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Abstract. In this paper, we prove the global existence and uniqueness of so-
lutions for the inhomogeneous Navier-Stokes equations with the initial data
(po, o) €L®x Hj, s> % and [|uo|| g5 <&o in bounded domain QCIR?, in which the
density is assumed to be nonnegative. The regularity of initial data is weaker
than the previous (po,u) € (WY"NL®) x H} in [13] and (po,uo) € L® x H} in [7],
which constitutes a positive answer to the question raised by Danchin and
Mucha in [7]. The methods used in this paper are mainly the classical time
weighted energy estimate and Lagrangian approach, and the continuity argu-
ment and shift of integrability method are applied to complete our proof.
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1 Introduction

In this work, we will investigate the global existence and uniqueness of solutions
to the following inhomogeneous incompressible Navier-Stokes equations:
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pr+u-Vop=0 in R™xQ, (1.1a)
pur+pu-Vu—Au+VP=0 in RTxQ, (1.1b)
divu=0 in RT xQ (1.1c)

with the initial and the boundary conditions

(0,0u)|t=0 = (p0,L0t0),
u(t,x)=0, x€9Q,

and p,u, P standing for the density, velocity and pressure respectively. This sys-

tem originated from the theory of geophysical flows, which describes incom-

pressible fluids with different densities, and is also widely used in the research of

two miscible fluids. One may check [14] for the detailed derivation of this system.
The weak solution theory of this system (see [14]) is well known. If

0<pg<p* for some p* >0 and /poug € L?,

there exists global weak solutions (p,u) to system (1.1) such that for all t >0

2 t
[Vewu®| +2 [ Ivuladr< /ool
0<p(t)<p* and /dex:/ﬂpodx.

However, the uniqueness of such weak solutions is still an open problem. As far
as we know, Ladyzhenskaya and Solonnikov [12] firstly proved the global well-
posedness of system (1.1) with the small data and the density bounded away
from zero. After that, many classical results appeared.

When the density is a constant, the system (1.1) is reduced to the incompress-
ible Navier-Stokes equations

(1.2)

ur+u-Vu—Au+VP=0,
divu =0.

In the seminal paper [9], Fujita and Kato proved the global well-posedness for
the initial data ug € H%_l(l[{d) satisfying HuOHH%‘l <gp with small gg >0. Itis

well known that the space H 21 (R) is critical for its important property that the
norm is invariant under the scaling of the equation

u(t,x) — Au(A%t,Ax),

which means that if u(t,x) is a solution of (1.2), then so does u, = Au(A%t,Ax).
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In fact, the system (1.1) also has a similar scaling invariant property. And
Danchin [3] proved the local well-posedness in critical Besov space with

4 41
po—1€B) (RY), wpeB), (RY), 1<p<2d.

Relying on the use of Lagrangian coordinates, Danchin and Mucha [4, 5] further
considered the case of discontinuous density. And then Paicu and Zhang [8] es-
tablished the well-posedness results with the velocity belonging to general critical
Besov spaces by using the maximal regularity of heat equation. What should be
mentioned is that the global results in [5] are obtained under the smallness as-
sumption of initial density, Paicu et al. [15] removed the smallness condition and
proved the well-posedness of solutions with the initial data up € H'(R?), which
improves the results in [5] that uy € H>(IR?). Later, Chen et al. [1] established the
Fujita-Kato theorem with discontinuous density. However, all of these results
require that the initial density is bounded away from zero.

When the initial density is nonnegative, that is the initial vacuum is allowed,
Choe and Kim [2] firstly proved the local existence and uniqueness of strong so-
lutions. But in their work, a compatibility condition must been satisfied by initial
data, that is

—Aug+VPy=,/pog for gel? and PyeH'(Q). (1.3)

Very recently, Li [13] observed that the condition (1.3) can be removed, and lo-
cal existence and uniqueness are proved in bounded domain with the initial data
0<pp<p*and pg € W7, After, Danchin and Mucha [7] improved their results
and established global existence and uniqueness with arbitrary initial density ful-
filling 0 < pg <p* <o, p* >0 in bounded domain.

Motivated by the above works, in this paper we are devoted to relaxing the
regularity of initial velocity ug in the presence of vacuum, more precisely, 1o € Hj
and s> % In fact, we are more interested in the case s< 1, and for convenience we
always default s € (%,1) in this article.

Notations: For the positive constant g € [1,00], L7 denotes the standard Lebes-
gue space. And for real number m, H" and H" denote the nonhomogeneous
Sobolev space and homogeneous Sobolev space respectively, with the norms

Hu||‘?qm:Z/(1+|€!2)’”|ﬁ(€)!2d€, Hu||2-m:=/|C!2’”|ﬁ(€)!2d€,

where 71(¢) is the Fourier transform of u. We also use H'(Q2) to denote the clo-
sures in H™ of the space

Co’(Q):={¢peC®(Q)|suppp CC Q}.
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Throughout this paper X — Y denotes X embedded into Y, and X << Y means
X embedded into Y compactly. By the way, [ fdx indicates the integral of f over
(), and C stands for different positive constants in different places.

The main results of this paper are shown as follows.

