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1 Introduction

Suppose that Sn−1 is the unit sphere of Rn(n ≥ 2) equipped with normalized Lebesgue
measure. Let Ω ∈ L1(Sn−1) be homogeneous function of degree zero and∫

Sn−1
Ω(x′)dσ(x′) = 0, (1.1)

where x′ = x/|x| for any x 6= 0.
The Marcinkiewicz integral is defined by

µΩ( f )(x) =
( ∫ ∞

0
|FΩ,t( f )(x)|2 dt

t3

)1/2
,

where

FΩ,t( f )(x) =
∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 f (y)dy.

Let b ∈ L1
loc(R

n), the commutator generated by the Marcinkiewicz integral µΩ and b is
defined by

µΩ,b( f )(x) =
( ∫ ∞

0
|FΩ,b,t( f )(x)|2 dt

t3

)1/2
,
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where

FΩ,b,t( f )(x) =
∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y)) f (y)dy.

Y. Ding [1] studied the continuity properties of higher order commutators generated by
the homogeneous fractional integral and BMO functions on certain Hardy spaces, the
special case of the main result in [1] is the following theorem:

Theorem 1.1 ( [1]). Let b ∈ BMO(Rn), 0 < µ < n and Ω ∈ Lr(Sn−1)(r > n/(n− µ)). If
ωr(δ) satisfy ∫ 1

0

ωr(δ)

δ

(
log

1
δ

)m
dδ < ∞, (1.2)

then Tb,m
Ω,µ is bounded from H1

bm(Rn) to Ln/(n−µ)(Rn), where

Tb,m
Ω,µ( f )(x) =

∫
Rn

Ω(x− y)
|x− y|n−µ

(b(x)− b(y))m f (y)dy, m ∈ N.

In 2007, H. Wang [2] gave the (H1, Ln/(n−β)) type estimates for µΩ,b with the kernel Ω
satisfying the logarithmic type Lipschitz conditions.

Theorem 1.2 ([2]). Let b ∈Lipβ(Rn), 0 < β < 1. If Ω is a homogeneous function of degree zero
and satisfies the following conditions:

(1)
∫

Sn−1 Ω(x′)dσ(x′) = 0 and Ω ∈ Lr(Sn−1) for some r ≥ n/(n− β);

(2) there exist constants C > 0 and ρ > 1 such that

|Ω(y1)−Ω(y2)| ≤
C

(ln 2
|y1−y2| )

ρ

for any y1, y2 ∈ Sn−1. Then µΩ,b is bounded from H1(Rn) to Ln/n−β(Rn).

In 2011, Y. He [3] obtained the (Lp(α), Lp(β)) type estimates for µΩ,b with the ker-
nel satisfying the logarithmic type Lipschitz conditions. In 2012, by using Theorem 1.2,
Jiang [4] proved that µΩ,b is bounded from H1

b (ω) to L1(Rn).

Theorem 1.3 ( [3]). Let Ω ∈ L∞(Sn−1) satisfy the cancellation property (1.1). In addition,
suppose that there exist constants C > 0 and ρ > 2 such that

|Ω(y1)−Ω(y2)| ≤
C

(ln 1
|y1−y2| )

ρ
(1.3)

hold uniformly in y1, y2 ∈ Sn−1, 1 < p < ∞, α, β ∈ Ap, b ∈ BMO(ω), ω = (αβ−1)1/p. Then
the following inequality hold:

||µΩ,b( f )||Lp(β) ≤ C||b||BMO(ω)|| f ||Lp(α).
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Theorem 1.4 ([4]). Let Ω ∈ L∞(Sn−1) (n ≥ 2) satisfy the cancellation property (1.1) and (1.3)
for some ρ > 2, ω ∈ A1, b ∈ BMO(ω). Then µΩ,b is bounded from H1

b (ω) to L1(Rn).

Recently, Y. Zhao [5] studied the boundedness of µΩ,b generated by µΩ and weighted
Lipschitz function b on weighted Lp spaces.

Theorem 1.5 ([5]). Let Ω ∈ L∞(Sn−1), (n ≥ 2) satisfy the cancellation property (1.1) and (1.3)
for some ρ > 2, ω ∈ A1, 0 < β < 1, 1 < p < n/β, 1/q = 1/p− β/n, b ∈ Lipβ(ω). Then

||µΩ,b( f )||Lq(ω1−q) ≤ C|| f ||Lp(ω).

