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Abstract. Let G be a finite group and ¢(G) denote the number of cyclic subgroups of
G. It is known that the minimal value of ¢ on the set of groups of order 1, where 1 is a
positive integer, will occur at the cyclic group Z,. In this paper, for non-cyclic nilpotent
groups G of order 1, the lower bounds of ¢(G) are established.
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1 Introduction

Throughout this paper all groups are finite. For a group G of order #, let ¢(G) denote the
number of cyclic subgroups of G and d(n) denote the number of divisors of n. A well-
known result on group theory says that a cyclic group of order n has a unique subgroup
of order d, for any divisor of 7, so a cyclic group of order n has exactly d(n) (necessarily
cyclic) subgroups. Richard [14] proved that ¢(G) >d(n), with equality if and only if G is
a cyclic group. Another basic result of group theory states that ¢(G) =|G| if and only if G
is an elementary abelian 2-group. Tdrnduceanu [16,17] described the finite groups with
¢(G)=|G|—r (r=1,2). Regarding the results about ¢(G) =|G|—r. Belshoff, Dillstrom and
Reid [2, 3] established a more remarkable bound. They showed that |G| <8r. Cocke and
Jensen [4] proved that if G is not a 2-group then |G| <6r. Jafari and Madadi [9] proved

that for any a divisor m of |G|, G has at least d(m) cyclic subgroups whose orders divide
m. Garonzi and Lima [5] studied the function a(G)= % They explored basic properties

of a(G) and pointed out a connection with the probability of commutation.
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Let s(G) denote the number of subgroups of G. It’s well-known that if G is a p-group
of order p", then s(G) <s(Zy). Qu [13] proved that if p is odd and G is non-elementary
abelian p-group, then

5(G)<s(M,xZ;7%),

where M, = (a,b|a? =b? =c? =1,[a,b] =c,[a,c] = [b,c] =1). Tirnduceanu [18] showed that
if G is a non-elementary abelian 2-group of order 2", then

5(G) <s(Dgx Z373).

Aivazidis and Miiller [1] determined the structure of those finite non-cyclic p-groups
whose number of subgroups is minimal. Recently, we [12] generalized the results of
Aivazidis and Miiller on all finite non-cyclic nilpotent groups.

In the light of above investigations, it is a natural question that to ask for a given order
which non-cyclic groups have the minimal number of cyclic subgroups. In this paper, this
question is answered among all non-cyclic nilpotent groups. In fact, we obtain the lower
bounds of ¢(G), where G is a non-cyclic nilpotent of order n. Our main results are the
following theorems.

Theorem 1.1. Let p be a prime, G a non-cyclic p-group of order p".
(1) If p" =23, then ¢(G) > 5, with equality if and only if G = Qs.
(2) If p" #23, then ¢(G) > (n—1)p+2, with equality if and only if G = Zya X Zp, My or
Qie-
LEN%) .

Theorem 1.2. Let n=p{' p5?---p;* be a positive integer and s= min{i€{1,--- ,k} |a;>1}, where
p1<p2<--- < pg are distinct primes. Suppose G is a non-cyclic nilpotent group of order n, then
there exists a suitable g€ 7t (n), such that Q is non-cyclic and ps <q<3ps —2, where Q€ Syl,(G).
Furthermore,

(1) Ifg* =23, then «(G) >5-d(%), with equality if and only if G= Qg x Zn.

(2) If g* # 23, then ¢(G) > [(A—l)q+2]-d(q%), with equality if and only if G = ZyxZy,
MqA X Zqi_}t or Q16'

All unexplained notations and terminologies are standard and can be found in [6, 8,
15]. In addition, 7t(n), the set of the prime divisors of n; Z,, the cyclic group of order n;
Qor, the generalized quaternion of order 2"; Zj, the elementary abelian group of order

p"; Mpr=(a,b a? ' =bP=1,a"=a"""""). Ax B means a direct product of A and B.

2 Preliminaries

Lemma 2.1. ([7]) Let p be an odd prime, G a p-group of order p" with exp(G) =p" *(n>3). If
a>1, then ¢(G)=0 mod p, where 2<k<n—u.
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Lemma 2.2. ([15]) Let p be a prime, G a p-group of order p". If exp(G) = p"~!, then one of the
following statements holds:

1) GgZp,H X Z,, is abelian of type (p”fl,}?)

(2) G gMpn = <L'l,b apn_l =phF = 1,b_1ab:a1+}7n_2>/ n 23

B) G=Qux={(ab 2 =112 :aznfz,b*lab:a*l}, n>3.

(4) G=Dyi=(a,bla® " =p*=1,b"lab=a"1), n>3.