Theorem 1.1. Let Q) be a bounded subset of R with a smooth boundary. Consider any
data (po,up) satisfying for some constant p* >0, % <s<land 0<eg<<1

0<po<p*, upeH;, divug=0, |jug|lps<eo,

where ¢y depends only on p*, s and |Q)|. Then, system (1.1) supplemented with data
(po,uo) has a unique global solution (p,u) satisfying 0 <p(t,x) <p* and

Eo(t) <Clly/pouollf2,  Ex(t) <Clluollts, Ea(t) <Cllug|hs (1.4)

for t€[0,00), where

t
Eo(t):/p|u(t,x)]2dx+/ /]Vu|2dxdr,
0
t
El(t):a(t)1_5/|Vu|2dx+/ /a(r)l—s (plue P+ V2ul2+ |V P2) dxd,
0
t
Ea(f) =o(£)2" / (ot P+ V2uP+ |V P) dr+ /0 / o (T)25| Vi |PdxdT

with o(t) =min{1,t}.

Remark 1.1. What we need to explain is that the power of weight o () in the
energy functionals E;(f) is reasonable and natural (see [1,15]), which plays a key
role when we try to reduce the initial regularity in [7].

Remark 1.2. The initial vacuum is allowed in this paper, that is the assumption
of 0 <cp<pop in [1] is removed. Moreover, the compatibility condition in [2] is not
needed.

Now let us explain our main difficulties and ideas. If the initial density is
bounded away from zero, we have 0 < ¢y <p(t,x) and further obtain

1 1
||u||Lst5¢ﬁu <~ JlvAotolz

L2

while the singularity brought by vacuum makes it ineffective. Without the bound
of ||u|;2, the convective terms will bring us difficulties when we establish H!
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estimate (see [11, Eq. (2.5)] for details). To overcome this difficulty, we make use

of continuous method and give out the bound of || p%u|| 13 instead. On the other
hand, comparing that with [7], the tedious power brought by time weight is also
a difficulty.

The rest of this paper is arranged as follows. In Section 2, we perform some
uniform priori estimates of solutions and prove global existence of solutions. In
Section 3, the uniqueness of solutions is proved. In Section A, some notations
and preliminary lemmas are given for the paper self-contained and reader’s con-
venience.

2 Regular estimate and existence of solutions

The purpose of this section is to present the proof of the existence part in Theo-
rem 1.1. Let je be the standard Friedrich’s mollifier. We define

0 =Po*jete,  Uy=Uo*Je,

then, according to the classical strong solution theory for (1.1) (see [4]), there ex-
ists a unique global smooth solution (p%,u°) corresponding to smooth data (0§, uf))
which satisfies e<p<p*. And the existence part of Theorem 1.1 essentially follows
from (1.4) for (p*,u*) and a standard compactness argument.

To simplify the notations, we will omit the superscript € in what follows. Since
the standard L? energy estimates are well known, we start with H! estimates and
give the following proposition.

Proposition 2.1. Assume (p,u) is a smooth solution to system (1.1) with the data satis-
fying

[o]| s < <0,
where 0<eg < <1 depends only on |Q)|, s and p*. Then there exists a constant C >0 such
that for all 0< T < oo and t€[0,T)|

sup ||o5u| s <2|uo| 3
te[0,T]

and
1-s

S‘[éPT] o () 2 Vu(t)|| 2+ |o(t) B Vou 12(0,1,12) " o (t) 2 v I 12(0,T;L2)
telo,

+|o () 7 VP|| 2 g 72 < Cluiol 2.1)

0,T;L2

where o(t) Zmin{1,t}.
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Proof. We prove this proposition in three steps by continuity argument.

Step 1: We assume that there exists a T > 0 such that

sup ||o5u| s <2luo| 3,
te[0,T]

because (p,u) is smooth and for ||ug||gs < ey,

N » 3 * 3 2
ol| , <p"lluollzs <o lluolls <lluolzs-

(2.2)

Step 2: We will prove (2.4)-(2.5) under the assumption (2.2). To do this, we
take the L? inner product of the momentum equation in (1.1) with u; and obtain

27,1 2
/p]ut| dx+2dt/]Vu| dx

—/p(u-Vu)~utdx§ E/p|ut|2dx—i—%/p]u-Vu|2dx.

[ o] +-2 1ol < [olu-ufds.

That is,

In order to estimate the second derlvatlves of u and the gradient of pressure, we

rewrite (1.1b) and (1.1c¢) as

—Au+VP=—pu;—pu-Vu,
divu=0,

which along with the L? estimate on the Stokes system ensures that

IV2ull22 + IV PIIZ2 = lp (e 1 Vo) |72

<2p0* (/p|ut|2dx+/p|u-Vu|2dx).
Hv” L2+2HV

3, 1.1
SE/PW'V”’ZWSE(P >3HpsuHL3\|wui6

Hence,

1
+ 7 IVl VIR

(2.3)
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Thanks to the Sobolev embedding H! < L® and (2.2), integrating on [0,T] with
respect to time t, we have

sup ||Vu(t) ||L2+H\/7ut

te[0,T]
+ VPl 200,1,02) < C(0") [ Vo[ 2

12(0TL2) +(|V? ”HLZ 0,T;L2)

Similarly, we obtain

o NCOIZIO] e NEOrare
2 2
L (Ieowal 4] yetrve )

E/ Hplu-Vul*dx+||Vu|?,

<2(0") otul s er +IVull,,
where o(t) Zmin{1,t}. From which, we infer
sup [|o )7t ,+ o0

te[0,T]
|| yov mmHF

<Ce)NVullizo,mr2) < Cle") 1ol 2,

L2

L2(0,T;L2)

L2(0,T;L?)

where we used the following energy inequality (see [2,12] for details):

t
Ivoulle+2 [ [ Vuldr <y /ponol

Be similar to [15], taking advantage of Riesz-Thorin interpolation theorem and
Stein interpolation theorem in [10], we obtain

sup [|o(t) 7 *Vu(t HL2+H 1TS p(t)us(t)
t€[0,T]

o) V2| g o)+ 0T VP 2oy <Cllollie. @4

12(0,T;L?)

