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Abstract. In this paper, we are concerned with the asymptotic behavior of solu-
tions to Cauchy problem of a blood flow model. Under some smallness condi-
tions on the initial perturbations, we prove that Cauchy problem of blood flow
model admits a unique global smooth solution, and such solution converges
time-asymptotically to corresponding equilibrium states. Furthermore, the op-
timal convergence rates are also obtained. The approach adopted in this paper
is Green’s function method together with time-weighted energy estimates.
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1 Introduction

Cardiovascular disease is a common disease that seriously threatens the health of
human beings. Itis characterized by high prevalence rate, high disability rate and
high mortality rate. Every year, there are approximately 15 million people die of
cardiovascular disease, ranking first among all causes of death. So it is urgent
for researchers to develop models and methods for prevention and treatment. To
understand the fundamental mechanisms of this complex physiological system,
numerous mathematical models were initiated in the 1950’s. Among them, the
hyperbolic PDE [10, 18] has attracted considerable attentions in recent years
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At+mx:O,

m*\ A m 1.1
mH—(sz)x—i—;p(A)x:_yZ, (1.1)
where (x,t) ERxIRT. Here, A=A(x,t) >0 denotes cross-sectional area, m=m(x,t)
is the flow rate. p >0 denotes fluid density, « > 1 is the ratio of the averaged axial
momentum and y > 0 is proportional to the viscosity of the fluid. It should be
noted that the last three terms are assumed to be constant throughout this paper.
Moreover, the pressure p(A) is expressed by

B
p(A)=Pext+Go (A%) -1 +A%(\/Z)f’ (1.2)

where the constants Pyt > 0 denotes the constant external pressure, A, >0 is the
reference cross-sectional area, Gy >0 describes the stiffness of the vessel wall, v>0
denotes viscoelastic coefficient and p>0 captures the linearity /nonlinearity of the
stress-strain response.

As an important biological model, (1.1) was used to describe the complicated
physiological phenomena with human vascular system, since its initiation, it has
attracted considerable attentions and have been studied in a wide range of as-
pects. Here we only focus on the related work on the existence and stability of
solutions. When v =0, (1.1) reduces to a quasilinear hyperbolic system. Cani¢
and Kim [3] studied the existence of global-in-time regular solutions under some
smallness conditions. Later Li and Cani¢ [11] illuminated the influence of the
viscous damping u on the solutions to the Cauchy problem of this model. They
pointed out that for y > 0, the data classes that produce smooth solutions are
richer than y =0, and for the physiologically relevant data that give rise to shock
formation, when u >0, shock formation is delayed in time. Furthermore, Li and
Zhao [12] showed the initial-boundary value problem of the blood flow model
admits a unique global smooth solution for small initial data, and such solution
converges to constant equilibrium states exponentially as time goes to infinity
due to viscous damping and boundary effects. Subsequently, the authors studied
the same type of asymptotic states of L* entropy weak solution for large, rough
initial data containing vacuum in [13]. In addition, the coupling of a quasilinear
hyperbolic system with a Windkessel type boundary was considered in [4]. When
considering v >0, the viscous term makes the system of hyperbolic/parabolic na-
ture. Even so, the hyperbolic nature of the system (1.1) is still dominant in the
blood flow model. Recently, Maity [14] showed that the existence and uniqueness
of maximal strong solutions of the system. For other results concerning numeri-
cal simulations of this model, we refer to the interesting works [1,2,5,17,22,23].



M. Guo, N. Zhang and C. Zhu / Commun. Math. Anal. Appl,, 1 (2022), pp. 503-544 505

However, to the best of our knowledge, there is very limited research on the sta-
bility of solutions to the Cauchy problem of this system.

In this paper, in order to study more conveniently, we rewrite system (1.1) into
the following form:

At+mx:O,
m? VA m (1.3)
me+w (I)x+P(A)X+pAr (VA) = By
with initial data
(A,m)|i=0=(Ag,mg)(x) — (As,ms) as x — =oo. (1.4)
Here G
P(A)= Lﬁﬁ“. (1.5)
(B+2)pA?

The main purpose of this paper is to study the global existence and large-time
behavior of the solutions to (1.3)-(1.4). Note that (1.3) has stationary solutions
(A,m)(x,t) = (Aw,0), but there are some gaps between initial values (A1) (x)
and (Aw,0) (especially when m 4 #0), which will lead to boundary layer effect at
the far field. However, by observing the structure of the system, we guess that as
t— 00, the boundary layer will disappear and the solutions of this system will con-
verge to the stationary solutions (As,0). The main focus of this study is to prove
this conjecture. In this paper, inspired by [7,20], we artfully construct the correc-
tion functions to overcome the difficulties caused by the boundary layer effect at
the far field, and then prove the conjecture by the energy method. Moreover, we
will also give the optimal convergence rates.

We now point out the main difference between the study in this paper and
the related works in the previous researches. Compared with works in [6,21],
the particularity of the structure of system (1.3) will cause some new mathemat-
ical difficulties, so some new ideas need to be used. Firstly, since the complexity
of the expression for F, —F; in (2.15), the energy estimates in this paper become
more difficult and complex, because we have to deal with some additional trou-
blesome terms, such as e~ ||w(t)[|? in (3.11) and (3.14), e~||wx(t)]|? in (3.20),

% ng—z’Z;w%xdx in (3.38) and so on. For the first two terms, although they cannot
be absorbed by the corresponding good terms, for they all have the property of
exponential decay, we finally deal with them by Gronwall’s inequality success-
tully (see (3.44)-(3.45) for more details). And for the last term, we require a tech-

nical condition (2.16) for the sake of absorbing it by the good term (see (3.42)).
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Secondly, one can see in the next section that after obtaining the global ex-
istence and decay rates of the solutions in the L2-framework, we improve the
decay rate of ||w|| by analyzing the integral expression (3.127), and then by us-
ing time-weighted energy estimates, we can obtain (2.19)-(2.20) (see more details
in Lemmas 3.9-3.10). Compared with the previous work in [6], we have weaker
requirements for the regularity of initial values, and the calculation process is
simpler and clearer.

Finally, it should be pointed out that although F; produces many time-space
integrable good terms such as vfé“th(f)”zdr in (3.22), vatwaxt(T)szT in

(3.40), v fot |wxxxt (T)]]?dT in (3.68) and so on. In our analysis, we only utilize it to
absorb the bad terms produced by itself. So Theorem 2.1 is always true whether
v=0or v#0. When v=0, the calculation process will become more simpler.

Notations. Throughout this paper, we denote generic constant by C and c,
which are independent of x,t and may change their value from line to line or
even in the same line. ||-||z» and ||-||; denote the LP(R)-norm (1 <p <o0) and
H'(R)-norm, respectively. For the sake of convenience, we denote || || = || || ;2.

2 Reformulation of the problem and main theorem

Now we are ready to reformulate the system (1.3)-(1.4). First, as in [7,8,16,20], let
us look into the behaviors of the solutions to (1.3)-(1.4) at the far fields x = +oo,
then we can know how big the gaps are between the solutions and the stationary
solutions (Aw,0) at the far fields. By taking the limits of (1.3) with respect to x,

and noting that m,, tx(%z) x, P(A)y and ;—i (\/Z) +t will be vanished, then we find
that (A,m)(+£oo,t) satisfy formally the following ODEs:

d

aA(j:oo,t)zo,
d _ m(Foot) (2.1)
dtm(ioo’t)_ “A(ioo,t)’

(A,m)(F00,0) = (Ag,mp)(£00) = (Aco,m-+)

after some elementary computations, we have

lim (A,m)(x,t)=(A,m)(doo,t) = (Aw,mre As'). (2.2)

x— oo

Next, in order to delete the gaps yield by the original solutions and the stationary
solutions, the correction functions need to be introduced as in [7,20]. We first
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suppose that
Aco
/]R(Ao(x)—Aoo)dx:7(m+—m_). (2.3)

Then integrating
(A_Aoo)t+mx =0

with respect to x over R yields

d _ ot d Ao(my—m_) _
a/]R(A—Aoo)dx——(er—m_)e A =3 " e A=,  (2.4)
hence 4 A )
co\My—m_) _ pt .
dt/]R {A(x,t) A i e 4 go(x)} dx=0, (2.5)
where ¢(x) satisfies
p(x)ECP(R), @(x)>0, /]R p(x)dx=1. (2.6)
Thus, thanks to (2.3), we reach the setting
x A
wit)= [ [Aly)—Aw—AwH)]dy 2.7)
with A
A I —m_) _nt
A(x,t)= (m; e )e Xooqo(x). (2.8)
Similar to [7], putting
1(x,t) — e e (m_+(m+—m_)/ go(y)dy) , (2.9)
then it is easy to verify that
Ap+i =0,
. 1 (2.10)
m = ]/tAoo

