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Abstract. In this paper, we study some inclusion sets of US-eigenvalues and
U-eigenvalues based on quantum information. We give three inclusion sets the-
orems of US-eigenvalues and two inclusion sets theorems of U-eigenvalues. And
we obtain the relationships among these inclusion sets. Some numerical exam-
ples are shown to illustrate the conclusions.
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1 Introduction

Let n be a positive integer and [n]={1,2,··· ,n}. Call

A=(ai1i2···id) for all ai1i2···id∈C, ik∈ [nk], k∈ [d],

a d-order (n1×n2×···×nd)-dimensional complex tensor. When n1=n2= ···=nd=n,
A is a d-order n-dimensional complex tensor. In particular, when d= 1 and d= 2,
they are vector and matrix, respectively. Let Cn1×n2×···×nd be the set of d-order
(n1×n2×···×nd)-dimensional tensors over C.

In 2014, Ni et al. [1] proposed definitions of U -eigenvalues and US-eigenvalues
based on quantum information, i.e., converting the geometric measure of the entan-
glement [2–4] problem to an algebraic equation system problem. Using an iterative
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algorithm, Che et al. [14] computed the U - and US-eigenpairs of complex tensors
in 2017. In 2018, Che et al. [15] studied the geometric measures of entanglement in
multipartite pure states via complex-valued neural networks. Due to the complexity
of tensor operations, it is troublesome to computing the U - and US-eigenvalues of
complex tensors. Sometimes, we only need to know the range of them. Therefore,
the inclusion sets of U - and US- eigenvalues are given in this paper.

For A,B∈Cn1×n2×···×nd , the inner product and norm are

〈A,B〉=
n1,n2,···,nd∑
i1,i2,···,id=1

(A∗)i1i2···id (B)i1i2···id ,

‖A‖=
√
〈A,A〉,

where (A∗)i1i2···id denotes the complex conjugate of (A)i1i2···id . A rank-one tensor is

defined as ⊗di=1x
(i)∈Cn1×n2×···×nd , where x(i)∈Cni ,i∈ [d]. By tensor product,

A∗
(
x(1),··· ,x(k−1),Ink

,x(k+1),··· ,x(d)
)
,

A
(
x(1)∗,··· ,x(k−1)∗,Ink

,x(k+1)∗,··· ,x(d)∗),
for vectors x(i)∈Cni (i∈ [d]) denote vectors in Cnk , whose pth components are

(
A∗
(
x(1),··· ,x(k−1),Ink

,x(k+1),··· ,x(d)
))
p

=

n1,···,nk−1,nk+1,···,nd∑
i1,···,ik−1,ik+1,···,id=1

(A∗)i1···ik−1pik+1···idx
(1)
i1
···x(k−1)ik−1

x
(k+1)
ik+1
···x(d)id , (1.1a)

(
A
(
x(1)∗,··· ,x(k−1)∗,Ink

,x(k+1)∗,··· ,x(d)∗))
p

=

n1,···,nk−1,nk+1,···,nd∑
i1,···,ik−1,ik+1,···,id=1

(A)i1···ik−1pik+1···idx
(1)∗
i1
···x(k−1)∗ik−1

x
(k+1)∗
ik+1

···x(d)∗id
, (1.1b)

where Ink
is a nk×nk identity matrix, p∈ [nk], k∈ [d].

A tensor S=(si1i2···id)∈Cn×n×···×n is called complex symmetric if its entries si1i2···id
are invariant under any permutation of their indices. Let x∈Cn, similarly,

S∗(In,x,··· ,x)∈Cn,

S (In,x
∗,··· ,x∗)∈Cn,
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whose pth components are

(S∗(In,x,··· ,x))p=
n∑

i2,···,id=1

S∗pi2···idxi2 ···xid , (1.2a)

(S (In,x
∗,··· ,x∗))p=

n∑
i2,···,id=1

Spi2···idx∗i2 ···x
∗
id
, (1.2b)

where In is a n×n identity matrix, p∈ [n].

Definition 1.1 ([1]). Let A∈Cn1×n2×···×nd. We call a number λ∈C an U-eigenvalue
of A and a rank-one tensor

⊗di=1x
(i)∈Cn1×n2×···×nd

(
x(i)∈Cni ,i∈ [d]

)
an U-eigenvector pairs if λ and the rank-one tensor ⊗di=1x

(i) are solutions of the
following equations:

A∗
(
x(1),··· ,x(k−1),Ik,x

(k+1),··· ,x(d)
)

=λx(k)∗, (1.3a)

A
(
x(1)∗,··· ,x(k−1)∗,Ik,x

(k+1)∗,··· ,x(d)∗)=λx(k), (1.3b)∥∥x(k)
∥∥=1,

where k∈ [d].

Definition 1.2 ( [1]). Let S∈Cn×n×···×n. We call a number λ∈C an US-eigenvalue
of S and a nonzero vector x∈Cn an US-eigenvector if λ and the nonzero vector x
are solutions of the following equations:

S∗(In,x,··· ,x)=λx∗, (1.4a)

S (In,x
∗,··· ,x∗)=λx, (1.4b)

‖x‖=1.

