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Dynamic Analysis of an Impulsive Chemostat
Model with Microbial Competition and Nonlinear
Perturbation*

Yue Dong! and Xinzhu Mengh'

Abstract In this paper, we propose an impulsive chemostat model with mi-
crobial competition and nonlinear perturbation. First, thresholds for the ex-
tinction of both microoganisms are given. Second, we investigate the per-
sistence in mean and boundedness of the chemostat system by constructing
Lyapunov function. Moreover, we obtain the sufficient condition for the exis-
tence of an ergodic stationary distribution of the system. At last, numerical
simulations are presented, and the results show that the competition between
two species tends to make one species disappear from their common habitat,
especially when the competition is concentrated in a single resource.

Keywords Impulsive chemostat model, microbial competition, ergodic sta-
tionary distribution, extinction, persistence in mean
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1. Introduction

The chemostat is a device used for the continuous cultivation of microorganisms, as
shown in Figure 1. It primarily consists of three parts, namely, the feeding device,
the cultivation device and the collecting device. The three devices are connected
by catheters, and nutrients flow into the culture device at a certain rate for the
cultivation of microorganisms in the device. Then, the mixture in the culture de-
vice flows into the collection device at the same rate to complete the collection of
the culture. As a complex system, it is difficult for scholars to study the natural
ecosystem. However, if some minor factors are ignored, the complex system can be
simplified to make the influence of research factors more prominent and facilitate
the study. The chemostat can only control the velocity and concentration in order
to achieve the purpose of simplifying the model.
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Figure 1. The principle diagram of the chemostat

Many scholars have done a lot of work in chemostat dynamics modeling and
analysis, and abundant research results are obtained [3,4,11,14,15,17,19,21]. With
the advancement of the research, the models studied by scholars become more com-
plex, and the research results become more realistic. In [13], a deterministic im-
pulsive model which incorporates both toxin input and saturation function is pro-
posed. A stochastic differential equation with nonlinear function was established
in [8]. Considering the influence of uncertain factors in the ecological environ-
ment [1,7,10,20,22], Lv, Meng and Wang [12] added random disturbances to the
above model and proposed a corresponding stochastic chemostat model. There
are complex relationships among microorganisms such as symbiosis, antagonism,
predation, competition and parasitism. Among them, microbial competition is to
compete for limited space or nutrients for growth, which drives development and
evolution [2, 5, 16, 18]. For example, micellar bacteria compete with filamentous
bacteria, resulting in the inhibition of growth on both sides. Therefore, based on
the existing studies, and considering the microorganisms exposed to toxic envi-
ronments, the stochastic impulsive chemostat model of competition between two
microorganisms is considered as follows.

as(0 = [ptso - 5100 - L2 - e ey

+5(t) (011 + 0125(1)) By (8),

_[mS@n® o
dxl(t) = Ca n J,‘l( ) - D 1(t) 1CO(t) 1(t):| dt
+21(t) (021 + 02211 (t)) dBa(t), t # nr,
_ [p2S(0aa(t) N
dl‘g(t) = i a2 n 1’2( ) (t) QCO(t) g(t):| dt

(031 + 03222(t)) dB3(t),
gCo(t) —mCo(t)] dt,

+ 22(t)
dCo(t) = [kCe(t) —
dC.(t) = — hC.(t)dt
AS(t) = 0, Az (t) = 0, Aza(t) = 0, ACy(t) = 0, AC.(t) = u,t =nT,n € Z*,
(1.1)
where B;(t) are independent standard Brownian motions defined on the complete
probability space  with B;(0) =0 (i =1,2,3), and 0, ; > 0 (¢, = 1,2, 3) represent
for the intensities of the white noises on the S(t), x1(¢) and x2(t) respectively.
Besides, the other parameters are defined in Table 1.
This paper is organized as follows. In Section 2, we provide the relevant prelim-
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Table 1. Biological significance of each parameter

S(t) the concentration of nutrient which is not consumed in the
chemostat at time ¢

x;(t),i = 1,2 | the biomass of microorganisms cultured in the chemostat at

time ¢

D the output rate

So the initial concentration of nutrients

it =1,2 the maximum growth rates

0;,1=1,2 the growth parameters

a;,t=1,2 the half-saturation constants

Co(t) the level of toxins in the orgnism at time ¢

Ce(t) the level of toxins in the environment at time ¢

ri,i=1,2 the rates of decrease in the intrinsic growth rate

k the environment toxicant uptake rate per unit mass organism

g the intake rate of toxins by microoganisms

m the purifying rate of toxicant

h the loss rate of toxicant from the environment itself by
volatilization

u the amount of pulsed input concentration of the toxicant at

each 7

inary knowledge and lemmas used in the proof process of this paper. We prove the
existence and uniqueness of positive global solutions and the boundedness of solu-
tions of system (1.1). Section 3 presents relevant results for the proposed system.
First, sufficient conditions for microbial extinction are proved. Then, the conditions
of persistence in mean of the system are given. Next, the existence of ergodic sta-
tionary distribution is established. Finally, numerical simulations are carried out
and the conclusions are given in Section 4.

2. Preliminary results

Some definitions and lemmas are given in this section, which are used to prove the
main results in the following section. In addition, in order to prove the process more
concisely, we define some notations. We assume that S(t), z1(t), z2(t) and Cy(t)
are continuous at t = n7, and at the same time, C,(¢) is left continuous at t = nr.
Let (92, F,P) be a complete probability space with a filtration {F;};>0 satisfying
the usual conditions (i.e., it is increasing and right continuous while F( contains all
P-null sets). If f(¢) is an intergrable function on [0, +0c0), let (f(t)) = 1 fot f(6)de.

—t
In addition, define f* as the maximum value of the function f, and define f! as the

minimum value of the function f. First, we consider the subsystem of the system
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(1.1) as follows.

ACo(t) = [KC.(t) — gColt) — mCo(b)] dt,

t # nr,
dC.(t) = —=hC.(t)dt, (2.1)

ACo(t) = 0,AC(H) =u, } t=nrmne 2.