Inspired by [1, 2], a natural problem is whether µΩ,b has the similar conclusion in
Theorem 1.2, when Ω satisfies some Lr−Dini condition and b ∈ Lipβ(Rn). On the other
hand, inspired by [3, 4], applying Theorem 1.5, we establish the (H1

b (ω), Lq(ω1−q)) type
boundedness of µΩ,b. To state our main results, we introduce the following definitions
and auxiliary results.

First let us recall the definitions of Ap. A locally integrable nonnegative function ω is
said to belong to Ap if

sup
B

( 1
|B|

∫
B

ω(x)dx
)( 1
|B|

∫
B

ω(x)−1/(p−1)dx
)p−1

≤ C < ∞, 1 < p < ∞,

1
|B|

∫
B

ω(x)dx ≤ C essinf
B

ω(x), p = 1,

for every ball B ⊂ Rn. ω is said to satisfy the reverse Hölder condition and is written by
ω ∈ RHr, if there exists r > 1 such that( 1

|B|

∫
B

ω(x)rdx
)1/r
≤ C

( 1
|B|

∫
B

ω(x)dx
)

.

Remark 1.1. If ω ∈ Ap, p ≥ 1, then there exists r > 1 such that ω ∈ RHr.

Definition 1.1 ([1]). Let 0 < β ≤ 1, the Lipschitz class Lipβ(Rn) is defined by

Lipβ(R
n) =

{
f : || f ||Lipβ

= sup
x,y∈Rn, x 6=y

| f (x)− f (y)|
|x− y|β

< ∞
}

.

Definition 1.2 ([6]). For 0 < β ≤ 1, the weighted Lipschitz space Lipβ,p(ω) is defined by

Lipβ,p(ω) =
{

b : ||b||Lipβ,p(ω) = sup
B

1
ω(B)β/n

( 1
ω(B)

∫
B
|b(x)− bB|pω(x)1−pdx

)1/p

≤C < ∞
}

.

Definition 1.3 ( [7]). A function a(x) on Rn is said to be an H1 atom, if there exists a ball B,
such that
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(1) supp a ⊂ B;

(2) ||a||L∞ ≤ |B|−1;

(3)
∫

Rn a(x)dx = 0.

It is said that f ∈ H1(Rn), if f = ∑∞
j=−∞ λjaj in the case of distributions, where each

aj is an H1 atom, λj ∈ C and ∑∞
j=−∞ |λj| < ∞. Furthermore, the H1(Rn) seminorm is

defined as

|| f ||H1 = inf
∞

∑
j=−∞

|λj|,

where the infimum is taken over all above decompositions of f .

Remark 1.2. Let a(x) be an H1 atom, then for any p0 ∈ [1, ∞], we have ||a||Lp0 ≤
|B|−1+1/p0 .

Definition 1.4 ([4]). Let 0 < p ≤ 1, ω ∈ A∞, b ∈ Lloc(Rn). A function a(x) on Rn is said to
be ω− (p, ∞, b) atom, if

(1) there exists x0 ∈ Rn and d > 0 such that suppa ⊂ B(x0, d);

(2) ||a||L∞ ≤ ω(B(x0, d))−1/p;

(3)
∫

Rn a(x)dx =
∫

Rn a(x)b(x)dx = 0.

It is said that f ∈ Hp
b (ω), if f = ∑∞

j=−∞ λjaj in the case of distributions, where each aj

is an ω− (p, ∞, b) atom, λj ∈ C and ∑∞
j=−∞ |λj|p < ∞. Furthermore, the Hp

b (ω) seminorm
is defined as

|| f ||Hp
b (ω) = inf

( ∞

∑
j=−∞

|λj|p
)1/p

,

where the infimum is taken over all above decompositions of f .

Definition 1.5 ( [1]). For Ω ∈ Lr(Sn−1) (r ≥ 1), the integral modulus ωr(δ) of continuity of
order r of Ω is defined by

ωr(δ) = sup
|ρ|≤δ

( ∫
Sn−1
|Ω(ρx′)−Ω(x′)|rdσ(x′)

)1/r
,

where ρ is a rotation in Sn−1. When ωr(δ) satisfies∫ 1

0

ωr(δ)

δ
dδ < ∞, (1.4)

we say that Ω satisfies the Lr-Dini condition.
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Let us state our main results.