(5) G2SDy=(a,b|la® " =p>=1,b"lab=a"12""), n>4.

Lemma 2.3. Let G be a 2-group of order 2". If exp(G) =2""1, then the following table
holds.

G ¢(G)
(1) Zp2xZy(n>2) 2n
2) Mon(n>4) 2n
(3) Qi (n>3) 2" 24n
(4) Doy (n>3) 2n=1qp
(5  SDm(n>4)  3-2"3%4n

i

Proof. (1) Let G=(a,bla?" ' =b?=1,ab=ba). It is easy seen that the subgroups (a?') and

(a%'b) for all 1<i<n—1, which are all cyclic subgroups of G. Therefore, ¢(G) =2n.
(2) Let G=(a,b|a®" ' =b?>=1,b~ ab=a't?""). It is easily seen that

0(a*b)=o0(a*) forall 1<k<2""1-1.

Thus, the subgroups
(@) and (a®b) (1<i<n—1)

are all cyclic subgroups of G. Therefore, ¢(G) =2n.
(3) Let G=(a,b 2 =102 =a?" b lab= a~1). Itis easily seen that

0(ab)=4 forall 1<k<2" 1L

Thus, the subgroups
(@?), 0<i<n—1 and (a/b), 1<j<on2

are all cyclic subgroups of G. Therefore, ¢(G) =2""2+n.
(4) Let G=(a,b|a®" ' =b>=1,b~lab=a""1). It is easily seen that

o(alb)=2 forall 1<j<2" L
Thus, the subgroups
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(@¥), 0<i<n—1 and (alb), 1<j<2"!

are all cyclic subgroups of G. Therefore, ¢(G) =2""!+n.
(5) Let G=(a,b 2 =2 =1,b"lab :a*1+2n_2>. For any 1<k<2""!, we have

o(a*b)=2ifkis even; o(a*b)=4if k is odd.

Thus, the subgroups
(@*)(0<i<n—1), (ab)(1<k<2"?) and (a2*'h)(1<j<2")
are all cyclic subgroups of G. Therefore, ¢(G) =n+2""2+2"2=3.2""4n. -

Lemma 2.4. ([5])
Let A and B be groups and gcd(|Al,|B|) =1. Then ¢(AxB)=c¢(A)-¢(B).

Lemma 2.5. ([14]) Let G be a group of order n. Then ¢(G) > d(n), with equality if and only if
G=Z,.

X1 K2

Lemma 2.6. Let n=p]'py?---p,* be a positive integer, then

k
d(n)=]Td(p{") =] J(xi+1).

i=1 =1

~

Proof. The proof is straightforward. O

X1 A2

1 P2
d(n):c(Zn):c(Zpg,-)-c(Z%) forany i€{1,2,--- k}.
i pl

i

Lemma 2.7. Letn=p - pi* be a positive integer, then

Proof. 1t follows from Lemmas 2.4-2.6. O

3 The proof of Theorem 1.1
Theorem 3.1. Let p be an odd prime, G a non-cyclic p-group of order p". Then ¢(G) > (n—
1)p+2, with equality if and only if G=Z 1 X Z, or Mpn.

Proof. Let p be an odd prime. Given a non-cyclic p-group G, recall that s;(G) is the
number of subgroups of order p* of G. A well-known theorem due to Kulakoff [10]
asserts that

s5¢(G)=p+1mod (p?)

for all k such that 1 <k <n—1. Thus, in particular, ¢;(G) =51(G) > p+1.
Suppose that exp(G) =p" %, then « > 1. By Lemma 2.1, we know that

¢t(G)=0mod (p)



Meng W and Lu] / J. Math. Study, 56 (2023), pp. 93-102 97

for all k such that 2 <k <n—u. In particular, ¢;(G) > p, and therefore

ch +C1 ch
>1+(p+1)+ Z p=(n—a—1)p+(p+1)+1=n—a)p+2.
k=2

So ¢(G)>(n—1)p+2 whenever a =1.
Suppose that « > 2, then G has a maximal subgroup M such that

exp(M) = p”*“ = p(”fl)*(“*l)'
By induction on «, we get ¢(M) >[(n—1)—1]p+2=(n—2)p+2. Observing
(Gl=[M|=p"—p" !> p" I —p=p(p" 2 =1) 2 p(p" " -1).

We can choose p elements of G, say a1,a2---,a,, such that

p—1
meG—M,a,€eG-MU(a1), -, a,€G—M U (ay).
k=1
Since exp(G)=p" % wehave o(a;) <p" *forany ic{1,2---,p}. So G has at least p cyclic
subgroups (a; ( --+,p), which are not contained in M. So we get

¢(G)>c(M)+p>(n—-2)p+2+p=(n—1)p+2.

