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1 Introduction

In 1957, De Girogi has found the local Hölder continuity of weak solutions to the follow-

ing divergence elliptic equation with bounded coefficients

Lu=−
n

∑
i,j=1

Di

(

aij(x)Dju
)

=0, x∈R
n

and a priori estimate of Hölder norm (see [1]). Nash in [2] used a different approach

and derived the similar result to the parabolic equation with bounded coefficients. In [3]

Hou and Niu have taken into account of Nash’s approach to obtain the Hölder regularity

and Harnack inequality to divergence parabolic equation related to Hörmander’s vector

fields. Moser [4] developed a new method (nowadays it has been called the Moser it-

eration) and applied it to prove forenamed results with respect to elliptic and parabolic

equations. These important ideas opened a new prospect for the study of regularity to
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partial differential equations. A natural and interesting problem is whether De Giorgi’s

result is true to the divergence degenerate elliptic equation related to Hörmander’s vector

fields. We will affirmatively answer it.

Hörmander introduced the square sum operator constructed by smooth vector fields

and proved that it is hypoelliptic if vector fields satisfy the finite rank condition (see [5]).

Many authors continued his research ([6–11]) and obtained numerous insight, such as,

fundamental solutions ([12]), the Poincaré inequality ([13]), potential estimates ([14]) and

sub-elliptic estimates ([15, 16]). Nagel, Stein and Wainger ([17]) deduced the basic prop-

erties of balls and metrics defined by Hörmander’s vector fields, which are the starting

point for treating many problems on the Hörmander square sum operator and related

sub-elliptic operators. Lu found the Harnack inequality and Hölder continuousity for so-

lutions to quasilinear degenerate elliptic equations formed by Hörmander’s vector fields,

see [18, 19].

Rothschild and Stein in [11] have proved regularity to the second order subelliptic

equation. Xu and Zuily in [20] dealt with the interior regularity of weak solutions to the

quasilinear degenerate elliptic system

q

∑
i,j=1

X∗
j

(

aij(x,u)Xiu
α
)

= f α(x,u,Xu).

The Hölder regularity and Harnack inequality of the functions in the De Giorgi class relat-

ed to Hörmander’s vector fields are arrived at by Marchi in [21]. Bramanti and Brandolini

in [22] gave regularity to the nondivergence degenerate elliptic equation of Hörmander’s

vector fields. The partial Hölder regularity for weak solutions to the quasilinear degener-

ate elliptic system was settled by Gao, Niu and Wang [23]. Dong and Niu in [24] obtained

regularity of weak solutions to the nondiagonal quasilinear degenerate elliptic system

−X∗
α

(

a
αβ
ij (x,u)Xβuj

)

= gi(x,u,Xu)−X∗
α f α

i (x,u,Xu).

Schauder estimates to degenerate elliptic operators related to noncommutative vector

fields have been derived in [25, 26] etc.

Throughout this paper we are concerned with the following divergence degenerate

elliptic equation with bounded coefficients:

X∗
j

(

aij(x)Xiu
)

+bi(x)Xiu+c(x)u= f (x)−X∗
i f i(x) in Ω, (1.1)

where Ω is a bounded domain in R
n, Xi=∑

n
k=1bik(x) ∂

∂xk
(bik(x)∈C∞(Ω), i=1,...,q, q≤n)

are smooth vector fields satisfying the finite rank condition, and the summation symbols

in (1.1) are omitted. We assume that there exists Λ>0, such that

Λ−1|ξ|26 aij(x)ξiξ j 6Λ|ξ|2, for x∈ Ω , ξ∈R
q, (1.2)
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∑
i,j

‖aij‖L∞(Ω)+∑
i

‖bi‖L∞(Ω)+‖c‖L∞(Ω)6Λ, (1.3)

f ∈L
pQ

Q+p (Ω) and f i ∈Lp(Ω), (i=1,··· ,q), (1.4)

for p>Q, Q is the local homogeneous dimension relative to Ω (see (2.2) below). Here we

refer the corresponding results of (1.1) when Xi =
∂

∂xi
, i=1,··· ,n to [27].

Let H1
loc(Ω;X) be the local Sobolev space of Hörmander’s vector fields.

A function u∈H1
loc(Ω;X) is said a weak sub-solution (super-solution) to Eq. (1.1), if

∫

Ω

(

aijXiuXj ϕ+biXiu·ϕ+cuϕ
)

dx6 (>)
∫

Ω

(

f ·ϕ+ f iXi ϕ
)

dx, (1.5)

for any ϕ ∈ H1
0(Ω;X) with ϕ > 0. If u ∈ H1

loc(Ω;X) is both a sub-solution and a super-

solution to (1.1), then u is said a weak solution to (1.1), where (1.5) becomes an integral

equality and ϕ>0 is not needed.

Let us describe the De Giorgi class in the frame of Carnot-Carathéodory disance in-

duced by Hömander’s vector fields.

We say that u ∈ H1
loc(Ω;X) belongs to the De Giorgi class, denoted by DG(Ω), if

‖u‖L∞(Ω)6M and there exists δ∈ (0,1), such that for any real k satisfying

0<esssup
BR

(u−k)±6δ, BR⊂Ω, (0<R<1),

the following inequalities
∫

A±
k,σR

|Xu|2dx6
γ0

(1−σ)2R2

∫

BR

(u−k)2
±dx+γ1|A±

k,R|
1− 2

η (1.6)

are valid, where σ∈ (0,1],γ0 and γ1 are positive constants, η>Q, and

A+
k,R={x∈BR |u(x)>k}, A−

k,R={x∈BR |u(x)< k}.

If (1.6)+(or (1.6)−) is valid, then we say u∈DG+(Ω)
(

or u∈DG−(Ω)
)

. Obviously,

DG(Ω)=DG+(Ω)∩DG−(Ω).

Clearly, A+
k,R is decreasing and A−

k,R is increasing on k. Let us note that (1.6) here is not

same as one in [21].

Now we state the main results of this paper.

Theorem 1.1. (Hölder Regularity) Let u∈ H1
loc(Ω;X) be the bounded weak solution to (1.1)

with (1.2), (1.3) and (1.4). Then for any BR(x)⊂⊂Ω,R∈(0,R0],0<R061, there exists 0<α6
1− Q

η in which η>Q, such that u∈Cα
loc(Ω) and

[u]α;BR
6Cd−α

x

(

M+γ
1
2
1 dx|Ω|−

1
η

)

, (1.7)

where dx =dist{x,∂Ω} and C>1 depends on η,δ,Q and Λ.
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Theorem 1.2. (Harnack Inequality) Suppose that conditions in Theorem 1.1 are satisfied and

u>0 on B8R(x0)⊂Ω(R∈ (0,R0), 0<R061), then

inf
BR(x0)

>C−1u(x0)−C2γ
1
2
1 R|BR|−

1
η , (1.8)

where C>0 depends on η,δ,Q and Λ.

