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Abstract. In this paper, we study some inclusion sets of US-eigenvalues and
U-eigenvalues based on quantum information. We give three inclusion sets the-
orems of US-eigenvalues and two inclusion sets theorems of U-eigenvalues. And
we obtain the relationships among these inclusion sets. Some numerical exam-
ples are shown to illustrate the conclusions.
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1 Introduction
Let n be a positive integer and [n]={1,2,---,n}. Call
A= (ailiQ...id) for all Aijrig-ig € (C, 1 € [nk], ke [d] ,

a d-order (nq XngX---xXng)-dimensional complex tensor. When ny=ny=---=ny=n,
A is a d-order n-dimensional complex tensor. In particular, when d=1 and d=2,
they are vector and matrix, respectively. Let C"1*m2>**"d he the set of d-order
(ny Xng X -+ xXng)-dimensional tensors over C.

In 2014, Ni et al. [1] proposed definitions of U-eigenvalues and U S-eigenvalues
based on quantum information, i.e., converting the geometric measure of the entan-
glement [2—4] problem to an algebraic equation system problem. Using an iterative
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algorithm, Che et al. [14] computed the U- and U S-eigenpairs of complex tensors
in 2017. In 2018, Che et al. [15] studied the geometric measures of entanglement in
multipartite pure states via complex-valued neural networks. Due to the complexity
of tensor operations, it is troublesome to computing the U- and U S-eigenvalues of
complex tensors. Sometimes, we only need to know the range of them. Therefore,
the inclusion sets of U- and US- eigenvalues are given in this paper.

For A,BeCr*m2x*nd_ the inner product and norm are

n1,m2, N

(A,B) = Z (A*>i1i2-~~id (B>z’1i2-~~id )

11,502,085 =1

[Al = {A,A),

where (A*), ;. ., denotes the complex conjugate of (A), ;, . . A rank-one tensor is

defined as ®@¢_,x® € Cr*"2xxna wwhere (Y € C" i€ [d]. By tensor product,

A* (m(l)a 7m(k_1)7-[nk7m(k+1)7"' 7w(d)) ’

A (iL‘(l)*7 . 7$(k_1)*alnk ’w(k—l—l)*’ . ’m(d)*) ’
for vectors &¥ € C™ (i € [d]) denote vectors in C™, whose pth components are

(.A* (a:(l)’...’m(k—l)’lnmm(k'—i-l)’_” ’m(d)>)
N1, Mg —1,Nk+1,"d

= 2« 2Dl DD ol (1.1a)

i1~~~ik,1pik+1~~~id il Th—1 T+1 ’id Y

p

11,y — 1,041, 8d=1

(A (X(l)*, . 7w(k_1)*7]nk 7x(k—l—l)*, . ,w(d)*))p

N1, ME—1,Mk41,"",d

— > (A) gM* gD e (D) (1.1Db)

i1~~~ik,1pik+1mid i1 1hp—1 Thk+1 g )
U1, st—1,0k41, 5 td=1

where I,,, is a ng xny identity matrix, p€ [ng], k€1d].
A tensor S=(8,i,...i,) EC*™* " is called complex symmetric if its entries s;,,...4,
are invariant under any permutation of their indices. Let & € C", similarly,

S (Iy,x,--,x)eC",
S(I,,xz*,--,x")eC",
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whose pth components are

(S*(Invm""’m))p: Z S;i2~--idxi2'“$id> (1.2&)
gy ig=1

(SUn,x",-x")), = Z SpigigTiy T, (1.2b)
ig,eesig=1

where I,, is a nxn identity matrix, p€ [n].

Definition 1.1 ([1]). Let AcCr>™>* " We call a number N\eC an U -eigenvalue
of A and a rank-one tensor

1 @) € Crxnxna (30 € O e [d))

an U-eigenvector pairs if X and the rank-one tensor ®f:1w(i) are solutions of the
following equations:

A* (a:(l),---,a:(k’l),fk,a:(k“),-~- ,a:(d)) :)\a:(k)*, (1.3a)
A(w(l)*’... ,w(k_l)*,]k,m(k+1)*,--' 733(61)*) :)\m(k), (1.3b)
l=9] =1,

where k€ [d].

Definition 1.2 ([1]). Let SeC™™* " We call a number A€ C an US-eigenvalue
of § and a nonzero vector & € C" an US-eigenvector if X and the nonzero vector x
are solutions of the following equations:

S*(Ly,x, -, x)=\x", (1.4a)
Sy, x*,-,x")= e, (1.4b)
]| =1.