Now, we are going to make a perturbation around stationary solutions (A«,0),
combining (1.3) and (2.10), we have

(A—Aw—A),+(m—1i) =0,

2
(m=my+ ((4)-P(A), o () o)
vA m 1
oA (VA)ut+pg—pg—=0.
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Setting
z(x,t) =m(x,t)—m(x,t), (2.12)
together with (2.7), we can reformulate the system (2.11) as
wi+z=0,
z
21+ P (Aw) Wiy +p————=—F—F—F—F, .
t (Aco)Wix wa+Aoo+A 1—fh2—f3—g (2.13)
(W,2)]t=0:=(wg,w1)(x) =0 as x— *Foo,
or
wt
wi—P(Ac)wxyx+i——————=F+FH+F+F, 2.14a
tt (Aco)Wix wa+AOO+A 1T Thy ( )
(w,wt)|t=0:=(wo,w1)(x) >0 as x— oo, (2.14b)
where ) .
F:=(P(wy+Acw+A)—P(Ac) —P’(Aoo)a)x)x,
FZ::_P[ m(wx+A) N
Aoo(wx+Aoo+A)
( (_wt+m)2 ) (2.15)
FB=a|l—2),
wx+AOO+A X

F4::L (wy+Aw+A) (\/wx+Aoo+A>

\ p A”
From now on, we will study the system (2.14)-(2.15). We list the main theorem
as follows.

Theorem 2.1. Suppose that (2.3) and

xt

B

1

2

max { |[my|,|m_|} < <&> Al (2.16)
20pA?

holds, 6:=|my—m_| and ||wy||3+||w1 ||2 are sufficiently small, then the Cauchy problem
of (2.14) admits a unique global solution w(x,t) such that

w(x,t) €CF (0,00, H*¥(R)), k=0,1,2,3,
wi(x,t) €C*(0,00,H>"(R)), k=0,1,2,
and
ool ()| <C(14+8) 57!, 0<k+1<3, 0<I<2, (2.17)
9o (t)]| <C(148)73. (2.18)
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Furthermore, under the additional assumption that (wo,w1)(x) € (L' x L1)(R), the so-
lution w(x,t) possesses improved decay estimates

[okalw ()| <C(14+8) 437!, 0<k+1<3, 0<I<2, (2.19)
[ (t)]| <C(1+£)"%. (2.20)

Noticing that wy =A— A — A, z=m—1, and using Lemma 3.1 and Sobolev
inequality, we immediately obtain the following estimates.

Corollary 2.1. Under the conditions in Theorem 2.1, the system (1.3)-(1.5) possesses
uniquely global solutions (A,m)(x,t) satisfying

(A= A) ()|l <C(141) 7, (2.21)
Im(t)||i= < C1+£)"2, (2.22)

3 Proof of the main results

This section is organized by two parts. In the first subsection, we establish the
global existence by combing the local existence with a priori estimates under
some smallness conditions, besides, we obtain the decay rates of solutions based
on the standard L?-energy method. In the second subsection, provided that the
initial perturbation lies in (H® x H?)(R)N(L! x L')(R), we improve the decay es-
timates by Green'’s function and time-weighted energy method.

3.1 Proof of (2.17)-(2.18)

It is well known that the global existence can be obtained by the classical contin-
uation method based on the local existence and a priori estimates. And the local
existence of the reformulated Cauchy problem of (2.14) can be obtained by the
standard iteration method (cf. [9,15,19]). Hence, to prove Theorem 2.1, we only
need to focus on establishing the following a priori estimates.

Proposition 3.1 (a priori estimates). Suppose all the conditions in Theorem 2.1 hold.
Let w(x,t) be a smooth solution to the Cauchy problem (2.14) on 0 <t <T for T > 0.
Then there exist positive constants € and C such that if

N(T):= sup

0<t<T{ (1+t)k+2lHalﬁccaiw(t)Hz"i_(l‘i_t)SHa?w(t)Hz}SEZ, (3.1)
<t<T \0<k+1<3,0<I<2
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then it holds that

(1842 [0l (1)[|* + (1+6)° [ e (1)
0<k+1<3,0<I<2

t
[ L 0o st as
<k+I<

<C([lewoli+llewrl3+9). (3:2)
From (3.1) and the Sobolev inequality

Ifllee < V2IFIR 1 £el12

one can immediately obtain

40l (t)]] o < V2e(14+8) 73727, 0<k+I<2. (3.3)

Moreover, it is easy to deduce

(O8]

1 A
OSEAooéwx-l-Aoo—I-AS Aco, (3.4)

2
which will be used later. In order to prove Theorem 2.1, it is necessary to intro-
duce some estimates of the correction functions (A, ) (x,t) and heat kernel G(x,t).
Lemma 3.1. Let k,j be nonnegative integers and p € [1,00], it holds that

|00, A(t) | » <Clmy—m_|e=¢, kj>0,

Ha’;aftm(t) |, <Clmy—m_le=®, k>1, j>0,

7 (£)|| L < max{|m |, |m_| e, (3.5)

Proof. From (2.8) and (2.9), it is straightforward to check that (A,)(x,t) satisfies
the above lemma. d

Lemma 3.2. Let k,j be nonnegative integers and p € [1,00], it holds that

osalG ()|, <ct 217972 k>0, (3.6)

With the above preparation, we turn to prove Proposition 3.1, which will be
tinished by the following several lemmas.



M. Guo, N. Zhang and C. Zhu / Commun. Math. Anal. Appl,, 1 (2022), pp. 503-544 511

Lemma 3.3. Suppose that all the conditions in Proposition 3.1 hold. If € and 6 are
sufficiently small, then for 0 <t <T, we have

t
l®) B+l + [ (llos DI+l (D) +vlwra (7)) de
<C(llwol3+lleor [3+5). (3.7)

Proof. Multiplying (2.14a) by w and integrating the resulting equation with re-
spect to x over R, we get

d .”wz ) / >
— +ww dx-i—/ P'( “dx
dhé( w&+Aw+A) t
w? (wyt+Ay)
= d + /F d 3.8
/wt wx+Aoo+A Z wer (3:8)

We now estimate the terms on the right-hand side of (3.8) as follows. First, by ap-
plying integration by parts, (3.3) and (3.4), together with Lemma 3.1 and Cauchy-
Schwarz’s inequality, one has

pw? (wyr+ Ar)
R2(wy+ Ao+ A)2

:_/ UW Wyt ] x—/ Hw ]

R2(wy+ A+ A)?2 R2(wy+ A+ A)?

</ pOwywr [ 2wi(wyx +Ay)
R (wy+ A+ A)? R (wy+Ao+A)3

SC/ (lwcos|+e? (x| +14x)) Iw,g|dx-|—C/ | Ay dx
R R

dx+C/ w?| Ay|dx

< Ce (llwox (DI +llwr (B +lleoxs (D7) +Coe . (3.9)
Next, as shown in [20], we can estimate
/ Frwdx= —/ [P(wy+ Acot A) = P(Ass) — P (Aso)wy] wrdx
’ V( )

[lws (t)[|>+Ce™". (3.10)
Then by using (3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality, we have
/ szdxgc/ (Jws|+|A]) 1] || dx
R

< P 1 (012 Co ! o) 2+ o (3.11)
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Finally, due to the fact

m2 2ammy,  am?A,
F3—[X <7)x— A — AZ , (312)
v 1/\/
Fy= A(VA) = AxA; -|— A 3.13
4 ,OAr ( )xt 4pA \/— r xt ( )

the last two terms on the right-hand side can be estlmated as
/]RFgwdx§C/R(|wt|+|nﬁ|)(|th|+|mx|)|w|dx
+C [ (@h+1) (s +1Axl) o]
< Clwr(®)|F+Cllwx (B +Ce™lew(t)|[*+Coe™,  (3.14)

/]RF4wdx§ /\/waxtwdx—FC/ (|Axt|+|Ax]|Af]) |w]dx

v

204,
v 2

< —

< 4pArdt/(‘F“’ dx+C/|A|wdx

+C [ (1A + (ssl +1Ax) (leose| 1 A1]) ) ool
v d ( ) 2

< _ il

<o i o (VAW dx == o )]

—|—C||wxx(t)||2—|—C||th(t)||2-|—C(5€_Ct. (3.15)
Putting (3.9)-(3.11), (3.14)-(3.15) into (3.8) we can conclude that

d /P’ Jwld

= CIth( )||1+C||wxx( )||2+C€_Ct||w(f) I +Cae™". (3.16)