The well known Geršgorin-type, Brauer-type and Brualdi-type eigenvalue inclu-
sion sets of matrices were introduced in [5, 6] and [7], respectively. In 2005, L.
Q. Qi [8] showed the Geršgorin-type inclusion set of real symmetric tensors, which
also holds for general tensors [9]. In [10], C. Q. Li gave the Brauer-type eigenvalue
inclusion set of tensors. Using graph theory, C. J. Bu obtained the Brualdi-type
eigenvalue inclusion set of square tensors in [11]. There are also many generaliza-
tions of these results, see [10,12].
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2 Preparation of manuscript

Let Γ be a digraph with vertex set V and arc set E. A circuit γ of Γ is a sequence
vi1 ,··· ,vip ,vip+1 =vi1 , where p≥2, vi1 ,··· ,vip∈V are distinct, and (vi1 ,vi2),(vi2 ,vi3),··· ,(
vip ,vi1

)
∈E. Γ is called weakly connected if for each vertex vi∈V , there exists a

circuit such that vi belongs to the circuit. For vi∈V , let Γ+(vi)={vj∈V : (vi,vj)∈E}.
A pre-order defined on V satisfies (1) vi≤vi; (2) vi≤vj and vj≤vk implies vi≤vk;
(3) vi≤vj and vj≤vi cannot conclude vi=vj, where vi,vj,vk∈V [7].

For a tensor S=(si1i2···id)∈Cn×n×···×n, we associate with S a digraph ΓS as follows.
The vertex set of ΓS is V (S)={v1,v2,··· ,vn}, the arc set of ΓS is

E(S)={(vi,vj) :sii2···id 6=0, j∈{i2,··· ,id} 6={i,··· ,i}}.

Lemma 2.1 ( [7]). Let Γ be a digraph. A pre-order is defined on its vertex set. If
Γ+(v) is nonempty for each vertex v, then there exists a circuit vi1 ,··· ,vik ,vik+1

=vi1
such that vij+1

is a maximal element of Γ+
(
vij
)

for j∈ [k].

Lemma 2.2. Let a1,a2,··· ,an be non-negative real numbers and R1,R2,··· ,Rn be
positive real numbers and rk be the maximum root of equation

fk (x)=(x−a1)···(x−ak)−R1 ···Rk=0,

where k∈ [n]. Then the following hold:

(1) If a1+R1≥a2+R2≥···≥an+Rn, then

r1 =a1+R1, a2+R2≤r2≤r1, ··· , an+Rn≤rn≤rn−1.

rn= ···=r1 if and only if a1+R1 = ···=an+Rn.

(2) If a1+R1≤a2+R2≤···≤an+Rn, then

r1 =a1+R1, r1≤r2≤a2+R2, ··· , rn−1≤rn≤an+Rn.

rn= ···=r1 if and only if a1+R1 = ···=an+Rn.

Proof. (1) When n= 1, it clearly holds. When n= 2, we have f
′
2(x) = 2x−a1−a2.

Since

f2(a2+R2)=(a2+R2−a1)R2−R1R2 =(a2+R2−a1−R1)R2≤0,

f2(r1)=R1(r1−a2)−R1R2 =R1(a1+R1−a2−R2)≥0,

f
′

2(r1)=2r1−a1−a2 =a1+2R1−a2 =a1+R1−a2−R2+R1+R2>0,
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we obtain that a2+R2≤ r2≤ r1. When n= 3, assume r3<a3+R3, then, we have
f3(a3+R3)>0. But

f3(a3+R3)=(a3+R3−a1)(a3+R3−a2)R3−R1R2R3≤R1R2R3−R1R2R3 =0,

which is a contradiction. So we have r3≥a3+R3. Since

f3(r2)=(r2−a1)(r2−a2)(r2−a3)−R1R2R3

=R1R2(r2−a3−R3)

≥R1R2(a2+R2−a3−R3)≥0,

and

f2(r3)=(r3−a1)(r3−a2)−R1R2 =
R1R2R3

r3−a3
−R1R2 =R1R2

a3+R3−r3
r3−a3

≤0,

we obtain that r3≤r2. Suppose that ak+Rk≤rk≤rk−1 holds when n=k. Consider the
case of n=k+1. Assume that rk+1<ak+1+Rk+1. Then we have fk+1(ak+1+Rk+1)>0.
But

fk+1(ak+1+Rk+1)=(ak+1+Rk+1−a1)···(ak+1+Rk+1−ak)Rk+1−R1 ···RkRk+1

≤R1 ···RkRk+1−R1 ···RkRk+1 =0,

which is a contradiction. So we have rk+1≥ak+1+Rk+1. Since

fk+1(rk)=(rk−a1)···(rk−ak)(rk−ak+1)−R1 ···RkRk+1

=R1 ···Rk (rk−ak+1−Rk+1)

≥R1 ···Rk (ak+Rk−ak+1−Rk+1)≥0,

fk (rk+1)=(rk+1−a1)···(rk+1−ak)−R1 ···Rk

=
R1 ···RkRk+1

rk+1−ak+1

−R1 ···Rk

=R1 ···Rk
ak+1+Rk+1−rk+1

rk+1−ak+1

≤0,

we obtain that rk+1≤rk. By mathematical induction, the result holds.
If rn= ···=r1 =r, then

fn(rn)=fn(r)=(r−a1)···(r−an−1)(r−an)−R1 ···Rn−1Rn=0,

fn−1(rn−1)=fn−1(r)=(r−a1)···(r−an−1)−R1 ···Rn−1 =0.