Remark 1.1. Because of the complexity of geometry structure caused by Hörmander’s

vector fields, the Lebesgue measure |BR| and RQ are not equivalent (see [17]). We do not

use the equivalence in our proofs of main results. It is a lightspot in the paper.

The paper is organized as follows: Section 2 contains notions related to Hörmander’s

vector fields, the Campanato space, the Hölder space, the Sobolev inequality and Poincaré

inequality of Hörmander’s vector fields. A De Giorgi type lemma is inferred which is not

same as in [4]. In Section 3 we prove that weak solutions to (1.1) are actually in the De

Giorgi class DG(Ω) and derive oscillation estimates for functions in DG(Ω). Section 4

is devoted to proofs of main results. The proof of Theorem 1.1 is based on oscillation

estimates of weak solutions and the isomorphism between the Campanato space and

Hölder space. Theorem 1.2 is proved by giving an extension lemma of positivity of weak

solutions and using Theorem 1.1.

2 Preliminaries

Let X1,··· ,Xq (q<n) be C∞ vector fields in the domain Ω⊂R
n. We say that these vector

fields satisfy the finite rank condition in Ω, if the vector space spanned by X1,··· ,Xq and

their commutators up to r step is the whole R
N at every point in Ω (more definitions are

referred to [5]), i.e.,

rank Lie[X1,··· ,Xq]≡N.

An absolutely continuous curve γ : [0,T]→ Ω is called sub-unitary with respect to

vector fields X1,··· ,Xq, if γ′(t) exists and for every ξ∈R
N and t∈ [0,T] a.e., it holds

<γ′(t),ξ>26
q

∑
j=1

<Xj(γ(t)),ξ>
2.

Denote by Φ(x,y) the collection of sub-unitary curves connecting x and y.

Definition 2.1 (Carnot-Carathéodory distance, [17, 28, 29]). The Carnot-Carathéodory dis-

tance (C-C distance) is defined by

d(x,y)= inf{T≥0 : γ∈Φ(x,y)}.

The C-C ball of the centre x0∈Ω and radius R≥0 is the set

B(x0,R)=BR(x0)={x∈Ω : d(x0,x)<R}.
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The Lebesgue measure of B(x0,R) is expressed as |BR(X0)|. From [17], there exist

positive constants c1 and c2 such that for any x,y∈Ω,

c1|x−y|6d(x,y)6 c2|x−y| 1
r ,

where | · | means the Euclidean norm, and there are positive constants c3 and R0 , such

that for x0∈Ω,B(x0,2R)⊂⊂Ω,0≤2R≤R0, the doubling property holds:

|B(x0,2R)|6 c3|B(x0,R)|. (2.1)

We have by (2.1) that for any 0≤R6R0 and θ∈ (0,1),

|BθR|> c−1
3 θQ|BR|, (2.2)

where Q= log2 c3 acts as a dimension. It knows from [22, 30] that B(x0,R) is a homoge-

neous space which allows us to apply known statements in the homogeneous space in

the sequel.

We define the Sobolev spaces W1,p(Ω;X) and W
1,p
0 (Ω;X)(p>1), which are the closures

of C1(Ω) and C1
0(Ω) under the norm

‖u‖W1,p(Ω)=

[

∫

Ω
(|u|p+|Xu|p)dx

] 1
p

, (2.3)

respectively, where Xu=
(

X1u,··· ,Xqu
)

. If p=2, we simply denote H1(Ω;X)=W1,2(Ω;X),

H1
0(Ω;X)=W1,2

0 (Ω;X), and H1
loc(Ω;X)={u∈H1(Ω′;X); Ω′⊂⊂Ω}.

Definition 2.2 (Hölder space). For α∈(0,1], the Hölder space Cα(Ω) is a collection of α-Hölder

continuous functions with the norm

‖u‖Cα(Ω)=sup
Ω

|u|+sup
Ω

|u(x)−u(y)|
[d(x,y)]α

<+∞.

Let Cα
loc(Ω) stand for the local Hölder space {u∈Cα(Ω̄′); Ω′⊂⊂Ω}.

Definition 2.3 (Campanato space). For 16 p≤+∞, λ>0, u∈Lp(Ω), if

[u]p,λ=

{

sup
x∈Ω,0≤R6d

(

R−λ

|ΩR|

)

∫

ΩR

|u(x)−uΩR
|pdx

} 1
p

<+∞,

where d=diamΩ, ΩR =Ω∩BR(y), uΩR
= 1

|ΩR|
∫

ΩR
u(x)dx, then we say that u belongs to the

Campanato space Lp,λ(Ω) with the norm

‖u‖p,λ=[u]p.λ+‖u‖Lp .
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Lemma 2.1 ([28, 29]). For 0<λ6 p and α=λ/p, it follows

Lp,λ(Ω)∼=Cα(Ω).

Lemma 2.2 (Sobolev Inequality, [31,32]). For 16p<Q, there exist C>0 and R0>0 such that

for any x∈Ω, BR=B(x,R), 0<R6R0, it implies for any u∈W
1,p
0 (BR),

(

1

|BR|
∫

BR

|u|pkdx

)
1
pk

6CR

(

1

|BR|
∫

BR

|Xu|pdx

)
1
p

, (2.4)

where 16k6Q/(Q−p).

Let p=2 and k=Q/(Q−2) in (2.4), we immediately have

Corollary 2.1. For u∈H1
loc(Ω;X), there exist C>0 and R0>0 such that for any x∈Ω, BR =

B(x,R)⊂Ω, 0<R6R0,

(

∫

BR

|u|2∗dx

) 1
2∗
6C|BR|

1
2∗−

1
2

(

R2
∫

BR

|Xu|2dx

) 1
2

. (2.5)

Here 2∗=2Q/(Q−2).

Lemma 2.3 (Poincaré Inequality, [13]). Let u∈W1,p(BR) (p>1), then for any x∈Ω, BR =
B(x,R)⊂Ω,

∫

BR

|u(x)−uBR
|pdx6CRp

∫

BR

|Xu|pdx, (2.6)

where uBR
= |BR|−1

∫

BR
u(x)dx.

Using (2.6), we can prove

Theorem 2.1 (De Giorgi type Lemma). Let u∈W1,2(BR) and denote A(k)={x∈BR|u(x)>k},

then for l> k,

(l−k) |A(l)|6C
|BR|

|BR−A(k)|

(

R2
∫

A(k)−A(l)
|Xu|2dx

) 1
2

|A(k)−A(l)|
1
2 , (2.7)

where C relies only on Q.

Proof. It is evident to see A(l)⊂A(k) for l> k. Let p=1 in (2.6), it yields

∫

BR

|u(x)−uBR
|dx6CR

∫

BR

|Xu|dx. (2.8)

Denote N0={x∈BR|u(x)=0}, then

|N0||uBR
|=
∫

N0

|uBR
|dx=

∫

N0

|u(x)−uBR
|dx6

∫

BR

|u(x)−uBR
|dx6CR

∫

BR

|Xu|dx
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and
∫

BR

|uBR
|dx= |BR||uBR

|6CR
|BR|
|N0|

∫

BR

|Xu|dx.

