:

ﬁ is integrable near x =0 (1.10)
or
' (%) ax)
lim <+ooand lim —* >0 for some constant 7y > 2. (1.11)
x>0+ al/2 (x) x—0t X

For the typical a given by (1.2), it satisfies (1.10) if 0 <A <2, while satisfies (1.11) if
A > 2. In this paper it is proved that any nontrivial solution to the problem (1.6)-
(1.8) blows up in a finite time if a satisties (1.9) and (1.11), while there exist both
nontrivial global and blowing-up solutions if a satisfies (1.9) and (1.10).

We also study the following problem in an unbounded interval:

Ju 9 d

a_?_ﬁ (a(X)g) =uf, (x,t)€(0,400)x(0,T), (1.12)
xli)rgl+a(x)g—2(x,t) =0, t€(0,7), (1.13)
u(x,0)=up(x), x € (0,400), (1.14)

where p>1, and a € C([0,+00))NC((0,+0)) satisfies
a(0)=0, a(x)>0 for x>0. (1.15)

Furthermore, a satisfies the asymptotic behavior (1.10) or (1.11) as x —0". For
the case that a satisfies (1.15) and (1.11), it is proved that any nontrivial solution
to the problem (1.12)-(1.14) must blow up in a finite time for p >1. As to the
case that a satisfies (1.15) and (1.10), the asymptotic behavior of solutions to the
problem (1.12)-(1.14) is determined by the asymptotic behavior of 2 as x — +oc0. It
is assumed that a also satisfies

x? a(x)
lim —— <400, lim =A, lim —*>—|A-2|, (1.16)
x—0ta(x) x—+o0 a(x) T too X2

where A >0 is a constant. Owing to (1.15), it is noted that the third formula
in (1.16) is trivial for A #2. Using weighted energy estimates and suitable self-
similar supersolutions, we prove that, if a satisfies (1.15), (1.10) and (1.16), the
critical Fujita exponent to the problem (1.12)-(1.14) is max{3—A,1}. That is to say,
in the case that a satisfies (1.15), (1.10) and (1.16), any nontrivial solution to the
problem (1.12)-(1.14) must blow up in a finite time if 1 < p <max{3—A,1}, while
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there are both nontrivial global and blowing-up solutions to the problem (1.12)-
(1.14) if p > max{3—A,1}. Furthermore, the critical case p =3—A for A € [0,2)
belongs to the blowing-up case under the following additional condition:

—a(x)

Summing up, it is shown that the critical Fujita exponent to the problem (1.12)-
(1.14) is

3—A, if a satisfies (1.15),(1.10) and (1.16) with 0<A <2,
pe=11, if a satisfies (1.15),(1.10) and (1.16) with A >2,
400, if a satisfies (1.15) and (1.11).

In particular, p. =1 if a is suitably large as x — +o0, p. = +0 if a is suitably small
asx—07.
In 1966, Fujita [12] proved that for the Cauchy problem of the semilinear equa-
tion 3
u

——Au=uP, xeR", t>0,
ot

any nontrivial solution must blow up in a finite time if 1 < p < 1—1—%, whereas
there exist both nontrivial global and blowing-up solutions when p >1+7. For
this problem, p. =1+ 7 is called the critical Fujita exponent, and the critical case
p = pc was proved to belong to the blowing-up case in [13,15]. Fujita revealed
an important topic of nonlinear partial differential equations. And there have
been a great number of extensions of Fujita’s results in several directions since
then, including similar results for numerous of quasilinear parabolic equations
and systems in various of geometries with nonlinear sources or nonhomogeneous
boundary conditions, see the survey papers [10, 16] and also the recent papers
[2,14,23,24,27].

In this paper, we study the asymptotic behavior of solutions to the problem
(1.6)-(1.8) in a bounded interval and the problem (1.12)-(1.14) in an unbounded
interval. The methods used in this paper are similar to the ones in [20], where the
following special case was considered:

a(x)=x", x>0. (1.18)

For this special a given by (1.18), it satisfies (1.10), (1.16) and (1.17) if 0 <A <2,
while satisfies (1.11) if A > 2. For the blowing-up of solutions to the problem
(1.6)-(1.8) in a bounded interval and the problem (1.12)-(1.14) in an unbounded
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interval, we apply the method of weighted energy estimates to determine the in-
teraction of the degenerate diffusions and the reactions, and the key is to choose
appropriate weights. To prove the global existence of nontrivial solutions, we
construct suitable self-similar supersolutions. Since the diffusion coefficients are
more general functions in this paper, the weights and self-similar supersolutions
are more complicated, and we have to overcome some technical difficulties. Fur-
thermore, for the critical case p=p. when a satisfies (1.15), (1.10), (1.16) and (1.17),
we need a series of elaborate energy estimates.

