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Abstract. The regularity for 3-D MHD equations is considered in this paper, it
is proved that the solutions (v,B,p) are Holder continuous if the velocity field
ve L®(0,T;LY*(R?)) with local small condition

r3 ‘ {xe By (x0) :v(x,t0)] >€T*1H =€

and the magnetic field B € L*(0,T;VMO~1(IR%)).
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1 Introduction
In this paper, we will consider the following MHD equations in IR® x (0, T):

0tv+v-Vo—Av+Vp=B-VB,
0tB—AB+v-VB—B-Vou=0, (1.1)
divo=0, divB=0,

where v is the fluid velocity field and B is the magnetic field. The function p de-

scribes the scalar pressure. The MHD equations (1.1) reduce to the incompress-
ible Navier-Stokes equations when there is no electromagnetic field, that is, B=0.
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There is a very rich literatures dedicated to the mathematical study of the Navier-
Stokes system by many researchers; see, for example, [1,3-5,8-10,13-15,18,20,22].
Compared with Navier-Stokes equation, the MHD equation (1.1) is a combination
of the incompressible Navier-Stokes equations of fluid dynamics and Maxwell’s
equations of electromagnetism. Such a system depicts the motion of many con-
ducting impressible immiscible fluids without surface tension under the action of
a magnetic field.
For a point z= (x,t) € R®> x R, we denote

Br(x)::{yEIR3:]y—x|<r}, Qi(z):=B,(x)x (t=12t), Q,=Q,(0,0),
and define the space
L% (Q,)=L1 (t—rz,t,-LP (Br(x)))

with the norm

T A TC)

Let Q) CR3. The Lorentz space L(P4) (Q)) with p,q € (O,oo) is the set of measurable
functions f on () such that the following quasi-norm is bounded:

© 1dui %
<p/ aq]{xe():|f(x)|>¢x}‘l’—) , if g<oo,
HfHL(Pﬂ)(Q):: 0 1 o
sup,o&|{xeQ:|f(x)

if g=o0.

Lorentz spaces can be used to capture logarithmic singularities. For example, in
R3, for any >0 we have

B
x| (@) ceL®M(R%), ifandif gq> %
It is known that L(P?) () =LP (Q) and L(P3)(Q) C L(P92) (Q)) while g1 <gy. If |Q
is finite then L(P4)(Q) C L' (Q) forall 0<g<ooand 0<r < p,
1_1
1811Lr ) <O 78l L ) (1.2)

In the classical literatures, Leray [9] and Hopf [8] established the existence
weak solution to the Navier Stokes system. However, the smoothness of the
Leray-Hopf weak solution is still a challenging open problem. Serrin [18] proved
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that if the weak solution to the Navier-Stokes equation satisfies the well-know
Ladyzhenskaya-Prodi-Serrin type condition

wel?(0,T;L7(R%)  with §+%=1, p>1,

then the weak solution u is regular in R3 x (0,T). Later, for p=3, g=o0 (i.e,
u € L*(0,T;L3(R%))), Escauriaza-Seregin-Sverak [3] established the regularity of
the Navier-Stokes equation by using backward uniqueness for the parabolic op-
erator. In [14], Phuc established the regularity when the velocity field belongs to

LY (LS’Q)) (g#00), itis due to that L,(f’q) contains L3, thus the result is an improve-
ment of the result by Escauriaza et al. [3].

For mathematical questions related to the MHD equations we refer the reader
to [17]. He-Xin [7] established some regularity criterions to the MHD equations
(1.1). Wu [23] promoted Ladyzhenskaya-Prodi-Serrin type criterions to the MHD
equations (1.1) in the term of both the velocity field v and the magnetic field
B, and Mahalov et al. [12] established the limiting case. Recently, Wang and
Zhang [21] proved that any weak solution (v,B) of MHD equations is regular
if v € L*(0,T;L3(R%)) and B € L*(0,T;VMO~1(IR?)). For general Lorenz space
LB (R3), 3 < g < oo case, we prove in [11] if v € L®(0,T;L37 (R?)) and B(t) €
VMO~1(IR®) for any t, then (v,B) is smooth. For L(3%)(IR%) case, Choe et al. [2]
proved that if u € L*(0,T;L(>*)(IR%)) and an additional local small condition

e o)l u,t0)1> | <e, (13)

then weak solution u of Navier-Stokes equations is smooth on Q¢ (zp), also see
Seregin [16].

In this paper, we shall established the regularity of weak solutions of MHD
equations in Lorentz space L(>*), the technicality is different from Navier-Stokes
equations.

Under the condition v € L*(0,T;L(3*)(IR%)), we can get C(v,zo,7) < M(Vr €
(0,1)). The main difficulty of this paper is to obtain C(B,zo,5 ) +D(p,z0,5) <C(M).
The main technic is to deal with the new norms. Our main results can be stated
as following.

Theorem 1.1. Assume that the triplet functions (v,B,p) is weak solution to the MHD
equations (1.1) in Qr:=R>x (0,T) with

veL®(0,T;L3*)(R?))
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and
BelL® (o,T,-BMo—1 (]R3)>, B(t) e VMO (R®) for te(0,T).

Then there exists a positive constant € with the following property. Let N >0 be a con-
stant. If zo = (xo,t0) € Qr and R >0 such that Qr(zo) C Qr, (B, p) satisfy
C(B,z0,R)+D(p,z0,R) <N,

and for some 0 <r <R/2,
r_3’{x€Br(x0):|v(x,t0)| >s1f_1} ’ <e.