It yields r=an+Rn. Since

an−1+Rn−1≤rn−1 =rn=an+Rn and an−1+Rn−1≥an+Rn,
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we get that
an−1+Rn−1 =an+Rn=rn−1 =rn.

Also,

an−2+Rn−2≤rn−2 =rn−1 =an−1+Rn−1 and an−2+Rn−2≥an−1+Rn−1,

we get that
an−2+Rn−2 =an−1+Rn−1 =rn−2 =rn−1.

Similarly, we get that
a1+R1 = ···=an+Rn.

Next, if a1+R1 = ···=an+Rn, since

an+Rn≤rn≤···≤r1 =a1+R1,

clearly, we have rn= ···=r1.
(2) When n=1, it clearly holds. When n=2, we have f

′
2(x)=2x−a1−a2. Since

f2(r1)=R1(r1−a2)−R1R2 =R1(a1+R1−a2−R2)≤0,

f2(a2+R2)=(a2+R2−a1)R2−R1R2 =(a2+R2−a1−R1)R2≥0,

f
′

2(a2+R2)=2(a2+R2)−a1−a2 =a2+2R2−a1 =a2+R2−a1−R1+R1+R2>0,

we obtain that r1≤ r2≤ a2+R2. When n= 3, assume that r3<r2, then, we have
f3(r2)>0. But

f3(r2)=R1R2(r2−a3)−R1R2R3

=R1R2(r2−a3−R3)

≤R1R2(a2+R2−(a3+R3))≤0,

which is a contradiction. So we have r3≥r2. It yields that

f2(r3)=(r3−a1)(r3−a2)−R1R2 =
R1R2R3

r3−a3
−R1R2 =R1R2

(
R3

r3−a3
−1

)
≥0,

i.e., r3≤a3+R3. Suppose that rk−1≤ rk≤ak+Rk holds when n=k. Consider the
case of n=k+1. Assume that rk+1<rk, then, we have fk+1(rk)>0. But

fk+1(rk)=R1 ···Rk (rk−ak+1)−R1 ···RkRk+1

=R1 ···Rk (rk−ak+1−Rk+1)

≤R1 ···Rk (ak+Rk−ak+1−Rk+1)≤0,
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which is a contradiction. So we have rk+1≥rk. It yields that

fk (rk+1)=(rk+1−a1)···(rk+1−ak)−R1 ···Rk

=
R1 ···RkRk+1

rk+1−ak+1

−R1 ···Rk

=R1 ···Rk

(
Rk+1

rk+1−ak+1

−1

)
≥0,

i.e., rk+1≤ak+1+Rk+1. By mathematical induction, the result holds.
If rn= ···=r1 =r, then

fn(rn)=fn(r)=(r−a1)···(r−an−1)(r−an)−R1 ···Rn−1Rn=0,

fn−1(rn−1)=fn−1(r)=(r−a1)···(r−an−1)−R1 ···Rn−1 =0.

It yields r=an+Rn. Since

an+Rn=rn=rn−1≤an−1+Rn−1 and an−1+Rn−1≤an+Rn,

we get that
an−1+Rn−1 =an+Rn=rn−1 =rn.

Also,

an−1+Rn−1 =rn−1 =rn−2≤an−2+Rn−2 and an−2+Rn−2≥an−1+Rn−1,

we get that
an−2+Rn−2 =an−1+Rn−1 =rn−2 =rn−1.

Similarly, we get that
a1+R1 = ···=an+Rn.

Next, if a1+R1 = ···=an+Rn, since

an+Rn≥rn≥···≥r1 =a1+R1,

clearly, we have rn= ···=r1.

3 Inclusion sets of US-eigenvalues

For a complex symmetric tensor S, let σ(S) be the set of all US-eigenvalues of S.
From (b) of Theorem 1 in [1], we know σ(S)⊆R. In this section, we will always let

Ri(S)=
n∑

i2,···,id=1
(i2,···,id)6=(i,···,i)

|sii2···id|.

Firstly, we give the Geršgorin-type inclusion set as following.
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Theorem 3.1. Let S=(si1i2···id)∈Cn×n×···n be a complex symmetric tensor. Then

σ(S)⊆G(S)=
n⋃
i=1

Gi(S),

where
Gi(S)={z∈R : |z|−|sii···i|≤Ri(S)}.

Proof. Let λ∈σ(S) and x=(xi)∈Cn be the corresponding US-eigenvector. Let

|xr|=max{|x1|,|x2|,··· ,|xn|}.

Combining Eq. (1.2a) and Eq. (1.4a), we get

λx∗r =
n∑

i2,···,id=1
(i2,···,id) 6=(r,···,r)

s∗ri2···idxi2 ···xid +s∗rr···rxr ···xr.