The well known Gersgorin-type, Brauer-type and Brualdi-type eigenvalue inclu-
sion sets of matrices were introduced in [5,6] and [7], respectively. In 2005, L.
Q. Qi [8] showed the Gersgorin-type inclusion set of real symmetric tensors, which
also holds for general tensors [9]. In [10], C. Q. Li gave the Brauer-type eigenvalue
inclusion set of tensors. Using graph theory, C. J. Bu obtained the Brualdi-type
eigenvalue inclusion set of square tensors in [11]. There are also many generaliza-
tions of these results, see [10,12].
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2 Preparation of manuscript

Let I" be a digraph with vertex set V and arc set E. A circuit v of I is a sequence
Vi s Vi Vipyy =Vip , Where p>2, v;,,---,v;, €V are distinct, and (vy,,v3,), (Viy, i),
(vip,vil) € E. T is called weakly connected if for each vertex v; €V, there exists a
circuit such that v; belongs to the circuit. For v;€V, let I't (v;)={v; € V : (v;,v;) € E'}.
A pre-order defined on V satisfies (1) v; <v;; (2) v; <v; and v; <vj, implies v; <wvy;
(3) v; <w; and v; <w; cannot conclude v; =v;, where v;,v;,v, €V [7].

For a tensor S=(5;,4y...4,) EC™*™**" we associate with S a digraph I's as follows.
The vertex set of I's is V(S)={vy,vq,--,v, }, the arc set of I's is

E(S):{(Uivvj)zsiizmid 7&07 je{i?a"'7id}7é{i7"'7i}}'

Lemma 2.1 ([7]). Let I" be a digraph. A pre-order is defined on its vertex set. If
I'* (v) is nonempty for each vertex v, then there exists a circuit v; .- ,v;,, Vi, ,, =Vj,
such that v;,,, is a mazimal element of It (v;,) for j€[k].

Lemma 2.2. Let ay,as, - -,a, be non-negative real numbers and Ry,Rs,---,R, be
positive real numbers and ry be the maximum root of equation

fe(@)=(r—ay)---(r—ay)— Ry R =0,
where k€ [n|. Then the following hold:
(1) If a+R1>as+ Ry >-+->a,+ R, then
ri=a1+Ry, as+Ro<ro<ry, -+, an+ R, <1, <rp_1.
rn="+--=ry if and only if a;+R1=---=a,+R,.
(2) If a1+ Ry <as+Ry<---<a,+R,, then
r=a1+R;, m<ro<as+Ry, -, rn 1 <rp<a,+R,.
rn=---=r1 if and only if a;+R1=---=a,+R,.
Proof. (1) When n=1, it clearly holds. When n=2, we have f,(z)=2z—a;,—as.

Since
fa(as+Rs)=(as+Ry—a1) Ro— Ry Ry=(as+ Ry —a; — Ry) R2 <0,
fa(r1)=Ry(r1—as)—RiRe =Ry (a1+ Ry —as— R2) >0,
fé(rl):27’1—a1—a2:a1—|—2R1—a2 :a1+R1—a2—R2+R1+R2>O,
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we obtain that as+ Ry <rs <r;. When n =3, assume r3 <az+ R3, then, we have
f3 (a3+R3) >0. But

fs(as+R3)=(as+Rs—a1)(as+Rs—as) Rs— R1RaR3 < Ry Ry R3s — Ry Ry R3 =0,
which is a contradiction. So we have r3>as+ Rs3. Since

f3 (7“2) :(7“2—&1) (7“2—@2) (7“2—@3) —R1RyRs
=R1Ry(ry—as— Ry3)
>R Ry (as+Ry—az—Rs) >0,

and

L Ra I —R\R, :Rlem <0,

r3—as rg—az

fa (7“3) = (7’3—a1)(7’3—a2)—R1R2=

we obtain that r3<ry. Suppose that a;+ R, <r,<rp_; holds when n=~k. Consider the
case of n=k+1. Assume that r,1<ag 1+ Ryy1. Then we have fy 1 (agr1+ Rii1)>0.
But