That is to say, we can get (2.4) when (2.2) holds.
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Next, we are going to establish

1 3
sup [|o%ul[}5 < lluol3 25)
te[0,T]

under the assumption (2.2). In fact, since

EP <2
o[, < o,

there exists 0 < Ty <o (T) such that

3
sup ||o3ul[}, < HuOHHS 5 Il
tE[OTﬂ

And then we only need to bound

sup [[p3ul|}; < HuoHHs
te[Ty,T]

Multiplying the momentum equation of (1.1) with 3|u|u and then integrating on
Q yield

%/p]u]3dx:/pt]u]3dx—3/(pu-Vu)-]u]udx
+3/Au-|u|udx—3/VP-|u|udx.
Using the continuity equation of (1.1) and integration by parts, we obtain
%/p|u|3dx:—B/Vu-V(|u|u)dx—3/VP|u|udx.
The Holder inequality and Sobolev embedding H' — L° further imply
d 3 > > 2
E/Plul dx <3[ul| s |[Vull 2 [ Viell 1o +3]V Pl 21|14
3 1 1
<3ull o | Vaell 72 [Vl 6 +3|QUF IV P 2 |7
3 1 1
<3|[Vull 7|Vl £ 4310 [ VPl 2| Va7
Integrating on [Ty, T] with respect to time ¢, we have

4
sup_[[pbulfs < (3+3101% ) (Ti+Zo)+5 luole
te[Ty,T)
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where
s [T 3 192yl2 2
ni2 [ VULVl + VPl Tl
s (7T 3 102,12 2
Iz=/T IVull 2 V7ull 2 AV P2l V|24t
1

For 7, obviously what we care most about is the case that T > 1, on account of
that o(T) =T, when T <1. Take advantage of Holder inequality and Young’s
inequality, we get

T 3 1 T
T < sup [ Vulpa [ Vul V20l fdt+ sup [Vulla [ IVP]ga] Vul

te[1,T] te[0,T]

5 2 Lo 2 1 2
< sup |[Vul2 ([ ZIVul+ V20l VPl ).
te[1,T) 1

Notice that o(t) =1 in (2.4) when t € [1,T], therefore

1
Ty < Clluo |3 € ———— o[-

12(3+]Q]s)

When t € [T1,0(T)], it is clear that o(t) =t, and then we obtain for Z,

o(T) 3 ~200+3 i
2(5 3 1_ 1_ 2 1 1_ 2 2 4 45
IZ:/Tl t( 0—3)(1—s) (t 5||Vu||L2) (t SHV MHLZ) ||VM||L20dt

RO (e wul, ) (1P ) Vul e
3-89

- o(T) 20/ 1o(T) _206-46)1-s) \ &
§C||MO||HS50+3 (/T ||Vu||%2dt) </T £ 385 dt)
1

1
149,

o(T) 209 o(T) _ (3—45p)(1-s) — !
4l ([ i) ([T )
1

1

1
<Cllug 3s§— Up 2
([0 [ 1 12(3+|Q|é)” |1

with §y= %. Thus, (2.5) is given when (2.2) holds.

Step 3: We will finish our argument based on the continuity method. Set

T* =sup{T|(2.2) holds}, (2.6)
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we claim T = co. Otherwise, T* < co the continuity on time and (2.5) will admit
us to find a T** > T* such that (2.2) holds for T=T**, which contradicts (2.6). The
proof of Proposition 2.1 is finished. ]

Next, we turn to estimate time derivatives. More precisely, we shall bound
o (£)*2 Vuy in L2(0,T;L2).
Proposition 2.2. Assume (p,u) is a smooth solution to system (1.1). Then there exists
a constant C >0 such that for all 0 < T < oo and t € [0,T]

sup (ot Ily/pus 2+ o (6725 V2ul 2+ (5[ VP12 )
tel0, T

—I—HU(t)z%sVutH;( )SC“”OHL}{S-

0,T;L?
Proof. Derivative the momentum equation of (1.1) with respect to ¢
putt+piur+piu-Vu+pup - Vu+pu-Vu —Auy+ VP =0,

and take the L? scalar product with o (t)?>~u;, we have

1d
S / 00 (£)2 |uy |2+ / o (£)25 |V [2dx

=(2-5) [ o) JusPdx— [ ot >pi

—/a(t)z_s(ptu-Vu)-utdx—/a(t)z_s(put-Vu)~utdx

5
—/U(t)z_s(pu-Vut)-utdxé Y I (2.7)
i=1

Using the continuity equation and then performing an integration by parts, we
obtain

=2 [ (625 oy s b = % [ (475 div (pu) s Pt

2
= —/(r(t)z_spu- (- Vug)dx.

Thanks to Holder inequality, Sobolev embedding H! — L and Proposition 2.1,
we get

1] < [ (£ plul Vo s
_ 1
12|l s el Vit 2

(1) IV urlf2.