The paper is organized as follows. Main results are stated in Section 2. The
problem (1.6)-(1.8) in a bounded interval and the problem (1.12)-(1.14) in an un-
bounded interval are studied in Sections 3 and 4, respectively. Finally, we state
the results for the problems with inner degeneracy in Section 5.

2 Main results
Solutions to the problems (1.6)-(1.8) and (1.12)-(1.14) are defined as follows.

Definition 2.1. Let 0 < T < +o0. A nonnegative function u is said to be a subsolution
(supersolution, solution) to the problem (1.6)-(1.8) in (0,T), if

(i) Forany 0<T<T,ueL®((0,1)x (0,T)), and 2—‘; a%g—z €12((0,1) x (0,T)).

(ii) For any 0<T < T and any nonnegative function ¢ € C*([0,1] x [0,T]) vanishing
at x=1, it holds that
T 1 /9u ou g
I/ <§(x,t)(p(x,t)+a(x)$ (x,t)g(x,t)) dxdt
T 1
<(>=) / / P (x,) @ (x,t)dxdt.
0 Jo

(iii) u(1,-)<(>,=)0in (0,T) and u(-,0) < (>,=)ug(-) in (0,1) in the sense of trace.

Definition 2.2. Let 0 < T < +o0. A nonnegative function u is said to be a subsolution
(supersolution, solution) to the problem (1.12)-(1.14) in (0,T), if

(i) Forany 0<T < T and any R >0, u € L®((0,400)x (0,T)), and a—u, L €

L2((0,R) x (0,T)). o’ " ox
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(ii) Forany 0<T <T and any nonnegative function p€C*([0,+00) x [0,T]) vanishing
when x is large, it holds that

/0 ' /0 o (%—?(x,t)qo(x,t)—l—a(x)g—z (x,t)g—g‘:(x,t)) dxd
< (2,:)/(JT/(J+OOuP(x,t)go(x,t)dxdt.

(iii) u(-,0) <(>,=)up(-) in (0,4+0c0) in the sense of trace.

Similarly to [20], one can establish the well-posedness and the comparison
principles for the problems (1.6)-(1.8) and (1.12)-(1.14).

Proposition 2.1. Assume that a€ C([0,1])NC'((0,1]) satisfies (1.9).

(i) For any 0 <uye€ L*®((0,1)) with a%ug € L2((0,1)), there is a unique solution to
the problem (1.6)-(1.8) locally in time.

(ii) Assume that il and 1l are a supersolution and a subsolution to the problem (1.6)-
(1.8) in (0,T), respectively. Then 1i <i1 in (0,1) x (0,T).

Proposition 2.2. Assume that a € C([0,+00))NC!((0,+00)) satisfies (1.15).

(i) For any 0 <ug € L*°((0,400)) with a%ug € L2((0,R)) for each R >0, there is
a unique solution to the problem (1.12)-(1.14) locally in time.

(ii) Assume that il and 1i are a supersolution and a subsolution to the problem (1.12)-
(1.14) in (0,T), respectively. Then 1i <l in (0,4-00) x (0,T).

If u is a solution to the problem (1.6)-(1.8) (or to the problem (1.12)-(1.14)) in
(0,4-00), we say that u is a global solution in time. Otherwise, there exists T >0
such that u is a solution in (0,T) and satisfies

lim supu(-,t)=+c (or lim sup u(:,t)=+0c0),
SRANCEY =T (0,4.00)

and we say that u blows up in a finite time.
The main results of the paper are the following theorems.

Theorem 2.1. Assume that a € C([0,1])NC*((0,1]) satisfies (1.9) and (1.10). The so-
lution to the problem (1.6)-(1.8) exists globally in time if ug is small, while blows up in
a finite time if u is large.
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Theorem 2.2. Assume that a€ C([0,1])NC'((0,1]) satisfies (1.9) and (1.11). Then any
nontrivial solution to the problem (1.6)-(1.8) must blow up in a finite time.

Theorem 2.3. Assume that a € C([0,400))NC!((0,+00)) satisfies (1.15), (1.10) and
(1.16) with 0< A <2.

(i) If1<p<3—A, then any nontrivial solution to the problem (1.12)-(1.14) must blow
up in a finite time.