Theorem 1.6. Let b ∈Lipβ(Rn), 0 < β < 1 and Ω ∈ Lr(Sn−1) (r ≥ n/(n− β)). If ωr(δ)

satisfies (1.4), then µΩ,b is bounded from H1(Rn) to Ln/n−β(Rn).

Theorem 1.7. Let Ω ∈ L∞(Sn−1) (n ≥ 2) satisfies (1.1) and (1.3) for some ρ > 2. ω ∈ A1,
b ∈Lipβ(ω), 0 < β < 1, then µΩ,b is bounded from H1

b (ω) to Lq(ω1−q), where q = n/(n− β).

Remark 1.3. The kernel Ω in Theorem 1.2 satisfies the logarithmic type Lipschitz con-
ditions, the kernel Ω in Theorem 1.6 satisfies the logarithmic type Lr − Dini conditions,
however Theorem 1.6 arrives at the same conclusion with Theorem 1.2.

2 Priliminaries

To prove our theorems, we need the following lemmas.

Lemma 2.1 ( [8]). Let b ∈ Lipβ(Rn), 0 < β < 1, 1 < p < n/β, 1/q = 1/p − β/n. If
Ω ∈ Lr(Sn−1) for some r ≥ n/(n− β) and (1.1). Then µΩ,b is bounded from Lp(Rn) to
Lq(Rn).

Lemma 2.2 ( [1]). Suppose that 0 < α < n, r > 1 and Ω ∈ Lr(Sn−1) satisfies Lr−Dini
condition (1.4). If there exists a constant a0 > 0 such that |y| < a0R, then( ∫

R<|x|<2R

∣∣∣∣ Ω(x− y)
|x− y|n−α

− Ω(x)
|x|n−α

∣∣∣∣r dx
)1/r
≤ CRn/r−(n−α)

( |y|
R

+
∫ |y|/R

|y|/2R

ωr(δ)

δ
dδ
)

.

Lemma 2.3 ([5]). Let b ∈ Lipβ(ω), 0 < β < 1, ω ∈ A1. Then

sup
x∈B
|b(x)− bB| ≤ C||b||Lipβ(ω)ω(B)1+β/n|B|−1.

For any ball B and any λ > 0, we denote by λB the ball with the same center as B but
with λ times the radius. We have an estimate for ω(λB) as follows.

Lemma 2.4 ([9]). Let ω ∈ Ap, p ≥ 1. Then for any ball B and λ > 1

ω(λB) ≤ Cλnpω(B),

where C does not dependent on B nor on λ.

Lemma 2.5 ( [9]). Let ω ∈ Ap
⋂

RHr, p ≥ 1, r > 1. Then there exist constants C1, C2 > 0
such that

C1

( |E|
|B|

)p
≤ ω(E)

ω(B)
≤ C2

( |E|
|B|

)(r−1)/r

for any measurable subset E of a ball B.
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3 Proof of theorems

Proof of Theorem 1.6. We need to prove that ||µΩ,b(a)||Lq ≤ C for any H1 atom a, where
q = n/(n− β) and suppa ⊂ B = B(x0, d)

||µΩ,b(a)||Lq ≤
( ∫

2B
|µΩ,b(a)(x)|qdx

)1/q
+
( ∫

(2B)c
|µΩ,b(a)(x)|qdx

)1/q

=:I + J.

Choose p1 and q1 such that 1 < p1 < n/β, 1/q1 = 1/p1 − β/n. It is easy to see that
q < q1, by Hölder’s inequality and Lemma 2.1, we get

I ≤
( ∫

2B
|µΩ,b(a)(x)|qtdx

)1/(qt)( ∫
2B

dx
)1/(qt′)

≤C
( ∫

2B
|µΩ,b(a)(x)|q1 dx

)1/q1
|2B|1/q−1/q1

≤C||µΩ,b(a)||Lq1 |2B|1/q−1/q1 ≤ C||a||Lp1 |B|1/q−1/q1

≤C||a||∞|B|1/p1 |B|1/q−1/q1 ≤ C|B|−1+1/p1 |B|1/q−1/q1

≤C,

where t = q1/q.
Let us turn to estimate J now,

J ≤
{ ∫

(2B)c

( ∫ |x−x0|+2d

0

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
dx
}1/q

+
{ ∫

(2B)c

( ∫ ∞

|x−x0|+2d

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
dx
}1/q

=:J1 + J2.