Clearly,

|λ||x∗r|≤
n∑

i2,···,id=1
(i2,···,id) 6=(r,···,r)

∣∣s∗ri2···id∣∣|xi2 |···|xid |+|s∗rr···r||xr|d−1 .
Since ‖x‖=1, then 0< |xr|≤1. Also,∣∣s∗i1i2···id∣∣= |si1i2···id|, |x∗i |= |xi|, ik,i∈ [n], k∈ [d],

it yields

|λ||xr|≤
n∑

i2,···,id=1
(i2,···,id)6=(r,···,r)

|sri2···id||xr|
d−1+|srr···r||xr|d−1 ,

then,

|λ||xr|d−1≤Rr (S)|xr|d−1+|srr···r||xr|d−1 ,
|λ|−|srr···r|≤Rr (S).

Similarly, combining Eq. (1.2b) and Eq. (1.4b), we also get

|λ|−|srr···r|≤Rr (S).

Therefore, the result holds.
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Secondly, we give the Brauer-type inclusion set as following.

Theorem 3.2. Let S=(si1i2···id)∈Cn×n×···n be a complex symmetric tensor. Then

σ(S)⊆B(S)=

(
n⋃

i,j=1,i 6=j

Bi,j (S)

)
∪F (S),

where

Bi,j (S)={z∈R : (|z|−|sii···i|)(|z|−|sjj···j|)≤Ri(S)Rj(S)},

F (S)=
d⋃
i=1

{z∈R : |z|≤|sii···i|}.

Proof. Let λ∈σ(S) and x=(xi)∈Cn be the corresponding US-eigenvector. Let

|xp|=max{|xi| : i∈ [n]}, |xq|=max{|xi| : i∈ [n], i 6=p}.

Combining Eq. (1.2a) and Eq. (1.4a), we get

λx∗p=
n∑

i2,···,id=1
(i2,···,id)6=(p,···,p)

s∗pi2···idxi2 ···xid +s∗pp···pxp ···xp.

Clearly,

|λ|
∣∣x∗p∣∣≤ n∑

i2,···,id=1
(i2,···,id)6=(p,···,p)

∣∣s∗pi2···id∣∣|xi2|···|xid|+∣∣s∗pp···p∣∣|xp|d−1 .
From ‖x‖=1, we have 0< |xp|≤1. Also,∣∣s∗i1i2···id∣∣= |si1i2···id |, |x∗i |= |xi|, ik,i∈ [n], k∈ [d],

we get

|λ||xp|≤
n∑

i2,···,id=1
(i2,···,id)6=(p,···,p)

|spi2···id ||xp|
d−2 |xq|+|spp···p||xp|d−1 ,

then,

|λ||xp|d−1≤Rp(S)|xp|d−2 |xq|+|spp···p||xp|d−1 ,
(|λ|−|spp···p|)|xp|≤Rp(S)|xq|. (3.1)



88 C. Yang and H. Yao / Ann. Appl. Math., 39 (2023), pp. 79-98

When xq = 0, then from Eq. (3.1), we have (|λ|−|spp···p|)|xp|≤ 0, i.e., |λ|≤ |spp···p|.
Clearly, λ∈B(S). When xq 6=0, then we have

λx∗q =
n∑

i2,···,id=1
(i2,···,id)6=(q,···,q)

s∗qi2···idxi2 ···xid +s∗qq···qxq ···xq.

Clearly,

|λ|
∣∣x∗q∣∣≤ n∑

i2,···,id=1
(i2,···,id)6=(q,···,q)

∣∣s∗qi2···id∣∣|xi2|···|xid |+∣∣s∗qq···q∣∣|xq|d−1 ,
then,

|λ||xq||xp|d−2≤
n∑

i2,···,id=1
(i2,···,id) 6=(q,···,q)

|sqi2···id ||xp|
d−1+|sqq···q||xq||xp|d−2 ,

(|λ|−|sqq···q|)|xq|≤Rq (S)|xp|. (3.2)

Multiply Eq. (3.1) and Eq. (3.2), we conclude that

(|λ|−|spp···p|)(|λ|−|sqq···q|)≤Rp(S)Rq (S).

Similarly, combining Eq. (1.2b) and Eq. (1.4b), it yields that

(|λ|−|spp···p|)(|λ|−|sqq···q|)≤Rp(S)Rq (S).

Therefore, the result holds.

Next, we give the Brualdi-type inclusion set as following.

Theorem 3.3. Let S= (si1i2···id)∈Cn×n×···n be a complex symmetric tensor. If ΓS
is weakly connected, then

σ(S)⊆D(S)=

 ⋃
γ∈C(S)

Dγ (S)

∪F (S),

where

Dγ (S)=

{
z∈R :

∏
i∈γ

(|z|−|sii···i|)≤
∏
i∈γ

Ri(S)

}
,

C (S) denotes the set of all circuits in ΓS , and F (S) is the same as in Theorem 3.2.
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Proof. Let λ∈ σ(S). Since ΓS is weakly connected, then λ∈D(S) if |λ| ≤ |sii···i|
for some i∈ [n]. Suppose that |λ|> |sii···i| for all i∈ [n]. Let x= (xi)∈Cn be an
US-eigenvector corresponding to λ and Γ0 be the subgraph of ΓA induced by those
vertices vi for which xi 6=0. Combining Eq. (1.2a) and Eq. (1.4a), we get

λx∗i =
n∑

i2,···,id=1
(i2,···,id)6=(i,···,i)

s∗ii2···idxi2 ···xid +s∗ii···ixi ···xi.