(ii) If p>3—A, then the solution to the problem (1.12)-(1.14) exists globally in time if
uq is small, while blows up in a finite time if u is large.

Theorem 2.4. Assume that a € C([0,400))NC!((0,+00)) satisfies (1.15), (1.10) and
(1.16) with A >2. For p > 1, the solution to the problem (1.12)-(1.14) exists globally in
time if ug is small, while blows up in a finite time if ug is large.

Theorem 2.5. Assume that a€ C([0,+00))NC((0,+0)) satisfies (1.15), (1.10), (1.16)
and (1.17) with 0 <A <2. For p=_3— A, any nontrivial solution to the problem (1.12)-
(1.14) must blow up in a finite time.

Theorem 2.6. Assume that a € C([0,+00))NC!((0,+00)) satisfies (1.15) and (1.11).
Then any nontrivial solution to the problem (1.12)-(1.14) must blow up in a finite time.

3 Problem in a bounded interval

In this section, we prove Theorems 2.1 and 2.2 for the problem (1.6)-(1.8) in a
bounded interval.

Proof of Theorem 2.1. First consider the global case. Due to (1.9) and (1.10), x/a(x)
is integrable on [0,1]. We study self-similar supersolutions to (1.6) of the form

A(x, )= (t+L) 71 l/1 S s [T 5 4s), o<x<1, t>0
T LJo a(s) t+LJo a(s) ) ~—T— 7 =7

where L>1 is a constant to be determined later. Owing to L>1 and p>1, a direct
calculation shows that

a1 0 o1l
=2 it I
5 5x (a(x)ax) ] (3.1)

e G L
) (1 (P—I)L/o a5 +(19—1>(f+L>/0 ION
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_(%/ola(ss)ds_t—ll—L/oxa(Ss)dS>p>
Z(H_L)_%(1_(p—11)L/01a(Ss)ds_%(/ol$ds)p>' 0<x<1, t>0,

Set 1 1 p
1 S S

For each L > L, one gets from (3.1) that

ol 0 ol
- =P > .
5 9x (a(x)ax) P >0, 0<x<1, t>0

It is noted that

A

o1l
. ou _ . S .
xgrgl+a(x)ax (x,£)=0, 0(1,t)>0, t>0

Therefore, 7 is a supersolution to the problem (1.6)-(1.8) if
up(x)<n(x,0), 0<x<1. (3.2)

Thanks to Proposition 2.1 (ii), there is a global solution to the problem (1.6)-(1.8)
if ug satisfies (3.2).
Turn to the blowing-up case. Set

(=2 0<x<1/2,
14cos(2x—1)m, 1/2<x<1.

It is clear that € C' ([0,1]) is piecewise smooth, and satisfies {’(0)=0 and {(1)=0.
Owing to (1.9), one gets that

(a(x)¢'(x)) "= 27 (x)sin(2x —1) r—47%a(x) cos(2x — 1) 7t

—27t|a’ (x)|—4m*a(x)cos(2x —1) 7

—47? (a(x) +M) (1+cos(2x—1)m)

v

v

27
—4m*MZ(x), 1/2<x<1,

v

where

_ 2" ()],
M—sup{a(x)+ = .1/2<x<1}.
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Assume that u is a global solution to the problem (1.6)-(1.8). It follows from Defi-
nition 2.1 and the Holder inequality that u satisfies

%/Olu(x,t)g(x)dx
_ /O 1% (a(x)g—Z) Z(x)dx+ /O L ()7 (x)dx

> _4M /0 (07 () dx+ < /0 1§(x)dx) o ( /0 1u(x,t)§(x)dx) '

> —4712M/01u(x,t)§(x)dx+21_p (/Olu(x,t)g(x)dx) P, t>0.

If uy is sufficiently large such that

1
-1

/Oluo(x)g(x)dxz (2P P22 M) 7T,

then
1

= () (x)dx =27 ( | u(x,t>c<x>dx) |0

Therefore, there exists T >0 such that

lim 1 u(x,t)(x)dx=-+oo,

t—=T-.J0
which leads to
lim supu(-,t) =+oo.
t—T- (0,1)
That is to say, u must blow up in a finite time. O

Proof of Theorem 2.2. Thanks to (1.9) and (1.11), there exist two positive constants
M and M, such that

—Mla%(x)ga’(x)nga%(x), a(x)>Myx7, 0<x<l. (3.3)
Set
1 d 5 0 1
X)= —4das ), <x<l1,
C(S( ) (/x a(s) )
where 0<6 <% is a constant to be determined. It is clear that ;€ C?((0,1]) satisfies