On the other hand, multiplying (2.14a) by w; and integrating the resulting equa-
tion with respect to x over R yields

1d
2dt Jr

2
(w?+P'(As)w?) dx+ R% x=Y /Fw,gdx (3.17)
X [oe]

The first term on the right-hand can be treated as follows.
< A A
/IRFde < /R (Jewssl (Jwe | +1A]) +] Ael ) ot dx

< 12‘2 [l (£) ||2+C5(1+t)_% l|wsx (£)]|*+Ce ™. (3.18)
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By using (3.3), (3.4), (3.12), (3.13), together with Lemma 3.1 and Cauchy-Schwarz’s
inequality, the other terms on the right-hand side of (3.17) can be bounded as

/szwtdxgc/ﬁ(ywx|+m|) 91| cwr| dx

< P lwn(8)[2+ Ce flwe() 2+ Coe™, (3.19)

AF3wtdx§CA(|wt|+|m|)(|th|+|mx|)|wt|dx

+C/]R (wi+712) (Jwsx| +|Ax]) |wr|dx

< o oI +Ce™ ([laone (D> + lwes (1)]?) +Coe™, (320
/RELwtdxg/]Rg;/f [ (14| +1 A4l | Ad]) et

;;/; 2dx—|—C/ | Autl+ (|wiel +1Ax]) (Jwus|+] Ad])) e

- ijfwi — A ()24 Coe . (3.21)

Putting (3.18)-(3.21) into (3.17), we can conclude that

1d
EE/R(w‘z‘—i—P’(Aoo)wi)dx—l—c/]R(w?—l—vwiﬁdx

3
< Ce(14+6) e (B)|2+Ce™ ([leont (1) 2+ wn (D]} ) +Coe™. (3.22)
We have from (3.16) xA + (3.22) (0<A < 1) that

2

2dtJr Wyt Aco+ ZPAV

—i—c/ (Wi+wf+vwy,)dx
R
< Cllewx (DI +Cllwss (1) |* 4+ Ce™ [l (t) 1§ +Cde™". (3.23)

Integrating the above inequality over [0,t], we have

t
lw® I +lwr®) P+ [ (x4 ot () P+ wn ()] dr
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t
sc(uwou%+||w1u2+5)+c | (lox O+ lwx(0)) de
+c/ “Tlew() |3d (3.24)

Now we consider the higher order energy estimates. Multiplying (2.14a) by —wyy
and integrating it with respect to x over R, after some integrations by parts, we
have

i/ ( pey —|—wxth> dx—l—/ P'(A )w,zcxdx (3.25)
dt Jr (wx+Aoo+A)
pHwywi(Wyy+Ay) Hw?(wy+ Ay) /
= dx + dx — F; d
/th 2wst Awt AP JR2(wy+ Act A Z‘ (e

By employing similar procedures from (3.18) to (3.21), the terms on the right-hand
side of (3.25) can be treated as

/wawt(wxx+Ax) dr [ FeR(wntA)
2(wy+ A+ A)? R2(wy+Ac+A)?

<c/ lwrr| (Jwre| + | Ax dx+C/ (Jwst| +|Af] ) da

P/( )|| ()||2+Cs(1+t)_1||wx(t)||2+Cée_Ct, (3.26)

and

— | Fronedx <C [ (Jwxsl (s |+ A]) + | Ax) [worsd

P'(As
<P b2+ o, 627)
—/]Rszxxdng/R(|wx|+|A|)|m||wxx|dx
P'(As
< (20 ) e (8) [+ Cet | () [2+ Coe—, (3.28)

_/]RF3wxxdx§C/]R(|Wxt’+’me(’wt’+’m|)’wxx’dx

+c/]R(w-Z-+m2)(|wxx|+|Ax|)ywxxydx

P/Aoo
P,
20

xx (£) |2 4Cllwst ()] +Ce™ | wx (£) | *+Ce ™, (3.29)
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vV A A
_/ F4wxxdx§_/ wxxthxdx+c/ (|Axt|+|Ax||At|) |wxx|dx
R R 20A, R

v d ’
< _ el
< 4pArdt/R(‘/A“’xx)dx

+C [ (1Astl+ (sl +1Axl) (el +1Ar)) s d

v d 2 P/(AOO) 2 —ct
< _ _ — . .
<ok dt/]R(\/Aa)xx)dx—F oo s (B)][*+Cae (3.30)
Putting (3.26)-(3.30) into (3.25), we can conclude that
d w? VWA 5 3
— Wy Wyt W dx—l——/ P'(As)w? dx
dt/]R <2(wx+Aoo+A) xWixt 4pAr XX 4 R ( ) XX
< Cllewx (1) +Ce(1+£) 5wy ()| >+ Ce ™ [l ()} +Coe ™. (3.31)

On the other hand, differentiating Eq. (2.14a) in x, we multiply the resulting equa-
tion by wy; and integrate the resulting equation in x over R. Using integration by
parts gives

1d
2dt
_ HWtWxt (Wxx + Ax
R (wx +Ac+ A)2

2
2 / 2 HWit
ws,+P Aoo w dx-+ — X _dx
/]R( xt ( ) xx) wa+Aw+A

4
)dx+2 / Fwpdx. (3.32)
i—1/R

We now estimate the righthand side of (3.32) term by term. First, we have from
(3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality that

,uwtht(wxx +Ax) dx
R (wx +Aoo+A)

<C [ lwrllws] (lwss] +1Ax]) dx

< 12‘: ||th(t)||2+C€(1+t)_%||wxx(t)||2+C5e_Ct, (3‘33)

Moreover, as shown in [20], we can estimate

1d X
/]R Firondr € =5 [ [P(@rt An+ A) =P (Aw) | whdy

—i—C/IRwixﬂth]—i—]At])dx
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+C [ (sel +1Ax)|Ax|+1 A ol

1d X )
g—ia/]R[P’(wx—l—Aoo—e—A)—P’(Aoo)]wxxdx
+Ce(144) ™ 7 ||y (1) ||>+ Ce ™. (3.34)

Then by direct calculation, we get

/]RFZwatdx§C/]R(|wx|+|A|)|r?zx||th|dx
+C [ (lossl+1Axl) il el dx
+C [ (s A1) (sl +1Ax]) 1] lwoss |k

Ml O | e ) s
< I et (1) 2+ Coe (3.35)

Finally, we deal with the last two terms of the righthand side of (3.32). Noticing

Ee 2am B tx_m2
3x = —A Wit A2 Wixxx

+0(1) (mi—i—mﬁzxx—i—mmxAx—l—mZAxx —i—mzA‘?;), (3.36)
vV A %

Fyp = waxxt - WAthxx
‘H/O(l) (Axxt‘i‘AtAxx‘i‘A%cAt)/ (3-37)

we can compute that
2am m2

/IRF3xthdx:_ R A —— Wiyt Wyrdx — / A2 — 5 WyxxWytdX

"‘C/]R |mxx|+|AXX’+(th+mx)
+(|Wt|+|ﬁ1’)(|Wxt|+|mx|)(|wxx|+|AxD
+ (wi+1m?) (w,zcx—hfli)) |y |dx

2 ||2

d [ am p||wxe (1)
=dt 2A2 12A

FCe(148) 7| (D)2 + Ce™ ! |wa () |2+ Coe™t,  (3.38)

w2, dx+
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ApWxxxwyrdx

V\/Zw w dx—/#
]RZPAr xxxtWxt IR4pAr\/Z

+C/]R<|Axxt|+|Axx|+(w32(x+A32¢)(|th|+|At|))|th|dx
S—/ WA

/ F4xwx,gdx =
R

pllwxe (£) ] et
20 4+ Cée ‘. .
1R4pArwxxtdx+ A +Cde (3.39)

Putting (3.33)-(3.35) and (3.38)-(3.39) into (3.32) yields

ocmz
ia/m[w’z‘t—i_(Pl(A“’)_?) wix} dx—t—c/]R(w%t—l—vw,%xt)dx
<-4 [P (ws+ A+ A)—P'(Aco)] C‘)’%de

~ dt R X o) 00 2

—i—Cs(l—i—t)_% |wx (£)[|2 4 Ce ™ ||y (1) ||* +Ce ™. (3.40)
We have from (3.31) xA + (3.40) (0 <A< 1) that

1d ) Apw? ) MWVA  am?)
—— —+2A P (A —— d
> dt R [ath+ a]x—l—Aoo LA +2 AW Wyt + ( )+ szr A2 Wiy X