Clearly,

|λ||x∗i |≤
n∑

i2,···,id=1
(i2,···,id)6=(i,···,i)

∣∣s∗ii2···id∣∣|xi2 ···xid|+|s∗ii···i|∣∣xd−1i

∣∣.
Since ‖x‖=1, we have 0< |xi|≤1, i∈ [n]. Also,∣∣s∗i1i2···id∣∣= |si1i2···id |, |x∗i |= |xi|, ik,i∈ [n], k∈ [d],

it yields

|λ|
∣∣xd−1i

∣∣≤|λ||xi|≤ n∑
i2,···,id=1

(i2,···,id) 6=(i,···,i)

|sii2···id ||xi2 ···xid |+|sii···i|
∣∣xd−1i

∣∣,
(|λ|−|sii···i|)

∣∣xd−1i

∣∣≤ n∑
i2,···,id=1

(i2,···,id) 6=(i,···,i)

|sii2···id ||xi2 ···xid |.

Since |λ|>|sii···i|, by the above inequality, we know that Γ+
0 (vi) is nonempty for each

vertex vi in Γ0. Define a pre-order: vi≤ vj on the vertex set of Γ0 if and only if
|xi|≤|xj|. According to Lemma 2.1, there exits a circuit γ={v1,··· ,vp,vp+1 =v1} in
Γ0 and it satisfies that

∣∣xij+1

∣∣≥|xk| for each vk∈Γ+
0 (vj), j∈ [p]. Then we conclude

that for each j∈ [p],

(
|λ|−

∣∣sijij ···ij ∣∣)∣∣∣xd−1ij

∣∣∣≤ n∑
i2,···,id=1

(i2,···,id)6=(ij ,···,ij)

∣∣siji2···id∣∣∣∣∣xd−1ij+1

∣∣∣.
Hence,

p∏
j=1

(
|λ|−

∣∣sijij ···ij ∣∣) p∏
j=1

∣∣∣xd−1ij

∣∣∣≤ p∏
j=1

Rij (S)

p∏
j=1

∣∣∣xd−1ij+1

∣∣∣.
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Since vp+1 =v1, xj 6=0, j∈ [p],

p∏
j=1

(
|λ|−

∣∣sijij ···ij ∣∣)≤ p∏
j=1

Rij (S),

that is ∏
i∈γ

(|λ|−|sii···i|)≤
∏
i∈γ

Ri(S).

Similarly, combining Eq. (1.2b) and Eq. (1.4b), we also get∏
i∈γ

(|λ|−|sii···i|)≤
∏
i∈γ

Ri(S).

Therefore, the result holds.

Now, the relation among the three inclusion sets is shown as following.

Theorem 3.4. For
D(S)⊆B(S)⊆G(S),

where G(S), B(S), D(S) are the same as in Theorem 3.1, Theorem 3.2 and Theorem
3.3, respectively.

Proof. (1) Let’s do a sort: |sk1···k1|+Rk1 (S)≥···≥
∣∣skp···kp∣∣+Rkp (S) with Rki (S) 6=0,

i∈ [p], and another sort: |sl1···l1|≥ ···≥
∣∣slq ···lq ∣∣ with Rli (S)=0, i∈ [q], p+q=n. For

all i∈ [q], j∈ [n], li 6=j,

{z∈R : (|z|−|sli···li |)(|z|−|sj···j|)≤0}⊆E⊆G(S).

For all i,j∈ [p], i<j, by Lemma 2.2,{
z∈R : (|z|−|ski···ki |)

(
|z|−

∣∣skj ···kj ∣∣)≤Rki (S)Rkj (S)
}

⊆{z∈R : |z|−|ski···ki |≤Rki (S)}.

Hence, B(S)⊆G(S).
(2) Assume that there exits an λ∈σ(S) with λ /∈B(S). Clearly, λ /∈F (S), where

F (S) is denoted in Theorem 3.2. For a circuit γ0∈C (S), there are vertices vt1 ,··· ,vtm
in γ0. According to Theorem 3.2, we have

(|λ|−|sti···ti |)
(
|λ|−

∣∣stj ···tj ∣∣)≥Rti (S)Rtj (S), (3.3)

|λ|−|sti···ti |>0,
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where i,j∈ [m], i 6=j. If m is even, we get that∏
i∈γ0

(|λ|−|si···i|)≥
∏
i∈γ0

Ri(S),

which shows λ /∈D(S). If m is odd, since ΓS is weakly connected, Ri(S)>0, i∈γ0.
So that the Eq. (3.3) can become the following form:

|λ|−|sti···ti |
Rti (S)

|λ|−
∣∣stj ···tj ∣∣

Rtj (S)
≥1.

Then there exits u∈ [m] with

|λ|−|stu···tu|
Rtu (S)

≥1,

i.e.,
|λ|−|stu···tu|≥Rtu (S).