Cs(1)=0, Cs5(x)>0 for 0<x<1,
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and

52
(a(x)Cf;(x))’:é(j(;)l) (/xla(ls)ds) , O<x<l. (3.4)

It follows from the second formula in (3.3) that

/1ids< 1 Lo g} g<x<t
xa(s) T My(y—1) \xr1 ! )

Hence, {5 € L'((0,1)) and there exists a constant M3 >0 independent of  such
that

1
| Gsx)dx<ms. 65)
0
It follows from (1.9) and the first formula in (3.3) that
1 a’(x) 2 1,/
> =—(—
o) W) ) 0t
which yields
/1Lds>i(a_%(x)—a_%(1)) 0<x<1 (3.6)
xa(s) T M ! ) '
Due to (1.9), there exists xp € (0,1) such that
a(1)

a(x)<T, 0<x<xy,

which, together with (3.4), leads to

11 1
——ds>———, 0<x<xp. 3.7
/xa(s) S_Mlal/z(x) T (3.7)
Hence,
L /1Lds _2<M2 O<x<x (3.8)
a(x) \Jx a(s) - 0 '

Thanks to (3.4), (3.8) and (1.9), there exists a constant M4 > 0 independent of §
such that
(a(x)5 (%)) > —MydZs(x), 0<x<1. (3.9)

For 0<e< 1, let e € C*([0,1]) satisfy

0, 0<x<g
P‘s(x):{

1, 2e<x<1,
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and

;| ()| < 2 0<x<l.

0<pe(x) <1, 0<pe(x) &2’

mll\)

Assume that u is a global solution to the problem (1.6)-(1.8). It follows from Defi-
nition 2.1 that

g / 1u<x,t>us<x>c5<x>dx

/ 1
= [(utx (0)2s(x))) i+ [0 (x,)pe(x)8s ()
= [ upe () ax)850) et [ u(o)p (o) (2a(x)25 () + (0)2s(x)) v
+/Ze (x)Zs(x dx+/ uP (x,t)pe (x)Cs(x)dx, t>0. (3.10)

Owing to (3.7) and 0< 4 < % <1, one gets that

a(x)Z5(x)] =4 </ 1%d5)5_1§5(M1a5<x>)1‘5

=5MI a7 (x), 0<x<xo. (3.11)

It follows from the first formula in (3.3) that
(a%(x))lg %, 0<x<1,
which, together with (1.9), leads to
a(x)<—=x%, 0<x<1. (3.12)

Thanks to (3.3), (3.12) and 0 < < %, one gets that

o (x)2s(0] =o' ] | 1%@)5

) 2 k)
M 1 1
< _
Mya (x ( Mzs” )— 2 <Mz(’Y—1) (x’r—l 1))

1=00-1)  g<x<1. (3.13)

<—
T 2M5(y—1)?
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Due to (3.11), (3.13), (1.9), y >2 and 0<é <1/, it holds that
lim sup { [2(x)25(x) +a' (v)25(+)];

e—0t

} —0. (3.14)

Letting e— 07 in (3.10), one can obtain from (3.14) and the Holder inequality that
d rt
5 / ()35 (x)dx (315
—/ dx+/ uP (x,t)Cs(x)dx

> [ () (a0 )’olx+(/0 c5<x>dx)1_p(/Olu<x,t)¢5<x>dx)P, =

Substitute (3.5) and (3.9) into (3.15) to get
d rl
a/o u(x,t)fs(x)dx
>_M 5/1u(x 125 (x)dx+ ML P /1u(x NG(dx) , £>0.  (316)
= 4 0 7 ) 3 0 ’ 1) ’ . .

For a nontrivial u), it is noted that

1

inf dx>0.
o nf ) ()8 (x)dx>

Hence, there exists a sufficiently small 0 <6 <  such that

2Myé gM;_P (/Oluo(x)gg(x)dx) P_l.

It follows from (3.16) that

1 1 p
%/0 u(x,t)Cé(x)dxzéM;_P (/0 u(x,t)g;(x)dx) . t>0.

Therefore, there exists T >0 such that
1
lim [ u(x,t)Cs(x)dx =00,
t—T-J0

which leads to

lim supu( t)=+o0.

That is to say, # must blow up in a finite time. O
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4 Problem in an unbounded interval

In this section, we prove the theorems for the problem (1.12)-(1.14) in an un-
bounded interval. It is noted that Theorem 2.6 is a corollary of Theorem 2.2 and
Proposition 2.2, and we need only to prove Theorems 2.3-2.5.