Lemma 2.1 ( [13]). System (2.1) has a wunique positive periodic solution
(C§(t),Cx(t)), and for each solution (Cy(t), Ce(t)) of (2.1), Co(t) — C§(t), Ce(t) —
C¥(t) ast — 400, where

ku ef(g+7n)(t7nr) 7e—h,(t7n7')
Cg t) = Cg(o)e_(g+m)(t_7l7—) + ( (h—g—m)(l)—ehT) 9

)
o t) we—ht=n7)

17 —hT )
B e ku(e—(gﬁ»m)r_efhr) (2.2)
T (h—g—m)(1—e=(s+m)T)(1—e=hT)’

fort € (nt,(n+ 1)7]. Furthermore, we have

ku —~

lim (Co(t)) = 2 Cp.

t—+o0 ~ h(g+m)T

Lemma 2.2 (Stationary distribution [6]). Let X (t) be a homogenous Markov pro-
cess in E; ( E; denotes l-dimensional Euclidean space), and be described by the
following stochastic differential equation

k
AX(t) = b(X)dt + > g,(X)dB,(t).

The diffusion matriz is defined as

k
A(z) = (ai§(2)), aij(@) =Y _ gi(2)gl ().

If there is a bounded open set U C R™ with regular,
(@) for any x € U,e € R™, there is a constant ¢ > 0, which satisfies that

Yy aij(@)eig; > s |ef

(ii) for any x € R™\ U, there is a CY? function V such that LV < 0.
Then, the Markov process X (t) exists a stationary distribution (-).

Next, we prove the existence and uniqueness of global positive solutions for
system (1.1).

Lemma 2.3. Assigned with any initial value, system (1.1) provides a unique posi-
tive solution (S(t),z1(t),z2(t)) for t >0, and the solution will remain in R with
probability one.
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Proof. As the coefficients of system (1.1) satisfy the local Lipschitz conditions,
system (1.1) provides a unique local solution (S(t), z1(¢), z2(t)) on t € [0, 7 ), which
requires to prove 7, = oo a.s. The method of proof resembles the other methods
of that in the literature, and we only present the key component here. Define a
C?-function I: R3 — Ry as follows.
¥ b

I(S(t),z1(t),z2(t)) = (S 1 —1InS) + (z1 — 1 —Inzy) + (22 — 1 — Inzy) + ?1 + ?2,

(2.3)

where p € (0,1). Clearly, I > 0.
Applying Ito’s formula yields

1 1571 p2STo (011 + 0125)°
Li=(1-=)|DS— DS - _ n
( S) { 0 o1 (a1 + 21) 52(a2+x2)} 2

1 2
+ (1 - fﬂ’f1> {“1&”1 — Dzy — rlc’o(t)xl} o (o2 + o211)”

a1 + x1 2
1 ~ S 300)°
+ (1 - — +ab 1) [M — Doy — Tzco(t)mz} + (031 + 03322)"
T2 az + T2 2
— 1) —1)ab
+%(021 + 0’22561)2 + %(031 + 032$2)2
p1 STy p2ST2 DSy p1T1
= DSy — DS — - — +D+ —mMm—
0 01 (&1 + .1‘1) 52(&2 + 332) S 01 (CLl + xl)
H2T2 p1STy u1S
— Dz —rCo(t)x1 — + D +1r1Cy(t
do(ag +x2) a1 + x4 ! 1Co()21 a; + 1 1Co(?)
p2Sxo p2S p Sz
— Dxy —raCy(t)x2 — -|- D + r,C Rttt 0
R 2 2Co(t)x2 P 2Co(t) + a1 + 71
S{Ep 2
—D.’E? — 7“1C0(t)1’11) + M — DfE‘g — TQCO( )1’2 + — + 0'110'125
a9 + T2 2
02,82 o2 02,22 o2 02,22
+—2 + 2 4 og00001 + 2L+ 2L 4 og1030m0 + 222
2 2 2 2
1—p)oZ P 1—p)o,al™?
_( P; 2141 (1- )021022x117+ ( )222 1
1—p)o2 b 1—p)o2,zbt?
_( P2) 31T (1- )031032142# ( p)232 2
1 S 1 S
§D50+<1) f1oh +(1) H2oT2 4 3p4 BL 4 22
01/ a1+ 1 d2 ) a +$2 0 0o
u p—1 051 ‘7%1
+(7"1 + TQ)CO + ,Ltlsoxl + ,UQSO$2 + 7 + 7 + 7
2,2 2 42
+01101250 2L | 03103272 + 03; 2
o2, ! 1—p)o2,zPt?
_( p2) 21741 .yl —p)(7210'22£L'117+1 . ( p)222 1
—p)o} 1—p)oZ,zb™?
( ) 317 (- )031032x§+ ( )232 2

o2 03 o? 02,82
<DSy+3D+ — + — + 1) CY Zi1 721 31 12°0
ot +(51 +52+(r1 7"2) 2 2 2 2
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2,2
02227

+01101250 + M1So$11)_1 + quoxS_l + 02102271 + + 03103272
1—p)oZ,ab™?
(- ngpﬂ_( 2271
( p) 21022%7 —2

2 2
1—p)o? 2P 1— 2 .p+2
*7( p2) utz (1 —p)031032x§+1 - 4( p)gggxg

o313 _ (1 —p)od=y

2 2 2 2 Q2

o o o 0125,

< DSy +3D + B 1 B2 4 (e )0y TIL  T20 T3 1290
5 5 2 T2 T2 2

+011012S0 + b,

where

2,2
02277

2

b= sup {ulSoz’l’l + MQSongil + 02102271 + + 03103222

(3?1,3?2)ER<2F
2,2 2 ,.p 2, pt2
0323 (1 —plogxy 1 (1 —p)ogaay
5 D) — (1 =p)ogrogz]™ — 5

(1— p)a§1x§ b1 (1= p)a§2x§+2
N ST (] — Gl S > P B
B ( P)031032%5 5 )

+

o2 o2 o2 02,82
LT < DSo+3D+ 52 4+ B2 4 (p) )0y + T 4 Z20 L T8 T12%0
5 o 2 T2 T2 2

+(711(71250 + b:=K. (24)

Evidently, K is a positive constant. The proof is completed. O

Boundedness is an important property of biomathematics, which is of profound
significance for the study of biological systems. Next, we prove the boundedness of
system (1.1).