Using the fact that |x − y| ∼ |x − x0| ∼ |x − x0| + 2d for any y ∈ B and x ∈ (2B)c,
Minkowski’s inequality and Hölder’s inequality, we have

J1 ≤C
{ ∫

(2B)c

[ ∫
Rn

( ∫ |x−x0|+2d

|x−y|

dt
t3

)1/2 |Ω(x− y)||a(y)|
|x− y|n−1 |b(x)− b(y)|dy

]q
dx
}1/q

≤C
∫

B

{ ∫
(2B)c

[d1/2|Ω(x− y)|
|x− y|n+1/2 |b(x)− b(y)|

]q
dx
}1/q
|a(y)|dy

≤C
∫

B

∞

∑
k=1

{ ∫
2k+1B\2kB

[d1/2|Ω(x− y)|
|x− y|n+1/2 |b(x)− b(y)|

]q
dx
}1/q
|a(y)|dy

≤C
∫

B

∞

∑
k=1

2−k/2(2kd)−n(2k+1d)β||b||Lipβ

[ ∫
2k+1B

|Ω(x− y)|qdx
]1/q
|a(y)|dy



22 C. Wu / Anal. Theory Appl., 39 (2023), pp. 16-27

≤C||b||Lipβ
||Ω||Lr(Sn−1)

∫
B

∞

∑
k=1

2−k/2(2kd)−n(2k+1d)β(2k+1d)n/q|a(y)|dy

≤C
∫

B

∞

∑
k=1

2−k[(1/2−β)+n(1−1/q)]|a(y)|dy

≤C||a||L1 ≤ C||a||∞|B| ≤ C.

In the above last inequality, we applied the fact that −n + β + n/q = 0 and the series is
convergent.

Note that t ≥ |x − x0| + 2d ≥ |x − x0| + |y − x0| ≥ |x − y| for any y ∈ B and the
cancellation property of a,[ ∫ ∞

|x−x0|+2d

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

]1/2

=
[ ∫ ∞

|x−x0|+2d

∣∣∣ ∫
B

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

]1/2

=
∣∣∣ ∫

B

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣[ ∫ ∞

|x−x0|+2d

dt
t3

]1/2

=C
∣∣∣ ∫

B

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣ 1
|x− x0|+ 2d

≤C
∫

B
|b(x)− b(x0)|

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣ |a(y)|
|x− x0|+ 2d

dy

+ C
∫

B

|Ω(x− y)|
|x− y|n−1

|b(x)− b(x0)||a(y)|
|x− x0|+ 2d

dy.

It follows that

J2 ≤C
{ ∫

(2B)c

( ∫
B

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣ |b(x)− b(x0)|
|x− x0|+ 2d

|a(y)|dy
)q

dx
}1/q

+ C
{ ∫

(2B)c

( ∫
B

|Ω(x− y)|
|x− y|n−1

|b(y)− b(x0)|
|x− x0|+ 2d

|a(y)|dy
)q

dx
}1/q

=:J21 + J22.

Applying Minkowski’s inequality, Hölder’s inequality and Lemma 2.2, we have

J21 ≤C
∫

B

{ ∫
(2B)c

(∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣ |b(x)− b(x0)|
|x− x0|+ 2d

)q
dx
}1/q
|a(y)|dy

≤C
∫

B

{ ∞

∑
k=1

∫
2k+1B\2kB

(∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣ |b(x)− b(x0)|
|x− x0|+ 2d

)q
dx
}1/q
|a(y)|dy

≤C||b||Lipβ

∫
B

∞

∑
k=1

(2kd)β−1
( ∫

2k+1B\2kB

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣qdx
)1/q
|a(y)|dy



C. Wu / Anal. Theory Appl., 39 (2023), pp. 16-27 23

≤C
∫

B

∞

∑
k=1

(2kd)β−1
( ∫

2k+1B\2k B

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣rdx
)1/r( ∫

2k+1B\2k B
dx
)1/q−1/r

|a(y)|dy

≤C
∫

B

∞

∑
k=1

(2kd)β−1(2k+1d)n(1/q−1/r)
( ∫

2k+1B\2k B

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣rdx
)1/r
|a(y)|dy

≤C
∫

B

∞

∑
k=1

(2kd)β−1(2k+1d)n(1/q−1/r)(2kd)n/r−n+1
( 1

2k +
∫ |y−x0|/2kd

|y−x0|/2k+1d

ωr(δ)