Proof of Theorem 2.3. First prove the Case (i). For p<3—A, set y=(3—A—p)/2.
Owing to (1.16), there exists a constant Ry >0 depending only on a such that

xa'(x)
A+7, >Rj. 4.1
a(x) < +77 X =R ( )
Hence,
1)\ o R 42
XA <U  x=RKp (4.2)
It follows from (4.2) and (1.15) that
R
a(x)ga(Aj)x””, x>Rj. (4.3)
Ry
For R >0, set
1, 0<x<R,
1 —R
CR(¥)=1 5 <1+Cos¥), R<x<2R, (4.4)
0, x>2R.

It is clear that (g € C!(]0,+00)) is piecewise smooth and satisfies

(a(x)ag(x))/:—%a’(x)sin(X_RR)N—;;a(x)cos@, R<x<2R. (4.5)

Thanks to (4.1), (4.3) and (4.5), one gets that for R>R;,

/ / A . — 2 .

Z—%a(x) (A—j;”ﬂ) <1+COS@)

2 —
> )ilJ(rRl) <A+;7 —l—l) XM <1+C087(x R)ﬂ)
2R1 ’7R2 7T

>N RM17273(x), R<x<2R, (4.6)
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where

A1 2
N1:2 7T H(Rl) <)L+77+1)

A
Rl +1 7T

Assume that u is a solution to the problem (1.12)-(1.14). Definition 2.2, (4.6) and
the Holder inequality yield

i/OJroou(x,t)gR(x)dx (4.7)

dt
= [T ()5 @) a1 (R () dx
> —NlRA+77—2/O+OOu(x,t)§R(x)dx—|— (/(J+OO§R(x)dx) o (/(J+oou(x,t)§R(x)dx) ’

o A+n—2 e 1-ppl-p oo P
>—NiR u(x,t)Cr(x)dx+2""PR u(x,t)Cr(x)dx ) , t>0.
0 0

It follows from the choice of 77 that A+#7—2 <1—p. Hence, there exists a suffi-
ciently large R > R; such that

400 p—1
2N RM1=2 < 1=PRI-P (/ uo(x)LpR(x)dx) :
0

It follows from (4.7) that

d +o00 1 400 p
E/ u(x,t)lg(x)dx>2"FPR*"77 </ u(x,t)CR(x)dx) , t>0.
0 0
Therefore, there exists T >0 such that
—+o0
lim u(x,t)Cr(x)dx=-+oo,
t—=T-J0
which leads to
lim sup u(-,f)=+oo,
t—T~ (0,400)
i.e. u blows up in a finite time.

Turn to the Case (ii) that p >3 —A. Thanks to Theorem 2.1, Propositions 2.1
and 2.2, the solution to the problem (1.12)-(1.14) blows up in a finite time if ug
is suitably large. Below we prove that the solution to the problem (1.12)-(1.14)
exists globally if ug is suitably small. Set

o £ nA(x)
u(x,t)—mexp{— t+L }, xZO, tZO,
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where ¢ and L are positive constants to be determined below, # is a constant such
that

(4.8)

and
A(x)z/x—s ds, x>0
oa(s) = "7

Here 7 and A are well-defined owing to p >3—A and (1.10). Direct calculations

show that
ol o o1
- _ - _— ) 7P
ot ax<”’(x)ax> !

:m(;y(a(x)fl'(x))/_%) eXp{_iﬁ—(i)}

&7 / nA(x)
g (A=) (4 ) enp {2250}

e _1pAK)
" (t+L)p/(p=1) eXp{ t+L

L S —L ex _M
~ v\ p=1 )P\ T L
2
0 S g X _7A(x)
NP </o a5 a(x))exf’{ =N) }
il pA()
+me)(p{—ﬁ , x>0, t>0. (4.9)
It follows from the L'Hospital rule and (1.16) that

lim 5 [* 2 ds= lim ax) ___ 1
x=teo x2 Jo a(s)  x=te2a(x)—xa(x)  2—A

Thanks to (1.15), (4.8) and (4.10), there exists a constant xy > 0 such that

(4.10)

s nx
2 ds— 1= > > xo. .
/Oa(s)ds 20 ¥ 4.11)

It follows from (1.15) and the first formula in (1.16) that x?/a(x) (x € (0,x¢)) is
bounded. Choose suitably large L >0 and suitably small ¢ >0 such that

2
n nx-. <1 1 P—1<1 b
Lsup{a(x).0<x<x0}_2< p—l)’ € <5 p=1)" (4.12)



X.Jing, C. Wang and M. Zhou / Commun. Math. Res., 39 (2023), pp. 54-78

Using (4.11) and (4.12), one gets from (4.9) that

on d o1l
—_OP > .
5 9% (a(x)ax) >0, x>0, t>0

It is noted that

A

lim a(x)a—u (x,£)=0, t>0.

x—0+ ox

Therefore, 7 is a supersolution to the problem (1.12)-(1.14) if

up(x) <(x,0), x>0.

