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Abstract. In this paper, we revisit some nonoverlapping domain decomposition meth-
ods for solving diffusion problems with discontinuous coefficients. We discover some
interesting phenomena, that is, the Dirichlet-Neumann algorithm and Robin-Robin al-
gorithms may make full use of the ratio of coefficients in some special cases. Detailedly,
in the case of two subdomains, we find that their convergence rates are O(v1/v)
if v1 <vp, where 11,1, are coefficients of two subdomains. Moreover, in the case of
many subdomains with red-black partition, the condition number bounds of Dirichlet-
Neumann algorithm and Robin-Robin algorithm are 1+€(1+log(H/h))? and C+e(1+
log(H/h))?, respectively, where € equals min{vg/vg,vg/vgr} and vg,vp are the coef-
ficients of red and black domains. By contrast, Neumann-Neumann algorithm and
Dirichlet-Dirichlet algorithm could not obtain such good convergence results in these
cases. Finally, numerical experiments are preformed to confirm our findings.
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1 Introduction

Diffusion problem is a quite important model which is encountered in many physical
problems and practical application fields. It is of great significance to solve diffusion
equations numerically. One of the difficulties is that the diffusion coefficients are usually
strongly discontinuous. A natural choice to overcome the difficulty is to use nonover-
lapping domain decomposition (DD) methods to solve such kind of problems. Actu-
ally, there are lots of literature in the study of solving strong discontinuous problems
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by nonoverlapping DD methods. For instance, Mandel and Brezina [6] develop a bal-
ancing domain decomposition method for steady-state diffusion problem. In [4], a FETI
algorithm is proposed and it is proved that the bounds on the rate of convergence are
independent of possible jumps of the coefficients. In [8,9], Sarkis design Schwarz pre-
conditioners for discontinuous coefficients problems by using both conforming and non-
conforming elements. In [3], a Robin-Robin preconditioner is proposed for advection-
diffusion problems with discontinuous coefficients. For more study of this aspect, we
refer to [7,11] and the references cited therein.

We may find that the algorithms in most of the literature achieve convergence rates
or condition number bounds independent of the jumps of coefficients. Wether there is
a better result? For general cases, it could not be improved. However, we find a bet-
ter result in some special cases, that is, the discontinuous coefficients may accelerate the
convergence of Dirichlet-Neumann (D-N) algorithm and Robin-Robin (R-R) algorithm
in the case of two subdomains and the case of many subdomains with red-black par-
tition. Detailedly, if we suppose v1,1, are the discontinuous coefficients in the case of
two subdomains, then the convergence rates of the D-N algorithm and the R-R algorithm
will completely depend on the ratio of the smaller coefficient to the larger coefficient, i.e.
11 /v, if 11 <1n. Here we should clear that unlike the discontinuous coefficients case, the
convergence rates of D-N algorithm and R-R algorithm are bounded by a constant which
is independent of mesh size / and less than 1 strictly in the case v; equals 1. In the case
of many subdomains with red-black partition, the D-N algorithm and the R-R algorithm
are always regarded as preconditioned methods and the corresponding condition num-
ber bounds are 1+€(1+log(H/h))? and C+e€(1+log(H/h))?, respectively, where € only
depends on the ratio of the coefficients of red domains and black domains. Gander and
Dubois [2] also find a similar phenomenon in the case of two symmetric subdomains.
But they use the Fourier analysis to analyze it, as a result, their result is hard to extend
to general cases. Meanwhile, we estimate the convergence rate by analyzing the spectra
radium of error reduction operators and analyzing the condition numbers of precondi-
tioned systems. Finally, all the results are confirmed by numerical experiments.

The paper is organized as follows: In Section 2, we introduce the model problem
and domain decomposition methods. In Section 3, we analyze the influence of coeffi-
cients on convergence rates in the case of two subdomains with subdomains symmetric
and nonsymmetric. In Section 4, the preconditioned systems in the case of many subdo-
mains with red-black partition are described and the bounds on the condition numbers
are given. Finally, we perform several numerical experiments to verify our conclusions.