Lemma 2.4. Assigned with any initial value (5(0),21(0), z2(0)) € R3., the solution
(S(t),z1(t), z2(t)) of the stochastic system (1.1) is bounded, and it satisfies

1 1
lim sup {S )+ —x21(t)+ —22 (t)| <00, a.s. (2.5)
t—o00 51 52
Proof. Denote ) .
Y#t)=St)+ —z1 () + —x2 (2)
01 P
Then, from system (1.1), we obtain
/1151’1 MQSIITz meEl uzsxz

dY (t) = |DSy — DS — —
®) { 0 di(ar +x1)  da(as+x2)  Oi(ar+x1)  O2(az + 22)

D D Tlco(t) _ TQCo(t)

xQ] dt + S(o11 + 0125)d By (t)

B T T
1 1
+5*l‘1(0'21 + Uzgl‘l)dBQ(t) + £$2(031 + 0'32332)dB3(t)
1
= {Dso — DY (t) — Co(t) (glml + ’;xg)] dt + S(o11 + 0128)d By (1)
1 2
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1 1
+5*$1(021 + 09921)dBa(t) + £$2(U31 + 03222)d B3 (1)
1

1
< [DSO — DY(t)] dt + 5(0'11 + Olgs)dBl (t) +

g$1(021 + 09221)dBa(t)

1
—&-8962(031 + 03222)dB3(t).

Define the following equation
~ ~ 1
dY(t) = DSO — DY(t):| dt + S(Cfll + 0'12S)dBl(t) + (571:1(021 + O'22£E1)dBQ(t)
1

1
+ $$2(031 + o3022)dBs(t),

Y(0) =Y/(0),
B (2.6)
where Y (¢) is the solution of (2.6), and it has the following form

Y =S+ [?(0) - so} e Pt 4 M(t),

where M(t) = fg e PU=9)8(s) (011 + 0125(s))dB1(s) + % fot e P9z (s) (091 +
o21(s))dBa(s) + 5 fot e~ Pt=5)g9(s) (031 + 03212(5))dBs(s) is a continuous local
martingale with M (0) = 0, a.s. On the other hand, from the Stochastic Comparison
Theorem, we get Y () < Y (), a.s.

Define Y (t) = Y(0) + A(t) — U(t) + M(t), A(t) = So (1 — e P), and U(t) =
Y (0) (1 —e~P*). Obviously, A(t) and U(t) are continuous adapted increasing pro-
cesses on t > 0 satisfying A(0) = U(0) = 0. According to the nonnegative semi-
martingale convergence theorem, we almost definitely get lim;_, Y < . Thus,

limsup Y'(¢) < o0, a.s.

t—o0

Obviously, we can get lim—, o Y (¢) < Sp. Moreover, 1 < Sy and z2 < Sp. The
proof is completed. [

3. Main results

3.1. Extinction

This section explores the conditions which leads to the extinction of microorganisms
in culture. The extinction of microorganisms means the failure of microbial culture
in the chemostat.

Define parameters

p [y am(z)de

ay (D—f- 07%+T16N'0)’
pe 37w (z)da

a (D+ %‘%14—7’266)’

Ry =
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where z € (0, 00),

9_ 2(2DSgo1a+Doll) 2(2DSgo15+Doyq)
_9_2(2DS5goy12+Doll) 2A2D500124D011)

—2+

3
77(:5) = Q:L’ 971 (0-11 + 0'12(E) a3,
_ 2 (DSO+2DSOO‘12+DU‘11)
xe ciileiitorzz) \ = o11

Q is a constant satisfying that [~ zm(z)dz = 1.

Theorem 3.1. Assume Ry < 1. Then microbial x1 population can be extinct. That
is, limy—y 00 x1(t) = 0. Assume Ry < 1, then microbial xo population can be extinct.
That is, lim;_,o0 z2(t) = 0.

Proof. First, a stochastic differential equation is constructed as
dX(t) = [DSo — DX]dt + X (t)(011 + 012X (1))dB1 (1), (3.1)

where X (0) = S(0) > 0.
Applying the Stochastic Comparison Principle, S(t) < X (¢) is obtained. Let

f(z) = DSy — Dz, o(x) = x(t)(o11 + 0122(t)), z € (0, +00).
Compute the following indefinite integral

(1) 4 /( DSy — Dt

e S S P
o?(r) o11 + 0127)%72
_ 2DS()012 + D011 In 011 + 0127 DSO
= 3 —
011 T o117(011 + 0127)
2DSy012 + Doy
)
oi1(o11 + 0127)
Then,
2DSgo19+Doqq
f() o T1oT o3 _ 1 (DSO 2DSgo12+Doqq
ef o2(7) dr = eC . (m " e c1leritorem) \ 7 + 11 )
T 9
and we can get
o0 2(2DSgo12+Doq1)
1 [ 2/(1) 4r 50 2@DSgogatPoyy)
e’t o2(n) ' do = JJ_2 011 + 012 —2 (ontoisz o3,
| e i )2 ()

_ 2 (DSO+2D50012+D0‘11)
xe citloiitorze) \ = 11 dz < oo.