69

(4.13)

Thanks to Proposition 2.2 (ii), the solution to the problem (1.12)-(1.14) exists glob-

ally in time if u( satisfies (4.13).

O

Proof of Theorem 2.4. Let p > 1. It follows from Theorem 2.1, Propositions 2.1 and
2.2 that the solution to the problem (1.12)-(1.14) blows up in a finite time if uy is
suitably large. Below we prove that the solution to the problem (1.12)-(1.14) exists

globally if uy is suitably small. Set

2A(x) )}, >0

A €
a(x,t)= WGXP{_W

where ¢ and L are positive constants to be determined below, and

* s
A(x):/o mds, x>0,

t>0,

which is well-defined due to (1.10). Similar to the proof of (4.9), it holds that

a9 awm\ .
§—$<a(x)£)—up

B 3 B 2A(x)

T (p-) (L) D eXp{ (p—D(t+L) }

€ X g x2
i <p—1><t+2L>v/<v—1>+1 (/o " <p—21>a<x> ) eXp{‘ (p

ev 2pA(x)
* (t+L)P/ (-1 e"p{_ (p—1)(t+L) }

2A(x)

e B 4x? exn) 2A(x)
Z(P—l)(tJrL)P/(P‘” (1 (P—l)(t+L)a(x)) p{ (P—l)(H-L)}

i 2pA(x)
—i—mexp{_m}, x>0, t>0.

m}

(4.14)
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If A =2, it follows from the third formula in (1.16) that there exist two constants
x1 >0 and S >0 such that

a(x)>S1x%, x>x. (4.15)

If A > 2, it follows from the second formula in (1.16) that there exists a constant
xp >0 such that
xa'(x)—2a(x)>0, x>x,,

which yields

a(x)> a(xzz) X%, x> x. (4.16)
X
2

Thanks to (1.15), the first formula in (1.16), (4.15) and (4.16), there exists a constant
S, >0 such that

N

* <5, x>0 (4.17)

a(x) ~
Choose

1

_852 B 1 p-1
o () a1

One gets from (4.14), (4.17) and (4.18) that

o1 0 o1
- — | =P > .
5 9x (a(x)ax) " >0, x>0, t>0

It is noted that

A

lim a(x)a—u (x,t)=0, t>0.

x—0t ox

Therefore, 7 is a supersolution to the problem (1.12)-(1.14) if
up(x) <#(x,0), x>0. (4.19)

Thanks to Proposition 2.2 (ii), the solution to the problem (1.12)-(1.14) exists glob-
ally in time if 1 satisfies (4.19). O

In order to prove Theorem 2.5, we need the following two lemmas.
Lemma 4.1. Assume that a € C([0,4+00))NC!((0,+00)) satisfies (1.15), (1.10), (1.16)
and (1.17). Let p=p.=3—A and u be a global solution to the problem (1.12)-(1.14).

There exist two positive constants Ry and N, depending only on A and a, such that for
any R> Ry,
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%/()Jroou(x,t)glg (x)dx (4.20)

3-A

—N,RA2 /0 +oou(xrt)CR(x)dx+2A_2RA_2 < /0 +oou(x»f)CR(Jc)dX) , >0,

where (R is defined in (4.4).

Proof. It follows from Definition 2.2 that u satisfies

d [t
a/o u(x,t)Cr(x)dx
+o0 +o0
=/0 u(x,t)(a dx—l—/ (x,t)¢r(x)dx, t>0. (4.21)

Owing to (1.16) and (1.17), there exist two constants R, >0 and L >0, depending
only on 4, such that

xa'(x)

a(x)

<A+1, a(x)<Lx)‘, x> Ro. (4.22)

Hence,
a'(x) < (A+1)Lx*1, x>Ro. (4.23)

Thanks to (4.22) and (4.23), one gets that for R>R,,
, oy (=R P (x—R)m
(a(x)CRr(x)) = T '(x)sin R 2Rza(x)cos —x

B (A+1)LxA_1Sin(x R)7 nzLxACOS(x—R)n

= 2R R 2R2 R
2L (A+1 (x—R)7
> (2= A
> 2R2< = -1—1) <1+COS R )
—N,R* 2R (x), R<x<2R, (4.24)

where
A+1
No =221 (%H).