Note that here ¢ is dependent with N. Then (v,B) is smooth in Qg (zg). Here C(B,zg,R)
and D(p,zo,R) are dimensionless quantities in Section 2.

Remark 1.1. In Theorem 1.1, for fixed zg and R >0, naturally, the scaling quantity
C(B,z0,R)+D(p,z0,R) is finite. We add the condition C(B,zy,R)+D(p,zp,R) <N
just to make the proof more convenient.

Theorem 1.2. Let (v,B) be a suitable weak solution to MHD equations in Qr:=IR3 x
(0,T) with v € L*(0,T;L3>®)(IR?)), B€ L*(0,T;BMO~1(R?)), B(t) € VMO~ (R%)
forte€(0,T). Then there exist at most finite number N of singular points at any singular
time t.

We can change the condition of B to get following theorem.

Theorem 1.3. Assume that the triplet functions (v,B,p) is weak solution to the MHD
equations (1.1) in Qr:=R®x (0,T). Suppose that

0,BeL(0,T;LE) (R?)).

There exists a positive constant € with following property. If zo=(xo,to) € Qr and R>0
such that Qr(zo) C Qr, (B,p) satisfy

C(B/ZOIR) +D(p/ZOIR) S N/
forsome 0<r<R/2,
r3 ‘ {xeBr(xo) | (v(x,t0),B(x,t0))| >sr_1}‘ <e.

Then (v,B) is smooth in Qg (zo). Here C(B,z9,R) and D(p,zo,R) are dimensionless
quantities in Section 2.
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We need the following small energy regularity proposition ([7,12]).

Theorem (A). Let the triple (v,B,p) be a suitable weak solution to system (1.1). There
exists a small constant €y >0, such that if

| 1P+ 1B +1pl? <eo,
Q1

then v and B are smooth in Q1. In particular, for any zq if
2

— 0P+ |B]P<ey forall 0<r<1,
= JQr(20)
then z is a regular point.

We can drop the pressure p by Wolf’s method of local suitable weak solutions,
the proof to see Section 5.

Proposition 1.1. Let the triple (v,B,p) be a suitable weak solution to system (1.1). There
exists a small constant ey >0, such that if

[ 0P +1BI <eo,
Q1

then v and B are smooth in

Nl—

2 Preliminaries and local estimates

At present, we introduce some useful space and properties. We call a local inte-
grable function f € BMO(IR?), if f satisfies

1
| fllsmore) == sup £ () = fBg (xg) X <0,

R>0,x9€R3 |Br(x0)| /B (x0)

where and in what follows we denote
1
=— x)dx.
A remarkable property of BMO function is

1
sup

|Br(x0)| x)— x Tdx < oo
R>0,xoelR3|BR(xo)] Br(x0) f(x) fBR( o)|
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for any 1<g<oo. A function f(x) € VMO(RR?) if f(x) € BMO(RR?) and for any
X0 eR3

limsu
Ro0 " IBR(x0)[ Jx (x0)

We say that a function f € BMO™!(R?), if there exists U; € BMO(IR®) such that
f=Y.}_19;U;. The definition of VMO™*(R?) is similar.
We will use the following scaling invariant quantities:

|f (%) = fBg (x) |dX=0.

A(v,zo,r)=  sup r_l/ [0(x,t)|?dx,
By (xo)

—12tg<t<ty

A(Bzor)= sup 1! / IB(x,t)[2dx,
—r24to<t<tg By(x0)

Cl(v,zo,r)zr_z/ lo(x,t)|3dxdt, C1(B,zo,r)=r_2/ |B(x,t)|2dxdt,
Qr(20) r(z0)

6 [to to
C(v,zo,r :r_7/ 4 dt, C(B,zg,r :r_7/ B||* dt,
oz w8 g P CLB207) w1 UL 5 )

E(U,Zo,i’):i’_/ |Vo(x,t)|>dxdt, E(B,zo,r):r_/ |V B(x,t)|*dxdt,
Qr(zo0) Qr(zo0)

16

to
Dl(p,ZO,r)=r‘2/Q . )Ip(x,t)lidxdt, D(p,ZO,r)=V_7/t ||P||L7 (B, (xp)) -
r\4£0 -

For simplicity, we write

A(v,B,zo,1)=A(v,z9,7)+ A(B,zo,7),
E(v,B,zo,r)=E(v,z0,r)+E(B,zo,7),
C(v,B,z¢,r) =C(v,z0,7)+C(B,z0,7),
Ci1(v,B,z0,r) =C1(v,20,7)+C1(B,z0,7).

If zo=(0,0) we shall simplify to rewrite C(v,r)=C(v,zo,r), C(B,r)=C(B,z,r), and
SO on.

Definition 2.1. Let Q CIR3 and —oo <a<b<oo. A triplet (v,B,p) is called a suitable
weak solution to the MHD equations (1.1) in Q= Q X (a,b) if the following conditions
are valid:

(i) (v,B) € L®(a,b;L2(Q))NL2(a,b;WY2(Q)) and p € L3 (Q x (a,b));

(ii) (v,B,p) satisfy the MHD equations in the sense of distributions in 2'(Q);
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(iii) For each real-valued 0<¢ € C3°(Q), the following generalized energy inequality is
valid:

/Q(|U’2+’B’2>(de+2/at/ﬂ(|VU|2+|VB’2)CdedS
S/ut/ﬂ(’v|2+|3|2> (Aqb—l—ascp)dxds—i—/at/gv.v(l,(|U’2+’B’2+2p)dxds
_/ut/Q(B 0)(B-Vg)dxds,

fora.e. t€(a,b].