Therefore, equation (3.1) is ergodic. In addition, the ergodic theorem can be used

to obtain

1 t oo
lim — [ X(s)ds :/ am(x)de, a.s.
0

t—oo t 0

Applying 1t6’s formula, we get

a1 + 2
+O’21d32(t) + 099w1dBs (t)

2
dInz: (t) = [“15 D, ot onn(®) ] y
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2
< |: —D—riCy— 2:| dt + O'QldBQ( ) + 0'22.131dB2(t). (32)

Integrating both sides of equation (3.2) from 0 to ¢ and dividing by ¢, we obtain

lnxl(t) [,Ll (7%1 UQlBQ(t)
< — 4 = R N
s S( )ds ; t 0 00( Jds + =

%/ o2 (5)4Ba(s) + A0

< /X )ds — —@— /co ”2132() (3.3)
alt

In 21 (0)
P

+g/0 02271 (s)dBa(s) +

According to the strong law of large numbers [9], if R; < 1, the result is given
as

1 t e
lim sup nxtl( ) < H am(x)dr — (D+ 9 —|—7‘100>

t—o0 a1 Jo

IN

<D + 2+ 7'100) (Ry — 1) <0, (3.4)

which means lim;_, o, 21(¢) = 0.
Applying Ito’s formula gives

2
dlnmg(t) = [a;uil — D —ryCy— (0'31 + U;Ql‘g(t)) :| gt
+031dBs(t) 4+ 03222d Bs(t)
|:,u25 0'2

T — D —ryCy — ;1:| dt + Gglng(t) + 0'32.132dB3(t). (35)
2

Integrating both sides of this equation from 0 to ¢ and dividing by ¢, we get

lnxg /S 0'31 _ /C 0'3133()
>~ a2t 0

*’/ 03222 (5)dBs(s) + 1“2(

tJo

p2 [ S)ds — _@_7 03133()
< /0 X(s)ds — D / Cols (3.6)

/Ot sastra(s)dBa(s) + In xtz (0) _

According to the strong law of large numbers, if Ry < 1, we obtain

In z,(t > 3 ~
lim sup nm;( ) < &/ ar(z)dr — (D + % +T200)
0

t—00 ag

2 —
< (D + % + 7"200) (Ry — 1) <0, (3.7)

which means lim;_, x2(t) = 0. O
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Remark 3.1. The intensities 091 and o3; gradually increase so that the corre-
sponding threshold is less than zero. That is, with the increase of noise intensity,
microorganisms gradually become extinct.

3.2. Persistence in mean

Define -
p fy wm(z)de
R3 = — )
ay (D +rCo+ 03 + 0%253)
Ra— p2 [y xzw(x)de

as (D + r255 + crg1 + 0%253)

Theorem 3.2. Assigned with any given initial value (S(0),z1(0),z2(0)) € R3, we
have the following results of system (1.1).

(i) If Re < 1 and R3 > 1, then the microorganism x1 is persistence in mean, and
the microorganism xo goes extinct. In addtion, we get

) ay (D-H"lavo—"(’% +U%258) ( )
liminf (xq) > Rs3—1).
. D+riCy + fhm

(i) If Ry <1 and Ry > 1, then the microorganism o is persistence in mean, and
the microorganism x1 goes extinct. In addtion, we get

Vs as (D +1r9Co + o3 +U§253)

hggjlf (x2) > (Re—1).

D + roCl 4 L1250
2 0 D52a2

(iii) If R3 > 1 and Ry > 1, then the microorganisms x1 and xo are persistence in
mean. In addtion, we get

liminf [(a1) + (@2)] = 5 (D+11Co+ 03, +05,57) (Bs — 1)

s @
Q
+a (D +1r9Co + 02 + 05253) (Ry—1).

Proof. Integrating the first equation of system (1.1) and equation (3.1) from 0 to
t and dividing by ¢ on both sides yield

5 - 50 S(s)(s)
o DSO_*/ O et
L[" paS(s)wa(s)
_Z mds%—*/ S(s)(o11 + 0125(5))dB1(s)
" pSoma (s ) " 1 Soma(s)

v /0 S(s)(011 + 0125(s))d B (s). (3.8)
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X(t) — X(0)

U = ps, - ?/O’X(s)dﬁi/o X (s)(o11 + 012X (5))dBy (5).

By calculation, we obtain

S(t) - X(t) D ¢ ,u15 MQSO
> ZE T 2 = [ (S() = X () ds = R () - R ()

+f/0 [011(S(s) — X (5)) + 012(5%(s) — X?(s))] dBy(s). (3.9)

Then, one can get

+ ]S = X)as = F ) — L
+$/0 [0’11(S — X) =+ 0'12(52 — XQ)] dBl(S).

Case (i). If Ry < 1, the microoganism x5 goes extinct, that is, for ¢ small
enough and all ¢ large enough, 0 < x2 < € holds. Combining It6’s formula gets

+ 2
d(a1 h’l(El + :El) = {Mls — D(al + 951) _ 7”1Co(t)(a1 + 1'1) . al(U21 2022$1) dt
+(a1 + x1)(021 + 02271)d Ba(t)
> [11S — a1(D +11Co(t)) — (D + 11 CY)xy — a103, — a103,53] dt
+(a1 + x1)(021 + 02221)dBa(t)

> [/LlX - al(D + 7“100(75)) — (D + rng)xl + /,Ll(S — X) — alagl
—a10§25’3} dt + (CL1 + .%‘1)(0'21 + Uzgl’l)ng(t), (3.10)
from which we can obtain

a1 [Inzq1(t) —Inz1(0)]  x1(t) — 21(0)
t + t

1 t
> n / X (s)ds — a1 (D + 11 (Co(t)) + 03, +03,55) — (D + r1CY) (21)
0

M5 (4 1 / [11(S(5) = X(5)) + 712(8(5) = X*(5))] dB1(s)

_D51a1 E
_M + l/t(al + 331(5))(0’21 + 0'22.1‘1(8))(132(5).
D§2a2 t 0

Taking the limit of the above formula, we can get

1 o —~
liminf (x,) > 7S [ul / zr(z)dr — aq (D +71Co + 03 + 0325’3)]
=00 D+riCy+ 25 |7 o
y a1 (D +r1Co + 03, + 05253)  [o° am(x)de »
> D +rC¥ + 5;1351 a (D +71Co + 02, + 03258)
a1 (D +711Co + 03 + 0325§>
> (Rs —1). (3.11)