δ
dδ
)
|a(y)|dy

≤C
∫

B

∞

∑
k=1

(2kd)β+n/q−n
( 1

2k +
∫ |y−x0|/2kd

|y−x0|/2k+1d

ωr(δ)

δ
dδ
)
|a(y)|dy

≤C
∫

B

∞

∑
k=1

( 1
2k +

∫ |y−x0|/2kd

|y−x0|/2k+1d

ωr(δ)

δ
dδ
)
|a(y)|dy

≤C
∫

B

( ∞

∑
k=1

1
2k +

∞

∑
k=1

∫ |y−x0|/2kd

|y−x0|/2k+1d

ωr(δ)

δ
dδ
)
|a(y)|dy

≤C
∫

B
|a(y)|dy ≤ C||a||∞|B| ≤ C,

and

J22 ≤C
{ ∫

(2B)c

( ∫
B

|Ω(x− y)|
|x− y|n−1

|b(y)− b(x0)|
|x− x0|+ 2d

|a(y)|dy
)q

dx
}1/q

≤C||b||Lipβ

{ ∫
(2B)c

( ∫
B

|Ω(x− y)|
|x− y|n |y− x0|β|a(y)|dy

)q
dx
}1/q

≤C
∫

B

{ ∫
(2B)c

|Ω(x− y)|q
|x− y|nq |y− x0|βqdx

}1/q
|a(y)|dy

≤C
∫

B

∞

∑
k=1

( ∫
2k+1B\2kB

|Ω(x− y)|q
|x− y|nq |y− x0|βqdx

)1/q
|a(y)|dy

≤C
∫

B

∞

∑
k=1

dβ(2kd)−n
( ∫

2k+1B\2kB
|Ω(x− y)|qdx

)1/q
|a(y)|dy

≤C
∫

B

∞

∑
k=1

dβ(2kd)−n|2k+1B|1/q||Ω||Lr(Sn−1)|a(y)|dy

≤C
∞

∑
k=1

dβ(2kd)−n(2k+1d)n/q||a||∞|B|

≤C
∞

∑
k=1

2−kn(1−1/q)dβ−n+n/q ≤ C.

We complete the proof of Theorem 1.6.

Proof of Theorem 1.7. We need to prove that ||µΩ,b(a)||Lq(ω1−q) ≤ C for any ω − (p, ∞, b)
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atom a, where p = 1, q = n/(n− β) and suppa ⊂ B = B(x0, d), ||a||∞ ≤ ω(B)−1.

||µΩ,b(a)||Lq(ω1−q) =
( ∫

Rn
|µΩ,b(a)(x)|qω(x)1−qdx

)1/q

≤
( ∫

2B
|µΩ,b(a)(x)|qω(x)1−qdx

)1/q
+
( ∫

(2B)c
|µΩ,b(a)(x)|qω(x)1−qdx

)1/q

=:I1 + I2.

Choose p1 and q1 such that 1 < q < q1 < ∞, 1 < p1 < ∞, 1/q1 = 1/p1 − β/n. By
Hölder’s inequality, Theorem 1.5 and Lemma 2.4, we get

I1 =
( ∫

2B
|µΩ,b(a)(x)|qω(x)1−qdx

)1/q

=
( ∫

2B
|µΩ,b(a)(x)|qω(x)q/q1−qω(x)1−q/q1 dx

)1/q

≤C
( ∫

2B
|µΩ,b(a)(x)|qtω(x)(q/q1−q)tdx

)1/(qt)( ∫
2B

ω(x)(1−q/q1)t′dx
)1/(qt′)

≤C
( ∫

2B
|µΩ,b(a)(x)|q1 ω(x)1−q1 dx

)1/q1( ∫
2B

dx
)1/q−1/q1

≤C||µΩ,b(a)||Lq1 (ω1−q1 )ω(2B)1/q−1/q1

≤C||a||Lp1 (ω)ω(2B)1/q−1/q1

≤C
( ∫

B
|a(x)|p1 ω(x)dx

)1/p1
ω(2B)1/q−1/q1

≤C||a||∞ω(B)1/p1 ω(2B)1/p−1/p1

≤Cω(B)−1/pω(B)1/p1 ω(2B)1/p−1/p1

≤C
(ω(2B)