A weak solution (v,B) of the MHD equation (1.1) satisfies the energy inequal-
ity, for a.a. t€ (a,b)

t t
Jo(t) B2+ B +2 [ [Vo(s)ads+2 [ 11VB(s) I3ads

2 2 _
< l[voll72+1Boll72 = co-
First we have the following standard local estimates for MHD equations.

Lemma 2.1. Assume that the triplet functions (v,B,p) is a suitable weak solution to the
MHD equation in Q=Qx (a,b). Let zo= (xo,tp) and p >0 be such that Q,(zp) C Q.
For every r € (0,p], we have

3

3
Cl(v,zo,r)gc(g) A(v,zo,p)%E(v,zo,p)%—i—c (%) A(v,zo,p)%, (2.1)
0 3 3 3 r\> 3
C1(B,zo,7) <c » A(B,z0,0)*E(B,z0,0)*+c¢ E A(B,z,p)2. (2.2)

We also need the so-called decay estimate for pressure.
Lemma 2.2. Let (v,B,p) be a suitable weak solution to the MHD equations (1.1) in
Q=Qx(a,b). Let zo=(xo,to) and let p >0 be such that Q, C Q. For every r < (0,4],
we have

D1(p,zo,r) <c (g) ’ [A(U/ZOIP)%E(U/ZOIP)%+A(B/ZOIP)%E(B/ZOIP)%]

+c£D(p,ZO,p)i, (2.3)

16

2 16
D(p,zo,v)<c (%) D(p,zo,p)+ (g) ’ C(U,B,Zo,p)] , (2.4)

2
K(B,zo,r)§c<§>3C1(v,zo,p)%[A(B,zo,p)—l—E(B,zo,p)}—I—(%) K(B,zp,p), (2.5)
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where ,
K(B,zo,r :—/ BI2.
Baon=r[ 1B

Proof. Let zo=(0,0), we decompose p so that

p=p1+p2

where p; satisfies in By forae. te [—pz,O], in the weak sense,

{ Ap1=—divdiv(v®v—[v®v]p,) —divdiv(B&B—[B@B]g,), 26)

p1las, =0,
and p; is a harmonic function in B, i.e.
Apz =0.

Regarding pi, by theory of Laplace operator and Calderén-Zygmund theorem,

we have
2

3 3 3 3 3
([ o) <e( [ (oo twous i+ 5055001 )
By B,

Sc/ V0| [o|+|VB||B|
B
=c [HVUHLZ(BP)HUHLZ(BP)+||VB||L2(BP)HB||L2(BP)}/

/Q 1> <cp? [Ag (v,0)E (v,0)+ A% (B,p)E (B,p)] :
0

ForxeBg,
1
T
(| <e= [ fpalze(= [ ml') 151
B, B,
i.e.forrﬁ%,
3
< 2
2 Qr|P2!2 . el o
3 3 3 3
rZ/ iz [ Ipaff<e(8)" [alwp)E o) +AT (B0E (Bp)

cr 3
+ / 2 + 2 .
y (npu P11 (BP)>
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Now

On the other hand,
7 14 14
[ IpiE<c [ fol® +18l¥,
we have y
o\ 7
<c(E
D(py,7) C(r) C(v,B,p)
ForxeBg,
7 %
patn|<e(~ [ lpaffar)
By
we have

_16 [0 r\’
D =r% [ iy <e(%) Dipap)

7
§c<;) ID(p,0)+D(prp)].
Therefore,

D(p,r) <c[D(p1,r)+D(pa,r)]

c(%) C(v,B,p)+cD(pa,7)

c [(%)ZD(p,p)—l— (g) 176C(U,B,p)] )

Let 17 be a smooth function such that

IN

IN

0<y<1, |V17|§%, n=1 in Qg and #=0 in Qf,.
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We decompose the magnetic field B so that
B satisfies in R3 x (—02,0),

and B satisfies in Qp

Therefore,

) 0
B(x,t):—/pzds ; E)]-l"(x—y,t—s) [(vai—viBj)nz] dy,
- o

where I'(x,t) is the heat kernel. By Young's inequality, we get

. 0
IBChaay) < | IVT =)oy 1005 o B i

where =141+ % —1. And by Young’s inequality again, we have

1Bll200,) < eIV Tl s o 12l 5y 1Bllrac,)

1, p:%, and g =6, it is clear %—I—%:%,

—1. Taking a =3, B

3,2
2454

W=

IV s (q,,) <cP =cp3.

N 2 2
K(B,0) <cC1(0,0) 307 1BI2na ) <Ci(0,0)}[A(B,0) +E(B,p)].

Since B meets the heat equation in Q,, we have for r <p

- [ 1BP<c— [ |BP,
r Qo

i.e.
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so that
K(B,r) <c[K(B,r)+K(B,r)]
<e(®) e (amarre@e) + (1) Kb
The proof is complete. O

As in [14], we use following analysis Lemma 2.3 which can be found in [6] to
prove local estimate Lemma 2.4.