By using (2.8), we arrive at
∫

BR

|u(x)|dx6
∫

BR

|u(x)−uBR
|dx+

∫

BR

|uBR
|dx

6CR
∫

BR

|Xu|dx+CR
|BR|
|N0|

∫

BR

|Xu|dx

6CR
|BR|
|N0|

∫

BR

|Xu|dx. (2.9)

Applying (2.9) to function

û(x)=











l−k, x∈A(l),

u(x)−k, x∈A(k)−A(l),

0, x∈BR−A(k),

it follows that

(l−k) |A(l)|6
∫

BR

|û(x)|dx

6
CR|BR|

|BR−A(k)|
∫

BR

|Xû|dx

6C
|BR|

|BR−A(k)|

(

R2
∫

A(k)−A(l)
|Xu|2dx

) 1
2

|A(k)−A(l)|
1
2

and (2.7) is proved.

Remark 2.1. We stress that (2.7) here is not same as the corresponding inequality in [21].

Lemma 2.4 (Existence of cut-off functions, [21,32]). If 0<s< t and x0∈R
n, then there exists

a Lipschitz function φ such that φ=1 in Bs(x0), φ=0 in R
n\Bt(x0) and

q

∑
i=1

|Xiφ|26
C

(t−s)2
.

3 Some auxiliary lemmas

We have the following result for the weak sub-solution (super-solution) to (1.1):

Lemma 3.1. Let u∈ H1
loc(Ω;X) be the bounded weak sub-solution (or super-solution) to (1.1)

with (1.2), (1.3) and (1.4), then

u∈DG+(Ω)(or u∈DG−(Ω)).
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Proof. We only prove the conclusion for the bounded weak sub-solution, the proof for the

other case is similar.

Taking the test function ζ2(u−k)+ to (1.1), here ζ is the cut-off function between

Bσρ(0<σ<1) and Bρ, it shows
∫

Bρ

aijXiuXj(ζ
2(u−k)+)dx+

∫

Bρ

(

biXiu+cu
)

ζ2(u−k)+dx

6
∫

Bρ

[ f iXi(ζ
2(u−k)+)+ f ζ2(u−k)+]dx. (3.1)

Noting Xiu=Xi(u−k)+ and

q

∑
i,j=1

Xi(ζ(u−k)+)(u−k)+Xjζ−Xj(ζ(u−k)+)(u−k)+Xiζ=0,

it infers

XiuXj(ζ
2(u−k)+)=XiuXj(ζ ·ζ(u−k)+)

=ζXiu[(u−k)+Xjζ+Xj(ζ(u−k)+)]

=[Xi(ζ(u−k)+)−(u−k)+Xiζ][(u−k)+Xjζ+Xj(ζ(u−k)+)]

=Xi(ζ(u−k)+)Xj(ζ(u−k)+)−(u−k)2
+XiζXjζ

and puts it into (3.1) to obtain
∫

Bρ

aijXi(ζ(u−k)+)Xj(ζ(u−k)+)−(u−k)2
+XiζXjζdx

6
∫

Bρ

(u−k)2
+aijXiζXjζdx−

∫

Bρ

(

biXiu+cu
)

ζ2(u−k)+dx

+
∫

Bρ

[ f iXi(ζ
2(u−k)+)+ f ζ2(u−k)+]dx

=:I1+ I2+ I3. (3.2)

Applying (1.2), it gets

I16Λ

∫

Bρ

(u−k)2
+|Xζ|2dx.

By using the Cauchy inequality to I2, we have

I26
∫

Bρ

∣

∣

∣biXiuζ2(u−k)+

∣

∣

∣dx+
∫

Bρ

∣

∣cuζ2(u−k)+
∣

∣dx=: I21+ I22;

since

I216
∫

Bρ

∣

∣

∣
biζ(u−k)+ζXiu

∣

∣

∣
dx
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6C(ǫ)
∫

A+
k,ρ

ζ2(u−k)+
2
[

∑(bi)2
]

dx+ǫ
∫

A+
k,ρ

|ζXiu|2dx

=C(ǫ)
∫

A+
k,ρ

ζ2(u−k)+
2
[

∑(bi)2
]

dx+ǫ
∫

A+
k,ρ

[Xi(ζ(u−k)+)−(u−k)+Xiζ]
2dx

6C(ǫ)
∫

A+
k,ρ

ζ2(u−k)+
2
[

∑(bi)2
]

dx+2ǫ
∫

A+
k,ρ

|Xi(ζ(u−k)+)|2+(u−k)2
+ |Xζ|2dx

and

I226
∫

Bρ

∣

∣

∣

∣

√

|c|ζ(u−k)+

√

|c|uζ

∣

∣

∣

∣

dx

6C(ǫ)
∫

A+
k,ρ

|c|ζ2(u−k)+
2dx+ǫ

∫

A+
k,ρ

|c|((u−k)+k)2ζ2dx

6C(ǫ)
∫

A+
k,ρ

|c|ζ2(u−k)+
2
dx+2ǫ

∫

A+
k,ρ

|c|((u−k)2+k2)ζ2dx

6C(ǫ)
∫

A+
k,ρ

|c|ζ2(u−k)+
2+|c|k2ζ2dx,

where A+
k,ρ=

{

x∈Bρ |u(x)> k
}

, it follows

I26C(ǫ)
∫

A+
k,ρ

{

ζ2(u−k)+
2
[

∑(bi)2+|c|
]

+|c|k2ζ2
}

dx

+2ǫ
∫

A+
k,ρ

|Xi(ζ(u−k)+)|2+(u−k)2
+ |Xζ|2dx.

Also

I36C(ǫ)
∫

A+
k,ρ

{

∑( f i)2+| f |ζ2(u−k)+
}

dx+ǫ
∫

A+
k,ρ

|Xi(ζ ·ζ(u−k)+)|2dx

=C(ǫ)
∫

A+
k,ρ

{

∑( f i)2+| f |ζ2(u−k)+
}

dx+ǫ
∫

A+
k,ρ

[(u−k)+Xjζ+Xj(ζ(u−k)+)]
2dx

6C(ǫ)
∫

A+
k,ρ

{

∑( f i)2+| f |ζ2(u−k)+
}

dx+2ǫ
∫

A+
k,ρ

(u−k)2
+ |Xζ|2+|Xi(ζ(u−k)+)|2dx.