ω(B)

)1/p−1/p1
≤ C,

where t = q1/q. For I2, since |x− x0| > 2d, we have

I2 =
( ∫

(2B)c
|µΩ,b(a)(x)|qω(x)1−qdx

)1/q

=
{ ∫

(2B)c

( ∫ ∞

0

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
ω(x)1−qdx

}1/q

≤
{ ∫

(2B)c

( ∫ |x−x0|+2d

0

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
ω(x)1−qdx

}1/q

+
{ ∫

(2B)c

( ∫ ∞

|x−x0|+2d

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
ω(x)1−qdx

}1/q

=:I21 + I22.
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The definitions of Lipβ,p(ω) and A1 give( ∫
2k+1B

|b(x)− b2k+1B|qω(x)1−qdx
)1/q

=
ω(2k+1B)β/n

ω(2k+1B)β/n

(ω(2k+1B)
ω(2k+1B)

∫
2k+1B

|b(x)− b2k+1B|qω(x)1−qdx
)1/q

≤ C||b||Lipβ(ω)ω(2k+1B)β/nω(2k+1B)1/q

= C||b||Lipβ(ω)ω(2k+1B)1/p, (3.1a)( ∫
2k+1B

ω(x)1−qdx
)1/q

=
( ∫

2k+1B

( 1
ω

)q−1
dx
)1/q

≤ C
( |2k+1B|

ω(2k+1B)

)(q−1)/q
|2k+1B|1/q

= C
|2k+1B|

ω(2k+1B)1−1/q . (3.1b)

From Minkowski’s inequality, Lemmas 2.3, 2.5, (3.1a) and (3.1b), we obtain

I21 ≤C
{ ∫

(2B)c

[ ∫
Rn

|Ω(x− y)|
|x− y|n−1 |b(x)− b(y)||a(y)|

( ∫ |x−x0|+2d

|x−y|

dt
t3

)1/2
dy
]q

ω(x)1−qdx
}1/q

≤Cd1/2
{ ∫

(2B)c

[ ∫
B

|b(x)− b(y)|
|x− y|n+1/2 |a(y)|dy

]q
ω(x)1−qdx

}1/q

≤Cd1/2
∫

B
|a(y)|

{ ∫
(2B)c

|b(x)− b(y)|q

|x− y|(n+1/2)q
ω(x)1−qdx

}1/q
dy

≤Cd1/2
∫

B
|a(y)|

∞

∑
k=1

( ∫
2k+1B\2kB

|b(x)− b2k+1B|q

|x− y|(n+1/2)q
ω(x)1−qdx

)1/q
dy

+ Cd1/2
∫

B
|a(y)||b(y)− b2k+1B|

∞

∑
k=1

( ∫
2k+1B\2kB

1
|x− y|(n+1/2)q

ω(x)1−qdx
)1/q

dy

≤Cd1/2
∫

B
|a(y)|

∞

∑
k=1

(2kd)−(n+1/2)
( ∫

2k+1B
|b(x)− b2k+1B|qω(x)1−qdx

)1/q
dy

+ Cd1/2
∫

B
|a(y)||b(y)− b2k+1B|

∞

∑
k=1

(2kd)−(n+1/2)
( ∫

2k+1B
ω(x)1−qdx

)1/q
dy

≤Cd1/2
∞

∑
k=1

(2kd)−(n+1/2)||b||Lipβ(ω)ω(2k+1B)1/p
∫

B
|a(y)|dy

+ Cd1/2
∞

∑
k=1

(2kd)−(n+1/2) |2k+1B|
ω(2k+1B)1−1/q

∫
B
|a(y)||b(y)− b2k+1B|dy

≤Cd1/2
∞

∑
k=1

(2kd)−(n+1/2)ω(2k+1B)1/p||a||∞|B|
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+ Cd1/2
∞

∑
k=1

(2kd)−(n+1/2) |2k+1B|
ω(2k+1B)1−1/q ||a||∞

ω(2k+1B)1+β/n

|2k+1B| |B|

≤Cd1/2
∞

∑
k=1

(2kd)−(n+1/2)|B|
(ω(2k+1B)