Lemma 2.3. Let I(s) be a bounded nonnegative function in the interval [R1,R;]. Suppose
that for any s, p € [R1,Rz] and s < p, the following inequality holds

1(5) < [m(p—s) " +az(p—5) P+as(o—s) " +as| +01(p)
withoa>p>~y>0,0a;>0,i=1,2,3,4and 6 €[0,1). Then,
I(Ry) e(a,B,7) [a1(Ro—Ry) ™ +a2(Ry—Ry) P+-as(Ro—Ry) "+ay
Lemma 2.4. Let (v,B,p) be a suitable weak solution to the MHD equation (1.1) in Q=
QO x (a,b). Assume that zy = (xg,tg) and r >0 with Q,(zg) C Q. Then the following

holds:

A (U,B,Zo,%) +E (U,B,Zo,%) (2.7)

<c [C(U,Zo,i’) 2 C(B,zo,r)% +C(v,B,zq,7) 2 +C(v,z0,7)+D(p,z0,7) 0 C(v,zo,7) %] )

Proof. Let 5 <s<p<r<1, and Q, C Q; = Q. Choosing test function ¢(x,t) =
1 (x)n2(t) with 171 € C5°(Bp(x0)), 0<71 <1in R3, n1=1on Bs(xp), and

C
Vi <

for all multi-index a, with |a| <3. And 72 € C{(to—p?,tp+0?), 0<7, <1 in R,
12(t) =1 for t € [tg—s?,ty+5%], with
C C

()] < < :
’772(t)| = p2—52 = V(p—S)
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From the local energy inequality we have

t
2 2 2 2
/Q(|v| +1B| )¢dx+2/u /Q(|V7J| +|VB|?) ¢dxds
0 2 2
Sc/to_szM +|B| HW—LZ(Bp(xO))Hv(cpf—i_A(P)HLZ(BP(xO))dt
to 5
+C/t0_p2H|U! =128, o 1V (@ V) |28, (o)) B¢

to
+C/t pz|||UHB|Hw—l,z(Bp(xO))H!VBHV<P|+|B|!V2¢|\|L2(Bp(x0))dt
0—

to
+C/to—p2/Bp |pv-V¢|dxdt
=i+ 2+ ]3+]s (2.8)

Here we rewrite the term
to to
/ /]B]ZUV(,Ddxdt:/ /(U®B):(V¢®B)dxdt.
to—p> /By to—p* /By

Denote

I(s)= sup |B]?dx+ sup v|*dx

tg—s2<t<ty Bs(xo) to—s2<t<tg Bs(xp)

t t
+/0 / |VB|2dxdt+/° / Vo dxdt
to—s*J Bs(xp) to—s2J Bs(xo)

=sA(B,s,zo)+sA(v,s,z0)+sE(B,s,zg)+sE(v,s,zo)
=0 (B/S) +1h (U/S) +IZ(B/S) +IZ(U/S)/

and
I(v,s)=I(v,s)+ L (v,s), I(B,s)=I(B,s)+1(B,s).

Estimate [, J», J3, and ], as follows. For J;, we get

3

coz (b
hS G o P By

5
<ot

1
to 2 2
<oia | NP BRI gy

0—p?
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By Young’s inequality, we get
fo IVOllia,) | 19lli2s,)
< 2 P P
]Z_C/to_p2 [H’U| HW—LZ(BP)< 0—s + (0—s)? dt
c fo 2112 2 1
<— [/to_sz|U| Hw—l,z(Bp)dt} L(v,0)?

1
cp fo 22 g 1
+(P—S)2 {/to—pzmv| le’z(BP)dt} hiep)?

1 c co? fo 2112
<- .
sgl(ep)+ l(p—S)ﬁ(p—S)"J /to—p2H|U’ 123,

fo VB2, I1Bllr2(s,)
Bl (2 ) |

1 c cp? o 2
< =
<10+ |G S g ol e

For the term ]y, using Holder’s inequality and Sobolev inequality, we have

< \Y%
I (TP
é 3
<c [ Il g IV@YOI g 0991,
l’o— 4(Bp)
4 3
2 7 7
<c /to_ Ipll - [||vw4>>uLz<Bp>+va Wiaqay ] lovelly
- vl LR k
< IVl | /L IP0, el
4
7 7
ol AP
<@+ —— " ol ol
—14 ’ (p_s)7 to—p? %BP) L (BP)

[S; BN =IO

s | [* el g, o0
(0—)% [Jose" Li(8y)
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8l

120
||7J||414

L5 (Bp)]

cp% o[ rto
e [
to—p? 5(Bp) to—p?