Now substituting estimates of I1, I2 and I3 into (3.2), it derives

Λ−1
∫

Bρ

|X(ζ(u−k)+)|2dx

6Λ

∫

Bρ

(u−k)2
+ |Xζ|2dx+C(ǫ)

∫

A+
k,ρ

{

ζ2(u−k)+
2
[

∑(bi)2+|c|
]

+|c|k2ζ2
}

dx

+C(ǫ)
∫

A+
k,ρ

{

∑( f i)2+| f |ζ2(u−k)+
}

dx
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+4ǫ
∫

A+
k,ρ

(u−k)2
+ |Xζ|2+|X(ζ(u−k)+)|2dx. (3.3)

Choosing ǫ small enough, we have
∫

Bρ

|X(ζ(u−k)+)|2dx

6C

{

∫

Bρ

(u−k)2
+|Xζ|2dx+

∫

A+
k,ρ

[

ζ2(u−k)2
+

[

∑(bi)2+|c|
]

+|c|k2ζ2
]

dx

+
∫

A+
k,ρ

[

∑( f i)2+| f |ζ2(u−k)+
]

dx

}

=:C(J1+ J2+ J3). (3.4)

As |Xζ|6 C
(1−θ)ρ , it knows

J16
C

(1−θ)2ρ2

∫

Bρ

(u−k)2
+dx.

By using (1.3),

J26Λ

∫

Bρ

|ζ(u−k)+ |2dx+k2Λ|A+
k,ρ|6Λ

∫

Bρ

(u−k)2
+dx+k2Λ|A+

k,ρ|.

Employing the Hölder inequality and (2.5),

J36C‖ f i‖2
Lp |A+

k,ρ|
1− 2

p +‖ζ(u−k)+‖L2Q/(Q−2)‖ζ f‖LpQ/(p+Q)|A+
k,ρ|

1
2− 1

p

6C‖ f i‖2
Lp |A+

k,ρ|
1− 2

p +‖X(u−k)+‖L2‖ f‖LpQ/(p+Q)|A+
k,ρ|

1
2− 1

p

6C‖ f i‖2
Lp |A+

k,ρ|
1− 2

p +ǫ‖X(u−k)+‖2
L2+C(ǫ)‖ f‖2

LpQ/(p+Q)|A+
k,ρ|

1− 2
p

6C
(

‖ f i‖2
Lp+‖ f‖2

LpQ/(p+Q)

)

|A+
k,ρ|

1− 2
p +ǫ‖X(u−k)+‖2

L2 .

Taking these estimates into (3.4) yields
∫

Bσρ
|X(ζ(u−k)+)|2dx=

∫

A+
k,σρ

|Xu|2dx

6
C

(1−θ)2ρ2

∫

Bρ

(u−k)2
+dx+Λ

∫

Bρ

(u−k)2
+dx+k2Λ|A+

k,ρ|

+C
(

‖ f i‖2
Lp +‖ f‖2

LpQ/(p+Q)

)

|A+
k,ρ|

1− 2
p +ǫ‖X(u−k)+‖2

L2

6
C+Λ

(1−θ)2ρ2

∫

Bρ

(u−k)2
+dx+C

(

‖ f i‖2
Lp+‖ f‖2

LpQ/(p+Q)+k2Λ
)

|A+
k,ρ|

1− 2
p +ǫ‖X(u−k)+‖2

L2 .

It implies (1.6) by choosing γ0=C+Λ, γ1=C
(

‖ f i‖2
Lp +‖ f‖2

LpQ/(p+Q)+k2Λ
)

and η= p, and

so u∈DG+(Ω). Lemma 3.1 is proved.
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Lemma 3.1 explains that the weak solution of (1.1) belongs to the De Giorgi class

DG(Ω). The following Lemmas 3.2, 3.3, 3.4 and 3.5 give properties of functions in the De

Giorgi class.

Lemma 3.2. Let u∈DG+(Ω) (or u∈DG−(Ω)), BR(x0)⊆Ω, 0<R61. If there exists θ∈(0,1)
depending only on Q,M,η,δ,γ0, and γ1 such that for any real k ,

|A+
k,R|6θ|BR| (or |A−

k,R|6θ|BR|), (3.5)

δ>H :=sup
BR

u−k>γ
1
2
1 R|BR|−

1
η (or δ>H := k−inf

BR

u>γ
1
2
1 R|BR|−

1
η ), (3.6)

then

|A+
k+ H

2 , R
2

|=0 (or |A−
k− H

2 , R
2

|=0). (3.7)

We explicitly note that (3.7) implies

u6k+
H

2
(or u>k− H

2
).

Before proving Lemma 3.2, let us recall a known result.

Lemma 3.3 ([33, 34]). Assume that a nonnegative sequence {yh} (h=0,1,2,···) satisfies

yh+16Cbhy1+ǫ
h , h=0,1,2,··· ,

where b>1 and ǫ>0. If

y06θ0=C− 1
ǫ b

− 1
ǫ2 , θ0∈ (0,1),

then

lim
h→∞

yh =0.

Proof of Lemma 3.2. We only treat the case u∈DG+(Ω), and the case u∈DG−(Ω) is

similarly treated. Set

Rm =
R

2
+

R

2m+1
, km = k+

H

2
− H

2m+1
, m=0,1,2,··· , (3.8)

where H=sup
BR

u−k, then Rm is decreasing and km increasing. Denoting

B0=BR, A0=A+
k,R, Bm=BRm , Am=A+

km,Rm
={u∈Bm |u(x)> km}, m=1,2,··· ,

it sees that Bm is decreasing and Am increasing, and (3.5) is rewritten as

|A0|6θ|B0|. (3.9)
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Using km → k+ H
2 , Rm→ R

2 as m→∞, it has

|Am|= |A+
km ,Rm

|→
∣

∣

∣
A+

k+ H
2 , R

2

∣

∣

∣
,

and (3.7) becomes

lim
m→∞

|Am|=0. (3.10)

With Lemma 3.3, we promptly know that (3.10) is proved if one can check

|Am+1|
|BR|

6Cbm

( |Am|
|BR|

)1+κ

, m=0,1,··· , (3.11)

for some C,κ>0, where b>1 is independent of m,R,x0 and θ0=C−1/κb−1/κ2
.