Jev1(arp1+Reg1) = (ki1 + Rip1—a1) - (Qpg1+Rey1—ag) Ry — Ry R Ry
<Ry RpRpii— Ry RpRy1 =0,

which is a contradiction. So we have ry 1 >agi1+ Ryy1. Since

Jrr1(ri)=(r—ar)--(re—ag) (rk—ap41) — Ry Rp Ry
=Ry Ry (ri,—ag+1— Ri11)
> Ry Ri(ag+ Ry —agq1— Ri41) >0,

Je(rogr) = (g1 —ar) - (rpp1—ag) — Ry Ry,

Ry Ry Ry
= TRl RLR,
Tk4+1 —Ak+1

pt1 + Rp1 — Tt
— R, Ry

<0,
Tk4+1— k41

we obtain that r; <rp. By mathematical induction, the result holds.
If r,=---=ry=r, then

Ju(rn)=fu(r)=(r—a1)---(r—ap_1)(r—a,)—Ry---R, 1 R, =0,
foc1(rno1)=foa(r)=(r—ay)---(r—ay—1)— Ry Rp,_1=0.

It yields r=a,+ R,. Since

an—1+Rn—l Srn—lzrn:an—’—Rn and an—1+Rn—12an+Rn7
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we get that
an—1 +Rn71 = an+Rn =Tpn—1="Tn.

Also,
an72+Rn72 <rp—2=Tnp_1 :anfl—i_Rnfl and an72+Rn72 Zanfl—i_Rnfl;
we get that
Ap—2 +Rn—2 =0an-1 +Rn—1 =Tn—2="Tp-1.

Similarly, we get that
CL1+R1 = :an+Rn

Next, if a1+ R;=---=a,+ R, since
ant+ Ry <rp,<---<ri=a;+Ry,

clearly, we have r,=---=ry.
(2) When n=1, it clearly holds. When n=2, we have f,(z)=2z—a; —ay. Since

fo(r1)=Ri(ri—az)—RiRe=R;(a1+R1—as— R») <0,
(CLQ"‘R ) (a2+R2—a1)R2—R1R2—(CL2+R2—CL1—R1)R2>O
(GQ+R2) <GQ+R2)—G1—CL2:G2+2R2—CL1:G2+R2—&1—R1+R1+R2>0,
we obtain that r; <ry <as+Rs. When n =3, assume that r3 <r,, then, we have
f3(7“2)>0. But
f3(7"2):Rle(T2—as)—RleR3

=R Ry (7“2—&3—33)
<R1Ry(as+Ry—(a3+R3)) <0,

which is a contradiction. So we have r3>r,. It yields that

R{RyR R
f2(7”3):<7’3—a1)<7’3—a2)—3132:ﬁ—RlezRﬂ%( 2 —1>ZO7

rs—as rs—as

ie., r3<asz+Rs. Suppose that r,_; <ry <ap+R; holds when n=k. Consider the
case of n=k+1. Assume that ry,; <r, then, we have fi 1 (rx)>0. But

frt1 (Tk) :Rl"'Rk<rk_ak+1)_R1"‘RkRk+1
=Ry Ry (ri,—ag+1— Ri41)
<Ry Rp(ap+ Ry —ag+1— Riy1) <0,
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which is a contradiction. So we have rg, 1 >7r. It yields that

Je(reg1) = (i1 —a1) - (ep1—ar) — Ry Ry

B RiBea o
= " _R,---Rg
Tk+1— k41
R
:Rl"‘Rk<L—1)ZO,
Tk+1— k41

ie., g1 <agi1+ Rryr1. By mathematical induction, the result holds.
If r,=---=ry=r, then

fa(r)=fu(r)=(r—a1)-(r—an-1)(r—a,)—Ri---Ry_1 R, =0,

foc1(rn1)=foa(r)=(r—ay)---(r—a,_1)—Ry-+-R,_1=0.
It yields r=a,+ R,,. Since

an+R,=r,=rp_1<a,1+R,-1 and a, 1+R,_1<a,+R,,
we get that

ap1+Ry1=a,+R,=71_1="7.
Also,
a1+ Ry1=rn1=r, 2<a, 2+ R, and an, 2t+R, 2>ay, 1+R, 1,
we get that
o+ Ry o=ap 1+ Ry 1=rp_2="n_1.