[ fto %
VAN
to— pz L—5_(Bp)

cp%
2
AP "

(0—s)*
From (2.8), using estimates above with respect to Ji, J»,/3 and J; we get
1

cr

I(s)<11( )+7g /to Hyv|2+|B|2H2
—2 3 (P_5)3 to—r2 W=12(B;)

Sleo

cr? to )
]/_rzW”B'HW1'2<Br)+H|U| =125,

Cc
+ +
{(p—S)2 (p—s)
cr 3 ” 07 fto 4
+(p s)% [/f ZHPH )] {/t HUHL%’(B J
— 0—r B, 0—12 r
N A
e 0 .
(P—S)% to—12 P % By) to—r? Llé(Br)

By Lemma 2.3, we have

-2

r 1 to ’
1(3)<er [ [* IP+IBRy o)
_ fo 2
e [ (0B ey 0P 225, )
3

7
33 ﬁ tO 20
+cr 3% / 2 ] {/ ol* } .
LO LT P I L L

Finally, we get
A(v,B,3,20) +E(0,B,3,20)
<cr2 Utoo—ﬂ H!v|2+|B|2H§vL2(Br)]

b [ (1B sy P15
for % [/fo r2||P||2 r)} ’ {/t:O_rZHUHLLM(B J ’

L5

(2.9)

(2.10)
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For f € L5 (Br(x0)) and ¢ € C5°(B(x0)), we have

pf(0)dx| <c YOl 1)
By (xo) B, (x0) | /B (x0) |X—Y]

|f (x)] }
=c Vv / dx|d
/Br(xo)| (P(y”{ .G i—y2 ]
<cl[Voll 2, (xo) M1 (XB, (xo) | f DI 2B, (x0))

where I is the first order Riesz’s potential defined by

L) () =c [ é”_% x€RS.

By using Hardy-Littlewood-Sobolev inequality, we have

1 lw-12(8, (xg)) < 1T (X, (xo) [ DI 228, (x))

5
< <cri . .
<cllfll g g,y = A2 5, ) (2.11)
Applying (2.11) with f =|v|?>+|B|? and f = |v||B|, we obtain
_3 [lo 2
[ B
—16 [0
<r7 4 4 =
< [0 (Ielity, 1Bl ) =ClBar)
to
-3 2 2112
w2 [ By vy 0P 125
< [C(v,zo,r)%C(B,zo,r)%—I—C(v,zo,r)} :
The proof is complete. O

We need the bounded estimates for C(B,r) and D(p,r) with the help of the
bounded of C(v,r).

Lemma 2.5. Suppose that (v,B,p) is a suitable weak solution in Q1 (zo)=B1(xo) x (to—
1,t0). Let

C(v,z0,r) <M forany 0<r<1
for M>0. Then for every 0 <r < 411/ we have the following estimates:

A (U,B,Zo,%) +E (U,B,Zo,%) +C (B,zo,%> +D (p,zo,g)
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1 1
S c (M/C (BIZOIE) /D (p/ZO/E) ) 7

Cl (U/B/ZOIT’)‘FDl(P,Zo,T’) <c (M,D (P/ZO/%) ,C (B/ZO/%)) .

Proof. Without loss of generality, we consider zp=(0,0). Suppose that 7 is a smooth
function with

c .. .
0<y<1, |V17|§;, n=1 in Q% and #=0 in Q;.

Owing to B€ L*(0,T;BMO™1), there exists U(x,t) € L*(0,T;BMO) such that B=
V-U. Using Holder and Sobolev inequalities, we obtain

”/_ﬂ(/ B|¥ de) dt——/ (/B Zau B|B|? nzdx)lodt

"j=

1
o AT PR
r7
1

5 5 10
21 7 21
6/ (/ |U—UBV|6dx) (/ |VB|2dx) (/ |B|5dx) dt
r7 —r2 B, B,
0 B ®
+ ( |u-uB,|%dx) (/ |B|%dx) dt
r7 J—12 B, B,

10 %
0 14 7
<//|VB]2) (/ </ |B|5dx> dt)
749 -2 \ /B,
10
C 0 14 7
t (/2< BV|B|5dx) dt)

Thus, we have

<

who

C(B,%) <c [E(B,r)%C(B,r)%—i—C(B,r)%}. (2.12)

Combining with (2.7) and (2.12) we obtain

o
SN
—
=ho

C(B,%)gc(M) [1+C(B,r)%+D(p,r)%] C(B,r)? +cC(B,r) (2.13)
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Let r=0p with 6 < 411' From (2.4) and (2.13), we have

5

C(B,r)+D(p,r)¥ <c(M)0~% [14+077C(B,p) 2 +073D(p,0)®| " C(B,p)?
+c9_%C(B,p)%+c9%D(p,p)%+CG_%C( ,p)%Jr (M,0).
Using Young's inequality, we have
C(B,r)+D(p,r)* <C(B,0)+ (14603 D(p,0)? +c(6,1,M).
Set F(r)=C(B,r) —i—D(p,r)%. Choose 17 >0 and 6 > 0 small enough, we have
F(r)<-F(p)+c.

By the standard iterating argument

C(B,r)+D(p,r)é <c <M,D <p,%) ,C (B,%) ) re(0,1/4],

so that for 0<r < %

A(v,B,r)+E(v,B,r)+C(B,r)+D(p,r)<c (M,C (B,%) ,D <p,%)) )

The estimates of C1(v,B,r) and Dy (p,r) are immediate results. O

3 Proof of Theorem 1.1 and Theorem 1.3

We shall prove the following Proposition 3.1. Theorem 1.1 is an immediate result.

Proposition 3.1. Let (v, B, p) a weak solution of (1.1) with
HUHLOO(O,T;L(3/°°)(R3)) + HB ||L°°(O,T;BMO—1(]R3)) <M

and B(t) e VMO~ (IR3) for t€(0,T), for zo=(xo,to) and R>0 such that Qr(zo) CQr,

(B,p) satisfy
C(B,zo,R) +D(p,zo,R) <N.
<R

There exists a positive number e(M,N) < z L such that if for some 0 <r < <7

2 {xeBixo): lo(uto) >er '} | <e, @)
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then there exists p € [2re,r| such that
1 3 3
— v|°+|B|° <egp, 3.2
5 o o 2B < 62

where g is the same number in Proposition 1.1.