2
u 13S0
D+r100 + D51a1
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Case (ii). If Ry < 1, the microoganism z; goes extinct, that is, for & small
enough and all ¢ large enough, 0 < 21 < € holds. Combining It6’s formula gets

as(o31 + 032332)2

d (ag Inzo + SCQ) ,UQS D(az + x2) - TQCO(t) (a2 + 1’2) - 9 dt

[/125 —az(D +13Cs(t)) — (D + r2Cf )xa — a20§1 - agangg] dt
+(as + x2) (031 + 03222)dBs(t)
> [p2X — aa(D +12Co(t)) — (D + r2C8)wa + pa(S — X) — azo3,
—a03,83] dt + (a2 + 22) (031 + 03222)d B3 (t), (3.12)

(

+(az + x2) (031 + 03222)d Bs(t)
(
)

from which we can obtain

as [Inzo(t) —Inae(0)]  xo(t) — 22(0)
t + t

1 t
> E/ ,U,QX(S)dS — ag (D =+ ) <Co(t)> + O'gl + 05253) — (D + T’QC(I)L) <I2>
0

_ K25 (x9) + B/o [011(S(s) — X (5)) + 012(5%(s) — X?(s))] dBi(s)

D52a2 Dt
Soe 1 [*
e 1 3 | (e ) + rnara(s) B (s),
Then, we get
1 e ~
litm inf (z9) > 25, [ug/ zr(z)dz — as (D +19Co + 03 + 0?2,25'3)]
e D+ TQCg + D§2a02 0
N az (D + 1200 + 03 + 0%25(%) pe [y xm(z)de )
B D+ r,CY + 5?5;2 as <D+7“266+U§1 +U§253>
az (D +72Co + 03 + 0%,53)
> (Ry—1). (3.13)

D + rpCl 4 L350
2 0 D52a2

Case (iii). Define
V(t)=a1lnz; +x1 + aslnzg + x9.

Applying It6’s formula gives

2
dV(t) = |u1S — D(ay +z1) — r1Co(t)(ay + x1) — a1 (021 '2022951)

n 2
+p2S — D(az + x2) — r2Co(t)(ag + z2) — a2 (31 2032302) dt

+(a1 + x1)(021 + 02221)dBs(t) + (az + x2) (031 + 03222)d Bs(t)

> [(p1 + p2) X — ay (D +71Co(t) + 031 + 03,55) — (D + riCf)my
(g1 + p2)(S = X)—az (D + 720y (t) + 031 + 03,55) — (D + r2C5)xo] dt
+(a1 + z1) (091 + 02221)dBa(t) + (ag + x2)(031 + 03222)dBs(1).
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Integrating both sides of this equation from 0 to ¢ and dividing by ¢, we get

V(t) - v(0)
t

! / (41 + 12) X (s)ds — ay (D + 11 (Co()) + 0%, + 02,52) — (D + 11 C) (1)

Y

t

+ t
—a3 (D + 73 (Co(t)) 03, +0353) — (D +72C) (wa) + L2 /0 (S = X)ds

1 [t 1 [t
+;/ (a1 + x1)(021 + 02221)dBa(s) + 2/ (ag + x2)(031 + 03222)dB3(s)
0 0

1 t
o [+ 12) X(5)ds =y (D44 (Coft) + 3y + 05,59)
0

t
(1 + p2)p1So
D51a1 <$1>

v

s (D + 3 (Colt)) 0% + 0252) — (D O

" + S, I
— (D +1rCy + W) (x2) + */ (a1 4+ x1)(021 + 02221)dBa(s)
202 t Jo

1 t
+E/ (a2 + x2)(031 + 03222)d B3(s)
0

4 t
A [ o (S - X) 4 ona(8° - X dB (o)
0

1 t
3] )X (s — a1 (D4 (Co(0) + oy + 75,55)

Y

1 t
—as (D + 79 <C0(t)> 0'§1 + 0'5258) + ;/0 ((ll + 331)(0'21 + 0'22.131)(132(5)

+% /0 (ag + x2)(031 + 03222)dB3(s) — Q ({x1) + {x2))

+ t
+M1Dtu2/ [Oll(S—X)+012(52—X2)] dBl(S),
0

where Q = max{D + riC¥ + (CIREN R roCY + M} Besides, by

Dé1ay Dézaz
further calculation, we can get
s M > a1 2 2 @2 pa [
> — ar(z)dz — — (D 4 r1 (Co(t)) 03, +03,55) + —= zm(x)de
Q Jo Q Q Jo
=5 (D72 (Colt) + 031 +05:57)

>3 (D+71Co+ 0y + 0358 (Bs — 1)+ o (D4 raCo+ 031+ 03,58 ) (Ra — 1),
This is the end of the proof. O

3.3. Existence of ergodic stationary distribution

This section explores the existence of the ergodic stationary distribution of system

(1.1).
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DS,
(D+ o3+ 2825 (DtryCy + %) (2D + 120 + %)

011

Theorem 3.3. Assume Ry > 1. Then system (1.1) exists a stationary Markov
process.

Proof. In order to prove this theorem, it is necessary to prove that system (1.1)
satisfies the conditions in Lemma 2.2. Construct a C?-function V : R3 — Ry :

2¢1 (011 + 0125)¢
0(1 —6)ad,

Vi(S,x1,20) = M [—cl InS —cylnzy —c3lnzy +

1 1 1
+ <Sp + —af + xg)
p p p
= MV, + Vi,

where 0,p € (0,1), and M is a sufficiently large constant such that

AJ{—3DSO(€/R6—]>}—%nmx{A,B,C,E,FJ?}g-—Z (3.14)

where A, B,C, E, F,G are defined in equations (3.21), (3.22), (3.23), (3.24), (3.25),
(3.26).