—I—C/R(wix—l—wit—i—vw%xt)dx
1d "
<54 ]R[P’(wx+Aw+A)—P’(Aoo)]wixdx
+Ce(1-48) F[[wr (8) |2+ Ce [[con (£) |2+ Coe ¢, (3.41)

In order to claim ||wyy(T)]|? is a good term, we require

P'(As)——5 >0, (3.42)

A2
this can be obtained by (2.16), where we have taken £ and J small enough.
Integrating (3.41) over [0,] and noticing (3.42), we can obtain

Jeor ) B+l (P + [ (Jeosa ()7 + awse(0) [+ vl ree(0) ) de

t t
<C(llwol3+l1z0l}+8)+Ce | flwos(D)|Pdr+C [ e Tlwn(t) T, (3.9

It follows from (3.24) and (3.43) that

t
lw®B+lwr®) -+ [ (lex (I + et (0) B+ s (D)) dr
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t
<C(lwoll3+llen F+6) +C [ e ) I3 (3.4
By using Gronwall’s inequality, we obtain

sup {lw(t)3+llwi(t)1} } <C (llewolB+lwn [} +3). (3.45)
0<t<T

Arranging (3.44) and (3.45), we get the desired inequality (3.7). This completes
the proof of Lemma 3.3. O

Lemma 3.4. Suppose that all the conditions in Proposition 3.1 hold. If € and o are
sufficiently small, then for 0 <t <T, we have

(1+0) (e (Ol ®IF)+ [ 1+ fen(r) P
<C(llwol3+llenl}+5), (3.46)
(2 (a2 + lwat (D)
+ [ [+ lns (1P + 1+ (llos (@) P+ vl e (0) 2) | de
<C(llwoll3+[lconl13 +9). (3.47)

Proof. Multiplying (3.22) by (1+¢) and integrating the resulting equation with
respect to t over [0,t], it is easy to obtain that

000 [ [+ Placpd] avte [ (a+vad)ax
t
<C [ (lox(® -+l (DI1F) +C (ool -+ ln 2+) . (3.49)

The above inequality together with Lemma 3.3 implies (3.46).
The same process applied to (3.41) deduces that

(1+8) (llox (DI + st (D117
+ [ [0+ D (lon @I+ o DI+l (@)P) ] dr

<C(Jlwoll3+[lwrll3+9). (3.49)
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Moreover, multiplying (3.40) by (1+t)? and integrating it over [0,t], applying
Lemma 3.3 and (3.49), we get

(12 (|l (B) 2+ llwow (D7)
t
+ | 140 (leoat (O +vllwsss (0] ) de
<C(llwol3+lleon |3 +5). (3.50)

Arranging (3.49) and (3.50), we have (3.47). This completes the proof. O

Lemma 3.5. Suppose that all the conditions in Proposition 3.1 hold. If € and 6 are
sufficiently small, then for 0 <t <T, we have

A+ (lleoxex (DIP+ eorat (DI
+ [ [ 002+ (140 (s (D24 vwsen (DIF) | de
< C(llwol3+ljeor [3+5). (3.51)

Proof. Differentiating Eq. (2.14a) in x, we multiply the resulting equation by —wyyx
and integrating it with respect to x over IR, after integration by parts, we get

2
%/ < ( H%x +Wxxwxxt) dx+/ P/ )wyzcxxdx

wx+Aoo+A)
(wxt+Ap)w
_/wxxtdx.u w+A+A)
X ©
thwxx_wthxx)(wxx‘l‘AAx) 4
+ R dx— /F' Wyxydx. 3.52
‘u (wx+Aoo+A)2 ;l R IxXYWXxxx ( )

By using (3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality, it is easy to
deduce

. / (th+At X+ Wxthx_wthxx)(wxx+Ax)dx
z(wx+Aoo+A (Wy+ A+ A)2
<c/ ( rwxfr+rAf|>wxxdx+c/R (It s |+ ot sz (s + | Axl )l
Pl Aoo _7Z —
< ( )||wxxx(t)||2+Cs(1+t) Z||cuxx(t)||2—|—Cc5e . (3.53)

- 20
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As shown in [20], we can estimate

—/]RlewxxxdeC/]R(wix—i—fli—i—]Axx|+|wxxx](|wx|+|fl|)> |@Wxxx|dx

/
_ P'(Ax)
- 20

Then by performing some similar computations as (3.35)-(3.39), we can get

e ()24 Ce(14+£) 2 |wne ()| +Coe ™. (3.54)

/F2xw_xxxdx<C/ |Wx’+’A’ |mx’|w_xxx|dx
| x|+ Ax]) [17]|wrre|dx

e o
/(WXH_’A’ ’wxx’+’Ax’)|mexxx|dx
P'(Ax)

_20

lewnx ()12 +Ce™ [|wxx (1) > +Cée™, (3.55)

2am

2
om
2
_/ Faxwyxxdx = —A wxxthxxdx+/ 2 wxxxdx
R R A

R
"‘C/]R (|mxX|+|Axx’+ (Wazct+m32c)
+ (Jws |+ |12]) (|t |+ |1 ) (|Wxx|+|AxD
+ (w%+m2) (w§x+A§)) |y |dx

P/(AOO) 2 2 —6 2
<0 N@rx (D)7 4 Cllwsse (D7 +Ce(1+£) ™ [lwxx ()

+Ce(1+4) " 2| (1) |2+ Ce™ |wxx (1) |2+ Coe ™, (3.56)

A

sz ——— WaxtWyxxdX +

2
_/]RFAwaxxxdx: Apwidx

v
R 4pAr\/Z

+c/ |Axxt|+|Axxr+<wix+Ai><rwxf|+|At|>)rwxxx|dx

< o5t o VA drt T o 0

+Ce(14t) 7 ||wse (£)[|*+Ce ™. (3.57)

Putting (3.53)-(3.57) into (3.52), we can conclude that

d ,uwix \/Z 2 /
a/ﬂ{( (wx+Aoo+A)+ xXx xXt+4PAr XXX dx +4/P C‘)xxxdx
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_7 _7
< Cllwsxt (B[ +Ce(144) "2 wxe (|2 +C(1+1) 75 |wsx (1) |
4 Ce ™| warx (1) |2 +Coe ™. (3.58)

Differentiating (2.14a) twice in x, we multiply the resulting equation by wyy; and
integrate the corresponding product in x over R, thus obtaining

Ld 2 4p 2 POy
2dt/ (Wt P (A )t Rort Amt A (3.59)
(Uxt Cl)xx+A ) ( wt(wxx+Ax) ) 4
= + — Wyrpdx+ /F. wWrrdx.
7/‘/ ( wx+Aoo+A) (wx+Aw+A)2 N xxt 1_21 R xxt

By employing (3.3), (3.4), Lemma 3.1, and Cauchy-Schwarz’s inequality. The first
term on the right-hand side of (3.59) can be estimated as

Wt wxx—l—Ax) ( wt(a)xx—i—flx) )
+ - d 3.60
”/ ( (Wt Aot A2 \(wytAmtAr), ) (3.60)

SC/]R |t (|Wxx|+|Ax|) + || (’wxxx|+|AxxD + || (‘%%x"‘&%)) | Wyt |dx

()] +Ce(14£) 2 [wnra (£) |2+ Ce(14£) 73 [|wrnx (£) |2+ Ce

< H
~ 15A

Next, as shown in [20], we have

|wzext (t) P'(wy+ Aot A) = P'(Aco) ) iy dx

o5 [
~ 15A 2dt Jr
+Ce(14) "% |y ()2 4+ Ce(14+£) 1 ||wsex (£) |2+ Coe ™. (3.61)

/ Flaxwxdx <

Then we will go on to treat the last three terms. Noticing that

My (wy+A)+1i(wer+Ay)  (we+A)Ax
B = AAw T A2AL

X

= 0(1) (mxx (Wx+A) +mx(wxx+Ax) +m(wxxx+Axx)
1ty (wWy 4+ A) Ax 11 (wyx + Ax) Ay
+m(wx+A)Axx+m(wx+A)A§>, (3.62)

2am am? .
F3xx= _waxxt - waxxx‘F 0(1) (mxmxx+mmxxx+m§Ax + MMy Ay
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—I—mmxAxx—I—mmxAJZC—I—mzAxxx—i—mzAxAxx—l—mzA;o’c), (3.63)

E 1/\/7 v
4xx_2P—Ar xxxxt — 4 A, \/—
+1/O( )(AtA?C+AxtAJZC+AtAxAxx+AtAxxx+AxAxxt+Axxxt), (3.64)

(Athxxx + AxxAxt)

again applying (3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality, we have