2 Model problems and domain decomposition algorithms

We consider the following elliptic problem with discontinuous coefficients:

{—V-(V(X)Vu):f, in Q,

2.1
u=0, on 0(), @1)
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where () is a bounded, two-dimensional polygonal domain and the diffusion coefficient
v(x) is a piecewise constant function

{1’/1/ XEQl/
v(x)=
vy, XE,.

Here (31,0}, are nonoverlapping subdomains which form a decomposition of (2 and I'
denotes their common interface, i.e. I' =090 Nd)».

Let 7, be a quasi-uniform and regular triangulation of () with the mesh size h and
assume that interface I' does not cut through any elements of 7. Let W C H}(Q2) be a P1
conforming finite element space over 7. Besides, we need the following finite element
spaces,

W,=WnNHY(Qy), W' =WnNHL(Q,), i=1.2,

and the space of the interface I',
Vr=W]|r.

Then, the weak form of (2.1) is as follows: Find u € W, such that
a(u,0)=(f,v) YveW,
where

ai(u,v):/ v;Vu-Vo Yu,veW;, i=1,2,
Q;

(f,v)l:/ fo YoeW, i=1.2,
Q;

and
a(u,0)=a1(u,v)+az(u,0), (f,0)=(f,0)1+(f0)

We also use the following bilinear form on the interface,
(u,v) = / uv  Yu,veVr.
T

The model problem may be written equivalently in the following multidomain formula-
tion:

—VlAM :f, in Ql/
uy=1up, on F,
aul E)uz
Ns—=—1V7—, O F,
ony ony
—1Au=f, in O».

The second and the third equations corresponding to Dirichlet and Neumann boundary
conditions are imposed to ensure the continuity of the solution and the flux across the
interface I'. To solve the multidomain problem, we have the following three iterative
methods and we would like to write them into weak forms.
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Algorithm 2.1 (The Dirichlet-Neumann Algorithm [11]). Given u{(=0) € V, compute as
the following steps until converge:

Step 1: solve the Dirichlet problem in (),

a(uft0)=(f,v);, VoeW},

utt=0, on 9O \T,
u;‘“ =uf, onT;

Step 2: solve the Neumann problem in (),

) n—+1

u
az(ug“,v):( ,v)z—<v1 Brlll ,v>

=(f,0)2+(f, Tayov)1 —a1 (u} 1, Tiyov) VoeW,,

where T;: Vr — Wi, is an arbitrary extension operator and -yo:W; — Vr is the trace operator;

Step 3: get the next iterate by a relaxation,
ul =0ul '+ (1-0)u}! onT,
with an appropriate 6.

Algorithm 2.2 (The Neumann-Neumann Algorithm [11]). Given u{(=0) € Vr, compute
as the following steps until converge:

Step 1: solve the Dirichlet problems in (};, i=1,2,

1

uttl=o, on 9O;\T,

1

ai(ult0)=(f0);, VYoeW?,

—n
u; " =ur, onT,

Step 2: solve the Neumann problems in (};, i=1,2,

n+1 n+1
ouj Sty ouy
2 9 ,0
np

=5 (a2 (", Tindo) = (f, Tivbo)s (5, Tao) = (. Tano)2) - VoW

a;i(w!,0) :5;r<1/1 .

where 61 and 6 are positive weights with 67+ =1 and {: W;— Vr is the trace operator;

Step 3: get the next iterate by a relaxation,
uptt = up—0(ojwy " 53wy,

with an appropriate 6.
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Algorithm 2.3 (The Dirichlet-Dirichlet Algorithm [11]). Given AY(=0) € Vr, compute as
the following steps until converge:

Step 1: set A] = —AJ = A{, solve the Neumann problems with in ();, i=1,2,
a;(ul0)=(f,0)i+(A,v) VYoeHL(Q,);
Step 2: solve the Dirichlet problem in ();, i=1,2,

ai(w?“,v) =0, YoeW?,

w?“ =0, on 0O;\T,
n+l__ st¢, n+l n+1

Wi =087 (uy " —uy ), onT,

where (5{ and (5; are positive weights with (5{ —|—(5§ =1;

Step 3: get the next iterate by a relaxation,

awn+l awn—H
/\n—l—l —A'_9 (5+ 1 (31' 2 ,
I r ( 1 anl + 22 anz >
with an appropriate 6.
The matching conditions may be changed equivalently by the combinations of the
Dirichlet and Neumann interface conditions as follows:

utv dur =Y1Upr+v ous =: onT
Y1u1 1an1—71 2 28n1 =81, ’

Uy +v auz_ utv o1 =: onT
YUz zanz—’Yz 1 1anz =182, ’

where the Robin parameters v, are positive numbers. Therefore, we have the follow-
ing Robin-Robin algorithm.

Algorithm 2.4 (The Robin-Robin Algorithm [1]). Given ¢¥(=0) € Vr, 71,72 >0, compute
as the following steps until converge:

Step 1: solve the problem with Robin boundary condition in (),
a1 (ui,v) +m1(ui,0) = (f,0)1+(81,0) VYoeWy;
Step 2: update the interface condition,
g =(n+r)ui—gi onl;
Step 3: solve the problem with Robin boundary condition in (),
ay(u3,0) +72(u3,0) = (f,0)2+(83,0) VoeWy;
Step 4: update the interface condition,
Si=(m+m)u;—g; onl;
Step 5: get the next iterate by a relaxation,
gt =031 +(1-0)s],

with an appropriate 6.
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3 Influence of discontinuous coefficients on convergence rates

In this section, we will explore the influence of discontinuous coefficients on convergence
rates and confirm the optimal parameters of the algorithms in the previous section.
First, we give some preliminaries. Define H;: Vr — W; as follows:

ai(Hiur,U):O, VUGWiO,

/Hl‘Mr:O, on aQi\F,

Hur=ur, onT.
The operator H; is known as the ‘discrete harmonic extension’. We note that the coeffi-
cient v; in 4;(+,-) can be omitted because of the zero source term. Define S; to be a linear

operator as follows:
(Siur,or) =a;(Hiur,Tor)  Vor € Vr,

where T;: Vr — W; is an arbitrary extension operator. Obviously, S; is symmetric and
positive definite. Then, we will give the error operators of the four DD algorithms in
the following lemma. Actually, the proof of the following lemma may be found in [11]
and [1]. For completeness, we give a brief proof here.

Lemma 3.1. The error operators of the D-N algorithm, N-N algorithm, D-D algorithm and R-R
algorithm are Rq,Rp,R3 and Ry, respectively, where
Ri=1-0S,"(S1+5,),
Ry=1-0(D1S;'D1+D,5,'D2)(S1+S2),
R3=1—6(D1S1D1+D2S:D5)(S; ' +5, 1)

and

Ry=1—0(y11=S52)(721+S2) (72l +S2) (111—52) ' = (72l =S1) (111 +S1) )
=1—0(1—(11I—52) (72l +S2) " H(y2l = S1) (v1I4+S1) 7 Y).

Proof. To deduct the error operators, it is sufficient to consider the homogeneous case,
f =0, by linearity. For simplicity, we use the same letters to denote the functions and
corresponding errors in the proof without causing any confusion.