Thanks to (4.21), (4.24) and the Holder inequality, one gets that for R> Ry,

d A=2

a/()Jroo”(x't)gR(x)de —NzR)‘_z/(]+oou(x,t)CR(x)dx+ (/0+OO€R(x)dx)
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3-A

X (/0+oou(x,t)CR(x)dx) , >0,

which leads to (4.20). O

Lemma 4.2. Assume that a € C([0,400))NC!((0,400)) satisfies (1.15), (1.10), (1.16)
and (1.17). Let p=p.=3—A and u be a global solution to the problem (1.12)-(1.14).
Then for any R> Ry,

+o0 _ 1
/ u(x,H)Zr (x)dx <2FANTT, £>0, (4.25)
0
d +o00 3=
= / u(x,H)Zr (x)dx > —2NZ TRV, 10, (4.26)
0
and
d +o0 A +o0 %
$/0 u(x,t)7g (x)dx >R 2 (/0 u(x,t)gR(x)dx) (4.27)

Njo1

x (—Nz ( /R 2Ru(x,t)gR(x)dx) %+2H ( /0 +oou(x,t)§R(x)dx)

where (R is defined in (4.4), and Ry and N, are given in Lemma 4.1.

—A
), >0,

Proof. First we prove (4.25) by a contradiction. Otherwise, there exists ty >0 and
R> R such that

Lo 2-A
2N, <212 (/ u(x,to)gR(x)dx) .
0
It follows from (4.20) that

0 00 3—A
%/; u(x,t)CR(x)dxzzA—3RA—z (/0+ u(x,t)CR(x)dx) , t>ty,

which leads to that u must blow up in a finite time since 0 <A <2. Hence, (4.25)
is proved.
Second, from (4.20) and the Young inequality, one can get that

%/0+oou(x,t)CR (x)dx

>A-2RA-2 (_22—?\]\]2/()+00u(x,t)§1g(x)dx—|— (/()+oou(x,t)§R(x)dx) 3_A>
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1 [t 2 -
ZZA_zR/\_Z <_3—)L (/ M(X,t)gR (x)dX) ——(ZZ_AN2)%_7A
- 0

4 ( /O +Oou(x,t)§R(x)dx) H)

3—A
> _ONZARM2 >0,

N

which is just (4.26).
Finally, it follows from (4.21), (4.24) and the Holder inequality that
d [t d
S unir(xdx
2R
=/ u(x,t)(a(x)g dx+/ (x,t)Cr (x)dx
2R A—=2 +oo 3—-A
> —NZRA_Z/ u(x,t)Cr(x)dx+ (/ CR(x)dx) </ u(x,t)CR(x)dx)
R 0 0

3-A

—NZRA_Z/RZRu(x,if)CR(x)dx—i—ZA_zRA_2 (/0+oou(x,t)§R(x)dx)

>RN2 </0+001,t(x,t‘)§1g(x)dx):12

X <—N2 (/I:Ru(x/t)CR(X)dX) %+2A—2 (/O+°ou(x,t)CR(x)dx) _A> , >0,

which is just (4.27). O

NIl

Proof of Theorem 2.5. Let {r be defined in (4.4), and R; and N, be given in Lem-
ma 4.1. Assume that u is a global solution to the problem (1.12)-(1.14). For any
R>R,, set

w () = /O )R (x)dx, E0.

Denote
—+o0

A= sup wg(t)=sup u(x,t)dx. (4.28)
R>0,t>0 t>0 /0

It follows from (4.25) and the nontriviality of ug that 0 < A < 4-co. For g9, there
exists t; >0 and Ry > R, such that

wRO(tl) ZA—E(), (4.29)
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where g9 > 0 is a constant to be determined below. For any ¢ > t;, it follows from

(4.26) with R=R( and (4.29) that
378 A2
wRO(t) szO(tl)—ZNZZ*ARO (i’—i’l)
3—-A
>A—e9—2N; "R} 2(t—t),
which, together with (4.28), leads to

4R,
||l ear, (1)dx

Ro
g/()+oou(x,t)dx—/+oou(x/t)CRo (x)dx

0
3-A
<eg+2NZ R} 2 (t—1).