To check (3.11), we apply the function (u−km)+ in (1.6) between the balls Bm+1 and

Bm and note

u−km 6 sup
Bm

u−km 6sup
BR

u−(k+
H

2
− H

2m+1
)6

H

2
− H

2m+1
6H

to get
∫

Bm+1

|X(u−km)+|2dx=
∫

Am+1

|Xu|2dx

6
γ0

(Rm−Rm+1)2

∫

Bm

(u−km)
2
+dx+γ1|Am|1−

2
η

622mC

{

H2

R2
|Am|+γ1|Am|1−

2
η

}

=22mC
H2

R2

{

|Am|+γ1R2H−2|Am|1−
2
η

}

. (3.12)

It yields from (3.6) that

γ1R2H−26 |BR|
2
η ,

and then by putting it into (3.12) that

R2
∫

Bm+1

|X(u−km)+|2dx622mCH2
(

|Am|+|Am|1−
2
η |BR|

2
η

)

. (3.13)

Using (2.5) to the function ζ(u−km)+, ζ is a cut-off function between Bm+2 and Bm+1, we

have

(

∫

Am+1

(u−km)
2∗
+dx

) 1
2∗
6C|BR|

1
2∗−

1
2

(

R2
∫

Am+1

|X(u−km)+|2dx

) 1
2

6C|BR|
1

2∗−
1
2

(

R2
∫

Bm+1

|X(u−km)+|2dx

) 1
2
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and then

|km+1−km|2|Am+1|
2

2∗ 6

(

∫

Am+1

(u−km)
2∗
+dx

) 2
2∗

6C|BR|
2

2∗−1

(

R2
∫

Bm+1

|X(u−km)+|2dx

)

. (3.14)

Combining it with (3.13) and noting

|Am+1|6 |Am|6 |BR| and u−km6H,

it follows

|km+1−km|2|Am+1|6
(

∫

Am+1

(u−km)
2∗
+dx

) 2
2∗
|Am+1|1−

2
2∗

622mCH2|Am|1−
2

2∗ |BR|
2

2∗−1
(

|Am|+|Am|1−
2
η |BR|

2
η

)

=22mCH2|Am|1−
2

2∗ |BR|
2

2∗−1|Am|1−
2
η

(

|Am|
2
η +|BR|

2
η

)

622mCH2|Am|1−
2

2∗−
2
η |BR|

2
η +

2
2∗−1

. (3.15)

We exploit km+1−km =2−m H
4 in (3.15) and show

|Am+1|
|BR|

624mC|Am|2−
2

2∗ −
2
η |BR|

2
η +

2
2∗−2=24mC

( |Am|
|BR|

)1+κ

, (3.16)

where κ=1− 2
η − 2

2∗ >0 (η>Q= 2·2∗
2∗−2). Now (3.11) is deduced. �

Lemma 3.4. For u∈DG(Ω) and any BR=BR(x0), B2n0+2R=B2n0+2R(x0)⊂Ω for some n0∈N
+,

there exists s ∈ N
+ large enough depending on δ,η,γ0 and γ1, such that one of the following

inequalities holds:

osc
BR

u62sγ
1
2
1 R|BR|−

1
η , (3.17)

osc
BR

u6

(

1− 1

2s−1

)

osc
B

2n0+2R

u, (3.18)

where osc
BR

u=sup
BR

u−inf
BR

u.

Proof. Suppose

osc
BR

u>2sγ
1
2
1 R|BR|−

1
η , (3.19)
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where s satisfies M
2s−3 6δ; we will prove (3.18). Set

µ=sup
B2R

u, µ1= sup
B

2n0+2R

u, µ2= inf
B

2n0+2R

u, ω=µ1−µ2, µ̄=
µ1+µ2

2
,

Dt=A+
µ1−ω/2t,2n0+1R

−A+
µ1−ω/2t+1,2n0+1R

,

where t∈N
+ and

s> t> log2

2M

δ
, t0.

Using (1.6) (R and (1−θ)2R2 in (1.6) are changed to 2n0+2R and 22n0+2R2, respectively) to

the function (u−k)+ with k=µ1− ω
2t and denoting At,R=A+

µ1−ω/2t,R
, it knows that for any

t06 t6 s,

∫

A
t,2n0+1R

|Xu|2dx6
γ0

22n0+2R2

∫

B
2n0+2R

[

u−
(

µ1−
ω

2t

)]2

+
dx+γ1|At,2n0+2R|

1− 2
η

6C







R−2 sup
A

t,2n0+2R

[

u−
(

µ1−
ω

2t

)]2
|At,2n0+2R|+γ1|At,2n0+2R|

1− 2
η







. (3.20)

Furthermore, since

sup
A

t,2n0+2R

[

u−
(

µ1−
ω

2t

)]

6 sup
B

t,2n0+2R

u−µ1+
ω

2t
=

ω

2t
,

it follows

∫

A
t,2n0+1R

|Xu|2dx6C

[

R−2
(ω

2t

)2
|At,2n0+2R|+γ1|At,2n0+2R|

1− 2
η

]

. (3.21)

Noting by (3.19) that

ω

2t
=

µ1−µ2

2t
>

osc
BR

u

2t
>2s−tγ

1
2
1 R|BR|−

1
η >γ

1
2
1 R|BR|−

1
η , t06 t6 s,

it sees by putting it into (3.21) that

∫

A
t,2n0+1R

|Xu|2dx6CR−2
(ω

2t

)2
[

|At,2n0+2R|+γ1R2
(ω

2t

)−2
|At,2n0+2R|

1− 2
η

]

6CR−2
(ω

2t

)2(

|At,2n0+2R|+|BR|
2
η |At,2n0+2R|

1− 2
η

)

. (3.22)

We now consider the case

|A+
µ̄,2R|6

1

2
|B2R|; (3.23)
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to the case |A−
µ̄,2R|= |A−

µ− ω

2µ̄ ,2R
|6 1

2 |B2R|, the following proof is also valid by taking the

function (u−k)− in (3.20). Let k=µ1− ω
2t and l=µ1− ω

2t+1 , then l−k= ω
2t+1 . Applying (2.7)

and (3.23), it implies

( ω

2t+1

)

|At+1,2R|6C
|B2R|

|B2R−At,2R|

(

R2
∫

Dt

|Xu|2dx

) 1
2

|Dt|
1
2

6C
|B2R|

|B2R|− 1
2 |B2R|

(

R2
∫

Dt

|Xu|2dx

) 1
2

|Dt|
1
2

6C

(

R2
∫

Dt

|Xu|2dx

) 1
2

|Dt|
1
2

6C

(

R2
∫

A
t,2n0+1R

|Xu|2dx

) 1
2

|Dt|
1
2 . (3.24)

This leads to from (3.22) and (3.24) that

|At+1,2R|6
( ω

2t+1

)−1(ω

2t

)(

|At,2n0+2R|+|BR|
2
η |At,2n0+2R|

1− 2
η

)
1
2 |Dt|

1
2

6C
(

|At,2n0+2R|+|At,2n0+2R|
1− 2

η |BR|
2
η

)
1
2 |Dt|

1
2 . (3.25)

Replacing |At+1,2R| in (3.25) by |As−2,2R|, t 6 s−3, and noting |At,2n0+2R|6 |B2n0+2R|, we

have

|As−2,2R|6C
(

|B2n0+2R|+|B2n0+2R|
1− 2

η |BR|
2
η

)
1
2 |Dt|

1
2 6C|B2n0+2R|

1
2 |Dt|

1
2 . (3.26)