We first consider the D-N algorithm. From the definition of discrete harmonic exten-
sion and Step 1 of Algorithm 2.1, we know u?“ = Hyuf, then by the definition of S; and

Step 2 of Algorithm 2.1, we have
az(uZH,Tp_’yov) =—m (M¥+1,T1’)/00) =— (Sm?,v} Yoe Vr. (31)
Here we note that if we set v=0in (3.1), we have

a(uf ™ w)=0 YweWs, (3.2)



218 X.Na and X. Xu / Commun. Comput. Phys., 35 (2024), pp. 212-238

which reflects that uj ™! =, (u} *!|r). Therefore, it holds that
(Sa(ud ), 0) = —(S1ul,v) Voer.
Because S is a positive definite operator, we have
uld ™ p=—-S51Suf. (3.3)

Combining (3.3) and Step 3 of Algorithm 2.1, we obtain the error operator of D-N algo-
rithm, i.e.

ul ™ =0ul 4 (1-0)uft
=—0S,'S1uft+(1—-0)u}
= (I—0S,"(S1+S2))u.

We next consider the N-N algorithm. From the definition of S; and Step 1, Step 2 of
Algorithm 2.2, we have

a; (W, Tiyov) =87 ((S1uft,v) + (Saul,v)).
Similar to (3.2), we have w! ™' =H;(w!*!|r). Therefore, it holds that
wi e =571 (5] (S14+S2)up). (34)
By (3.4) and Step 3 of Algorithm 2.2, the error operator is obtained as follows:
i = — 08T (0] (514 52)uf)+0357 (85 (S1+S2)up)
= (1-6(D1S7" D1+ D285 D2) (S1+52) ) ut,

where D; = 5171, i=1,2.
The error operator of D-D algorithm may be derived similar to the N-N algorithm.
By the definitions of H;,S; and Steps 1,2 of Algorithm 2.3, we have

w ™ =Hi(6F (u Hr— 15 r))
=Hi(&7 (S A1 =5, A3))
=H,(0] (571 +5;,1)AL).
Then by the interface update condition in Step 3, we get
AL = (I—G(D151D1 +D,S,D,) (S ! +52—1)) AL
As to the R-R algorithm, for i=1,2, we have the following error equation,

a;(ul!, Tryov) +7yi(ul'|r,0) = (g},0) Voe V.
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By the definitions of H;,S;, i=1,2, we have
g' = (il +S;)ul'|r. (3.5)
Using the interface update in Step 2 of Algorithm 2.4 and (3.5), we have
82 =(1+72)ullr—g&i
= (M+72)(nI+81) gl = (n1+51) (nl+8) gt
= (721 =51)(mI+51)"'gl. (3.6)

Then by the second interface update in Step 4 of Algorithm 2.4, (3.6) and (3.5), it holds
that

(r1+72)u3 — 83
(Y1+72) (Y2I+S52) 185 — (721 +52) (721 +52) g5
(111=52)(121+52) 785
= (11I=52) (Y21 +82) " (v2I = S1) (11 +51) gt (3.7)
At last, by the relaxation step and (3.7), we obtain the error operator of R-R algorithm, i.e.
gt =681+ (1-0)g]
= (1-0(1— (11 T=82) (121 +82) " (12D =S1) (111 +51) ) ) &

= (1=6(n1=5) (12l +52) " (n2l+$2) (1l =$2) ' = (2l =S1) (M I+81) 7)) gf.

This completes the proof. O

The next task is to analyze how the spectral radius of R; rely on the discontinuous
coefficients 1,1, and how to choose appropriate 6 and & to accelerate the iterations.

3.1 Symmetric case

In this subsection, we suppose that {); and (), are symmetric with respect to I'. Then we
have

S1/v1=52/. (3.8)
As aresult, if (A,v) is an eigenpair of 51 /v1, 11A and 1, A will be the eigenvalues of S; and
Sy corresponding to eigenvector v, respectively. Then it is easy to check that

A(Rl):1—9<1+v—1),

10 (@2 (1+5) + @32 (14 1)).
ool ar(-3)
(

71—1/2/\ Y2 V1/\>
YH+UA Y212

+
|

_|_

=1-0(1-
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Q, r Q,

Figure 1: Q) is divided into two symmetric subdomains (21,(); and their interface I'.

where A(T) denotes the eigenvalue of operator T.
We may find that the eigenvalues of Ry,R,R3 are independent of A, thus we have

Theorem 3.1. In the symmetric case, the convergence rate of Algorithms 2.1, 2.2, 2.3 can be
reduced to 0 by choosing suitable 0, that is to say, the methods become direct solvers.