Choosing R=2Ry in (4.27) yields

d 1
awZRO(t) 2 (2R0))\ 2ZU§RO(1')

Fix g9 € (0,A) and 7 >0 such that
Na(eo+7) <2'3(A—go) i1,

Owing to (4.28)-(4.30), it holds that

d 55— _
aszo(t)EZM SROA 2(/\—80)3 /\, h<t<ty,

where 3

1 —
tz — tl +§N2 2-4A

>

2-A
TRy .
It follows from (4.29) and (4.31) that

WaR, (t2) > wory (1) +2% PRy "2 (A—e9)*> Mta—t1) > A—eo+70,

where
3—A

Yo=2""ON, T t(A—gg)> M

(4.30)

(4.31)

(4.32)
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Thanks to (4.26) with R=2R( and (4.32), one gets that
3-A
W2R, (t) > WaR, (tz) — 2N22_/\ (ZRo))\_z (t — tz)

3-A
>A—eg—2N; " (2R0)* 2(t—ty), t>ty,
which, together with (4.28) with R=2Ry, leads to

8Ro
|, () ar, ()dx

Ro
g/(J+oou(x,t)dx—/()+oou(x,t)§2R0 (x)dx

3-A
§€0+2N22_/\ (ZRo)A_Z(t—tz), t>tr.
Taking R=4R in (4.27) yields
d

1
S5704Ro (1) = (4Ro)* 2wl (1)

8Ro 3 s 5a
X —N2<A u(x,t)C4Ro(x)dx) +2' 2w T |, t>h

Ro
Thanks to (4.31)-(4.33), one gets that

d _ _ _
EZUALRO(t)ZZZA 5(2R0)/\ 2(A—€0)3 /\, ty <t<fts,

where ,

t3=1r+ %N2 2=A T(ZR())Z_/\.
It follows from (4.31) and (4.34) that

W4R, (t3) > war, (t2) +2222 (2R (A —eg)P M (13— 1)
> woR, (t2) +70 > A—eg+20.

>

Repeating the procedure in turn, one obtains that for any positive integer i,

Waig, (tit1) = Waig, (t) + 70 = Woi1p, (1) + 710 = A—€o+ivo,

where | s
ti+1=ti—|—§N2_ PAr(27IRg) A
Therefore oo
sup u(x,t)dx =4o0,
t>0 /0

which contradicts (4.28) and completes the proof of Theorem 2.5.

75

(4.33)

(4.34)
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5 Problems with inner degeneracy

Similarly to the proof for the problems (1.6)-(1.8) and (1.12)-(1.14) in Sections 3
and 4, one can establish the similar theorems for the following problems with
inner degeneracy

0 0 0
a_?_ﬁ (a(|x|)£) =u?,  (x,t)e(-1,1)x(0,T), (5.1)
u(£1,£)=0, te (0,T), (5.2)
u(x,0)=up(x), xe(—1,1), (5.3)
and
Jou 0 ou
§:$<a(|x|)$)+up, (x,t) eRx(0,T), (5.4)
u(x,0)=up(x), xeR. (5.5)

We state the results without proof.

Theorem 5.1. Assume that a € C([0,1])NC*((0,1]) satisfies (1.9) and (1.10). The so-
lution to the problem (5.1)-(5.3) exists globally in time if ug is small, while blows up in
a finite time if ug is large.

Theorem 5.2. Assume that a€ C([0,1])NC!((0,1]) satisfies (1.9) and (1.11). Then any

nontrivial solution to the problem (5.1)-(5.3) must blow up in a finite time.

Theorem 5.3. Assume that a € C([0,4+00))NC!((0,+00)) satisfies (1.15), (1.10) and
(1.16) with 0 <A < 2.

(i) If 1 <p<3—A, then any nontrivial solution to the problem (5.4)-(5.5) must blow
up in a finite time.

(ii) If p>3—A, then the solution to the problem (5.4)-(5.5) exists globally in time if ug
is small, while blows up in a finite time if ug is large.

Theorem 5.4. Assume that a € C([0,400))NC!((0,+00)) satisfies (1.15), (1.10) and
(1.16) with A >2. For p>1, the solution to the problem (5.4)-(5.5) exists globally in time
if ug is small, while blows up in a finite time if ug is large.

Theorem 5.5. Assume that a€ C([0,+00))NC((0,+00)) satisfies (1.15), (1.10), (1.16)
and (1.17) with 0< A <2. For p=3—A, any nontrivial solution to the problem (5.4)-(5.5)
must blow up in a finite time.

Theorem 5.6. Assume that a € C([0,400))NC((0,400)) satisfies (1.15) and (1.11).
Then any nontrivial solution to the problem (5.4)-(5.5) must blow up in a finite time.
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