Proof. Let (v,B,p) be a weak solution of (1.1) and assume

sup [[o(t)| 6 (r3) I Bll Lo (0, T8M0-1 (R3)) < M- (3.3)

0<r<T

Note that B€ BMO~!, we have
HB||L4 (R3) _HBBHLZ (R3) <C||VB||L2 (R3) HBHBMO R3)"

Also since the real interpolation L* = [L(6%),,(3%)] 14 holds, then

1 1 1
[ollzs <clloll omlloll} 5 < clVoll ;M
X X

From energy inequality and estimates above we get
||(UIB)||L4(QT) <c(M,co), (3.4)

which yields that (v,B,p) is a local suitable weak solution of Egs. (1.1) and v €
C([0, T2 (R?)).

We use a contradiction argument for zop=(0,0) and R=1. Fixed N,M >0 if the
assertion of the proposition were false, then there would exist €, /.0, and suitable
weak solutions (vy, By, px) of (1.1) and 1 < 5 L such that

[0kl Loo (10,03 (r3)) <M, (3.5)
C(Br,1)+D(pr, 1) <N, (3.6)
rk_3HxGBrk(0):|vk(x,0)| >ekrk_1H <é€x, (3.7)

and for all p € [2rreg, 7i],
1 3 3. €0
?/me)’v"’ B> 9

Since for0<r<1

16

0 2
e = 4
C(og,r)=r"7 / 2|Br’21HUkHL(3,OO)(Br)
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4 4
<c HvkHL°°(—1,0;L(3'°°)(31)) <M

combining the estimate and (3.6) with Lemma 2.5, we get, for 0 <r < %,
A(vg, By, 1) +E(vg, B, 7) +C(Bg,7) +D(pi,7) <c(M,N).
Similarly, for any zp € Q% and 0<r < 3, we have
A(vg, Bk, 1,20) + E(vg, By, 1,20) + C (B, 7,20) + D (pk,1,20) <c(M,N).
Define, for (x,t) € Qrk—l,

Uy (x,t) =rvx (rex, r2t),
Dy (x,t) =By (rex,r3t), (3.9)
Pe(x,t) =12py (rex,r2t).
Obvi(iusly, (Uk, Dy, Py) are weak solutions to system (1.1). Now for a >0, and
arg <3,

| Ug | (- OLOS(B,_1) = 10kl oo —1,0,0.60)By)) <M

C(Dx,a)+D(Py,a) =C(By,ary) +D(px,ary) <N,
C(Uy,a) = C(vy,ar)
0 2
/—(ark)Z [Bar, | ||vk||L3’°°(BWk)
<M*.

<(an)~7

SC||Uk||ioo(_1,o;L<3,oo>(Bl))
We have by Lemma 2.5 again
A(Uy,Dy,a)+E(Ug,Dy,a)+D(Py,a)
+Cy(Uy, Dy,a)+D1(Py,a) <c(M,N), (3.10)

so that
0
Uliteiy e | IR g Ul
0
2 2
< [ IR o | VU2,

0
o [ 1Bl g, U
< caM? (A(Ug,a)+E(Uy,a)),
1Dkl 74,y < ac(M,N) (A(Dx,a) +E(Dy,a)).
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Thus the L? estimate holds for (Uy, Dy, Px) in Q,, for any a >0,

L 1Rt e 01Dl 920
V2D |3 +| VP[5 <ca(a,M,N). (3.11)
By Aubin-Lion’s lemma, there exists a triplet (1,e,q) such that

Uy—u in L3(Q,),
Dy—e in L3(Q,), (3.12)
Pc—q in L3(Qu),

and
4
3

U—u, Dg—e in C([~a%0];L3(B)).

Using estimates above, the limit function (u,e,q) satisfy, in the sense of suitable
weak solutions on IR? x (—00,0),

ur—Au+u-Vu+Vg=e-Ve,
V-u=0, (3.13)
et—Ae+u-Ve=e-Vu.

From (3.7) and (3.8), we get

|{x€B(0):|Uy(x,0)| > e} | <ex, (3.14)
and for p € [2¢,1]
1 3 3 80
?/Qp|uk| D> 2. (3.15)
Taking limit we get
u(-,0)=0 in B1(0), (3.16)
and for p€ (0,1]
]. / 3 3 €O
= Julf+eP>2. (3.17)
32, 1 +1eP= G

The crucial point here is a reduction to backward uniqueness for the heat op-
erator with lower order terms as [3]. Set

=i (oxx,05t), ex=pre(okx,03t), qr=piq(oxx,p3t)-
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Then (uy, ek, qx) satisfy (3.13), and similar to (3.10) for any a >0

Al(uy,ex,a)+E(ug,ex,a)+D(qx,a) +Cq (ux,ex,a) +D1(qx,a) <c(M,N).
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(3.18)

As before there exists a triplet (7,¢,7) is suitable weak solution of (3.13) such that

ur—70 in L3(Qq),
ex—e in L3(Q,),
~ . 3

qc—q in L2(Qa),

and \
u—3, e—¢ in C([~a%0L3(B,)).