Proof. Set
1
61 LT
V2
1
by =— 5 : T
R 2+ a1 )
)
1
93_(5*)2(1+V—1)+(5+)2(1+V—2)'
1 v 2 "
and we get the conclusion. O

Remark 3.1. For a general 6, the convergence behaviours will be quite different between
D-N algorithm and N-N algorithm, D-D algorithm.

For a 0 near 1, the convergence rate of D-N algorithm relies on v1 /v, and if 1 < vy,
the iteration will perform quite well. In other word, the D-N algorithm benefit from the
jump of discontinuous coefficients. But for N-N algorithm and D-D algorithm, we could
not obtain such a good property. The range of function

F(61)=(61)*(1+v2/v1) +(1-681)* 1+ /12)
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is [1,max{1+vy /v2,14v2/v1}]. So N-N algorithm could not benefit from the discontinu-
ous coefficients. The optimal choice of 47,81 is

t v t vy
0 =——", Os= , €(1/2,00).
1 V?‘FV‘;_Y 2 V?‘FV‘;_Y Y [ / )
Here, we choose y=1/2, then
2(v1+1p
Foh) = 2IH) ¢ (g9

(VVi+y/2)?

and the convergence rate of N-N algorithm will be independent of v4,v>. The case of D-D
algorithm is similar.

For the Robin-Robin algorithm, we may find that the spectrum depends on the eigen-
value A, which is different from other three algorithms. The following theorem can be
obtained by analyzing the function A(Ry).

Theorem 3.2. In the symmetric case, the convergence rate of Algorithm 2.4 is bounded by Cvy /v,

by choosing y1 > Civph ™1, 0 <2 <covq and 0= 2+V721/V2
Proof. Let

A(Re) =1—6(1+w(A)),
where

B o A b T A T
wih)= Y1+1A Y2+1A

The derivation of w(A) is

+72) (vi+v2) (1172 —1112A?)
!/ A — (ryl ) 39
@ (A) (11 +v1A)2(12+12A)2 35)
It is known [1,12] that

AE [Co,clh_l] ,

then by choosing 0< 2 <cgv1, 71 > Civoh ! and (3.9), w(A) attains the maximum value

at A\p=, /% and we have

n—1/t
n+t

)2] c (0,#%),

where 7=,/ 7—;, t= % Then the optimal choice of 0 is obtained by

w(Me (0.

1—9+1—9(1+Z—l):o.

That is 0 =6y = and the convergence rate is bounded by 1—6p(1+;!) <5L. O

2
24v1/vp”

We may find that the Robin-Robin algorithm benefits from the jump of discontinuous
coefficients in the symmetric case.
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3.2 Nonsymmetric case

In the nonsymmetric case, the equality (3.8) is no longer available. Instead, the next
lemma is useful in the analysis.

Lemma 3.2. There exists positive constants c;,C;, independent of h, such that for any v € Wr,

ciloli o <ol < Clok g, (3.10)

2
Hof*(

By (3.10), we may get the equivalence between S; and S; while they no longer have
the same eigenvector. Therefore, none of the algorithms is a direct solver. Actually, the
algorithms could be divided into two groups according to their convergence behaviours.
The first group contains D-N algorithm and R-R algorithm. Both of them could benefit
from the jump of discontinuous coefficients. To be detailed, we have the following two
results.