Since V (S, z1,x2) is Continuou§7 there exists a minimum value Vi, in the inte-
rior of R%. Define a C?-function V : R} — Ry

V(S; x1, x?) = Vi(Sa T, l‘g) - Vimin'
Applying 1t6’s formula gives
LV =LVi = MLV, + LV;.

c1DSo LDy G Gy ci(on +0125)% e
S 01(ar +21)  da(ag + x2) 2 ai + x;
2091 + 02221)? B c3pi2S
2 as + To
c3(o 03222)%  2ci1012D 102,52
3( 31+2 3272) (111;)0?10(0114—0125)91 B 101(19215
2¢1019DS
- (1-0)of;
_ 2c1012/1252
31(1 = 0)of;(az + x2)
ClDSO
S

LV = —

+DCQ + 027"100(t) + + DCg + CgTQCO(t)

(0'11 + 0'125)6

B 2¢c1012p1 571
d1(1 = 0)of (a1 + 1)

(0'11 —|—0’125)671 (0'11 +CT1QS)671

(0'11 + 0'125)671

c c c1(o11 + 0125)3?
+Mq+@+®+1mm+2mx+l(u 125)

< 2
0101 doas 2

c2(091 + 022w1)%  c3(031 + 03222)% 21021 DSy
2 2 (1 — 9)0’11

+Cg(627"1 + 637’2) +

2 2
10755
—7102 (0’11 +O’125)0
o
11
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c1 DS, c c
< 2P0 D(ci+ca+c3) + La 1+ 2/2 w + Cp(cary + c3ra) + ClU%
S d1a1 d2as
ca(o21 + 022$1)2 c3(o31 + 032$2)2 2c1001DSy 2
- *(011 - 0125)
2 2 (1 — 9)0’11 2
ClDSO 2(}10'21DSO 020%1
< — D cy
< 5 T @+@+%%P0@ﬁ+%w+(kﬂwu 5
2 2 2
C3037 C2059 C3039 C1l1
+72 + o3 + 2 x? 5 2+ (61(11 + 02021022> 1
c
+ <6Z/;Z + 63031032> T2
DS 2091 DS,
< —6170 — S — 3D 4+ S + ¢ <D+O’%l+0210>
(1 — 9)0’11
T v 5 cipi1
+ea | D+1mC 4+ —== ) 4¢3 | 2D+ 1Cf + — | + + 2021022 | T1
2 2 d1ay1
2 2
Co b2 Co0 C30
+ <(52a,2 —+ 630310'32> xro + 222 ‘T% —+ 232 I’g
) 2¢c DS, 2
< -3V c1coc3D2Sy + ¢ D+U%1+M +c2 D+T1Cg+@
(1 — 9)0’11 2
2
o c c
+c3 | 2D + Gy + 3L 4 141 4+ co091092 | 1 + 212 + 3031032 | X2
2 d1a1 daas
2 2
tep§ + 272252 | ©3952 2
2 2
Let
DSO DSO DSO
c1 = ,Co = yC3 = :
Dot + 2P0 porcy+ B 2D+l + T
We can get

Ci11 Ca 2

draq

LV, < 73DSO (3 Rf)(g) — 1> -+ < +020'210'22> xr1 + < +C3031032) X9

d2as

2 2
C20%9 o | C3039 o

+ 7+ x5+ c2S.
2 1 2
2
Clearly, RY(0) = 753 D~So —~ —— is continuous, choos-
(proti+irippae ) (Domcg+ it ) (20+rmcs+ 4t )

ing # small enough such that

C C:
LV2 S *3DSO <\3/ Ré - 1) + ( e + 020'21022) x1 + < 212 + 030'310'32> )
d1a1 d2a2

2 2
C2092 o | C3032 2
5 1 + —5 T + 2.

+

Then,

11 SPxy p2S5P T2 1-p 2
- - SP(o11 + 0128
(51 (a1 + (El) (52(0,2 + xg) 2 (011 12 )

LV3 = DSySP~! — DSP —
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Smp 1-—
L form Da? — 11Cy(t)2” — px’f(ogl + o9w1)?
a; + T
p2 Sl p 1-p 2
+=="2 _ Daf —ryCy(t)zh — —=2F + 0322
az + xa 2 = 1200(t)a; 2 (051 05272)
< DSoSP '~ DSP — 22P2 grv2 _ pap . clgp LR (24
< DSy - T g Y12 - P T nbtoet T 5T 9

1— Sz? Sxb
—Dab — 7“20695’2) -5 pa§2x§+2 + BoT + H22%3
ai az

We get

LVW<—3A[DSO(5/R6—1>—+Af<§xﬁ-+Cﬂwum2>x1

2 2
Mcyos, 2 Mcsos,
2 ! 2

C
+M ( 242 + 03031032> To +
520,2

1-— 1-—
—-DSP — — pafzSp” — Dab —r Cha? — 5 pagzxfﬂ’ — Dab)
1—p 1828 2Sxh
—'I"QC(Z)Q?]; — TO.§21:127+2 + MTll + ,LLng

Define a compact bounded subset U

1 1 1
U:{w@h@)ewpe<s<¢<m1<¢<x2<}
€ € €

In the set Rﬁ_ \ U, choosing e small enough such that

—3MDS (\S/Ré — 1) + Mcge+ A< —1,

—-3MDS, ( Y Ré — 1) + M (C“Ll + 020'210'22> €+ 7MC§U§2 €2

d1a1

o 4 B -1,

2
—3M DSy (\/3 Rj - 1) +M (% + 030310’32) €+ ch”” €2

H2fos 4 0,

/ 1—p D?
3 1 2
3MDSO( R01>46p+20'126 +E<*1,
/ I-p
—3MDS() (3 R(Z) — 1) — mUSQ +F < —1,

1-—

T5 + MeoS + DSOSp_l

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Next, six domains are given as

U, = {(S,x1,a?2) ER120<S<6},U2: {(S,xl,xg) ERi:0<aﬁ1 <6},
1
Us = {(S,l‘l,l‘g) ER110<$2 <€},U4: {(S,l‘1,$2) ER‘}_ZS> 6}’

1 1
Us = {(S,xhxz) ERizfm > e}’UG = {(S,xl,xg) ERi:xg > e}’