From (3.16) we get

3(-,0)=0 in R5,

from (3.17) and take p = pi
€0
X

On the other hand, for fixed zyp and 0 <R < zirk, as (3.18)

O+ (e >
1

A(Mk,ek,Z(),R) + E(uk,ek,zo,R) + D(qk,Zo,R)
+C1(ugex,z0,R) +D1(qk,z0,R) <c(M,N).

By the Fubini theorem, we have, for dg;) = |[{x €R®:[v(x,t)| >},
H(x,t) ER3x (~T,0): [5(x,1)| >7}]
0
:/ dﬁ(t) (7)dt§’y‘3M3T
-T
Hence for any 77 >0, there exists a Bg such that
H(x,t) € (R¥\Bg) x (=T,0): [3(x,1)| >’y} ) <.
Let Q1(zo) C (R?*\Bg) x (—T,0], by (3.23), we have
A(v,e,29,0)+E(v,6,20,0) <C(M,N)

for any 0 <0 <1. Thus, by the interpolation inequality we have

03 [ 1% el <emN).
Qo (z0)

(3.19)

(3.20)

(3.21)

(3.22)

(3.23)
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Thus
C1(5,1,20)§73|Q1(zo)|+ // 53dxdt
(o) 181>}

1
Scfm||v||L§(Q1(ZO))191<zo>m{|v|>v}»w
§c(73+1711*0>.

For any € >0 we choose y and # such that C1(7,1,z9) <e
It is easy to see that, by (2.5),

K(Z,20,0) <c03C1(5,20,1)3 [A(,20,1) + E(8,20,1)] +6°K(,20,1). (3.24)
Utilizing (3.24) and Holder’s inequality we have
C1(&,20,0) =0~ / o < [ é’]
Qo(z0)

@t] e QMHZF
<o (0t

_c(M,N)K(e,zO, )i< ) (i€ +97) (3.25)

Thus
~ o~ 3 1 1
C1(7,6,29,0) <6 2e+c(M,N) (6‘1@ +97> .

First, we take 0 such that ¢(M,N )9% <2, then take € such that

»mw
oob—‘

0 2e+c(M,N)0 ies <

ay
2 7
ie.
C1(9,€,20,9) <eo,
which implies that zj is a regular point by Proposition 1.1. Therefore, (7,¢,7)

are smooth and their derivatives are bounded in (R®\ Bog) x (—T/2,0). Next we
show

e(-,0)=0. (3.26)
For any B(y) and ¢ € Ci°(B(y)), we have

’/B(y) e(x,0)pdx

< /B (y)]?(x,o)—ek(x,o)]dx—l—' /B e
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Note that e(-,t) € VMO~ (IR?) for t € (—T,0], e(-,0) =9;U;,U; € VMO(RR?),

From (3.20) and U; € VMO(RR®) we get
¢(x,0)=0, xcR>.
The backward uniqueness theorem of parabolic equations [3], we conclude
e(x,t)=0 in R3\Byr(0)x (—T/2,0].

Using unique continuation theorem of parabolic equation in the bounded domain
again [3], we conclude that

e(x,t)=0 in R3>x(—T/2,0).
Thus, 7 satisfies Navier-Stokes equations in R® x (—T/2,0)

0:t0—NAv+0-Vo+Vg=0,
divo=0.

Using (3.21) and backward uniqueness of heat operator again [3], we get
o(x,t)=0 in R3x(—=T/2,0),
which is a contradiction with (3.22). O

Theorem 1.3 is obvious from the process of proof before.

4 Proof of Theorem 1.2

Define for any r >0 such that Q,(z9) C Qr,

Cz(v,zo,r)zr_l/ 0%, Cz(B,Zo,r)=T_1/ |BJ*.
Qr(20) Qr(20)
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By interpolation inequality we have

C(B/ZO/R) < A(B,ZO,R,)%CZ(B,ZO,R)% < C(COIR)I
Cs(v,29,R) < cM? [A(v,z0,R)+E(v,20,R)],

where [0 (10,135 (r3)) < M. On the other hand, by Calderén-Zygmund theo-
rem,

PN (o) <cll (@ B) (DI oy for 1<s<oo,

and
(0,8)e1*(0,T;L* (R%)),

which implies

pel?(0,TL3 (RY)),
we have
D(p,z0,R) <c(co,R).
Since for any 0 <r <R,
C(v,z9,7) < cM*,

by Lemma 2.5, we have for any 0<r< & and 20 Qx (0,T), QCCR?,

A(v,B,zp,7)+E(v,B,z0,7)+Cq(v,B,z0,7) +Ca(v,B,zo,7)
+C(B,zo,r)+D(p,zo0,)+D1(p,z0,7)
<c¢(M,R,cp)=N. 4.1)

The number (M, N) of Proposition 3.1 can be determined.

Let S be a singular points set of (v,B) at {(x,T):x€R3}. Assume that it con-
tains more than M3¢~* elements. Letting P=[M3¢ %] +1, we can find P different
singular points {(xy,T):k=1,...,P} of the set S. We can choose Ry < R such that
Bgr, (xx)NBg,(x1) =@, k#1, and bounded domain Q) such that UP_ Bg, (x) C Q.