Similarly, we get that
CLl"'}%l = :an+Rn

Next, if a1+ Ry =---=a,+ R, since
ant+Ry>rn > >riy=a1+ Ry,

clearly, we have r,=---=ry. O

3 Inclusion sets of US-eigenvalues

For a complex symmetric tensor S, let o(S) be the set of all US-eigenvalues of S.
From (b) of Theorem 1 in [1], we know ¢ (S) CR. In this section, we will always let

12,50 =1

(izv'“vid)i(if'?i)

Firstly, we give the Gersgorin-type inclusion set as following.
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Theorem 3.1. Let S=(siiy..iy) €EC""*™ be a complex symmetric tensor. Then

o(S)ca(s)=Jai(s),

=1

where

Proof. Let A€o (S) and &= (z;) € C" be the corresponding U S-eigenvector. Let
|£L‘7n|:maX{|(L’1|7|ZL'2|,"-,|ZL’n|}.

Combining Eq. (1.2a) and Eq. (1.4a), we get

n

*— * . RS . B RIS
)‘xr_ § : Sm’g-uidxw xld_’_srrmrm?” L.
iz, ig=1

(i27'~-,id)75(7",~~',7‘)

Clearly,

n

d—1
Mzrl< D0 sty [l sl skl
g

(i2,+58q)F#(r, )
Since ||x||=1, then 0<|z,|<1. Also,

S;igmid - |8i1i2-~~id | ) |:L‘;(| - |x2| NN PNAS [n] ) ke [d]7
it yields
n
Al < Z ysrim-id‘|xr|d71+‘3ﬂ“~--r"xr‘dilv
inyeyig=1
(iQa'“:id)#(rv"'vr)
then,

|>‘| |Ir|d_1 <R.(S) |xr|d_1+|37’r~--r| |xr|d_1v
A= [$prr| SR (S).

Similarly, combining Eq. (1.2b) and Eq. (1.4b), we also get
(Al =$rpr | S R (S).

Therefore, the result holds. O
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Secondly, we give the Brauer-type inclusion set as following.
Theorem 3.2. Let S=s;,i,..i,) €EC"™" ™ be a complex symmetric tensor. Then
o(S)SB(S)= ( U B (3)> UF(S),
ij=1,i#j
where

Bi;(8)={zeR:(|z]=[sii-l) (|z] = |sj5-5]) < Ri(S) R;(S)},

F(S):U{ZGR: 2] <|ss..4] } -

Proof. Let A€o (S) and = (x;) € C" be the corresponding U S-eigenvector. Let
|z,| =max{|x;|:i€[n]}, |z, =max{|x;|:i€[n], i#p}.

Combining Eq. (1.2a) and Eq. (1.4a), we get

n

* f— * . LIS . * LIRS
Ax, = E SpigeriyTiz ' Tig T8, Tp = Tp.
i, ig=1

(i, ia) #(py-5p)

Clearly,
n
d—1
Al|a;] < > Spigeia| [Tia ] |Tig| | s [20] T
12, ,0g=1

(i27"'7id)7£(p7"'7p)
From [|z||=1, we have 0<|z,| <1. Also,

*

‘:|Si1i2“'id|7 |IZ<|:|:EZ|7 ikvie[n]’ kG[d],

1192°+1q
we get
n
[ Allzy| < Z |Spig--ial |xp|d_2‘xq|+‘5pp---p| |xp|d_17
iy ig=1
(2'2""»7:(1)#(7)7'"71))
then,

Al ’331?|d71 <R, (S) ‘xp’d—2 ’xq|+|5pp~~p| ’xp|d71>
(|)‘|_|5pp-~p|)|$p|SRP(8)|IC1|‘ (3.1)
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When z,=0, then from Eq. (3.1), we have (|A|—|spp.p|)|2p]| <O, Le., [N <|sppep]-
Clearly, A€ B(S). When z,#0, then we have

n
*_ * . .o . * .o
Axy, = E SgigigTin " TigtSgq.qTq " Tq-
iy ig=1

(7"27"'7id);é(Q7"'7q)

Clearly,
n
d—
NEXESEDS Stigeia] [Tia |-+ i ] g [2a
12, ,0g=1
(i27"':7:d)7£(q""7q)
then,
n
d—2 d—1 d—2
[ Allzq| |7 < Z |Sqiz-ial |2 +|Sqq-al [Tgl 2],
io,ig=1
(127,1(1)#(61,7(])
(IAl=Sqg-g]) |2g] < Ry (S)[p]- (3.2)

Multiply Eq. (3.1) and Eq. (3.2), we conclude that
(A =[8pp-p]) (IA] = [Sqq--q]) < By (S) By (S).
Similarly, combining Eq. (1.2b) and Eq. (1.4b), it yields that
(A= [8pp--p]) (IA] = [Sqq--q]) £ By (S) By (S).
Therefore, the result holds. [
Next, we give the Brualdi-type inclusion set as following.