This proves the first part of our assertion.

Now, we may assume that 7 >3 and ¢(G) = (n—1)p+2. By the above argument, the
equality implies  =1. So we have G=Z .1 X Z, or Mp» by Lemma 2.2.

In the following, let G=Z,.-1: Z, ( the implied action of Z, on Z,:,-1 may well be
trivial; we only require that G is a split extension ), then s;(G) =p+1, forall 1 <k<n—1
by a result of Lindenberg [11]. Applying Lemma 2.1, we get ¢1(G) =p+1 ¢t(G) =p for all
2<k<n-1, and thus ¢(G) = (n—1)p+2. The proof is complete. O

Theorem 3.2. Let G be a non-cyclic 2-group of order 2" (n > 3).
1) If n=3, then ¢(G) > 5, with equality if and only if G = Qs.

2) If n=4, then ¢(G) > 8, with equality if and only if G= Q16, M1 0r Zg X Z

3) If n>5, then ¢(G) > 2n, with equality if and only if G= Zyu-1 X Zy or Mon.
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Proof. There are 5 groups of order 23, and 14 groups of order 2*. We use Magma to obtain
a full list of the isomorphism classes of groups in each case, and ask Magma for the total
number of cyclic subgroups of each group in the list. Our claim for n =23 and n=4 is now
a simple matter of inspection.

In the following, we can assume that n>5 and exp(G) =2""*. Since G is non-cyclic,
thena>1. If « =1, then ¢(G) >2n in Lemma 2.3.

Suppose that « >2. Then G has a maximal subgroup M such that

exp(M) =27~ =2(1=1)~(a-1),
By induction on «, we have ¢(M) >2(n—1). Observing
|G|—|M|=2"—2""1=2""1>2(2"2-1)>2(2" % ~1).
We can choose two elements a1,a; € G such that
meG—M, aeG—MU(a).

Since exp(G) =2""%, we get 0(a;) <2"* for any i € {1,2}. Thus we find there at least 2
cyclic subgroups of G, say (a1) and (a,), which are not contained in M. So we get

c(G)>c(M)+2>2(n—1)+2=2n.

Furthermore, we can get that ¢(G) =2n if and only if G = Z,,-1 X Z; or My by the above
arguments and Lemma 2.3. The proof is complete. O

Now Theorem 1.1 follows from Theorems 3.1 and 3.2.

4 The proof of Theorem 1.2

X1 02

In this section, let n=p;'p,

- py* be a positive integer and
Q={ie{l,- k}|a;>1},

where p; < py < --- < py are distinct primes. Suppose that G is a finite group with the
second minimal value of ¢ on the set of nilpotent groups of order n, we know that G is a
non-cyclic nilpotent group by Lemma 2.5.

Let G=P; X P, x --- x P, where P;€ Syl,, (G)(i=1,--- k). By Lemma 2.4, we have

C(G) = C(Pl) -C(Pz) .. -C(Pk).

Proposition 4.1. G has a unique non-cyclic Sylow subgroup.



Meng W and Lu] / J. Math. Study, 56 (2023), pp. 93-102 99

Proof. Since G is non-cyclic, there exits at least one of Sylow subgroups, say P; is not cyclic
and hence a; > 1. Suppose that P; (j #1) is another non-cyclic Sylow subgroup of G. By

Lemma 2.4, we have
o(G)=c(P)-<(P)-«([]P)-
15,

Applying Lemma 2.5, we know ¢(P;) > ¢(Z,« ) =d(p*), with equality iff Py = Z «. Let
H=P;xZ_, then ¢(G) > ¢(H) > ¢(Z,). It contradicts the fact that ¢(G) is the second
14 1

minimal value of s on the set of groups of order n. So G has a unique non-cyclic Sylow
subgroup. O

By Proposition 4.1, we can assume that Q € Syl,(G) is a unique non-cyclic Sylow
subgroup of G. Thus G=QxZx, where |Q|=4¢". By hypothesis and Theorem 1.1, we
q

know that ¢(Q) = (A—1)g+2 or 5. Furthermore, we have A >1 and hence Q) # @. Write
s=min Q. In particular, when |Q}| =1, we can get the Proposition 4.2 as follows.

Proposition 4.2. Suppose |Q)| =1, then q= ps;.
Proof. It is obvious. 0

In the following, we always suppose that |Q)] > 2.

3,42,

Proposition 4.3. Let n=23py2---p*, then q=2.