<(p")i

QW —~

<C(p")e
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Similarly, the term I3 can be written as

13:—/U(t)z_s(ptu-Vu)-utdx
:—/O(t)z_spwV((u-Vu)-ut)dx,
that is,
3
1< [o(e7plul (Il ]+l V| + ] V| Vi) 2 Y .
i=1

We bound I5; firstly by making use of Holder inequality, Young’s inequality and
Proposition 2.1, and obtain for all s> %

= (47~ [ plul|VuPjur|ax
<" (1Y el ol | V| | V] .
< C(o* ) ()2 V2l | Vullt: +eo () | Ve |22

2
<C(p*€)  sup o)) VullZ:) o)) V2ull +eo ()7 | Vue |2,
te[0,T]

Clo*€)lluolltzo (1) =1V 2ull72 +eo (£)* || Vur 72,

where € is a small positive constant. Next, we bound I3, as

L =0 (1) [ plul®|V2ulluldx
<" (1) V2ull 2l B e
<C(p" ) (1) Va4 V2u] 2 -eo (62 [V
<Clo" ) ol (1) [V2ul[E +ec (1) | Vs 3

Finally, we deal with I33

133:a(t)z_s/p|u|2|VuHVut|dx
<p*o(t)*~llullfel Vaell ol Vel 2
<Clp",e)e(t)* | Vull 12 VZull T +eo (6| Vil |72
<C(p* €)oo (1) IV 2ullf2+eo (825 Vue 172
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Combining the above estimates of I3;1-I33 gives
3] < (Ced +26 )0 (67 [ Vel Clo" ) o (6 [ 92 .
Next, we turn to treat I4 as
1] < [ ot <plus P Vuldx
< VR (0> | Vull s || /Bte 2 el
< oo (B2 [Vl 2 V2 2B g

< o™, €)o (4 Vall 2 | V20 2 | /Dt 22+ € (82 e |2
sc<p*,e>( sup a(t)l—suwuy)( a(t)z—s||v2u||Lz)a<t)1-S||mniz
te|0,T
e ()25 ],

<Clo"€) (llno I+ (42 =I192ul12: ) o))~ | Jour 2+ e (1)~ | Ve |2

Finally, with the similar calculation to I, we bound I5 as

—/a(t)z_s(pu-Vut)-utdx
< [t =<plul [V el

* —s|| 4%
< Clo")or (£ [j03ul| el o | e .2

<C(p")e3o (£ || V|| 2.

Substituting the above estimates of I1-I5 into (2.7), and taking € suitably small,
we obtain

Is| =

% (/pa(t)z_slutlzdx> +/a(t)2_s|Vut]2dx
< C(o") ol (8) = | /purl 2+ C o) o [ (1) =11 V2 2
+Co") (o012l ) (o8Il oue 22 )

Integrating with respect to ¢ on [0,T], we have by using Proposition 2.1

2
£)2-s 2 N4
fﬁ]a( ) “\/ﬁutHLﬁ_HU( ) Vi L2(0,T;L2)
SC(P*)||uo\|‘i1s+C(P*,€)Huo||‘?qs( S?P}U(f)z_s\lvzu\liz)- (2.8)
te[0,T



J. Zhang and H. Cao / Commun. Math. Res., 39 (2023), pp. 79-106 91

From (1.1a) and (1.1b), we gather that

—0 (1) Mu+0o(t) T VP=—0(t)2 (fpus—pu-Vu) in (0,T)xQ, 29)
o (1) 2 diviu=0 in (0,T)xQ.
Be similar to (2.3), we have
Ull72 o(t) 2
o (£ V2ul| 2 +o (8| VP17
=0 (t)*” S||P(u +u-Vu)|[?,
<2p*o(t </p|ut|2dx+so||v u||L2>
that is,
1 2— 2 2—s 2
- sup (o(H)?7°|[V2ullf+o (8| VP
4p te[O,T]( o Lz)
1 —S
<5 sup o(t)* [l Vour . (2.10)
te[0,T]

Adding (2.8) and (2.10) together, we can obtain from the smallness of energy E;

o(t)*” SllfutHLerU( > | V2ulFo+o (8> VP72
0T VP ) S Co ol

The Proposition 2.2 is proved. O

This gives the uniform energy estimates, thus the proof of existence. Thanks
to the Aubin-Lions compactness lemma (Lemma A.1) and Lemma A.2, we can
infer u € C(0,T;L?), from which we can further obtain the time continuity of mo-
mentum through a very similar argument in [7], more specifically, \/p€u¢ — \/pu
in C([0,400);L?).

Before proving the uniqueness part of Theorem 1.1, we need to present more
information on the regularity of solutions obtained above. By virtue of the shift
of integrability method, we can bound Vu in L(0,T;L*), and give the following
proposition.

Proposition 2.3. Assume (p,u) is a smooth solution to system (1.1). Then there exists
a constant C >0 such that for all T >0, p € [2,00]

1s 2-s 25
lo(t) 2 quLP(O,T;U)—i_HO-(t) z VZ”HLP(O,T;U)"_H‘TO) : VPHLP(O,T;LV)SC
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and .
/ 1V ulfkedt <CT", 2.11)
0

6p 2
where€>0,2§r§3p—_4,1§k<m

Proof. Proposition 2.2 shows that o (t) e V/our and o (t) 2y is in L*(0,T;L?) and
L%(0,T;L7) respectively for all g <6, which implies a(t)z%s\/ﬁut € L*®(0,T;L*)N
L?(0,T;L1) (g<6), since p is bounded. Thanks to the interpolation inequality for
LP-norms, Holder inequality and Proposition 2.2, we are led to for all p € [2,00],
2<r< 35—34

2—s
o (t)"2 pue |, (0,T;L")

1
z 2 (1-2)p  \7
@) ([ o=l e o ol s ar)

2-s = 2=s (1-2)
<C(p")||e(t ’ £ )
=Cl )HU( & utHLz(O,T;szflzyp)r)HU() 2 \/ﬁutHLm(O,T;LZ)

<C(p")[uols- (2.12)

Similarly, the bound for o (t )HVu in L*(0,T;L?) and a(t)l%sVu in L2(0,T;H')
imply that for all p€ [2,00], 2<r< 3p .