Theorem 3.3. Let S=(5;,iy..i;) € C™*™ ™ be a complex symmetric tensor. If I's
15 weakly connected, then

o(S)CDS)=| |J D,(S)|UF(S),

v€C(S)

where
D, (8)= {ZGRH(\Z!—ISM--@D gHRi(S)},
1€y 1€y
C(S) denotes the set of all circuits in I's, and F(S) is the same as in Theorem 3.2.
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Proof. Let A€o (S). Since I's is weakly connected, then A € D(S) if |A| <|syi..q
for some i € [n]. Suppose that || >|s;..;| for all i €[n]. Let & =(z;) €C" be an
U S-eigenvector corresponding to A and I'y be the subgraph of I' 4 induced by those
vertices v; for which z; #0. Combining Eq. (1.2a) and Eq. (1.4a), we get

n

* — * . LIS . * e e .
)\.I'i = E Siiz---idxw xld+8ii~--iml Li-
19, ,ig=1

(7:27"'7Z'd)7é(iv"'7i)

Clearly,

n

Mzgl< >

i, ig=1

(7;2="'7id)7£(17"'7i)
Since ||x||=1, we have 0<|z;| <1, i€[n]. Also,

*

Siiz"id‘ |Tiy iy | 854 ‘x?_l ‘ :

‘Szizmid‘:‘SiliT”id‘? "%:‘ZMZ’? ikaie[n]v kE[d],

it yields
n
B L e o e [
12, ,0g=1
(12777‘d)7é(7‘77l)
n
(|)\’_’3“1D‘l’f_1’§ Z ‘Siir'ideiz“'xid :

12,50 =1

(i27"'7id)7£(i7"'7i)

Since |A|>]s;...i|, by the above inequality, we know that T’y (v;) is nonempty for each
vertex v; in I'g. Define a pre-order: v; <v; on the vertex set of I'y if and only if
|z;| <|z;]. According to Lemma 2.1, there exits a circuit y={vy, - ,vp,0p11=0v1} in
Ty and it satisfies that |z;,,,|> |zk| for each vy €T§ (v;), j € [p]. Then we conclude
that for each j € [p],

n
(|)‘|_|Sijij“'ia‘|) x?j_l < Z |$iji2“'id| xi: :
dg,esig=1
(G2, ++58a) 7 (15, 585)
Hence,
p p
H('M_‘Siﬂj 23‘)1_[ xi’_l SHRZ']'<S)H erll :
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Since vy =v1, 1;#0, j € [p],

E*@

(’)‘| - }Sijij"'ia’ ‘) < HRiJ‘ (S),

=1

<
Il

that is

H(|/\|_‘3uz’)§ R,(S).

1€y 1€y
Similarly, combining Eq. (1.2b) and Eq. (1.4b), we also get
[T =lsiial) < [ Ri(S)-
1€y i€y
Therefore, the result holds. O

Now, the relation among the three inclusion sets is shown as following.

Theorem 3.4. For
D(S)CB(S)CG(S),

where G(S), B(S), D(S) are the same as in Theorem 3.1, Theorem 3.2 and Theorem
3.3, respectively.

Proof. (1) Let’s do a sort: [s,..x, |+ Rk, (S) >+ > |k, |+ R, (S) with Ry, (S)#0,
i € [p], and another sort: |s;,..s,|>-->|s,..q,| with Ry, (S)=0, i€[q], p+q=n. For
all i€[q], j€ln], Li#J,

{zeR:(|z[=[si. ) (|2]=5;.5]) SO} S ECG(S).
For all i,5 € [p], i <j, by Lemma 2.2,

{ZERZ(|Z|—|Ski--~ki
C{zeR:|z|—|sk;..,

) (|Z| - }Sk]-mk]- |) SRI@Z (S)Rk] (8)}
<Ry, (S)}-

Hence, B(S) CG(S).