ω(B)

)1/p

+ Cd1/2
∞

∑
k=1

(2kd)−(n+1/2)ω(B)−1/pω(2k+1B)β/n+1/q|B|

≤Cd1/2
∞

∑
k=1

(2kd)−(n+1/2)|B|
( |2k+1B|
|B|

)1/p

≤C
∞

∑
k=1

2−k(n+1/2−n/p) ≤ C,

where p = 1, q = n/(n− β), β/n + 1/q = 1/p. Applying the estimate∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣
≤
∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− y|n−1

∣∣∣+ ∣∣∣Ω(x− x0)

|x− y|n−1 −
Ω(x− x0)

|x− x0|n−1

∣∣∣
≤ C(1 + |Ω(x− x0)|)
|x− x0|n−1(log |x−x0|

d )ρ
,

Minkowski’s inequality, (3.1a) and (3.1b), we have

I22 =
{ ∫

(2B)c

( ∫ ∞

|x−x0|+2d

∣∣∣ ∫
|x−y|≤t

Ω(x− y)
|x− y|n−1 (b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
ω(x)1−qdx

}1/q

≤C
{ ∫

(2B)c

( ∫ ∞

|x−x0|+2d

∣∣∣ ∫
|x−y|≤t

( Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

)
(b(x)− b(y))a(y)dy

∣∣∣2 dt
t3

)q/2
·ω(x)1−qdx

}1/q

≤C
{ ∫

(2B)c

( ∫
B

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣|b(x)− b(y)||a(y)|
( ∫ ∞

|x−x0|+2d

dt
t3

)1/2
dy
)q
·ω(x)1−qdx

}1/q

≤C
{ ∫

(2B)c

( ∫
B

∣∣∣ Ω(x− y)
|x− y|n−1 −

Ω(x− x0)

|x− x0|n−1

∣∣∣|b(x)− b(y)||a(y)| 1
|x− x0|+ 2d

dy
)q

ω(x)1−qdx
}1/q

≤C
{ ∫

(2B)c

( ∫
B

∣∣∣Ω(x− y)
|x− y|n −

Ω(x− x0)

|x− x0|n
∣∣∣|b(x)− b(y)||a(y)|dy

)q
ω(x)1−qdx

}1/q

≤C
{ ∫

(2B)c

( ∫
B

1

|x− x0|n(ln |x−x0|
d )ρ

|b(x)− b(y)||a(y)|dy
)q

ω(x)1−qdx
}1/q

≤C
∫

B
|a(y)|

( ∫
(2B)c

1

|x− x0|nq(ln |x−x0|
d )ρq

|b(x)− b(y)|qω(x)1−qdx
)1/q

dy

≤C
∫

B
|a(y)|

∞

∑
k=1

( ∫
2k+1B\2k B

1

|x− x0|nq(ln |x−x0|
d )ρq

|b(x)− b(y)|qω(x)1−qdx
)1/q

dy

≤C
∫

B
|a(y)|

∞

∑
k=1

(2kd)−nk−ρ
( ∫

2k+1B
|b(x)− b2k+1B|qω(x)1−qdx

)1/q
dy
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+ C
∫

B
|a(y)||b(y)− b2k+1B|

∞

∑
k=1

(2kd)−nk−ρ
( ∫

2k+1B
ω(x)1−qdx

)1/q
dy

≤C
∞

∑
k=1

(2kd)−nk−ρω(2k+1B)1/p
∫

B
|a(y)|dy

+ C
∞

∑
k=1

(2kd)−nk−ρ |2k+1B|
ω(2k+1B)1−1/q

∫
B
|a(y)||b(y)− b2k+1B|dy

≤C
∞

∑
k=1

(2kd)−nk−ρω(2k+1B)1/p||a||∞|B|

+ C
∞

∑
k=1

(2kd)−nk−ρ |2k+1B|
ω(2k+1B)1−1/q ω(B)−1/p ω(2k+1B)1+β/n

|2k+1B|
|B|

≤C
∞

∑
k=1

2−knd−nk−ρ
(ω(2k+1B)

ω(B)

)1/p
|B|

≤C
∞

∑
k=1

2−kn(1−1/p)k−ρ = C
∞

∑
k=1

k−ρ ≤ C.

This completes the proof of Theorem 1.7.
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