Since (2.2) yields |B2n0+2R|6C|B2R|, it follows by (3.26) that

(s−t0−2)|As−2,2R|2

6C|B2n0+2R|
s−3

∑
t=t0

|Dt|6C|B2R|
∣

∣

∣A+
µ1−ω/2t,2n0+1R

−A+
µ1−ω/2t+1,2n0+1R

∣

∣

∣

6C|B2R||B2n0+1R|6C|B2R|2,

hence

|As−2,2R|6
C

√

(s−t0−2)
|B2R|. (3.27)

Let

H=µ−
(

µ1−
ω

2s−2

)

, µ=sup
B2R

u,

we need to treat two possibilities:

H<2γ
1
2
1 R|BR|−

1
η , (3.28)
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H>2γ
1
2
1 R|BR|−

1
η . (3.29)

If (3.28) holds, it sees from (3.19) that ω>osc
BR

u>2sγ1/2
1 R|BR|−

1
η , i.e.,

2γ
1
2
1 R|BR|−

1
η <

ω

2s−1
,

and then

µ=H+
(

µ1−
ω

2s−2

)

<µ1−
ω

2s−2
+2γ

1
2
1 R|BR|−

1
η

<µ1−
ω

2s−2
+

ω

2s−1
=µ1−

ω

2s−1
. (3.30)

Noting

sup
BR

u6sup
B2R

u=µ and inf
BR

u> inf
B

2n0+2R

u=µ2,

we obtain

osc
BR

u=sup
BR

u−inf
BR

u6µ−µ26µ1−
ω

2s−1
−µ2=ω− ω

2s−1
=

(

1− 1

2s−1

)

ω,

which indicates (3.18). If (3.29) holds, we note 2s−2>2s−3 and ω6‖u‖L∞(Ω)6M to get

H=µ−µ1+
ω

2s−2
6

ω

2s−2
6

M

2s−3
6δ. (3.31)

Taking into account (3.27), (3.29) and (3.31), and applying (3.7) in Lemma 3.2 (here
C√

(s−t0−2)
< θ<1, t0= log2

2M
δ , so s> t0+2+max

{

1,C2/θ2
}

), it means

|Aµ1−(ω/2s−2)+(ω/2s−1),R|=0,

i.e.

sup
BR

u6µ1−
ω

2s−1
.

Hence

osc
BR

u=sup
BR

−inf
BR

6µ1−
ω

2s−1
−inf

BR

u6µ1−µ2−
ω

2s−1
=

(

1− 1

2s−1

)

ω.

It also follows (3.18).

Lemma 3.5. Suppose u∈DG(Ω), BR0
⊂Ω, λR6R0, λ>1. If there exist positive constants C

and 0< θ<1 such that one of the following inequalities is valid:

osc
BR

u6CR|BR|−
1
η , (3.32)
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osc
BR

u6θosc
BλR

u, (3.33)

then

osc
BR

u6 C̄

(

R

R0

)α

, (3.34)

where α=min
{

−logλ θ,1− Q
η

}

, C̄=λα max
{

ω0,CR0|B0|−
1
η

}

and ω0=osc
BR0

u.

Proof. Denote

Rk=λ−kR0, Bk=BRk
, ωk=osc

Bk

u, k=0,1,2,··· ,

then Rk and ωk are decreasing. Since (3.32) or (3.33) holds, it follows

ωk6max
{

CRk|Bk|−
1
η , θωk−1

}

, k=1,2,··· (3.35)

Setting

C̄=λα max
{

ω0, CR0|B0|−
1
η

}

,

where α=min
{

−logλ θ, 1− Q
η

}

>0, and noting Rk|Bk|−
1
η 6CR0|B0|−

1
η and ωk−16ω0, we

have

osc
B0

u=ω06max
{

ω0,CR0|B0|−
1
η

}

6 C̄λ−α. (3.36)

Using (2.1) and Rk =λ−kR0, it derives

|B0|6 c3

(

R0

Rk

)Q

|Bk|,

and then

|Bk|−
1
η 6
(

c−1
3 |B0|R0

−QRk
Q
)− 1

η
=
(

c−1
3 |B0|R0

−Qλ−kQR0
Q
)− 1

η
= c

1
η

3 λ
kQ
η |B0|−

1
η . (3.37)

Let

yk =λkαωk, k=0,1,2,··· ,
we obtain by (3.35)–(3.37) that

yk 6max
{

λkαCRk|Bk|−
1
η ; λkαθωk−1

}

6max
{

Cλkαλ−kR0λ
kQ
η |B0|−

1
η ; λkαθλ−(k−1)αyk−1

}

=max
{

Cλ
k(α−1+ Q

η )R0|B0|−
1
η ; λαθyk−1

}

6max
{

C̄λ−α; yk−1

}

, (3.38)
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where we used CR0|B0|−
1
η =C̄λ−α and α=min

{

−logλ θ,1− Q
η

}

, which yield λ
k(α−1+ Q

η )61

and λαθ<1. From (3.36), (3.38) and the induction, we conclude that for all k=0,1,2,··· ,

yk 6 C̄λ−α.

Noting λ−k = Rk
R0

and λ−kα=
(

Rk
R0

)α
, it implies

ωk=λ−kαyk 6 C̄λ−kαλ−α= C̄λ−α

(

Rk

R0

)α

. (3.39)

Since for any 0< R6R0, there exists k> 1 such that Rk 6R6Rk−1, we employ Rk =
λ−1Rk−1 and (3.39) to know

osc
BR

u6 osc
BRk−1

u6 C̄λ−αR−α
0 Rα

k−1= C̄R−α
0 Rα

k 6 C̄R−α
0 Rα,

which is (3.34).

4 Proofs of main results

The following Lemma is in preparation for the proof of Theorem 1.1.

Lemma 4.1. Let u∈H1
loc(Ω;X) be the bounded weak solution to (1.1) with (1.2), (1.3) and (1.4).

Then for any R∈ (0,R0], 0<R061, BR(x)⊂Ω, we have

osc
BR

u6C

(

R

R0

)α
(

osc
BR0

u+γ
1
2
1 R0|BR0

|−
1
η

)

, (4.1)

where osc
BR

u=esssup
BR

u−essinf
BR

u, 0<α61−Q/η and C>1 relies on η,δ,Q and Λ.

Proof. We denote ω(R)=osc
BR

u=sup
BR

u−inf
BR

u, then

ω(R)6ω(R0), for 0<R6R0. (4.2)

It knows u∈DG(Ω) by Lemma 3.1. If R=R0, it follows (4.1) from (4.2). If 0<R<R0, then

there exists n∗ ∈N
+ such that 2n∗+2R6R0. Using Lemma 3.4, we see that there exists a

positive number s, such that one of the following inequalities holds:

osc
BR

u62sγ
1
2
1 R|BR|−

1
η , (4.3)

osc
BR

u6

(

1− 1

2s−1

)

osc
B

2n∗+2R

u. (4.4)
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It yields from Lemma 3.5 (at this time λ=2n∗+2R, C=2sγ
1
2
1 and θ=1− 1

2s−1 ) that

osc
BR

u6 C̄

(

R

R0

)α

=2(n
∗+2)α

(

R

R0

)α

max

{

ω(R0),2
sγ

1
2
1 R0|B0|−

1
η

}

6C

(

R

R0

)α(

ω(R0)+2sγ
1
2
1 R0|B0|−

1
η

)

6C

(

R

R0

)α
(

osc
BR0

u+γ
1
2
1 R0|B0|−

1
η

)

,

where 0<α61− Q
η , and (4.1) is proved.