(2) Assume that there exits an A€o (S) with A¢ B(S). Clearly, A\¢ F(S), where
F(8) is denoted in Theorem 3.2. For a circuit vo€C(S), there are vertices vy, ,---, v
in 7p. According to Theorem 3.2, we have

m

(1A=

|)\|_|Sti"'ti

V(A= [s1,-4,]) > Be. (S) R, (S), (3.3)
>0,

Stiety
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where i,j €[m], i#£j. If m is even, we get that

TN =Isiih) = [ Ri(S),

€70 €Y
which shows A¢ D(S). If m is odd, since I's is weakly connected, R;(S)>0, i €.
So that the Eq. (3.3) can become the following form:

|>\| — | Stety |)\| - }Stjmtj }
Rti (S) Rtj (S)

>1.

Then there exits u € [m] with

|/\|—‘S1JL ot |
R, (5)

ie.,

2 Rtu (S) °

|>\|—|3tu--~tu

Then we get that

H (|/\|_|Stz"“ti

)| (A =lst-D= | I Ru(S) | Ru(S),

i€[m]\{u} i€[m]\{u}
ie.,
H (Al =]sii) > HRi(S)7
i€ i€
which shows A¢ D(S). Hence, D(S)C B(S). Therefore, the results hold. O

Finally, we give an example.

Example 3.1. Let S€C******* bhe a complex symmetric tensor, where (S),,; =1,
<8)2222 = 2+\/5i7 <8)3333 =—0, (8)4444 :'51'7 (8)1112 = (8)1121 = (8)1211 = ('5)2111 = %7
(S)1113 = (S)izr = (S)iz1 = (S)z111 = =5 ()24 = (S)anso = (8)aazn = ()0 = 3,

and other elements are 0. After calculation, we obtain the following U S-eigenvalue
inclusion sets:

the GerSgorin-type inclusion set is
G(S)={)\eC: |\ <6.5},
the Brauer-type inclusion set is

9+/13
9

B(S):{)\E(C:]Mg m6.3028},
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the Brualdi-type inclusion set is

7++/31
2

D(S):{AE(C:]Mg ~6.2839}.

4 Inclusion sets of U-eigenvalues

For a general complex tensor A, let o(.A) be the set of all U-eigenvalues of A. From
(b) of Theorem 1 in [1], we know o (.A) CR. In this section, we will always let

o-{ o

My —1," 5T

(2) Rk,i (A): Z ‘af’i1~--ik,1’i’ik+1"-’id|'
Gl b —1s0k4 1, std =1
(i1, i1, iky1, e ta) 7

<i[n1]’..4 yi["kfl} ,z‘["’kJrl} J["d])

Firstly, we give the Gersgorin-type inclusion set as following.

Theorem 4.1. Let A=(a;,i,..;,) be a d-order (nyXngX---xng)-dimensional complex
tensor. Then

o(A)CGA)=JGi(A),

where
ng

Gk(.A):U{ZER:]z\—

i=1

< Rii(A) }.

a’i[m] ...i["k—l]ii[”kﬂ] .ilndl

Proof. Let A€o (A), and @,z (a:(i) G(C"i) be the corresponding U-eigenvector
pairs. Let

o

20| = max{ |«

Lk € [ ke[d]}.

Combining Eq. (1.1a) and Eq. (1.3a), we get

(s)x __ 1) (s—1) (s+1) (d)
ALy, =4 s ) 1] plral Vinlna) T g ] F ] mlndl
N1, 5Ms—1,Ms41,,Md
* 1) (s—1),.(s+1) (d)
+ E Qi _ymiggriglin " Tig_y Ligy iy -
1,0 ds— 1,05 41,00t T 1

(i1, s is—1,8541, " riq) #

(m[m],‘,, smlre=1] plreta] ,m[nd]>
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Clearly,
(s)x* * (1) (s—1) (s+1) (d)
R i S [ SR N SO S ) S R N A R o
N1, 5Ms—1,Ms+1,""",Nd
* 1) (s—1),.(s+1) (d)
+ Z il"'isflmierl"'id‘ i1 “"rii1 Ligr g |-

i1,y ds— 15054150 ig =1
(i1, sis—1sts41, " s0q) 7

<m[n11,.“ imlmo=1] plrsta] m[w])