/ngxwxxtdx_ 15? l|waxt (£)]|? +Ce™ | wax () |34 Coe ™, (3.65)
d [ am? K 2 -7 2
[ Buwordrs & [ 302 dret o (0] +Ce(14+) 7 wone (1))

+Ce(14£) ™2 ||wrx (B) |24 Ce™ || wrnx (£) |2+ Coe ™, (3.66)

VWA v
JeFameomndr< = | EF hedrt o (O +Cel1) ()
FCe(1+1) 2 ||y (£)]|>+Coe . (3.67)

Putting (3.60)-(3.61), (3.65)-(3.67) into (3.59), we can conclude that

25 [ @bt (PAw) - LA P e [ (who e dx
2dt Jr | )T ) e R
<o [ [P/ (@rt At A) = P'(Ac)] iy

R

7 7
FC(1+1) " 2w (B) [+ Ce(144) ™1 [|crax (1) ||
+Ce ™| warx (1) ||+ Coe ™. (3.68)

We have from (3.59) x A + (3.68) (0 <A< 1) that

1d Auco? VA an
EE/R [wazcxt‘l‘ﬁ—FZ/\wxxwxxt‘F (P/(Aoo)+ 204, _F> wazcxx] dx

+C/]R (wixx +w§xt+vw§xxt) dx
1d A
S_ia ]R[P'(wx—I—Aoo—l—A)—P’(Aoo)]w%xxdx—l—Cs(l—e—t)_%||th(t)||2

F 14 8) T ()| + Ce™ [|wsnn (£) |2+ Coe ™. (3.69)
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Integrating (3.69) over [0,f] and using Lemma 3.4, one gets

t
||WXX(t)||%+||wxxt(t)||2+/0 (“wxxx(T)HZ"'||wxxt(T)||2+V||wxxxt(T)||2>dT
t
<C (Nl +llwn [3+0) +C [ e wnas(r) e, (370
and the Gronwall’s inequality implies
t
wax(t)H%"‘waxt(t)||2+/0 (waxx(T)HZ"‘||wxxt(T)HZ"‘VHWxxxt(T)‘F) dr
< C(llwol3+llewn [3+5). (3.71)

Multiplying (3.69) by (1+¢)* (k=1,2) respectively and integrating the resulting
equations over [0,t], by applying Lemma 3.4 and (3.71), we have

(148 (s (O + oz (1))
t
+ [ 1402 (fxas () 2+ st (0) PVl e (7)]2) b
< C(llwol3+llewn [3+5). (3.72)

Moreover multiplying (1+¢)3- (3.68) and integrating the resulting equations over
0,1], together with Lemma 3.4 and (3.72), it is easy to obtain that

(A48 (lleoxex (DIP+ eorat (DI
+ 0497 (loma (DI 4 vlwers (D))
A T Wyxt(T V|| Wxxxt\T T
< C(llwol3+ljeor [3+5). (3.73)

Arranging (3.71)-(3.73), we have (3.51). This completes the proof. O

Lemma 3.6. Suppose that all the conditions in Proposition 3.1 hold. If € and o are
sufficiently small, then for 0 <t <T, we have

(42w (BIP+ (1467 (|l (B)]2+ |lws ()]2)
[ [0 0Pl P+ (042 (lon(@) P +vlwml?) ] de

<C(flwoll3+[lwrllF+9). (3.74)
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Proof. Differentiating the Eq. (2.14a) in ¢, we multiply the resulting equation by
—w; and integrating it with respect to x over IR, after integration by parts, we get

d pwp )
e d /P’ d
dt/]R( (Ort At A) | Crcn X wdy
2 pwf (wye+Ar) /
= [ widx+ dx-+ Fi;wdx. 3.75
Jhdnr [t z e 675)

By using (3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality. The first three
terms on the right-hand side of (3.75) can be estimated as

2;(4;0;_('_w2;++AA)) dx < Ce(14+t) "5 |jwy (£)||2+Coe ™, (3.76)
/ Fyordr < 2 (éw)||th(t)||2+C5e_Ct, (3.77)
[ Farrdx <C [l (leos +|Al) + ] (Jons|+ | Ar]
11| (leo |+ A1) (Jeost] | Ael) ) Jcor|dlx
< P ) g 1) (Neon () P+ B)2) oo (379
Then, noticing that
Fp=— Mmextt — aA—nfwxxt +O(1) (memy+mifige+mmy Ay
+mmtAx+m2Axt+m2AxAt), (3.79)
Fyp= gpAwaxtt‘i‘VO( )(AZAx+AxAu+Axs), (3.80)

again applying (3.3), (3.4), Lemma 3.1 and Cauchy-Schwarz’s inequality, the other
terms on the right-hand side of (3.75) can be bounded as

P'(As _7
[ B s 22 o () Clon ()24 CO+0) H D)

FC(1+) "2 || (£) |+ Ce [|wy (1) |2+ Ce ™, (3.81)
v d P'(As
P~ 5 (VAR xS o (O] + ol

+Ce(144) "2 || (1) || +Ce . (3.82)
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Putting (3.76)-(3.78), (3.81)-(3.82) into (3.75), we can conclude that

d pewy vv/A /
= + Y202 ) dat 2 / P'(Aw)ewd
dt/][{( (wx+Aoo+A) Wit 4pAr xt) 4 Wy dX
< Cvllwstl P+ Clleont ()24 C(1+H 7 lwnx 24+ CA+H 7 lawr ()2
+Ce= (flaont (D] + leox (£)|2) +Coe™. (3.83)

Differentiating Eq. (2.14a) in t, we multiply the resulting equation by wy; and
obtain

1d 2 / 2 P‘w%t
2 dt e (a)tt—l—P (Aoo)th> dx—i_/lR—wx—i—Aoo—l—Adx

wiwi (Wt + Ap) /
= x—+ Fiwdx. 3.84
Wx+Aoo+A Z ittt ( )

By direct computations, we have

A
[ oot ) gy B 1)+ Col1-40) e (D] +Cae 7, (3.59

= XS
R (wy+A+A)?  — 15Ac

H 2_12 / A D! 2
< 15AL ()] > ar ]R(P (wx+As+A)—P (Aoo))thdx

+Ce(1+1) " ||wxe (1) ||2+Coe ™, (3.86)

| Facordx <C [ (Il (lox |1 A1) + sl (fose | Ae]

] (s |+ |A]) (sl +|Ar]) ) lwone| dx

()P +Ce™ (llwnt (1) 12+l ) +Coe™". (3.:87)

< H
~ 15A

Applying Egs. (3.3), (3.4), (3.79), (3.80), together with Lemma 3.1 and Cauchy-
Schwarz’s inequality yields that

d (Xﬂlz 2 U 2
<_ P
/RF3twttdx_dt/R 2z Wedrt g5 fwn ()]

_7 _
+Ce(1+) "2 [|wst ()12 +C(1+1) 7 [|ewxx (1) ||
+CeH|wqt () ||2+Coe ™, (3.88)
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vV A U
Fywyd <—/— 2,d t)|?
P = [ et g lon ()]

+Ce(14t) 7 ||wsx (£)[|*+ Ce . (3.89)
Putting (3.85)-(3.89) into (3.84), we can conclude that

1d am?
Ea/ﬂ{(w?ﬂr (P’(Aoo)—?) w%t) dx+c/ﬂ{(wt2t+vw§tt)dx
1d A
g—ia/]R[P’(wx+Aoo+A)—P’(Aoo)}w%tdx
+C(1+H) 7 [|wrr () [P+ Ce(1+) "5 wn (1)
rCe (||th(t) 12+ wa(t)Hz) +Coe, (3.90)

We have from (3.83) xA + (3.90) (0 <A< 1) that
1d Apw? MWV A 2
/IR (w?t—i—%—i—b\wtwtt—i— (P’(Aoo)+ WA _ ﬂ) wi) dx

Ea wx+Aoo+ ZpAr AZ

+C/R(w§t+wt2t+vw§tt)dx

1d N
< =531 JL [P @t At A) =P (A)] @it +-C14+1)
+CO+H)7Fwr(B)]2+Ce™ (leoxt(B) 2+ wr (D) +-Coe™. (3.91)

Multiplying (3.91) by (1+t)¥ (k=0,1,2) respectively and integrating the resulting
equations over [0,t], by applying Lemmas 3.3-3.4, we obtain

(412 (e (1) 3+ lon (1))
+ [ 102 (len (DI + e (2) P+l os(0) )
<C(Jlwoll3+ w3 +3). (3.92)

Moreover, multiplying Eq. (3.90) by (1+¢)% and integrating the resulting equa-
tions over [0,t], together with Lemmas 3.3-3.4 and (3.92), it is easy to deduce

