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Abstract. Consider (M, g) as an n-dimensional compact Riemannian manifold. In this
paper we are going to study a class of elliptic differential operators which appears
naturally in the study of hypersurfaces with constant mean curvature and also the
study of variation theory for 1-area functional.
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1 Introduction

Finding bounds for the eigenvalue of the Laplacian operator on a given manifold is a
key aspects in Riemannian geometry. In the recent years, because of the theory of self-
adjoint operators, the spectral properties of linear Laplacian studied extensively. Most of
the mathematicians are generally interested in the spectrum of the Laplacian on compact
manifolds with or without boundary or noncompact complete manifolds. Because in
these cases, the linear Laplacian can be uniquely extended to self-adjoint operators (see
[1,2]). For these purposes, mathematicians study the various extensions of such operators
which are found in different theories in Riemannian and differential geometry.

As a first extension, consider M as a complete manifold. Let f : M — R be a smooth
function on M or f € WY* (M) where W7 (M) is the Sobolev space. The p-Laplacian of f
for 1 < p <oois defined as

Apf=div([VfIP2V ) =[VfIP2Af+(p—2) [V fIP~* (Hessf) (V£,Vf),
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where
(Hessf)(X,Y)=V (VA )(X,Y)=X(Yf)=(VxY)f, X Yex(M).

The first eigenvalues of p-Laplace operator in both Dirichlet and Neumann cases have
been studied in many papers (see [3-5]). If j1,, denotes the first Neumann eigenvalue of
p-Laplace operator then as an example it was proved before in [3] that

Proposition 1.1 (Matei). Let M be an n-dimensional complete Riemannian manifold and let K
be a real constant such that Ric™ > (n—1)K. Then for any xo € M, ro € (0,dp) and p>2,

p,p (B(x0,70)) <pr,p (Vu(Kir0)),

where B(xo,r0) is geodesic ball in M centered at xo and radius ro, V,,(K,ro) is geodesic ball
with radius ry in model space, i.e. the n-dimensional simply connected space form with constant
sectional curvature K. Also RicM and d; denote the Ricci curvature tensor in M and the diameter
of M respectively.

The other well known extension of Laplace operator is the weighted Laplace opera-
tor which is defined as Ay =A—Vf-V and it acts as the Laplace operator in weighted
manifolds, i.e. manifolds with density e~fdo (see [6,7]).

Another extension of Laplace operator is the elliptic divergence type operator

Lrf=div(TVf),

where T is a positive definite symmetric (1,1)-tensor field on a complete Riemannian
manifold M. This operator is studied in [8] by second author before. Also the general
case of this operator is defined as

Lryf=div(TVf)=(Vny,T(Vf)),

where 77 € C?(M) and the eigenvalue problem for this operator is studied in [9]. As it
was mentioned before, the first eigenvalue of these operators on a compact manifold
M has been studied extensively in recent mathematical publications. Many connections
between these invariants and other geometrical invariants have lead to some results of
i-th eigenvalue of these operators. As an example in [9].

Proposition 1.2 (Gomez and Miranda). Let ) be a domain in an n-dimensional complete
Riemannian manifold M isometrically immersed in R™, A; be the i-th eigenvalue of Lt and f;
its corresponding normalized real-valued eigenfunction. Then

k

tr(T) ) (Aksa—Ai)?

i=1

B

<) (Aepi—=A) ((m—”)zA%Tf+(T0+T*’70)+4(T0+T*’70) T (V fi)ll 2 +4)\z‘> ,

1

I
—_

where Ag=max{supq|A., | k=n+1,..,m}, A, is the Weingarten operator of the immersion
with respect to ey, o =supq | V1|, Ta =supq |T| and To=supg |tr(VT)|.
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For all these operators, the major question is how we can extend the results of Laplace
and p-Laplace operators and Ricci tensors to these operators. In this paper, our main aim
is to improve these results for the special case operator

Osf =div(SVY),
in n-dimensional manifold M, where S;;=R;;— Z(nL—l) gij- As a quick review, we are going
to prove following theorems

Theorem 1.1. Consider (M",g) as a compact Riemannian manifold. If A denotes the eigenvalue
of [J2, then

FA<2\/A —%A,

where Os f =div (S (Vf)), Sij=Rij— 557 8ij, and

R 1
r=L2—( ————+Kpy | Lo+=KoR,
0 <2( 1)+ °> 05N

and Ko and Lg are the lower bounds of the sectional curvature and Ricci curvature of M, respec-
tively. Also A and y denote the eigenvalues of A and A? respectively.