Then we get that ∏
i∈[m]\{u}

(|λ|−|sti···ti |)

(|λ|−|stu···tu|)≥

 ∏
i∈[m]\{u}

Rti (S)

Rtu (S),

i.e., ∏
i∈γ0

(|λ|−|si···i|)≥
∏
i∈γ0

Ri(S),

which shows λ /∈D(S). Hence, D(S)⊆B(S). Therefore, the results hold.

Finally, we give an example.

Example 3.1. Let S∈C4×4×4×4 be a complex symmetric tensor, where (S)1111=1,
(S)2222 = 2+

√
5i, (S)3333 =−6, (S)4444 = 5i, (S)1112 = (S)1121 = (S)1211 = (S)2111 = i

2
,

(S)1113 = (S)1131 = (S)1311 = (S)3111 =− i
2
, (S)2224 = (S)2242 = (S)2422 = (S)4222 = i

2
,

and other elements are 0. After calculation, we obtain the following US-eigenvalue
inclusion sets:

the Geršgorin-type inclusion set is

G(S)={λ∈C : |λ|≤6.5},

the Brauer-type inclusion set is

B(S)=

{
λ∈C : |λ|≤ 9+

√
13

2
≈6.3028

}
,
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the Brualdi-type inclusion set is

D(S)=

{
λ∈C : |λ|≤ 7+

√
31

2
≈6.2839

}
.

4 Inclusion sets of U-eigenvalues

For a general complex tensor A, let σ(A) be the set of all U -eigenvalues of A. From
(b) of Theorem 1 in [1], we know σ(A)⊆R. In this section, we will always let

(1) i[n] =

{
i, i∈ [n],

n, i /∈ [n],

(2) Rk,i(A)=
n1,···,nk−1,nk,···,nt∑

i1,··· ,ik−1,ik+1,··· ,id=1(
i1,··· ,ik−1,ik+1,··· ,id

)
6=(

i[n1],··· ,i
[
nk−1

]
,i

[
nk+1

]
··· ,i[nd]

)

∣∣ai1···ik−1iik+1···id
∣∣.

Firstly, we give the Geršgorin-type inclusion set as following.

Theorem 4.1. Let A=(ai1i2···id) be a d-order (n1×n2×···×nd)-dimensional complex
tensor. Then

σ(A)⊆G(A)=
d⋃

k=1

Gk (A),

where

Gk (A)=

nk⋃
i=1

{
z∈R : |z|−

∣∣∣a
i[n1]···i[nk−1]ii[nk+1]···i[nd]

∣∣∣≤Rk,i(A)
}
.

Proof. Let λ∈ σ(A), and ⊗di=1x
(i)
(
x(i)∈Cni

)
be the corresponding U -eigenvector

pairs. Let ∣∣x(s)m ∣∣=max
{∣∣∣x(k)ik ∣∣∣ : ik∈ [nk], k∈ [d]

}
.

Combining Eq. (1.1a) and Eq. (1.3a), we get

λx(s)∗m =a∗
m[n1]···m[ns−1]mm[ns+1]···m[nd]

x
(1)

m[n1]
···x(s−1)

m[ns−1]
x
(s+1)

m[ns+1]
···x(d)

m[nd]

+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)
a∗i1···is−1mis+1···idx

(1)
i1
···x(s−1)is−1

x
(s+1)
is+1
···x(d)id .
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Clearly,

|λ|
∣∣x(s)∗m

∣∣≤∣∣∣a∗
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣∣∣∣∣x(1)
m[n1]
···x(s−1)

m[ns−1]
x
(s+1)

m[ns+1]
···x(d)

m[nd]

∣∣∣
+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)

∣∣a∗i1···is−1mis+1···id

∣∣∣∣∣x(1)i1 ···x(s−1)is−1
x
(s+1)
is+1
···x(d)id

∣∣∣.

Since
∥∥x(k)

∥∥=1, k∈ [d], we have 0< |x(s)m |≤1. Also,∣∣a∗i1i2···id∣∣= |ai1i2···id |, ∣∣∣x(k)∗ik

∣∣∣= ∣∣∣x(k)ik ∣∣∣, ik∈ [nk], k∈ [d],

we get

|λ|
∣∣x(s)∗m

∣∣≤∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣∣∣∣x(1)
m[n1]
···x(s−1)

m[ns−1]
x
(s+1)

m[ns+1]
···x(d)

m[nd]

∣∣∣
+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)

∣∣ai1···is−1mis+1···id
∣∣∣∣∣x(1)i1 ···x(s−1)is−1

x
(s+1)
is+1
···x(d)id

∣∣∣,

then,

|λ|
∣∣x(s)m ∣∣d−1≤ ∣∣am[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣∣∣x(s)m ∣∣d−1+Rs,m(A)
∣∣x(s)m ∣∣d−1 ,

|λ|−
∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣≤Rs,m(A).

Similarly, combining Eq. (1.1b) and Eq. (1.3b), it yields that

|λ|−
∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣≤Rs,m(A).

Therefore, the result holds.

Next, we give the Brauer-type inclusion set as following.