Case 1. If (S, z1,22) € Uy,

LV < -3MDS, (f’/ Rl — 1) +M (?Ml + 02021022) Z1
101

Mcyo2 Meso?
62022 3 %x% + Mcoe + DSy SP~1

C
CM ( Clat 2 C3aglagg) o+
520,2

1-—- 1-
—TPU%QS”” — Dt — i Ch(t)ah — Tpagzxfﬂ’ — Db

1-— ¥ b
—raCh(t)h — —Fofalt? + L 4 B
2 aq as
< -3MDS, (\S/Rlo — 1) + Mcge + A,
where
c c
A= sup {M ( Lat + 02021022) 1+ M ( 212 + 03031032) 2
(S,21,22)ERY. d1aq d2a2
Meoo2 Meso? 1-—
+ C;%zx% + C;”wxg + DS,8Pt — . pngSp“ — Da?
1-— 1-—
—rCy(t)a} — Daty — Tpff%zx?ﬂ) — roCj(t)ah — Tp032>2$12)+2
p P
[ facny | pacty } . (3.21)
aq a2

Together with the defination of A, we get LV < —1.
Case 2. If (S,z1,22) € Uy,

LV S —3MDSQ (\3/ Rf) - 1) + M <§1/;1 + 820'210'22) €
1641

Mesody » | Mesos, x5 4+ McyS + DSSP~ 1

C:
+M ( 22 63031032> o +

62@2 2 2
1- 1- SheP SoxP
1P grer pp achyen - 1R o2ty S0 paSors
? 2 ay ao
Meoo?
< —3MD5, \3/"?6_ 1) + M (S + 2021022 | €+ 2020 2
(51&1 2
SneP
LS g
ay
where
Meso?
B = sup {M <C2/142 +CgU31032> T + ﬂx% +MC2S+DSOSP_1
(S’I17I2)€Ri doas 2
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1 1— Sz
pr 2 P2 _ Db Ol (t)ah — Tp0§2x§+2 + ‘”asm?} (3.22)

On account of (3.14) and (3.16), we get LV < —1.
Case 3. If (S,z1,22) € Us,

LV < -3MDS, <</7 ) +M (5 + 02021022> 1
1a1

M Meso?
+M €+ €203 2?4 289822 4 Are,§ 4 DSpSPY
52 2 2
L=p 5 gpi2 1=D o pro  mSoxi | paSoe?
— 0195 — 05917+ o + o
M 2
< —3MDSy \B/Riéfl +M ¢+ 22C3932 2
(52 as 2
S
L
az
where
c1l1 M02022 22 1
C = sup M + c20910929 | 1 + 1+ McoS + DSySP~
(S,z1,22)ERE. d1a1 2
1- 1- Soa
_Tpgfzgpw _ Tpaggxﬁ’“ n /ﬂa(l)xl} . (3.23)

In view of (3.14) and (3.17), we get LV < —1.
Case 4. If (S,21,22) € Uy,

. 5/ 1 D c
LV S *3MDS() (‘3 Ré - 1> - 4T+€0%2 677 + M <51‘Zi + 620'21(722> X1

MCQO—QQ 2 MC30-§2 2 ]_ p 2 p+2
+M(52 )332+ 5 x] + 5 Y27 55
1— SozP SozP
+M025—7p ol — P 02,28t + DSysP ! + paSoy | P25
2 ai a2
3/ pl 52
< —3MDSo (\/]?01> 4ept2 012 :p+E,
where
F = sup {M <C1;U’1 +CQO’210’22> 1+ M < >
(S,w1,w2)ERY 01a1 S0
Mcyo3 Meao? 1
I C;UQQx% + C3032 22 +MCQS— —-p 2 Sp+2 Tpongzl)Jﬂ
Lottt 4 DSyt 4 15k pafrt (324)

Considering (3.14) and (3.18
Case 5. If (S, z1,22) € U,
-1

)

55
! O'2 +M a 1+CO’ g X
4 pt2 22 51(11 2021022 1

, LV < —1 is obtained.

LV < —=3MDS, ( Y
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2 2
Mcoozy 5 Mcsos, 2_1 P o2, §P+2

+M ( + 63031032) T9 +
d2a2

2 1 2 2 2
+MceS — L o5l — L= pagzxgﬁ + DSp St + 1507y + paSoy
1 2 ay as
< —3MDS (i/R»é_ 1) i p+€‘7§2 + F,
where
F = s 1sugERS {M (;151 + 62021022> 1+ M (zgz + 630'31032> Ty + McyS
\T1,@ g

MC2U§2 2 MC3U§2 2_1 p 25p+2 1-— 4 o2 p+2 1—=p o pto

9 T 9 Lo 9 4 O22% 9 03222

D D
+DSyP-1 4 P50 ”QSO%}. (3.25)
aq a9

Combining (3.14) and (3.19), LV < —1 is given.
Case 6. If (S, z1,22) € Us,

= 1 p C1l1
LV < -3MDS, (\3/ Ré — 1) e p+20'§2 + M (510,1 + 20910922 | X1

2 2
Mcoozy o Mc3os, 2 1-—p o2, §P+2

c
+M ( 212 + 63031032) r9 +

d2as 2 71 2 2 2
1 w1 Soxy Soxh
+heyS 2 —Lotaht? - 4p 0% t? 4 DSysrt 4 HI20TL | 20T
aq a9
3/ pl l-p ,
< =3MDSy Ry —1 iy 039 + G,
where
G = sup M ci + co091092 | 1 + M et + 3031032 | o + McoS
(S,w1,m2)€RY d1a1 oo
Mecsyo3 Meso? 1— 1— 1—
+ 63022 x% 63032 x% - 5 p 2 Sp+2 . p0§2x;11)+2 _ . pa§2£p+2
Soz? Soxh
+DSpSP1 4 H20TL 2007 } (3.26)
aq a9

Combined with the condition (3.14) and (3.20), LV < —1 is given.

Clearly, there exists a sufficiently small e such that LV < —1, for any (S, 1, z2) €
RI\U.