(48 (lleoxt(B) 2+ llwn (1))
+ [ 140 (Jou(@) P+ vws(0) ) de

<C([lewolB+llwn [} +5). (3.93)
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Arranging (3.92) and (3.93), we can obtain (3.74). This completes the proof of
Lemma 3.6. L

Lemma 3.7. Suppose that all the conditions in Proposition 3.1 hold. If € and o are
sufficiently small, then for 0 <t <T, we have

(- ([leoxts (O P+ lwat (D))
+ [0+ (om0 P+ vwean ()] d
0 xtt xxtt
< C(llwol3+lleon [3+5). (3.94)

Proof. Mutiplying the derivative dy; of Eq. (2.14a) by wy and integrating equa-
tion in x over R, we obtain

1d ) ) ) Ha?
2 d+ P'(Ac d —Xtt,\d
5 df (tht+ ( )wxxt) X+ AT A X
wat(wxt+ Ay) ( wWi(wyx+Ay) ) 4
N = wyppdx + /P wyeprdx. (3.95
V/ (Wy+Aw+A)2  \(wr+At+A)?2/, xtt 1_21 ittt (3.95)

Now, we deal with the terms on the right-hand side of (3.95). By direct calcula-
tions, we first have

y/ Wyt (Wi +Ay) ((Wt(wxx+Ax)>

~ thtdx
(wyx+Ac+A)2 Wyt Aw+A)?
§C/IR |t (’th|+|AtD + W] (’wxx"HAxD + || (|Wxxt’+’AxtD

o leor] (Josel [ Ael) (Joost] + | Ael) ) Jeosae|lx

(1) |12+ Ce(1+1) "2 ||cwse (1) |2 +Ce(1+£) 2 [|wr ()] 2

oM
~ 15A
+Ce(1+1) 2 ||yt (1) ||2+Coe ¢, (3.96)

and

M 1d A
< g lonn(OP=55; | (P(@x+AntA) =P (Ax)) whydx

+Ce(148) ™[t (£)]|2+ Ce(14£) "2 wran (1) |
+Ce(1+t) 7 ||wyt (£)[|2+Coe . (3.97)

/ Fiypwyndx <



528 M. Guo, N. Zhang and C. Zhu / Commun. Math. Anal. Appl., 1 (2022), pp. 503-544

Secondly, we consider the last three terms. Owing to

My (wy+A)+1i(wer+Ay)  1(we+A)Ax
o=~ AAw T AZAL

= 0(1) (mxt(wx+A) +T?lx(th+At) +T?lt(wxx+Ax)
+m(wxxt+Axt)+mx(wx+A)At
+m(wxx+Ax)At+mt(Wx +A)Ax

(e + Ay )Ax+ﬁ1(wx+A)Axt+ﬁ1(wx+A)AxAt), (3.98)
E __szmw _ocmzw
3xt — —A xxtt —AZ xxxt

+0 (1) (mxmxt + MMy + Myt +m§At + My Ay
+mmpmy Ay +mmy Ay +mmy Ay

+mmy Ax A +mmpAxy +m2Axxt

+m2AxxAt+mmtA§+m2AxAxt+m2A§At>, (3.99)
VWA v
F. —w — A A
4xt = ZPAr xxxtt — pAr\/Z xx41tt
+vO(1) (A%A§+AttA,%+AtAxAxt+A%Axx+Axxtt>, (3.100)

we can compute that

| Eicoxiedx < g2l (0 24+Ce™ (Jlaonas (1) 2+ eoas (1) )

+Cée ¢, (3.101)
d ocmz 1 5
< —

[ Borudx < 3 [ S ety (0]

+Ce(14) ™ e (B) |2+ CA+8) 7 eworax (1)
+Ce(148) 7| wnt (B)||2+ C(1+£) 2 [|cwnut (1) ||+ Coe ™, (3.102)

WA
JoFssonde< = [ LT @drt g om ()]

+Ce(1+8) ™ % |wn (1) |2+ Ce(1+) 77 [|wrae ()|
+Ce(141) 78| waxt (£)||2+Coe e, (3.103)
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Putting (3.96)-(3.97) and (3.101)-(3.103) into (3.95), we can conclude that

L8 et (Pl -2 ) e [ (02 v )
24t Jg | )7 A7 ) Wt R
1d 2 2
f_ia/]R[P/(WX+A°°+A)_PI(A°°)} wxxtdx

FC(14+E) 7 [[wra () P+ C(1+£) 73 |l wran (B) |2
+Ce(148) 73 |t (8) |2+ Ce(14£) "3 [|wre (1) |2
FC(1+8) 7 ||yt (£)[|> +Coe . (3.104)

Multiplying (3.104) by (1+t)F (k=0,1,2,3,4) respectively and integrating the re-
sulting equations over [0,t], by applying Lemmas 3.4-3.6, we obtain the desired
estimate (3.94). This completes the proof of Lemma 3.7. O

Lemma 3.8. Suppose that all the conditions in Proposition 3.1 hold. If € and 6 are
sufficiently small, then for 0 <t <T, we have

(0 ewort (824 (145 (llone (1) 2+ llozse (1))
+ [ 0407 (Jeom (D) P +vllwsen (0] do
<C(llwolfi+llenlB+6). (3.105)

Proof. Differentiating (2.14a) twice in t, we multiply the resulting equation by wy;
and integrate the corresponding product in x over R, thus obtaining

d thzt '
a/ ( wx—|—Aoo—|—A) +wttwttt dx+/P xttdx
th—i—At w;?-t
W, dx+ / —Hdx
/ tt H wx+Aoo+A)22
wi(wyt+ At) 4/
wpdx -+ Fii copdx. 3.106
V/<wx+Aoo+A)> t ;thttt ( )

By performing some similar computations as the work of Lemma 3.7, we can get

2
g s / @ilwnt A wnds (3.107)
(wy+Ac+A)2 2 ¢ (Wt A+ A)2
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< PUA) (1) 2 4-Ce1+-)Ecns(8) 2+ o1 48) e (1) -+ o™,
/]RFlttwtthS ‘ (21300) et (£) ][> +Ce(14) 3 |wst (1) |2 +Coe™". (3.108)
Notice that
Eyi= [ﬂat(Wx‘FAI)q—;ﬂ’;l(th"‘At) - m(aXZ;A)At
® °° t

=0(1) (mtt(wx+A)+mt(th+At)+m(tht+Att)
11wy + A) A1t (wye + Ar) A

—I—m(wx—l—A)Att—l—m(wx—l—A)A%), (3.109)
F ———lemw —“—mzw
3ttt — A xttt A2 xxtt

+0(1) (mttmx g ML+ 1 A Ay
+mmy A —|—mmxAt —|—mt Ay
+mmy Ax+mmp Ay +m* Ay
+mmtAxAt+m2AxtAt—l—mZAxA,gt—l—mzAxA%), (3.110)

E V\/_w
4tt — 2‘0Ar xxttt — pAr\/Z

+v0O(1) (A?Ax + At Ay Ay + A2 A+ Ayt Ay + A Ay +Axttt> . (3.111)

———= A Axt

After some detailed calculations, we obtain

P (As _
| B < 8 o0+ o (aoalt) P+ s (1) P+ o (1) P)

20
+C53—Cf, (3.112)
Pl Aoo —Z
/]RF3tt60ttdx§ (20 )||tht(t)HZ"‘CHwttt(t)Hz‘i‘C(l‘i‘t) 3wat(t)\|2
+C(148) 73 wrat (1) [P+ C(1+1) 73 [|wse (8)] 2
+Ce™ (Jloxs (24 lleoxte ()] ) +Coe ™, (3.113)
Aco
f Fueondx <= 2o [ VAt TS o )P
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+Cllwstre (F) |2+ C | wate (1) 2+ Ce(1+£) 2 wrae (1) 12
4 Ce(148) 2 ||wxs (£) |2+ Ce(1+4) 2 |wy (1) |2+ Coe ™. (3.114)
Putting (3.107)-(3.108), (3.112)-(3.114) into (3.106), we can conclude that
%/IR <Z(wx—|P—lcj;+A) +wttwttt+%iw§tt> dx—i—%/]RP’(Aoo)wf;ttdx
< Cllwse(#) |2+ C |watse (£)|2 4 C | wrate (£)]|2 4+ C(14£) "2 [|wrxt (1) |2
+C(1+8) 2 |wn (1) |2+ C(1+H) T [ wn (8>
+Ce (flwoa (D) + llwnte(1)[[2) + Coe ™, (3.115)

Differentiating (2.14a) twice in ¢, we multiply the resulting equation by wy and
integrate the corresponding product in x over R, we obtain

1d
Rwy+Ast+A

2dt
—}4/ wit(wy+Ay) < wi(wyi+ Ay) )
(Wit AwtA)?  \ (Wit At A)?