1—s
o (t) 2 VuHLP(O,T;LV)

T 1-s p(1-2) 1-s 2
< (/0 lo(t)'= Vu 'S o) quLWr_Wdt)

1

= (/OTH‘T(f)l?VuHigl_%)Ha(t)lEsquipdt> ’

L2
S Ha(t)lTV”HLpZ(O,T;Hl)H‘T( quL“’

=

0, T iL2)
§C(p*)||u0\|Hs, (213)
by virtue of interpolation inequality for LP-norms and embedding H' < L™ with
1<m<eé.
When p € [2,00] (that is, % < 23—32 <3), we can obtain by the classical regularity
results on the Stokes equations and Holder inequality

|or(t) ZVZMH  +le®)’ VPH e
P(0,T;L2P=2) P(0,T;L2P=2)



J. Zhang and H. Cao / Commun. Math. Res., 39 (2023), pp. 79-106 93

<[l Fpu-vul g @l
<H v puHLw OTL6 = qu OTL36P4 —|—Ha ®) TputHL OT‘L%)
1= L
<c(p) ot wHLm(O,T;LZ)Ha SR I P I
From (2.1), (2.12) and (2.13) we can get
o) V2ul| s +[e® TP s <C(o")luo| e
LP(0,T;L2P2) LP(0,T;L2P—2)

—s 3p_
Combining the above inequality with (2.13), we have o (t) 2 Vuel? (0, T,'WLZPK2 )
3 3
for all p€[0,400). Taking advantage of Wl Lifp% we obtain

\Y
O T
<Clle(t) P”HLOO (0,T;LS) o () B V”HLP OTLP”)
<C)o ()7 Vull oo 1,02 o () VuH ot
Hence, it holds
le®Z V2| o +[e®TVE|
LP(0,T;L37—%) LP(0,T;L3P—%)
. 1s 1-s 2_
SC(P )HU’(t) 2 v1’lHL°°(O,T;L6)HO—(i'L) 2 VMHLP( Wl Z;F’z +HU ’ PutH 0TL3SP4)

< C(p")luoll -

6
Finally, we bound Vu in LY(0,T;L*®). When 2< p <4, itis obviously Wl’%’%‘* —L®

duetor = 35—34 >3, thus

HV”HLk(o,T;LW)
- T =
<o) g gy (] o )
(7 s (s—=2)pk
( dt+/ 2 dt)
%),

=

=
=

< CH‘T(t)Z%SquLP (0,T;W71)

o\

1+ (s Z)pk

»w

§C<0(T) 9 +(T—o(T))
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since there exists a p € [2,4) such that (2—s)pk<2(p—k) for arbitrary 1 <k < 5.
The proof of Proposition 2.3 is complete. O

3 Uniqueness of solutions

In this section, we will prove the uniqueness of solutions in Lagrangian coordi-
nates, owing to the lack of regularity for density.

3.1 Lagrangian formulation

We firstly transform (1.1) into the formulation in the Lagrangian coordinates.
Thanks to Proposition 2.3, we can give the definition of the trajectory X(f,y) of
u(t,x)

dX

ﬁ:u(t,X), Xli=o=y, yeQ,

which leads to the following relation between the Eulerian coordinates x and the
Lagrangian coordinates y:

t
X(ty)= y—i—/o u(t,X(ty))dr.
Moreover, we deduce from (2.11) that T can be taken small enough such that
T 1
/ V0| odt < =
0 2

Of course, if that condition is fulfilled, then one may write that

i t k
A= (ld+(V,X—1d)) :%(—1)"(/0 Vyv(r,-)dr> ) 3.1)

For any t <T, X(t,y) is invertible with respect to y variable, and we denote by
X(t,-)~ ! its inverse mapping. Let

o(ty) 2u(t,X(ty)), A= (VyX(t) .

The operators V, div, and A translate into
Vo2 ALV, div,2A":V,=div,(A-), A,Ediv,Ve=div,(A-A'V, "),

in which A! denotes the transpose matrix of A.
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In Lagrangian coordinates the solution (p,u,P) of (1.1) is recast as

n(ty)=e(tX(ty), olty)=u(tX(ty), Qty)=P(LX(Ly)),
therefore the triplet (17,0,Q) satisfies

=0 in (0,T)xQ,
nor—0Mv+V,Q=0 in (0,T)xQ,
div,0=0 in (0,T)xQ.

Now we tackle the proof of uniqueness. Assuming (p!,u!,P) and (p?,u?,P?)
are two solutions of (1.1), fulfilling the properties of Theorem 1.1 and emanating
from the same initial data. Notations (r!,0!,Q!) and (42,0%,Q?) are used to repre-

sent the corresponding triplets in Lagrangian coordinates. Denoting §v = v? — o'
and §Q =Q?%—Q!, we have
0060t — D160+ V 10Q= (A2 — A, )0*— (V2 —V.1)Q?,
div10v=(div,1 —div,)v?, (3.2)

(5"U|t:0=0.