Theorem 4.2. Let A=(ai1i2···id) be a d-order (n1×n2×···×nd)-dimensional complex
tensor. Then

σ(A)⊆B(A)=

 d⋃
p,q=1
p6=q

Bp,q (A)

∪F (A),
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where

Bp,q (A)=

np,nq⋃
i,j=1
i 6=j

{
z∈R :

(
|z|−

∣∣∣a
i[n1]···i[np−1]ii[np+1]···i[nd]

∣∣∣)(|z|−∣∣∣∣a
j[n1]···j[nq−1]jj[nq+1]···j[nd]

∣∣∣∣)

≤Rp,i(A)Rq,j (A)

}
,

F (A)=

max{n1,···,nd}⋃
i=1

{
z∈R : |z|≤

∣∣∣a
i[n1]···i[nd]

∣∣∣}.
Proof. Let λ∈ σ(A), and ⊗di=1x

(i)
(
x(i)∈Cni

)
be the corresponding U -eigenvector

pairs. Let ∣∣x(s)m ∣∣=max
{∣∣∣x(k)ik ∣∣∣ : ik∈ [nk], k∈ [d]

}
,∣∣∣x(r)l ∣∣∣=max

{∣∣∣x(k)ik ∣∣∣ : ik∈ [nk]\{m}, k∈ [d]\{s}
}
.

Combining Eq. (1.1a) and Eq. (1.3a), we get

λx(s)∗m =a∗
m[n1]···m[ns−1]mm[ns+1]···m[nd]

x
(1)

l[n1]
···x(s−1)

m[ns−1]
x
(s+1)

m[ns+1]
···x(d)

m[nd]

+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)
a∗i1···is−1mis+1···idx

(1)
i1
···x(s−1)is−1

x
(s+1)
is+1
···x(d)id .

Clearly,

|λ|
∣∣x(s)∗m

∣∣≤∣∣∣a∗
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣∣∣∣∣x(1)
m[n1]
···x(s−1)

m[ns−1]
x
(s+1)

m[ns+1]
···x(d)

m[nd]

∣∣∣
+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)

∣∣a∗i1···is−1mis+1···id

∣∣∣∣∣x(1)i1 ···x(s−1)is−1
x
(s+1)
is+1
···x(d)id

∣∣∣.

Since
∥∥x(k)

∥∥=1, k∈ [d], then 0< |x(s)m |≤1. Also

∣∣a∗i1i2···id∣∣= |ai1i2···id |, ∣∣∣x(k)∗ik

∣∣∣= ∣∣∣x(k)ik ∣∣∣, ik∈ [nk], k∈ [d],



C. Yang and H. Yao / Ann. Appl. Math., 39 (2023), pp. 79-98 95

we get

|λ|
∣∣x(s)m ∣∣∣∣∣x(r)l ∣∣∣d−2≤∣∣am[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣∣∣x(s)m ∣∣∣∣∣x(r)l ∣∣∣d−2
+

n1,···,ns−1,ns+1,···,nd∑
i1,··· ,is−1,is+1,··· ,id=1(
i1,··· ,is−1,is+1,··· ,id

)
6=(

m[n1],··· ,m
[
ns−1

]
,m

[
ns+1

]
··· ,m[nd]

)

∣∣ai1···is−1mis+1···id
∣∣∣∣∣x(r)l ∣∣∣d−1 ,

then, (
|λ|−

∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣)∣∣x(s)m ∣∣≤Rs,m(A)
∣∣∣x(r)l ∣∣∣. (4.1)

Meanwhile, we get

λx
(r)∗
l =a∗

l[n1]···l[nr−1]ll[nr+1]···l[nd]
x
(1)

l[n1]
···x(r−1)

l[nr−1]
x
(r+1)

l[nr+1]
···x(d)

l[nd]

+

n1,···,nr−1,nr+1,···,nd∑
i1,··· ,ir−1,ir+1,··· ,id=1(
i1,··· ,ir−1,ir+1,··· ,id

)
6=(

l[n1],··· ,l
[
nr−1

]
,l

[
nr+1

]
··· ,l[nd]

)
a∗i1···ir−1lir+1···idx

(1)
i1
···x(r−1)ir−1

x
(r+1)
ir+1
···x(d)id .

Clearly,

|λ|
∣∣∣x(r)∗l

∣∣∣≤∣∣∣a∗
l[n1]···l[nr−1]ll[nr+1]···l[nd]

∣∣∣∣∣∣x(1)
l[n1]
···x(r−1)

l[nr−1]
x
(r+1)

l[nr+1]
···x(d)

l[nd]

∣∣∣
+

n1,···,nr−1,nr+1,···,nd∑
i1,··· ,ir−1,ir+1,··· ,id=1(
i1,··· ,ir−1,ir+1,··· ,id

)
6=(

l[n1],··· ,l
[
nr−1

]
,l

[
nr+1

]
··· ,l[nd]

)

∣∣a∗i1···ir−1lir+1···id

∣∣∣∣∣x(1)i1 ···x(r−1)ir−1
x
(r+1)
ir+1
···x(d)id

∣∣∣,

then,

|λ|
∣∣∣x(r)l ∣∣∣∣∣x(s)m ∣∣d−2≤∣∣al[n1]···l[nr−1]ll[nr+1]···l[nd]