In a similar fashion to the preceding estimates, we have

V/]R wit(wx+Ay) ((wt(thJrAt))

(wr+Awt+A)? \(wy+ Ao+ A)?
<C [ (1wl (st +1A4]) +ler| sl +|Aul) +leor] (ons P+ AiP) ) ol

2
/(wtztt+Pl(A°°)w§tt)dx+ W—f”Adx

4
wtttdx—l—Z/]RFittwtttdx. (3116)
t i=1

wtttdx

_ _7
SBLAHMW)HZJFC'E(HO ®llcwxe ()[|*+Ce(1+£) "2 [|ws (£) |2
+Ce(144) "2 ||y (F)||2+Ce ™, (3.117)
and
H » 1d / A pl 2
F1ttwttth_ 154 o ()] 5 dr ]R(P (Wx+Acw+A)—P'(A)) wipdx
7
+Ce(144) ™[ wxx ()| +Ce(141) 2 [|wsnt (1) |12
+Ce(144) ™ ||y (£) |2+ Coe ™, (3.118)

| Baconndor < 2=l ()P +Ce (lleow (t) P+ e (1) P+ o (D)]12)

+Cée™ ¢, (3.119)
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d “mz 2 -9 2
+C(1+t) llexe(t )||2+C(1+t)‘7\|wxxt(t)||2

+Ce(1+ t)_% ||wxte (£) ||2 +Ce™ ||ws (1) || +Coe ™, (3.120)

/ Faprwpdx <

vV/A 2
/]RF4ttwtttdx§ /1R4PA Wippdx 15A ()P4 Ce(1+1) "7 [|wsx (1) |12
+Ce(1+) 7wt (1) |2+ Cre(14£) 2w (1) |
+Ce(1+t) || cwxee () ||+ Coe . (3.121)

Putting (3.117)-(3.121) into (3.116), we can conclude that

1d am?
EE/R {W?tt‘F (P/(Aoo) - F) wazctt] dx+c/]R (wiztt+VW92cttt)dx

1d 2 -
<=3 51 L [P/ @t At A) =P (Ac)] @+ C(14+) 7 om0

FC+) ™ @B +C(1+) e (1)
+Ce(146)72 (llwon(t)P +vllwrar (1)) +Ce(1+) % eoma (1)
+Ce et <||wx(t) 112+ f|coxee () \|2) +Coe, (3.122)

We have from (3.115) x A + (3.122) (0 <A < 1) that

1d 9 Auw?, ) MWVA  am?\
—— — 2\ P'(Ac - d
T R(wttt+wx+Aw+A+ Wit + (As)+ 204, A2 Wyt | AX

+C/]R (wazctt +wiy +Vw32cttt) dx

1d A
< =537 |1 [P (@xt A+ D) =P'(A)] dydr—+ C e

+CA+) 7w IP+CO+H)7F (flwat (O P+ |wnat 1)

+CA+1) 7w (B)]P+Ce (lan (B2 + lown (D)) +-Coe ™. (3.123)

Multiplying (3.123) by (1+t)F (k=0,1,2,3,4) respectively and integrating the re-
sulting equations over [0,t], by applying Lemmas 3.3-3.7, it follows that

(1) (st (8)12+ lwor ()7
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+ [ 140 (Jeoss(0) P+ lom (DI +v (D)) de
<C(llwol3+lwn 3+6). (3.124)
Then the integration of (1+¢)°-(3.122) over [0,#] yields
(1+° ([l (D12 + low (D))
+ /Ot<1+r>5 (Hlwtse (0) P+l (7)]2) dw
< C(llwol3+lleon [3+5). (3.125)

Arranging (3.124) and (3.125), we can obtain the desired estimate (3.105). This
completes the proof of Lemma 3.8. O

Hence, from Lemmas 3.3-3.8, we can close the a priori estimate and obtain
(2.17)-(2.18).

3.2 Proof of (2.19)-(2.20)

In this subsection, assume further that (wp,w1)(x) € (L! x L')(IR). We are going to
obtain a better decay rate for w(x,t) by using Green'’s function and time-weighted
energy method.

Firstly, (2.14) can be rewritten as follows:

( AP (As)

cL)t‘—#wm

(wx+A)P' (As) (Wit Ao +A)

= Wyxx — Wit
U A U (3.126)
Ao+ A
+(wx+ + )(F1+F2+F3+F4),

| (w,wt)1=0 = (wo,w1) ().

Using the Green function of heat equation, w(x,t) has the following integral rep-
resentation:

w(xt)= [ Glx=y,Hwo(y)dy

+W/Ot/RG(X—%t—T) [(wy+A)wyy] (y,7)dydT
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1t A
+ﬁ/0 /]RG(x_]/rt—T)(wy—i-Aoo—l—A)H(y,T)dydT

1t A
+ﬁ/f /IRG("‘V't‘T) [(wy+Ac+A) (—wre+ B+ F+E)] (y,7)dydt

2

1 /2 )
+E/OZ/IRG(3C_3//’E_T) [(wy+A)(—wee+F+F3+F)] (y,7)dydt
_&/é/ G(x— t—T)aJ ( T)d dt

]/l 0 R y’ T ]/, y
+ﬁ/%/c(x— t— 1) B (y,7)dydT

]/l 0 R y’ 2 y/ y
+ﬁ/%/c(x— t—1)F(y,7)dydT

]/l 0 R y’ 3 y/ y

A [2 2
+7/o /RG(X_y't‘T)F4(%T)dyd‘f-—]§]k(x,t), (3.127)

where

i { —pa? }
G(x,t)= expy ————— (-
(o) VATALP (Ao )t PlaaLP (AL
Utilizing (2.17)-(2.18), Lemma 3.2 and (3.127), we first prove the following lemma.
Lemma 3.9. Suppose that all the conditions of Theorem 2.1 hold, it holds that
lw(t)| <CA+)~ 4. (3.128)

Proof. We have from (2.17)-(2.18), (3.4), Lemma 3.2 and Hausdorff-Young’s in-
equality that

LB < 1G® [ [lwoll <CEE, (3.129)
t A
1AGIESe /0 1G(t =) || (llwy (D)l [lcyy () ||+ | A(T) | 11)dT
gC/Ot(t—r)—%(lﬂ)—%drgCt—%, (3.130)

1s()] §C/0t||G(t—T)HHFl(T)HleT
= C/ot IG (=D ([lwy (D [|wyy (O + A |2+ (| Ay (T) [ 1) dT

t
gc/ (t—7)~i(14+7)"3dr<cCt i, (3.131)
0

IS
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4 ()]l SCﬂHG(t—T)HLl(Hwn(T)H+HF2(T)||+\|F3(T)H+||F4(T)H)df

t
<C ﬁ (14+7)"2dr<Ct !, (3.132)
2

511 <C [*I6E=D)ll () + A
 (Jlwee() 1+ IR (Ol IF() |+ 1 (D)) dr

t
gc/z(t—r)—i(1+r)—3drgcri. (3.133)
0

From (3.127) and (3.129)-(3.133), to conclude the proof of (3.128), we only need to
get similar estimates on J¢(x,t)-Jo(x,f). Indeed to deal with these terms, we need
to integrate them by parts of variables T and y.

== [ Glr—y =)yl
—i—""/j/H{Gt(x—ylt—f)wr(yﬁ)dydf

:_%/]RGGC—}/,%) wr (y,é)dy
+A7/ G(x—y,Hwr(y)dy
——/ /Gtx y,t—T)w-(y,7)dydr,
g
_/é/ G(x_y,t_f)< p )(y,r)dyd’f

L e[,
/ / Gy(x—y,t—7) (y,7)dydT

7?1
// X—y,t—1) A )(y,’r)dydr,

w

(y,7)dydt

BN

/\
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tAs [1 2wy Miwyy

Js=— . /O/IRG(x—y,t—T)< " + Yy )(y,r)dyd’r
aAc (1 2(—wmy 1y,
7/0 /]RG(x—y,t—r) " (y,7)dydt

o [h 2 o) Ay + A
'_&i_/z/(xx—yi—f)@% for) Ay iR Y (y,v)dydt
0 R

A2
=J§+J5+]5,
where
N A2
(x—y,t—7 (Ziwf—i—zzwy)(y,r)dydr
o [2 12
—//G(x—y,t—’r) A wT—i— v y | (v, 7)dydT,
WA
_/ /Gx yit—T <2PA wyyr | (v, 7)dydt
Aw [3
e Glx—vy,t—
+ " /0 /]R (x—y,t—1)
(AR V(e A (wyytAy) | (r,0)dydr
204, gon, g A yr)ey
=Ji473,
where

B= ZWA / J Gl =)(VAwyr) (3, 7)dydr
// x—y,t— (\/_)yWyT)(y,T)dydT.