According to Proposition 3.1, for all r € (0,% =], it holds true
1 e
<= : - .
s_r3Hx€Br(xk) |v(x,T)|>rH (4.2)

for all k=1,...,P. In particular, taking r =ry = %, we have

Ps<2

{xGBrO ) |o(x, T)| > %}'
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1
<=
o

€
{xeulf_lBro(xk):|v(x,T)| > T’_OH

1
<=
o

<e[o( 7)1} o)

{er:]v(x,T)]>3}'

ro
<e 303
(Q)_e M,

i.e. P<M3e * < P, which is a contradiction. O

5 Proof of Proposition 1.1

According to the L? theorem of Stokes system in [4], if f€e W11 ((;R3), 1<g< oo,
and Q) is a C! bounded domain, the following Stokes equations:

—Av+Vp={,

divo=0, [ p=0, (5.1)
Q

U|aQ:0/

there exists exactly one solution (v,p) € WH(Q) x L7(Q)), and
IVl ooy + 1Py < c@ [l w10 (52)
The Wolf’s local pressure projection Py tell us,
Py W M) =W M(Q), Py(f)=p.
As in [22], we have following lemma.

Lemma 5.1. Let (u,B) be a weak solution of (1.1), then for every C? bounded sub-domain
Qand any ¢ € C3(Q2x (0,T)), there holds

T T
—/0 /Q(u—kVPh)’(Pt—/O /()(u@u—B@B—i—plI):ch
T
Vu—poI): V=0, 5.3
#, Jo(Turn Ve 53
ie. setva=0v:=u+Vpy,

orv+div(u®@u)+Vp1+Vpr=Av+B-VB, (5.4)
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where 1 is identity matrix, and

pr=—"Pa(u),
plz—P%(u@m—B@B),
pzzpz(Au)
In addition, the following estimates hold for a.e. t € (0,T)
VPR o) <cllu(®)||pn@)y, 1<m<6, (5.5a)
P18, 3 ) Scluu—BOBI 3 . (5:5b)
P20l 2y < IVa) |2 0 (550)

Here c > 0 depends on the geometry of Q) and in (5.5a) on m only. In particular, if ()
is the ball Br(xq) then c in (5.5a) depends only on m, while in (5.5b) and (5.5¢) c is an
absolute constant.

Hence we have local energy inequality, for ¢ € C3>(Q2x (0,T))
[ (e +BOR)g+2 [ [ (9oL +78P)g
t

< 2 B A // 2 BZ AV

< [ [ (oP+1BP)(gi+89)+ [ [ (loPu|BPPo)- Vg

t t
—I—/O /(22(P1+p2)v-qu+2/o /Q(u®v:V2ph(p—B®v:B®qu). (5.6)

Note that the suitable weak solution of (1.1) satisfies the local energy inequal-
ity (5.6).
From local energy inequality we can get the Caccioppoli-type estimates

WPy +IVWIE

B S S 57)
3(Q§

R

N\

Here W= (u,B), and
W12 0 = Il + 1B
IVWIR2 0, = IVul2 )+ I VBIZ 0,
Obviously,
Cl (W,ZO,T’):C:[(M,B,ZO,V), E(W zo,7 ) E(u B 120,7 )

Proposition 1.1 is an immediate result of following lemma.
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Lemma 5.2. Suppose that (u,B) is a local suitable weak solution of (1.1). Then there
exist universal constants e* >0 and 0 € (0, 1| with following property. For any e € (0,&*]
if

C1(W,z0,1) <g,
then

Cl (W/ZOIG) <

Proof. We prove by contradiction. Let 6 € (0,}] be a constant to be specified later.
Suppose there exist a decreasing sequence {en} converging to 0, and a sequence
of pairs of local suitable weak solutions (u,,, By, pn) such that

C1(Wy,zo,1) =¢3, (5.8)
C1(Wa,20,0) > €5, (5.9)
Define B
_(Hn Bn Pn
(Uﬂ/el’llql’l) - (En 7 €n 7 gn ) 7
then they satisfy

010y +€n0Vn- VU + Vg, =Av, —eydiv(e,®ey,), divo,=0,
aten +€n’0n * ven - Aen = snen * V’Un.

Write wy, = (vy,e,), then

Cl (wn/Z(J/l):]-/ (5].0)
C1(wn,z0,0) > 1. (5.11)

Using the Caccioppoli estimate (5.7) we conclude

”w””ﬁs"(gé( +HIVwnll 20 Q) (20 (z0)) <€ (5.12)
which implies
wy,-Vw <||Vw w <c.
ln nHL?I(Q%(zo))_” nHLZ % H n” 1O(Q%(zo))_

The coercive estimate for the Stokes system (see, e.g., [13]) with a suitable cut-off
function implies

/Q(Z)|atwn|%+|v2wn|%+|wn|%+|wn|%gc,
140

3
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where the constant ¢ is independent of n. Thanks to the compact embedding
theorem and (5.12), there exist w € L? (Q% (z9)) and g€ Li (Q% (z0)) such that

wy,—w=(v,e) in L3(Q%(zo)),
704 in L1(Q,(20)).
Thus (v,e,q) satisfy
0iv—Av+Vg=0, divo=0, die—Ae=0.

Moreover
<c.

||w||L3(Q%(Zo))+ Hq”LZ(Q%(Zo))

By the classical estimate of the Stokes system [19], we get

sup |w|<c,
Q%(Zo)

which implies that for 0 <0 < %
C1(w,zg,0) <c6°.

This contradicts (5.11), if we choose 8 sufficiently small. The lemma is proved. [
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