Theorem 1.2. Let x: M" — M""1(x) be an isometric immersion of a compact Riemannian man-
ifold into a space form of constant sectional curvature x. Also let the shape operator satisfies

O<al<A<aual,

where >0 and a>1 are constants. It is supposed that L1 f =Y (Hgij—I1j) fij, H is mean

curvature and 11 is second fundamental form. If § denotes the eigenvalue of
L3f=6f inM,
f=0 on dM,

then

2

where A and u are eigenvalues of A and N? respectively, T is

263 (n—1) (n—a?) +2ka(n—1)"—o,
when x>0 and

263 (n—1) (n—a?) +2xkan(n—1)* -0,
when x <0 and also

— HessH 1= T, =0}.
o (pg}g>;M(tr( essH)[,.(p)), v ={ueT,M[(u,v)=0}
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2 Preliminaries

Consider (M, g) as an n-dimensional Riemannian manifold. In this paper we are going
to study the elliptic differential operator which is defined as

Osf =div(S(Vf) = (V2£,S), 1)

where in coordinates we have

R
Sij:Rij_ 72(71_1)&']‘.

Where R;; and R are Ricci curvature tensor and scalar curvature tensor respectively.
Generally, let {e,es,...,e, } be a local coframe field defined on a Riemannian manifold
(M,g). For a symmetric tensor ¢ :E;-szﬂpijei@ej on M, it is defined in [10] that

n
Of =Y ¢ifyy
ij=1
The Bochner-type formula for this operator was proved before in [12].

Lemma 2.1 (Bochner-type formula). Let M" be a Riemannian manifold and ¢=3 i ;_, pije;Qe;
be a symmetric tensor defined on M. Then for any smooth function f:M — R and for any C€R

1D(IVfIZ)=<Vf/V(Df)>+<<P(Vf),V(Af)>+2 Zn: i fji fri +2 Zn: ifjPim R

ijk=1 ijkm=1

+C Z t}’(,b 1]f1f] Z ﬁ]c]A¢l]+ Z flf] <Z‘P1kk_cz¢kkz>

ij=1 ij=1 ij=1 j

Z ( Y. fifi (<Pﬁk—4>jki)>k— )y ( )3 fj(/’ijfz‘k> k- (2.2)

ij=1 k=1 \i,j=1
It seems clear that if ¢ is equal to the metric g, then Y}, (Zgjzl fiij ﬂk) = IA|V ]2

In this case the above lemma returns to well-known Bochner formula for Laplacian. Also
from [10], there are following basic properties. First of all,

Of =div(¢(Vf)) Zl<z(rbl]]>fl
i=1\j

And also, we say that ¢ is divergence free if div¢ =0 or equivalently, } ;" ¢;;; =0, for all
1<j<n. Cheng and Yau in [10], discussed the operator L] extensively. If M is compact
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then [ is self-adjoint if and only if ¢ is divergence free. If ¢ is symmetric and positive def-
inite, then [ is strictly elliptic. Therefore, if ¢ is divergence free, symmetric and positive
definite, then [ is strictly elliptic and self-adjoint (see also [11]).

We are going to study the system

Lf=Af inM, 23)
f=0 on oM, '

where L= D%. As an important example under Codazzi Schouten operator i.e. Sijx = Si;,
it was proved before in [12] that

Proposition 2.1 (Alencar et al.). Let M", n >4 be a compact Riemannian manifold in which
divW =0. If M has constant scalar curvature R and the Einstein tensor is positive definite, then
the first nonzero eigenvalue y1 (g, M) of the operator Olg, satisfies

#1 (s, M) = 2(nn_—21) (R—RZLO> |15~ (%H(O) LO%KOR]’

where Ko and Lg are the lower bounds of the sectional curvature and Ricci curvature of M, re-
spectively and W is harmonic Weyl tensor. Furthermore, the equality holds if and only if M is the
round sphere 5" (Kp).

Consider M", as an n-dimensional Riemannian manifold and x: M" — M"t! as an
isometric immersion of M to the model space of M. Also A and H are shape operator and
mean curvature of immersions respectively. In other words, if A1,A,,...,A, are eigenvalues
of A, i.e. the principal curvatures of the immersions, then

H:i)\i.
i=1

In this case, the first Newton transformation P; : TM — T M associated with second fun-
damental form, is defined as

Pi=HI-A.

By this transformation, the new operator was first introduced in [13], as

n n

Lif=) (P);fy= ) (Hgij—T11y) fy,

i=1 i,j=1

where IT;; are the components of second fundamental form.

It has been shown before in [14], that if M is a space form of constant sectional curva-
ture, then divP; =0. Also under these assumptions L; is self adjoint. The new operator L,
naturally appears in the study of variation theory for curvature functional A= [, Hdp,
which is called 1-area of M. Also it plays an important role in the study of stability for
hypersurfaces with constant mean curvature (see as examples [15-17]). It was proved
before in [12] that
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Proposition 2.2. [15,16] Let x: M" — M" " (x) be an isometric immersion of a compact Rieman-
nian manifold into a space form of constant sectional curvature x. Suppose that shape operator A
satisfies

O<al<A<anl,

where & >0 and a > 1 are constants. Then if y (L1, M) denotes the eigenvalue of L1 f = —.f, we

see
1 na ,
M (LlIM) > E FK/

na—1

where T}, are the same as in Theorem 1.2.