Now, we estimate J4(x,t)-Jo(x,f) in detail in the following. By applying (2.17)-
(2.18), (3.4), Lemma 3.2 and Hausdorff-Young’s inequality, we can easily deduce
that

e (I <CIG(#/2) |1 [lwe (8/2) [ +CG () [ [[on [[

t
+C [ 1GH(t=T) |12 leor () T

ZP‘PAr
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§Ct_1+Ct_}T—I—C/O%(t—r)_l(l—i—r)_ld”fgCt_}T, (3.134)
IZ0IE=Y] 6= (1) e oy () o ()
ity (7)1 + | Ay ()| 2 ) A
«c Y Gult— 1) s ()=o) ke
+C /05 IG(E=D) I ()= A(T) | e
gc/f ((t=7) 2 (t—7)~F) ez <cr, (3.135)
[R@l=c /f 1Gx(t=)llga (1 (D)= e (D) |+ [l (T) [F oy ()] ) A

+C [F166=Dl (g (O)ls + 1Ay () 1
() o (7)o ()
() [l () ey (7))

gc/oé ((t—r)—%+(t—r)—%)e—”drgcri, (3.136)
and
IBOI+1B®] =¢ [ 16¢E=0l (lwe @)l ey (]

Hlleor (D)1 oy (1) lagy (7)) de

+C [ NGE=DI (1) 1~ leon () [y ()]

+ ity ()| + 1 Ay (7)1 ) d
gc/o (t=7) "4 ((+7) F e ) dr<cr (3.137)
IBOI<C [ 1Gx(t=D)lluslwoye (x)|dyetr

+c/07 ||G(t—T)||(||wyy(T)||||wyT(T)||+||Ay(T)||L1>dydT
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+7)"2dT

IN
@)
\
T

1

+c/ (=) ((1+7) Fer)dr<crt, (3.138)

IB®l=c /O \|G<t—r>||(HwyT(r)HHwyy<r>u+||AyT<r>||Ll
+||AT<T>||L1+||Ay<r>||p)dr

< C/ (t—7 1+r) %+e‘”> dr<Ct 1. (3.139)
Combing (3.129)-(3.139), which implies (3.128). Now we have completed the
proof of Lemma 3.9. O

Lemma 3.10. Suppose that all the conditions of Theorem 2.1 hold. Then w(x,t) satisfies
the following decay estimates:

|kl (t)|| <C1+£)"3757], 0<k4+1<3, 0<I<2, (3.140)
9 (B)]| <C(1+1)~ %, (3.141)

Proof. For any fixed 0<ey<1/2, multiplying (3.22) by (1+t)€+1/2 and integrating
the resulting equation over [0,¢], it follows that

1 eo+1/ 2 )‘.uwz ! V\/Z 2
2(1+t) 2 wt+—wx+Aw+A+2Awwt+ P(A“)+2pAr wy | dx
t
+e [+ (s (O + (D2 +vwn()|2) dr
f €0—% 2 2
<C [ a0~ (lw( R+l (D)) de
t
+C [ (1400 (Jloxs (D] + wn (7)]2) dr
t t
+C [[(Aratie T w(@) Pdr+C [ (147 e wx(7)|Pdr
0 0
+C (llwo 3+l +9) . (3.142)

By using (2.17)-(2.18) and Lemma 3.9, we can treat the right-hand of (3.142) as
follows:

[ a0 (le@l+w(@ P)desc [ a+netdrscaie,
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t t
| 0+ (Jon@ P+ lox(@)2)dr<c [ (1+)0tar<c,
0 0
and
t t
c/ (1+T)€0+7126_T||w(r)szr—l—/ (1+1)0 e T ||wy (1) | 2dT
0 0
t t
<C sup ()2 [ (1+)He Tdr+C [ Jlewoa(r) P
0<T<t 0 0
< C(llwol3+lleon [3+5).
Notice that € and § are small enough, then it follows that
1
(148 (o) +lwr (D)1

+ [ 0 (@) P+ lon(0) 2+ (2) ) de

< C(1+H)%. (3.143)

Next, multiplying (3.22) by (1+t)073/2 and integrating the resulting equation
over [0,t], we obtain

%(1+t)€°+3 / (w?+P’(Aoo)w§) dx
+e [ @400 (o) 2+ vlen (o) ) de
< [ 0 (Jlax(@) P+ eI dr-Ce [ o o)lde
+C [ 0 e (e (0) |2+ e (0) ) e +-C eaolf+ e [+
By using (2.17)-(2.18) and (3.143), we have
(0% (o (1) 2+ lwr (1))

+ [ 105 (Jar(0) P + vl () ) de
< C(1+t)%. (3.144)
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Then, multiplying (3.41) by (1+#)€*+3/2 and integrating the resulting equation
over [0,t], we obtain

1 Aw?
§(1+t)€0+3/ [wiﬁ#Hwath

wWytAx+A
AMVA  am?
/ oA 2
+ (P (As)+ 20A, A2 ) xx] dx

t
+e [+ (Jlwn (0P + wn (D147 () |2) dr
t
<C [ (1400 (Jlox(D)F+ st (7) 2) dr
3 _
+Ce+6) (1484 wna (1) [2e~ ox (1) FdT+C (J|wo 3+ l|eon [3+5) .
By applying (2.17)-(2.18) and (3.143), we can derive
(14050 (Jlwr (D + s (1))
t
+ [ 14020 (lwa (1) P+ e (7) 2Vl s (0)]2)
< C(14t)%. (3.145)

Multiplying (3.40) by (1+1)€%5/2 and integrating the resulting equation over
0,¢], we obtain

%(1+t)€0+%/ [w§t+<P’(Aoo)—“A—"f) wix} dx
+e [ @+ (om0 +vlor (D)) de
<C /0 (1)t (lowt (O + llwns ()7 ) dr
+C(e4+0) (141073 |wye (1) | 2dT
+C/0t(1+T)€0+36_T||wxx('f)||2d7

+C (llewol3+lleon [3+5).

By using (2.17)-(2.18) and (3.145), one can immediately obtain

(0% (wre (O] + (1))
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+ [ 14094 (w02 vwea (07 dr
<C(1+4t)%. (3.146)

Analogously, multiplying Eq. (3.69) by (1+4t)€+5/2 and Eq. (3.68) by (1+t)€0+7/2
and integrating the resulting equations over (0,f), we obtain

(40507 (Jlwwe (1) 3 + oz (B)]2)
' 2 2 2
+ [ 140 (Josax (D) P+ leossa (1)) de
< C(1+t)%, (3.147)
(002 (s (1) 2+ lwrer (1))
t 7
+ [+ (o (0) P+ e (7) 2) dr
< C(1+t)%. (3.148)

Mutiplying Eq. (3.91) by (1+¢)€0+5/2 and Eq. (3.90) by (1+)0*7/2, and integrat-
ing the resulting equations over (0,t), we obtain

(1460 (Jlwr (D) +lleowe (1))
! 2 2 2
+ [ 1402 (Jlow(0) P+ leon (1)) de
<C(141)%, (3.149)
(0042 (Jewor (DI + lwn (1))
+ [ a4 (Jeou (@) P+ vl (0)]12) de
0 tt xtt
< C(1+t)%. (3.150)

Mutiplying Eq. (3.104) by (1+¢)%%/2 and integrating the resulting equations
over (0,t), we obtain

(0% (wrat ()P + eoxn ()]

t
+ [ 1+ (o () 2+ vl (7)) dr
< C(1+t)%. (3.151)
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Mutiplying Eq. (3.123) by (1+4t)%%%/2 and Eq. (3.122) by (1+#)€+11/2 and inte-
grating the resulting equations over (0,t), we obtain

(50 (Jlwr (813 + e (8)12)

t 9
+ [ (1400 (x4 wonr(0)]12) dr
<C(1+¢t)%, (3.152)
(07 (Jlwate (8) 12+ lwor ()17

t
+/0 A+ % (Jlewor (0) |2+ v[lwaan (1) |2 ) dT < CA+H. (3153)

Arranging (3.142)-(3.153), we obtain (3.140)-(3.141). This completes the proof of
Lemma 3.10. [

Lemmas 3.9 and 3.10 lead to the desired estimates (2.18)-(2.19). Thus the proof
of Theorem 2.1 is complete.
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