Be very similar to that in [7] (see also [1,15]), we can transform the regular-
ity information of the solution in the Eulerian coordinates into those in the La-
grangian coordinates. Here we omit the details, but shall repeatedly use the fact
that fori=1,2

Vo' e LY(0,T;L®)NL*(0,T;L?),

o(1)' T Vo L®(0,T;12), o(t) T V20 € [2(0,T;L?),
o(t) T Vol e L2(0,T;L2), o(t) T \/povi € L2(0,T;L2),
o) 7 vQ e [(0,T;L2), ()5 VQ e (0, T;L9).

3.2 Uniqueness of solutions
We claim that for sufficiently small T >0
T
sup (p0|50]2)dy—|—/ / |Vév|*dydt =0.
te[0,T) 0 JQ

To prove our claim, decompose v into

dv=(v*—20")+v' 2w+z,
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such that z satisfies div 1z =0 and w is a solution given by Lemma A.3 to the
following problem:

div 1w = (div 1 —div 2)v* =div(—0Av?) = (-6 A)!: Vo2 (3.3)

with 6A=A2— Al and A'= A(u').
As a first step in proving our claim, let us establish the following lemma.

Lemma 3.1. The solution w to (3.3) which is given by Lemma A.3 satisfies

|w ||Lﬁ 01:12)
<c(D)|[Vovl12(0,7:12) (3.4)

||vw||L2(0,T;L2)+H‘7(t) 2 wa

with ¢(T) going to 0 when T tends to 0.

Proof. Lemma A.3 and identity (3.1) ensure that there exist two universal positive
constants ¢ and C such that if

1-s
||V’U1 ||L1 (O,T;Lm) + HU’(t) 2 vvl HLZ(O,T;Lé) S c,
then the following inequalities hold true:

w5 <Cll6Ad*|| s
L2-1(0,T;L2) L% 1(0TL2)

||Vw||L2(0,T,-L2) SCH(‘SA) -VUZHLZ(O,T;LZ)

and
1-s
|o(t) 2 thLﬁ(o rih)

+Cllo(t) 7 (5A0%)||

<C||6A0%|| s

8 3 -
LZS 1(0,T;L2) L3+2(0,T;L2)

In all that follows, ¢(T) designates a nonnegative, continuous, increasing func-
tion of T with c(0)=0. Now, we are going to bound (§A)!:Vv?, § Av? and (6 Av?);.
Stemming from Holder inequality and the following identity:

t . .
5A(t)=</ vmn)-([; y cflc’;‘l‘]> with Gy /w dr, (3.5)
0 k>10<j<k

it is not difficult to obtain

sup H‘T(t)_%éAHLZ <¢(T) sup

t
a(t)_% / Vévdt
te[0,T] te[0,T] 0

L2
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t >
SC(T)( sup a(t)_§\|V(5v||Lz(O,t;Lz)) <sup (/ 1dT) )
te[0,T] tefo,1] \/0

<c(T)IVooll2(0,1,12)-

Notice that Vo' € L1(0,T;L*), which implies o (t) Vo' € L*(0,T;L®) and then we
have

[(6A) t'VUZHLZ (0,T;L2)

<|lo(t) 2‘5A HL“’ 0,T;L2) or(t) VUZHLZ (0,T;L)
1
<Clle(t) _j‘SA HL°° 0,T;L2) Ha(t)VUZHLw(O,T;L"")||VU2H£1(O,T;L°°)

<c(T)[IV6v| 12(0,1:12)-

Similarly, for 6 Av? we get

||(5A02||L25 1(0,T;L2)
<o (t)726A o g lo(O) 22| s
L>(0,T;L2) Lz 1(0,T;L®)
1 S
<Clle(t) 25AHL°°(O,T;L2)<HU( VUZHLzs 0TL2)+HU(t) : VZUZHLZS*(O,T;U))

<Cllo () 20A]| g g2y (1)) T VO g 1)+ 0 (0T V22

<c(T)Vooll 20, 1.12)-

(OIT;L2)>

Next, we turn to bound (6 Av?);. Derivative (3.5) with respect to ¢ yields
H (0A): H L2

t
C<||V57J||Lz+ at)—%/ Vvdt
0

1
. (HU ZvleLerHa(t)szZHLw)).
Based on the fact that

|o(t) 1)1V HLZOT,.Lm)gc, i=1,2,

we are led to by taking L? norm with respect to time ¢

[(6A) ||L2(0,T,-L2) < C||V57J||L2(0,T;L2)-
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Finally, we can deduce the following inequality:

Ls 2
o (t) = (6A0 )tHL%(O,T;L%)
Ls . o 7
<|le(t)= ‘SAUfHL%(o,T;L%)JFH AORNUDLS IS (0,1:L3)

< Hff(t)_%‘SAHLw (0,7;L2) lo(#)

8
L3+2s (O,T;L6)

+ 1 (0A) el 12(0,7;12) o () B UZHLzSS 1(0,T;L6)

<e(T) (Jo )20 ey |0 % VR 21
+ Vo0l 120, 7.02) || (1) )7V Vo 10 TLZ))
<c(T) ||V57J||L2(0,T;L2)-
This ends the proof of Lemma 3.1. U
Now we give the estimation of z as the following lemma.