Proof of Theorem 1.1. It follows from Lemma 4.1 that for any x0∈Ω, BR(x0)⊂Ω,

osc
BR(x0)

u6C

(

R

dx0

)α(

osc
Ω

u+γ
1
2
1 dx0 |Ω|−

1
η

)

, R∈ (0,dx0 ], (4.5)

where dx0 =dist{x0,∂Ω}. We have by (4.5) and osc
Ω

u6M that

R−α

|BR(x0)|
∫

BR(x0)
|u(x)−uBR(x0)|dx6R−α osc

BR(x0)
u6Cd−α

x0

(

M+γ
1
2
1 dx0 |Ω|−

1
η

)

,

which means u∈L1,α
loc(Ω) and so u∈Cα

loc(Ω) from Lemma 2.1.

Now let us estimate [u]α;Ω. For any x1 ∈ Ω, if d(x1,x0)6 dx0 , then we take xmk
∈

Bd(x1,x0)(x0)⊂Ω, xmk
→ x1, and use (4.5) to give

|u(xmk
)−u(x0)|6 osc

Bd(x1,x0)
(x0)

u6C

(

d(x1,x0)

dx0

)α(

M+γ
1
2
1 dx0 |Ω|−

1
η

)

.

Letting xmk
→ x1, it implies

|u(x1)−u(x0)|6 osc
Bd(x1,x0)

(x0)
u6C

(

d(x1,x0)

dx0

)α(

M+γ
1
2
1 dx0 |Ω|−

1
η

)

. (4.6)

If d(x1,x0)>dx0 , then

|u(x1)−u(x0)|62M62M

(

d(x1,x0)

dx0

)α

. (4.7)

Combining (4.6) and (4.7), it concludes (1.7). �

To prove Theorem 1.2, we need a lemma.
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Lemma 4.2. Let u∈DG−(Ω), u>0 on B8R(y)⊂Ω and

h>Lγ
1
2
1 R|BR|−

1
η (4.8)

for h>0 and L>1. If

|A−
h,R|=0, (4.9)

then there exists λ0, L−16λ061/2, such that for ǫ∈ (0,2λ0], we have

|A−
ǫh,2R|=0. (4.10)

Proof. It sees that (4.9) actually implies u>h on BR, and then |A+
h,4R|= |{x∈B4R |u>h}|>

|BR|. Using (2.2), we observe

|A−
h,4R|6 |B4R|−|A+

h,4R|6 |B4R|−|BR|6 (1−c−1
3 4−Q)|B4R|. (4.11)

To verify (4.10), we first claim that there exist τ>0 and L−16λ06
1
2 , such that

|A−
λ0h,4R|6τ|B4R|. (4.12)

In fact, it derives by choosing λ0,L−1 6λ0 6 2−s∗(s∗ is to be determined), and using

(4.8) that

h>2s∗γ
1
2
1 R|BR|−

1
η . (4.13)

For s=0,1,··· ,s∗−1, denote

As,r=A−
2−sh,r

and

(

u−2−sh
)

−=

{

2−sh−u, u<2−sh,

0, u>2−sh.

Noting that u>0 yields (u−2−sh)−=2−sh−u62−sh and using (1.6) (k,R and (1−σ)2R2

in changed to 2−sh, 8R and 16R2, respectively) to (u−2−sh)− on B4R and B8R, it implies
∫

As,4R

|X(u−2−sh)|2dx6
γ0

16R2

∫

B8R

(u−2−sh)2
−dx+γ1|As,8R|1−

2
η

=
γ0

16R2

∫

As,8R

(u−2−sh)2dx+γ1|As,8R|1−
2
η

62−2sγ0R−2h2|As,8R|+γ1|As,8R|1−
2
η . (4.14)

Take k=−2−sh and l=−2−s−1h, then l−k= h
2s+1 . We apply (2.7) to −u on B4R (A(k) and

A(l) in (2.7) becomes As,4R={x∈B4R |−u>−2−sh} and As+1,4R={x∈B4R |−u>−2−s−1h},

respectively), and combine (4.11), (4.13) and (4.14) to derive

h

2s+1
|As+1,4R|
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6
|B4R|

|B4R−As,4R|






R2

∫

As,4R−As+1,4R

|X(u−2−sh)|2dx







1
2

|As,4R−As+1,4R|
1
2

6
|B4R|

|B4R|−(1−c−1
3 4−Q)|B4R|






R2

∫

As,4R−As+1,4R

|X(u−2−sh)|2dx







1
2

|As,4R−As+1,4R|
1
2

6
|B4R|

c−1
3 4−Q|B4R|

γ
1
2
0

h

2s

(

|As,8R|+γ−1
0

22s

h2
R2γ1|As,8R|1−

2
η

)

1
2

|As,4R−As+1,4R|
1
2

6C
h

2s

(

|As,8R|+C|BR|
2
η |As,8R|1−

2
η

)
1
2 |As,4R−As+1,4R|

1
2 .

Furthermore, using |As,8R|6 |B8R|, |BR|
2
η |As,8R|1−

2
η 6 |B8R| and (2.2), the inequality above

leads to

|As+1,4R|6C|B8R|
1
2 |Ds|

1
2 6C|B4R|

1
2 |Ds|

1
2 , (4.15)

where Ds=As,4R−As+1,4R, s=0,1,··· ,s∗−1. Since |As∗,4R|6|As+1,4R|, it follows from (4.15)

that

|As∗,4R|26C|B4R||Ds|.
Summing it with respect to s from 0 to s∗−1, and noting ∑

s∗−1
s=0 |Ds|= |A0,4R−AS∗,4R|, we

have

s∗|As∗,4R|26C|B4R|2. (4.16)

Choosing τ=
√

C
s∗
∈ (0,1), it gets from (4.16) that

|As∗,4R|6τ|B4R| (4.17)

and s∗ is also determined. As λ062−s∗ and so λ0h62−s∗h, we see

|A−
λ0h,4R|6 |A−

h2−s∗ ,4R|= |As∗,4R|6τ|B4R|,

which is (4.12).

From L>λ−1
0 and (4.8), it follows λ0h>γ1/2

1 R|BR|−
1
η and

4λ0h>γ
1
2
1 (4R)|B4R|−

1
η .

Combining it with (4.12) and employing Lemma 3.2, it obtains |A−
2λ0h,2R|=0. For 0< ǫ6

2λ0, it sees |A−
ǫh,2R|6 |A−

2λ0h,2R|=0 and (4.10) is proved.