Proof. Let T be a Sylow 2-subgroup of G. We only need show that T is non-cyclic. Sup-

pose that T is cyclic, then g > 3. Since G = QXZL}\ =Tx QXZSL/\, by Lemma 2.4, we
q q

get

Furthermore, applying Lemmas 2.5, 2.6 and 2.7, we have

o(G)= B+D[A-1)q+2]-¢(Z 1) > (12A—4) (2 1)
> 5(A+1) e(Z 2 ) =e(Qs) e(Zp) e(Z 2 ) =(Qs x Zy) > ¢(Zn)-

n
Sq/\

It contradicts the fact that ¢(G) is the second minimal value of ¢ on the set of nilpotent
groups of order n. So Q=T is non-cyclic. O

Proposition 4.4. Let n= 203p p§3 .. pzk, where x> 2 and o # 3.
(1) Suppose p#2, then q=2.
(2) Suppose p=2.
(21) If « <5, then g=2.
(2.2) If x> 5, then g=3.
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Proof. (1) Suppose that §#2 and T is a Sylow 2-subgroup of G, we only need show that
T is non-cyclic.

Suppose that T is cyclic. Now we claim that > 3. Suppose B <1, then the Sylow
3-subgroup of G is cyclic and hence 4> 5. Since G=Q X Z = TxQxZ_n_,we get

_n_
zan

((G) =e(T) ¢(Q)-e(Z ) > (a+ D[(A-1)q+2)-¢(Z ).

Observing
(A—l)q+2>5A—3>5-2—3:Z> - 2u /
A+l T A4+1 T 241 3 a+1

We have

C(G) >2D€()\—}—1) 'C(ZZJ‘;A ) = C(Mza) 'C(Zq)‘) -C(ZZJ‘;A ) = C(Mza X Zzlw) > C(Zn).
It contradicts the fact that ¢(G) is the second minimal value of ¢ on the set of nilpotent
groups of order n. So we get > 3.

We now assume that P is a Sylow 3-subgroup of G. We claim P is non-cyclic. If P is
cyclic, then g > 5. Similar to above argument, we know that T is non-cyclic, a contradic-
tion. So we get P is non-cyclic and hence 4=3.

By the above arguments, we have

«(G)=¢(T)-¢(Q)¢(Z 1) = (a+ ) (BA=1)¢(Z 1, ).

2 q)\

: 3A—1 3:3—-1 _ 2«
Since A1 2 31 =2> S we get

C(G) > 20((/\+1) C(Zzai)\ ) = C(Mza) 'C(Zq)\) E(ZZRLA) = C(Mza X ZZL“) > C(Zn)
q q
This is a final contradiction. So T is non-cyclic and hence Q =T, the conclusion (1) holds.

(2) Suppose that § =2 and P is cyclic. Similar to the proof of (1), we can get T is
non-cyclic. So Q=T and G =T x Zz. Furthermore, we have

¢(G)=¢(T)-¢«(Z3)-c(Z

n
203

2):21)c~(2—|—1)-c(Zﬁ):61)c-c(Z ,)-

2%.3

Let H="Zp: X Z3xXZ3x Z n_,then

232

C(H):C(Zza)-t(Z3XZ3)'C(Zﬁ):5(lX—|—1)C(Z )

By hypothesis, ¢(H) > ¢(G) implies that 5(a+1) > 6«, which leads to a <5. So the conclu-
sions (2) holds. O

.32

Corollary 4.1. Let n=2%p3*--- pi*, where a > 2. If 3%n, then g=2.

Proof. 1t follows from Propositions 4.3 and 4.4. O
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Proposition 4.5. Let n=2p5?--- p;*. Then ps <q<3ps—2.

Proof. Since s=min {i€ {1,---,k}|a; >1}, we get s >2 and hence p; > 3. It is obviously
that g > ps. Suppose 4>3p; —2. Since G=0QXZ 1 =QxZwXZ_n _, we have
q

_n__
pesqt

(G)=[(A~1)g+2)(a+1)e(Z g ).

(A=1)g+2  q+2  3ps—2+2 __ (as—1)ps+2
AS S 25 >y = s>

, we get

C(G)>[(0(5—1)}95+2]()\+1)C(Zpa+q)\)
=c(Mpss ) e(Zn)-e(Z_n ) =c(Mpes X Z 1) >c(Zy).
s ps ot s v5°

It contradicts the fact that ¢(G) is the second minimal value of ¢ on the set of nilpotent
groups of order n. So g <3ps —2. O

Now Theorem 1.2 follows from Propositions 4.1-4.4, 4.6 and Theorem 1.1.
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