In addition, the diffusion matrix of system (1.1) is

52(0'11 —|—O’125>2 0 0
0 .’E%(ng -|—0'22.’E1)2 0
0 0 z3(031 + 03272)2

Then, there exists a positive

N: HliIl {S 011+O'125) 1'1(0'21+0221'1)2,SC%(O'31+O'32£C2)2}
(S)I15$2)€U5
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such that

3
Z a; ;€& = 5% (o011 + 0129)%E] + 23 (021 + 02221)%85 + 23031 + 03222) €3
ij=1

> N ¢,

where (S,z1,22) € R\ U, £ = (£,&.&) € R3. Obviously, this satisfies the
conditions in Lemma 2.2. Hence, system (1.1) exists a stationary Markov process.
O

4. Conclusion and numerical simulations

The microbial competition system in the chemostat model with nonlinear random
perturbation is studied in this paper. Considering the input of toxins such as en-
vironmental pollution, the system simulates the real environment by pulse toxin
input. By constructing a suitable Lyapunov function, in a chemostat system, the
thresholds of microbial culture extinction and persistence in mean are given. In
addition, it is proved that system (1.1) has an ergodic stationary distribution under
certain conditions. At the same time, through the analysis of the threshold value,
the strong noise will accelerate the extinction of microorganisms, which is not con-
ducive to the survival of microorganisms, and also has an adverse impact on the
existence of ergodic stationary distribution. Now, we sum up the main results as
follows.

(1) If Ry < 1, then microbial 21 population can be extinct. That is, lim;_, o 21(t) =
0. If Ry < 1, then microbial 23 population can be extinct. That is, lims o 22(t)
=0.

(2) For any given initial value (S(0),z1(0),22(0)) € R3, we have the following
results.

(i) If Ry < 1 and R3 > 1, then the microorganism z; is persistence in mean,
and the microorganism x5 goes extinct. In addtion, we get

V> ay (D+7“1,CV0 + 03, +‘7%2502>

lim inf (24 R;—1).
. D+nCf + fhe

(ii) If Ry <1 and Ry > 1, then the microorganism x5 is persistence in mean,
and the microorganism x; goes extinct. In addtion, we get

a (D +1r5Co + o3 + O%ZSS)
)= Ry—1).

lim inf (zq

25,
o D +raC + fis

(iii) If R3 > 1 and Ry > 1, then the microorganisms ;7 and zo are persistence
in mean. In addtion, we get

liminf [(1) + (22)] = 5 (D +711Co+ 031 +03,53) (Rs = 1)

+% (D +79Co + 03 + 03258) (Ri—1).
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(3) If R} > 1, then system (1.1) exists a stationary Markov process.
Next, numerical simulations are used for further illustrating the results.
Example 4.1. In our simulations, first, we set
D =0.2,50= 0.3, 41 = 0.3, i = 0.6,01 = 0.1,0o = 0.2, a1 = 2,as = 1,71 = 0.05,
ro = 0.01,k = 0.2,g = 0.1,m = 0.05,u = 0.01,h = 0.1,11 = 0.15, 012 = 0.02,
o091 = 0.01, 022 = 0.02,03; = 0.01,032 =0.02,7 =1,

and the result is as follows.

0.3

0.2

0.1¢

Figure 2. The trajectories of the solution of the stochastic model

As shown in Figure 2, the blue track and the green track gradually approach
zero. Under this parameter setting, R; = 0.1968 < 1, Ry = 0.8080 < 1, and the
threshold condition of microbial extinction is met. Therefore, the theoretical results
are consistent with the numerical simulation results.

Example 4.2. The parameters of the Figure 3(I) are set as follows.
D=02,5=03u =03,u=1,0=0.1,00=02,a1 =2,a2 = 1,r; = 0.05,
re =0.01,k =0.2,g =0.1,m = 0.05,4 = 0.01,h = 0.1, 011 = 0.15,015 = 0.02,

091 = 0.01, 092 = 0.02,031 = 0.01,032, = 0.02, 7 = 1.

The parameters of the Figure 3 (II) are set as follows.

D=02,5=03p =1,p=10 =0.1,60=02,a; =1,a0 = 1,7 = 0.05,
ro =0.01,k=0.2,g =0.1,m = 0.05,u = 0.01,h = 0.1,01; = 0.2,012 = 0.02,
021 = 0.01,092 = 0.02,03; = 0.01,032, = 0.02,7 = 1.

In Figure 3(I), the trajectory of zo eventually tends to be stable, and that of z;
eventually approaches zero. At the same time, under this parameter setting, Rs =
0.1968 < 1, Ry = 1.3464 > 1, the threshold satisfies the conditions of the Theorem
3.2, and the conclusion is valid and consistent with the numerical simulation results.
In Figure 3(II), as time goes by, the two tracks gradually stabilize. This means
that the two microbes compete with each other but live in harmony. Meanwhile,
R3 =1.1617 < 1, Ry = 1.1924 > 1, which is consistent with the obtained theorem.
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an

—w 0.3
x1(t)
—x2(1)
cot)
Ce(t)

80 0 50 100 150 200

Figure 3. Figure 3(I) is the trajectory of the solution of model (1.1), and Figure 3(II) is the trajectories
of z1(t) and w2 (t).

1500
1500

1000
1000

Density S
Density x1

I8
S
S

o

S

S

Figure 4. The probability density of S(t), z1(t) and x2(t)

Example 4.3. Finally, we verify the existence of ergodic stationary distribution
through numerical simulation. The numerical simulation results are shown in Figure
4. Set the parameters as follows.

D= 0.2750 == 0.3,,LL1 = 17,[L2 = 1,51 == 0.1,52 == 0.27(11 = 1,(12 = 1,7"1 = 005,

7o =0.01,k=0.2,g =0.1,m = 0.05,u = 0.01,h = 0.1,01; = 0.2, 512 = 0.02,
091 — 0.2,0’22 = 0.02,0’31 = 0.2,032 = 0.02,7’ =1.
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