Since ||| =1, k€ [d], we have 0< |z | <1. Also,

ik

(k)

i

*
111214 | - |a1112~--ld | )

a =|T ’ Zke[nk]’ kE[d],

we get
1) (s=1) _(s+1) (d)
‘)\| |x£’i)* S ‘am["l]---m[”S*ﬂmm[nﬁLl]---m["d} ‘ )xm[”l] N 'I:L["sfl]xni["yrl] o 'xm["d}
N1,y Ns—1,Ms+1,"",1d
1 —1 +1 d
-+ Z ‘ail...isflmisﬂ...id‘ $£1)$§:71)$§:+1)x5d) ,
G100 hs—1s0s+1, 0 td =1
(61, sis—1s5s4 15" 58d) #
<m[n117..4,m["sf1},m["s+1] ..4,m[w]>
then,
d—1 d—1 d—1
‘)" |x$1i)| < |am["l]..Am["sfl]mm[”&%l}...m["d] ‘ |:L’£;j)‘ +Rs,m (-A) ‘vai)‘ )
|)\| - ‘am[nl]---m[n\s*l}mm[n‘S‘Fl]---m[nd} ‘ S Rs’m (A> :

Similarly, combining Eq. (1.1b) and Eq. (1.3b), it yields that

Al —|a Rym(A).

mlnal.mlrs—1)mam s 1]y ndl } <
Therefore, the result holds. O
Next, we give the Brauer-type inclusion set as following.

Theorem 4.2. Let A=(a;,i,..i,) be a d-order (nyxmngx---xng)-dimensional complex
tensor. Then

o(A)CB(A)= U Bpq(A) [UF(A),

p,q=1
P#q
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where

Bp7q (A) - ’Ul {ZGR: <‘Z|7‘ai[nﬂ...i[”Pfl]z‘z‘["erl]...z‘[nd] ) (’Z| aj[m]...j[”qfl]jj[”ﬁl]...j[nd] >
©J]=
i#]

<Ryi(A)Ry, <A)},
max{ni,,nq}

F(A)= U {ZGR:‘Z|S’GZ~[M]... [nd]

%
i=1

3

Proof. Let A€o (A), and @z () €C") be the corresponding U-eigenvector
pairs. Let

:cgf)‘;ike[nk], ke[d]},
Jip €[]\ {m}, ke[d]\{s}}.

23] =max{

’x,(’“’ (k)

i

:max{ T

Combining Eq. (1.1a) and Eq. (1.3a), we get

()% _ % @ (=1 _(st1) _(d)
ALy, A n1).mrs—1]mmlms+1]...mlnal Lilea] xm[ns—ﬂ mlrs+1] l‘m[nd]
N1, Ns—1,Ms4+1,,Nd
E : * 1) (s—1), (s+1) (d)
+ @iy ovigymigpriaTin " Tigoy Tigyr " Tig -
i1, s 1,is g1, g =1
(i1, ism1risg1r o ria) #
<m[n11,...,m[ns—1},m[ml}...,m[nd])
Clearly,
()% * @ =) (st (d)
28 [ <107 e sdless] il || Fonina L lrs )T lnasa] )

N1y Ms—1,Ms41,5Md

*
+ E : ‘ail---z’s_lmis+1---z‘d‘ xr

i1,y ig— 150541,y ig =1
(41, sis—1sis41, " 50q) 7

<m[n11,..4 mlrs=1] plreta] ,m[nd]>

(1 (s=1) (s+1) (d)
i iy Ty i |

Since || ||=1, k€[d], then 0<|QZS{;)‘§1. Also

ik

* —
‘a/’higm’id | - ’alllQ"'ld ‘ )
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(4.1)

we get
d—2 d—2
()] | ..(r) ()| |,.(r)
Mz ™| <1 g nine olssa] el | 1250 |21
N1,y Ns—1,Ns+1,"",1d d—1
§ 11 ls—1Mls 41" 2d l )
Q1,0 is— 1,051, ig =1
(81, sis—1s5s 415" 58q) 7
<m["1'1]7..4’m["5*1}7m[n5+1}.A.’m[”d]>
then,
B (s) ()
(M= 1 el ]l ) 25| < R (A) 2,7
Meanwhile, we get
(r)* _ 1 (=1 (r+1) (d)
AT = e yglnes]glng) i) CHEY LN AN LN B
N1y 5Ny —1,Npr 41,7, g
E: * (1) (r=1),_(r+1) _(d)
+ a/il"'irfllir#»l'”idxil iy Iir+l Lig -

U1,y lp— 1y g 1,08 = 1
(i15yir—1,ipg1, e 5iq) 7
lnal ,l["Tfl} ,l["TJrl} ,l["d]