3 Proof of main results

Consider the system

D2f=Af. (3.1)

In this case A is called the eigenvalue of mentioned operator. By multiplying both sides
of Eq. (3.1) we get

Osfu=n [ fdp

| fOsfau=n [ fdp
since [, (f,0%f)dpu= [,,(0sf,0sf)dp, by integrating by parts we have

Csf = [ fdp

/M( sfydu=A | fidu

which concludes that

A / (Osf)*d

/ fzdu

Lif=6f,

which was introduced before, in the similar context, because L, is self-adjoint we see

. /Llf)
/ frdp

Also the operator
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Proof of Theorem 1.1. Since Sj;x=Sj; and § is divergence free, i.e. div (S)=0, our Bochn-
er formula (2.2) changes as

155(ny; ) =(VEV(@sF)42 Y Sififut (S(VF),V(AS)

i,j,k=1

+2Ric(Vf,5(Vf)) Zflf]ASl] Z < Zn:fjsijfik> .
k

ij=1 k=1 \ij=1

Now, we are going to integrate and estimate each term, then our proof will be completed.
It was known before that for two n x n symmetric matrices A and B, where B is positive
definite, then

[tr (AB)]?

2
tr(A°B) > B

(3.2)
There is a suitable proof for the Eq. (3.2) in [12] which is known as a Newton inequality.
Now consider A = [fl-j]nxn and B= [Si]-]nm, since S is positive definite, it implies that

i Z]kasz (DSf) ’

i,jk=1

which finally gives us

2/ Z SZ]f]kszd,uZ / DSf
1]k 1 trS

Also it was proved in [12] that

- Y Afasyan=r [ Ve

ij=1

/ 2Ric(V£,5(V))

where I is as same as what mentioned before. Now since
| V£V @sp)dut [ (S(VF),V(af)dp
— [ (AfDsf)du= [ (V(S(V£)),Af)dn
_ o[ apcsan

and also by divergence theorem

JE(L50m) anme

ij=1
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Finally we get

2 [ AfOsfdu+r [ VRt [ (Osfyrau<o,

By simple calculation we have

r [ IVPdp<2 [ AfOsfdu- 5 [ (Csp)an
<2( [ wan) ([, @) du) -2 ] f
—2( [ (07?) VA ( /Mfzdu> 2] P

where in second inequality we used Holder’s inequality and I is as same as what men-
tioned in Theorem 1.1. By dividing both sides on [}, f>du we finally see

2
TA<2\/Ap— A, 0

Proof of Theorem 1.2. If A>0 then P is positive definite, therefore L; is elliptic operator.
Since Codazzi equation i.e. IL;; =I1j; holds for Ly, the Bochner formula becomes as

LIV =YY (L) +PU(T ),V +2ki (Hgy—T1;) fcfi
i,j,k=1
L2Rie(V £, Py (V) (AP (V ),V f)

_Z<Zfl Hgij—1T; fzk) Zn: IV fI*Hy—(VH,Vf) fi), -

ij=1

By integrating from both sides and using divergence theorem, we get

0= [ (VEV(Laf)dp+ [ (V)Y (8F))dp

42 / ( (Hgi—T1) fi f,a) du
i,jk=1
+ [ [2Ric(VEP(V))~((AP) (V) V)] (3.3)

Now we are going estimate each quantity of Eq. (3.3) separately. Since

0= [ div(fPU(V)du= [ (PVA),V(AN)du+ [ Af-div(P(V),
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thus
| VAV @t [ (P, V(B dn==2 Af-Lafdp
Under the assumption
O<al<A<anl,

it was proved before in [12] that

| [2Ric(VEP(V )~ (AP)(VF), V) dnzTy [ V5P,
where if ¥ >0 then
I =24%(n—1) (n—a®) +2xa(n—1)>—
and also if x <0 then
I, =24%(n—1) (n—a®) +2xaa(n—1)"—
and

— 1_ —
o= (pg}g)T(M(tr(HessH) lor (p)), v ={ucT,M|{u,v)=0}.

Also under A >0, P is positive definite, thus

2 (Hgij—11; d >2/ d > 5/ du,
/ <z;kl 8ij~ ])f]kfkt) M H M2l

where L2 f =6 2. Now by substituting into the Eq. (3.3), we see

2
02—2/MAf-L1fdy+2/M%dy+F;/M|Vf|2dy

> /M(Af)zdu>%< / (Llf)zdu>%+n T R e MR
:_2</ (Af) du> </ f2> = M(F/ fsz+F’/ Vfdw,

where in the second inequality we used Holder’s inequality. By dividing both sides on
[ f2dp we finally get

2

1)an
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