Lemma 3.2. Assume that 6v satisfies (3.2) and z= 6v—w, then

e IvPoz(t) 172+ 1V2172 (0, 1.12) < c(TIIVEOIZ2 g 1.12)-
te[0,T

Proof. Firstly, let us restate the equations for (0v,0Q) as the following system for
(z,0Q):

p0Zt —Ayz+V ;100
= (A —Av1)7)2+ (V,— VUZ)QZ —powt+A 1w,
div 1z=0.

Testing the equation by z and noticing that
/ (V,;16Q)-zdx = — / div ;1 26Qdx =0,

we have

2dt/,00|z|2dx—|—/|v 1z|2dx—2]k, (3.6)

]1é/((AUZ_Az)1)UZ> 'de/ ]3é_/p0wt.2dx’

where



J. Zhang and H. Cao / Commun. Math. Res., 39 (2023), pp. 79-106 99

fzé/((vvz—vvl)Qz)-de, ]4é/(A01ZU)'de.
For |1, we obtain
T T
/ Jydt = / / div((aAA§+A1(5A)f)vU2>zdxdt
0 0
T
§/ /\5AA5+A1(5A)f\|Vv2||vZ|dxdt
0
T _1 1 o
<C [ [lo(t) 2oA] o le(t)F V2] |V 2t

_l
<CHU Z(SAHLOQ (0,T;L2) HU VUZHLTZ 0,T;L>) ||VZ||L20TL2)
<€l V60122 1)+ (D)1 V]2 g 1 (3.7)

For ], it is obviously that

T T
/ Jodt <
0 0

<Clle(t) 20A] oo 112

dt

/ SAVQ?-zdx

VoV

12(0T:L%) 2] L2(0,T;L6)
and
JRRYes TVQ

\etive

Hence,

L2(0,T;L3) S HU HLZ(O,T;Lz) “U(t) HLZ(O,T;Lé)'

T
|t <ellVovliE oz +e DIV g 102 (3.8)
To estimate J3, we should bound wy firstly

3—2s

T 325 8 1-s
il 500, < (/O (t> i) " o =l sy

<CT ||V(5"U||L2 (0,T;L2)"
Then, we obtain
T 1
L aaae<lool el g o lb2lso s

1 1
< T ol el om0 om0 1902 202
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<c(T) (“\/%ZHLC"’ 0,T;L2) +lz] 2 OT‘Hl)) ||V57J||L2(0,T,-L2)
<e(Ilvpozle oz 222 0 ey ) +e(DIVOOI22 g g2y (B:9)

Finally, we get for J,
T T
/ ]4(t)dt§/ /|V01w||Vvlz|dxdt
0 0
T T
§e/ ||VU1Z||22dt-|—C(e)/0 |V o]t

<e||VvleLz 0 TL2)+C( )HV5U||%2(O,T;L2)' (3.10)

Integrating (3.6) with respect to time ¢, and taking € suitably small, (3.7)-(3.10)
imply

sup [lv/poz(H)lI72 + V2l F2(0,7,12) < (D02 g 12 (3.11)
t€[0,T]
The Lemma 3.2 is proved. O

Now we show the proof of uniqueness of solutions.

The proof of uniqueness: Notice that dv=w+z, (3.4) and (3.11), which implies

T T
IV60||2,dt<c(T) [ || V6v|7.dt.
0 0

Hence, Véu=0on [0,T] x Q) when T is small enough such that ¢(T) <1.
Then, plugging Véu =0 into (3.11) yields

sup ||y/poz()lI72 + V2|72 1,12) =0-
t€[0,T]

Combining the fact that

1zl 20,7,00) S NVZ() | 12(0,7:12)
for pe[1,6], we can finally obtain z=0 on [0,T] x Q2. And (3.4) clearly yields w=0
on [0,T] x Q). Therefore we give for small enough T >0,
(01, vQYH) = (2%, VQ* on [0,T]xQ.

Reverting to Eulerian coordinates, we conclude that the two solutions of (1.1)
coincide on [0,T] x Q). Then standard connectivity arguments yield uniqueness of
solutions on the whole R*.
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Appendix A
In this section, we introduce some notations that appear throughout this article
and state several preliminary lemmas which are used in this paper.

As we shall mostly consider non-smooth solutions, system (1.1) has to be un-

derstood in the distributional sense, that is, for all t € [0,T) and for all functions
inpeC3([0,T) x (R)

0(09(0) = (po.go)— [ (o= [ (puvp)dr=,
/Ot<u,V4)>dT:0,
and that
{ou, @) — (pouo, @) — /O t {pu, @r)dt
_/Ot<pu®u,Vgo)dT+/0t<Vu,qu>dT:O

for all divergence-free functions ¢ € C3°([0,T) x (O;R?), where (-,-) stands for the
distribution bracket in Q) (that is, (f,g) = [ fgdx in the case of smoothness).
It is well-known that sufficiently smooth solutions to (1.1) fulfill for all ¢ > 0:

The energy balance

1d

la 2 2. _
o Qp|u| dx—l—/Q|Vu| dx=0.

The conservation of total momentum (in the case Q) =T3)

d:/ dx.
/qux . Potodx

The conservation of total mass

/dex:/ﬂpodx.

Any Lebesgue norm of p that is preserved through the evolution and

inf p(t,x) = inf po, tx) = .
inf p(t,x) = inf po itelgp( x) itelgpo(x)
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Now, we state several preliminary lemmas which will be used in previous sub-
sections.

Lemma A.1 (Aubin-Lions compactness lemma, [16, Corollaries 4 and 6]). Assume
X— —=>B—=Y.