Clearly,
(r)x| | ,* (1) (r=1) (r+1) (d)
|)‘|‘xl S Yy glrralglaesa]glna | [ Fried ] ] T F fna]
N1y 5N —1,Nr41,",Nd
* (1) (r=1)_(r+1) (d)
+ E : ‘“il---mllz’r+1---id‘ Lig iy Ly iy |
i1, i 11y i =1
(i1, s ip—1sbpg1s e yig) #
<l[n1],.u,l["r—l],z["r%—l}..4,1[%])
then,
(r) (s) d—2 (s) (s) d—2
|)“ )xl |xm | S|al[nll...l["r—l]ll["r+l]...l["d]}‘ Ly ‘xm ‘
N1y, My — 1,1, il
E o ) ) ()%™
+ ‘al1---lr—1llr+1“-ld‘ |$m | )
Gl b — 1, bpg 1, sig =1
(i1, ip 1 g1, i) 7
<l[n1],.4.)l["r—1]J["H—l]..4’1["(1]
and

(|)" - ‘al[nl]...l[”r—l]ll[nerl}...l["d] ‘ |) ’xl(r) <R, (-A) ‘:L‘EZ) } : (4'2)
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If xl(r) =0, from Eq. (4.1), we have

(IAl=]a 2| <0,

it mlret]palrest] omlnal |)
ie.,
A <|a

m[nl] --‘m[n-g—l]mm[ns"!‘ﬂ m[nd] | :

It yields Ae B(A). If mlm #0, multiple Eq. (4.1) and Eq. (4.2), we conclude that

(|)‘| - }am[nl]...m[”sfl]mm["erl]...m["d] ‘) (|/\| - |a’l["1]..-l[nrfl]ll[”rJrl]...l["d] | ‘)

<R, (AR (A).
Similarly, combining Eq. (1.1b) and Eq. (1.3b), we have
Ao

(M=, oy el it ]) ( gl i) glnal | 1)

SRm,s (-/4) Rr,l (A) .
Therefore, the result holds. [
Now, the relation between the two inclusion sets is shown as following.

Theorem 4.3. For
B(A)CG(A),

where G(A), B(A) are the same as in Theorem 4.1 and Theorem 4.2, respectively.

Proof. For a tensor A, we have the following numbers:

‘al[nl]...l["d] ‘ +R171 (A> )

a2[n1]._.2[nd] ‘ +R1,2 (A) PR an[lnl]mn[lnd] +R17TL1 (A) )
‘a1[n1]...1[nd] ‘ +R2:1 (‘A) ) ‘&2["1]...2["%1] ‘ +R272 (A) T an[2n1]._.n[2"d] +R2,n2 (-A)v T

‘a1[n1]...1["d] ‘ +Rd,1 (A) ’ |a2[n1]...2["d] | +Rd,2 (A) PR an([inl]---n([ind] "—Rd,nd (A) .

Depending on whether Ry ;(A) is 0, we can divide the above numbers into two
categories and sort them:

+Rtk1,k1 (A) = +Rtk2,k2 (A) >

a n a i, n
kgnl]---kg d] ké 1],_,k£ d]

v

+ Rtkp g (A) )

a n
kI[)nl]kl[) d}
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@ Rk,i (./4) = OZ

A fn)_y[nal | 2 ZZ
1

a
[
i l

2 2

lq’"‘l] l([znd} )

where p+g=nq+no+---4nq, k1,ka,---,k, are not necessarily different from each other,
S0 are l17127' te qu and tklatkga' e 7tkp' For i€ [Q]v je [maxje[d] {n]}] ’ l; 7&]7

{zeR: (|z|— Gy ) <|z|— @)t )go}gF(A)gG(A).
For i,j €[p],i<j, by Lemma 2.2,
{ZGR: <|Z|— @, ny) [l ) <|Z|— @ ), [na] )SRtki,ki (A) Ry, ok, (A)}
7 2 J J

akl[nl] . k["d]

i

Q{ZGR:M—

< Rtkiaki (A) } .

Hence, B(A)CG(A). O
Finally, we give an example.

Example 4.1. Let AcC!0*8*5X7 he a complex tensor, where (A)8726:\/Lg>(“4)9543:

\/Lg, (A)1221:\/L6i, (.A)3812:—\/L§, and other elements are 0. The maximum U-eigenvalue
of Ais 0.5774 [13]. After calculation, we obtain the following U-eigenvalue inclusion

sets:

the Gersgorin-type inclusion set is
G(A)= {)\EC: A < §%0.8165} :

the Brauer-type inclusion set is

[V?2
B(A)={ AeC:|A|< \/?_zo.6866
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