Proof of Theorem 1.2. Define two functions

K(r)=u(x0)
(

1− r

R

)−s
and M(r)=‖u‖∞,Br(x0), (4.18)
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where s is large enough from Lemma 3.4. Let r0 be the largest root satisfying the equation

K(r)=M(r). Since K(r)→∞ as r→R−0 and u is bounded and continuous on BR(x0) by

Theorem 1.1, we see that r0<R is well defined and K(r)>M(r), for r0<r6R. In addition,

there exists x1∈Br0(x0) such that

u(x1)=K(r0)=M(r0)

and u(x1)>0.

For any x∈B(R−r0)/2(x1), because of

d(x,x0)6d(x,x1)+d(x1,x0)6
R−r0

2
+r0=

R+r0

2
,

we have B(R−r0)/2(x1)⊂B(R+r0)/2(x0) and by the meaning of r0,

sup
B(R−r0)/2(x1)

6 sup
B(R+r0)/2(x0)

=M

(

R+r0

2

)

6K

(

R+r0

2

)

=u(x0)·2s
(

1− r0

R

)−s
=2sK(r0).

From it and (1.7) in Theorem 1.1 (R and R0 in (1.6) are taken by ǫ(R−r0)
2 and R−r0

2 , respec-

tively, ǫ is to be decided), it obtains

|u(x1)− inf
d(x,x1)6ǫ(R−r0)/2

u(x)|6 osc
Bǫ(R−r0)/2(x1)

u

6Cǫα

(

osc
B(R−r0)/2(x1)

u+γ
1
2
1

R−r0

2
|B R−r0

2

|−
1
η

)

6Cǫα



 sup
B(R−r0)/2(x1)

u+γ
1
2
1 (R−r0)|BR−r0

|−
1
η





6Cǫα

(

2sK(r0)+γ
1
2
1 R|BR|−

1
η

)

,

where 0<α61− Q
η and we used R−r0<R and (2.1) in the last inequality. Therefore,

inf
d(x,x1)>ǫ(R−r0)/2

u(x)>u(x1)−Cǫα

(

2sK(r0)+γ
1
2
1 R|BR|−

1
η

)

. (4.19)

In what follows, let us suppose

u(x0)>2s+1+αCγ
1
2
1 R|BR|−

1
η ; (4.20)

otherwise, if (4.20) is invalid, it yields

inf
BR(x0)

u(x)>0>u(x0)−2s+1+αCγ
1
2
1 R|BR|−

1
η , (4.21)
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which implies (1.8). From (4.18) and (4.20), we have

K(r0)>u(x0)>2s+1+αCγ
1
2
1 R|BR|−

1
η , (4.22)

and by (4.19),

inf
d(x,x1)6ǫ(R−r0)/2

u(x)>K(r0)−Cǫα(2sK(r0)+K(r0))

>K(r0)−Cǫα2s+1K(r0)=
(

1−Cǫα2s+1
)

K(r0).

Choosing ǫ so small that 1−Cǫα2s+1> 1
2 , it implies

inf
d(x,x1)6ǫ(R−r0)/2

u(x)>
1

2
K(r0). (4.23)

Setting h := 1
2 K(r0), we see by (4.22) and (4.23) that

h>2s+αCγ
1
2
1 R|BR|−

1
η (4.24)

and u>h on Bǫ(R−r0)/2(x1), then

∣

∣

∣

∣

A
h,

ǫ(R−r0)
2

∣

∣

∣

∣

=
∣

∣

∣

{

x∈Bǫ(R−r0)/2(x1)|u<h
}∣

∣

∣
=0.

Noting by (2.2),

|Bǫ(R−r0)/2|> c−1
3

(

ǫ(R−r0)

2R

)Q

|BR|,

ǫα62−s−2C−1, R−r0
2R <

1
2 and c

1
η

3 =2
Q
η <2, we obtain

ǫ(R−r0)

2

∣

∣

∣Bǫ(R−r0)/2

∣

∣

∣

− 1
η
6

(

ǫ(R−r0)

2R

)

Rc
1
η

3

(

ǫ(R−r0)

2R

)− Q
η

|BR|−
1
η

=c
1
η

3

(

ǫ(R−r0)

2R

)1− Q
η

R|BR|−
1
η

6c
1
η

3

(

ǫ(R−r0)

2R

)α

R|BR|−
1
η

62−s−1−αC−1R|BR|−
1
η . (4.25)

Combining (4.24) and (4.25), it shows

h>22s+2α+1C2γ
1
2
1

ǫ(R−r0)

2

∣

∣

∣
Bǫ(R−r0)/2

∣

∣

∣

− 1
η

. (4.26)
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Now we use Lemma 4.2 to derive that there exists λ0, 2−2s−2αC−262λ0 61, such that if

δ0∈ (0,2λ0], then
∣

∣

∣
A−

δ0h,ǫ(R−r0)

∣

∣

∣
=0,

i.e.

inf
d(x,x1)6ǫ(R−r0)

u(x)>δ0h. (4.27)

Adjust suitably ǫ>0 such that
logǫ−1R/(R−r0)

log2 is a positive integer and denote

N=
logǫ−1R/(R−r0)

log2
+2. (4.28)

If

N>

slog
(

R−r0
2R

)

log2−2s−2αC−2
,

then

1>

(

R−r0

2R

) s
N

>2−2s−2αC−2,

and we choose

δ0=

(

R−r0

2R

) s
N

;

if

N6
slog

(

R−r0
2R

)

log2−2s−2αC−2
,

we choose

δ0=2−2s−2αC−2

and then

δN
0 >

(

R−r0

2R

)s

.

Using h= 1
2 K(r0), (4.18), (4.20) and R=2N−1ǫ R−r0

2 from (4.28) we have

δN−1
0 h>δN

0 h>

(

R−r0

2R

)s K(r0)

2
=

1

2s+1
u(x0)>2αCγ

1
2
1 R|BR|−

1
η

=2αCγ
1
2
1

[

2N−1 ǫ(R−r0)

2

]

∣

∣

∣
B2N−1ǫ(R−r0)/2

∣

∣

∣

− 1
η

,

and apply Lemma 4.2 with N times to get

inf
d(x,x1)62N−1ǫ(R−r0)

u(x)>δN
0 h. (4.29)
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For any x∈BR(x0), it derives

d(x,x1)6d(x,x0)+d(x0,x1)6R+r062R=2N−1ǫ(R−r0),

and so BR(x0)⊂B2N−1ǫ(R−r0)(x1). We follow from (4.19) and (4.27) that

inf
BR(x0)

u(x)> inf
B

2N−1ǫ(R−r0)
(x1)

u(x)>δN
0 h>

(

R−r0

2R

)s K(r0)

2
=

1

2s+1
u(x0). (4.30)

Combining (4.21) and (4.30) it proves (1.8). �
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