(I) Let F be bounded in L1 (O,T;B)HL}OC(O, T;X) with 1<g<oo, and d;F be bounded
in L

10c(0,T;Y), then F is relatively compact in LP(0,T;B), ¥ p <q.
(II) Let F be bounded in L*(0,T;X) and o+F be bounded in L"(0,T;Y) with r > 1,
then F is relatively compact in C(0,T;B).

Lemma A.2. Let p€[1,00], 0<s<1and u:(0,T) xR>— R satisfy u€ L>(0,T;LP) and
o (£)2=5up € L2(0, T;LP). Then u is in H2*(0,T;LP) for all a € (152, 1) and

2
Hu”i]?"" (0,T;LP) = HMH%Z(O,T;L”)_'—CH v o) uy

12(0,T:LP)’

where C >0 depends only on a,T.

Proof. The special case of s=1 has been proved in [7], similarly we can prove the
general case. By the definition of Sobolev norms in terms of finite differences, we
obtain

b () —u(t)
TP (/ )~ 4Ol 4y ) g,

HT"‘(O T;LP)

By direct calculations we have
T—h 5
L e —u(e) [y ar

T—h t+h
g/ V2—suy(T) dt
0 A/ T2—S LP

T—h / pt+h ] teh
<[ A - ) ([ e )
T—h t+h 1
<|[\/o(t)2—s .
H H L2(0,T;LP) / </t 2- )dt
S

Making use of Fubini theorem, we obtain for a € (12,1)

T
1
2

/ thx—Z /T—h /H’h 1

0 0 ¢ T2 4

1 T T 2lx 1 201\ 4T

_1—2a/() (/t <(T -T - s)

2
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It is obviously that % < W forall0<t<t,and —1<2a+s—2<s—1when
L2 <a<},0<s<1. Thus,

T T—h t+h
/ - 2( / ( / Zl_sdr) dt) dh
0 t T
1 2“ </ / )2 Zdrdt / / T20-1_4T dT ) C.

The proof of Lemma A.2 is finished. O

Lemma A.3. Let Q) be a C? bounded domain of R3, and A be a matrix-valued function
on [0,T) x Q) satisfying detA=1. If for all s € (},1)

1—s
HId—A||L°°(0,T;L°°)+Ho-(t) 2 AtHLZ(O,T;L6) SC (Al)

is fulfilled with small ¢ > 0. Then for all functions R:[0,T] x Q— R® satisfying divR €
L2(0,TxQ), RELF-1(0,T;L2), o(t) T Ry € L5 (0,T;L3 ) and R-n=0 on (0,T) x9QY,
the equation

div(Aw)=divR2g in [0,T]xQ

admits a solution w in the space
2 2 1-s 8 3
XT_{w}weL (0,T;HY), we L= (0,T;L2), o (t) 2 wteLMs(O,T;LZ)}

satisfying the following inequalities for some constant:

||ZU||L%(O,TL2 <C||R||Lﬁ 07:12)" Vol 20,7;02) < ClI8 L2 (0,7512)
and
1-s
t)z <C||R C 'R .
|o(t) WHLsfzs(o,T;L%)— IR]l 5. ror) T lo(t)’ fHLmS L3

Proof. The case that

[ 1d— Al (0,;00) + | Atll 12(0,7,06) <€,
divReI?(0,TxQ), ReL*(0,T;I%), R,eL3(0,T;L3)

has been proved by Danchin and Mucha [7]. Here, the proof of this lemma is very
similar. Recalling the results of [6], there exists a linear operator B :k — u which
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is continuous on LP (Q;R?) (for all 1< p < o) such that for all k in L? (();IR?) the
vector field u satisfies

/ U-Vepdx = /Q k-Vgdx forall ¢peC®(CLR),
(@)

if in addition divk is in LP(Q)) and k-n|yn =0, then u is in W&’p (Q)) with
1]l o ) < Clidivk]|
Define ® on the set X7 by
®(v) 2 B((Id—A)v+R). (A2)
The above result ensures that

V()] L2(0,T;L2)

<C||((Id—A)":Vov+g) HLz(o,T;Lz)

<C (||g||L2(o,T;L2) +I(1d—A) ||L°°(0,T;L°°) HVU||L2(0,T;L2)>

as well as
d(v
I( )U HLﬁ(oTLZ)
< 0o 00
C(Hld A“L (0,T;L ||U||LﬁOTL2) || ||L25 (0TL2)>

Moreover, derivativing (A.2) with respect to time gives
(@(v)),=B((Id—A)v;— Av+Ry),

whence, using the continuity property of B on L3 (Q)) and then performing a time
integration, we get

lo(8) = (@(0))|

§C<HU()12(1d Aor—o(t)'2 Ao s

8 3
L35 (0,T;L2)

s Hlo® R s

L3+25 OTLZ L3+2s OTLZ))

(Hld AHL"" 0,T;L*) HU TUtHL3EZS(o,T;L%)+HU( 2 RtHL3+25 OTL%)
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1-s

'S Al g )

This gives that ® maps X7 to Xr. If ¢ in (A.1) is small enough, then obvious
variations on above computations give for any couple (v!,0?) in X2

H(I)(Uz) _(I)(Ul) HXT < C (||Id—A||L°°(O,T;L°°) + Hor(t)l%sAtHLZ(o’T;Lé)> ||02_01||XT
1
< L2 —ol .

Hence, applying the standard Banach fixed-point theorem in X7 provides a solu-
tion to the equation ®(v) =v. Then looking back at the above computations in
the case ®(v) =v gives the desired inequalities. O
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