∣∣|∣∣∣x(s)l ∣∣∣∣∣x(s)m ∣∣d−2
+

n1,···,nr−1,nr+1,···,nd∑
i1,··· ,ir−1,ir+1,··· ,id=1(
i1,··· ,ir−1,ir+1,··· ,id

)
6=(

l[n1],··· ,l
[
nr−1

]
,l

[
nr+1

]
··· ,l[nd]

)

∣∣ai1···ir−1lir+1···id
∣∣∣∣x(s)m ∣∣d−1 ,

and (
|λ|−

∣∣a
l[n1]···l[nr−1]ll[nr+1]···l[nd]

∣∣|)∣∣∣x(r)l ∣∣∣≤Rr,l(A)
∣∣x(s)m ∣∣. (4.2)
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If x
(r)
l =0, from Eq. (4.1), we have(

|λ|−
∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣)∣∣x(s)m ∣∣≤0,

i.e.,
|λ|≤

∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣.
It yields λ∈B(A). If x

(r)
l 6=0, multiple Eq. (4.1) and Eq. (4.2), we conclude that(

|λ|−
∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣)(|λ|−∣∣a
l[n1]···l[nr−1]ll[nr+1]···l[nd]

∣∣|)
≤Rm,s(A)Rr,l(A).

Similarly, combining Eq. (1.1b) and Eq. (1.3b), we have(
|λ|−

∣∣a
m[n1]···m[ns−1]mm[ns+1]···m[nd]

∣∣)(|λ|−∣∣a
l[n1]···l[nr−1]ll[nr+1]···l[nd]

∣∣|)
≤Rm,s(A)Rr,l(A).

Therefore, the result holds.

Now, the relation between the two inclusion sets is shown as following.

Theorem 4.3. For
B(A)⊆G(A),

where G(A), B(A) are the same as in Theorem 4.1 and Theorem 4.2, respectively.

Proof. For a tensor A, we have the following numbers:∣∣a
1[n1]···1[nd]

∣∣+R1,1(A),
∣∣a

2[n1]···2[nd]

∣∣+R1,2(A),··· ,
∣∣∣∣an[n1]

1 ···n[nd]
1

∣∣∣∣+R1,n1 (A),

∣∣a
1[n1]···1[nd]

∣∣+R2,1(A),
∣∣a

2[n1]···2[nd]

∣∣+R2,2(A),··· ,
∣∣∣∣an[n1]

2 ···n[nd]
2

∣∣∣∣+R2,n2 (A),··· ,

∣∣a
1[n1]···1[nd]

∣∣+Rd,1(A),
∣∣a

2[n1]···2[nd]

∣∣+Rd,2(A),··· ,
∣∣∣∣an[n1]

d ···n[nd]
d

∣∣∣∣+Rd,nd
(A).

Depending on whether Rk,i(A) is 0, we can divide the above numbers into two
categories and sort them:

1© Rk,i(A) 6=0:∣∣∣∣ak[n1]
1 ···k[nd]

1

∣∣∣∣+Rtk1 ,k1
(A)≥

∣∣∣∣ak[n1]
2 ···k[nd]

2

∣∣∣∣+Rtk2 ,k2
(A)≥···

≥
∣∣∣∣ak[n1]

p ···k[nd]
p

∣∣∣∣+Rtkp ,lq
(A),
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2© Rk,i(A)=0: ∣∣∣∣al[n1]
1 ···l[nd]

1

∣∣∣∣≥ ∣∣∣∣al[n1]
2 ···l[nd]

2

∣∣∣∣≥···≥ ∣∣∣∣al[n1]
q ···l[nd]

q

∣∣∣∣,
where p+q=n1+n2+···+nd, k1,k2,··· ,kp are not necessarily different from each other,
so are l1,l2,··· ,lq and tk1 ,tk2 ,··· ,tkp . For i∈ [q], j∈

[
maxj∈[d]{nj}

]
, li 6=j,{

z∈R :

(
|z|−

∣∣∣∣al[n1]
i ···l[nd]

i

∣∣∣∣)(|z|−∣∣∣aj[n1]···j[nd]

∣∣∣)≤0

}
⊆F (A)⊆G(A).

For i,j∈ [p],i<j, by Lemma 2.2,{
z∈R :

(
|z|−

∣∣∣∣ak[n1]
i ···k[nd]

i

∣∣∣∣)(|z|−∣∣∣∣ak[n1]
j ···k[nd]

j

∣∣∣∣)≤Rtki ,ki
(A)Rtkj ,kj

(A)

}
⊆
{
z∈R : |z|−

∣∣∣∣ak[n1]
i ···k[nd]

i

∣∣∣∣≤Rtki ,ki
(A)

}
.

Hence, B(A)⊆G(A).

Finally, we give an example.

Example 4.1. Let A∈C10×8×5×7 be a complex tensor, where (A)8726= 1√
6
,(A)9543=

1√
3
,(A)1221=

1√
6
i,(A)3812=−

1√
3
, and other elements are 0. The maximum U -eigenvalue

of A is 0.5774 [13]. After calculation, we obtain the following U -eigenvalue inclusion
sets:

the Geršgorin-type inclusion set is

G(A)=

{
λ∈C : |λ|≤

√
6

3
≈0.8165

}
,

the Brauer-type inclusion set is

B(A)=

λ∈C : |λ|≤

√√
2

3
≈0.6866
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