Theorem 3.3. In the discontinuous coefficients case, the convergence rate of D-N algorithm will
be bounded by ;! if v1 vy

Proof. We know
Ri=1-60S,1S=1-605,1(S1+S2),

and we just need to find the spectrum of S, 'S.

By (3.10), for any ur € Wr,
_ Sur/ur>
A(S;1S :<7, 3.11
( 2 ) <52ur,ur> ( )
C v
(Saur,ur) < (Sur,ur) < < (1+C—f-v—;>szur,ur>« (3.12)

Q |r Q,

Figure 2: () is divided into two nonsymmetric subdomains ()1,(), and their interface I'.
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Combining (3.11), (3.12), we have

G v
~1 =21
AS; 1S 11+ = V:J
and the optimal choice of 0 is 6y = ﬁ Then the convergence rate is bounded by
o
h, O

V2

Theorem 3.4. In the discontinuous coefficients case, if v < v, the convergence rate of the Robin-
Robin algorithm will be bounded by % with 1 > Corah ™1, 0< 72 < covs.

Proof. We have
Ry=I1-6P,'G,

where

Pt =(111-5)(7121+S2) 7Y,
G=(120+52)(711—52) 1 = (721 =S1) (711 +S1) *

For any g € Wr, it holds that [5]

Y2 71+’Yz 71+’yz
N O,F 52 4 I = 01—' 2 52; .
HgH2 2 1815, < (Pig.8) < HgH ” 1813 (3.13)
1 1
’h+’Yz T+72, 2, 2(r1+72)
Gg,) < + = , (3.14)
(2”)72\ gl5, + ,h \g!sz (Gg,g) < e gls, 7 1813,

where § is an arbitrary positive constant independent of #, and ||§1 =(S;-,"), i=1,2.
Additionally, we have

13, < Cuih ™ [igll3 - (3.15)
By (3.13), (3.14) and (3.15), we have the upper bound estimate, i.e.

’71+’72’ 2 4 2(71+’Yz)
1
1 i

C'(v1+72)

s<1+c”—1><P4g,g>
V2

(Gg,g) < 813,

<

with a suitable v, > Cvoh 1.
By trace theorem and Poincaré inequality, we have

C
I816,r < CHiglio <18l (3.16)
1
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Then it follows (3.13), (3.14), (3.16) that

72 Tt ’Yz
(P1g,g >§ IIgllor ——18l5,
1
COC 2 .M +’Yz
< ?’ 5, + 1813,
<(Gg.8)
with a suitable vy, <cous.
Therefore,
_ "
< I < =). .
1<A(P; G)_<1+CV2) (3.17)
Here 0 is selected to be J , and the convergence rate is bounded by -*. O
C V2

Remark 3.2. In the two theorems above, we assume 1; < v, and get convergence rates
bounded by ;1. If 1, <1, we could start the iterations of D-N algorithm and R-R algo-
rithm by Computmg the problem with Dirichlet boundary condition and Robin boundary
condition in (). Then the convergence rates will be bounded by VZ . While, for the case
v1 =1, the convergence rates of D-N algorithm and R-R algorlthms are bounded by a
constant which is independent of /1 and less than 1 strictly.

Unlike the first two algorithms, in the case of two subdomains, the N-N algorithm
and D-D algorithm could not take advantage of the discontinuous coefficients and their
common feature is that the convergence rate may be independent of the jump of coeffi-
cients with suitable weights.

Theorem 3.5. The convergence rate of the N-N algorithm and D-D algorithm may be indepen-
dent of v1,v5 by choosing suitable (5*,55.

Proof. We have
Ry=1-0P,'S=1—0(D1S;'D1+D2S,'Dy)(S1+S,).

By (3.10), for any ur € Wr, it holds that

_ Sur,ur>
APLS :<7, 3.18
( 2 ) <P2ur,1/lr> ( )
and
c1 Vo _ (Sour,ur) 1 2
G V2 o) t1 2 3.19
Co v1 = (Swur,ur) — 2 © (.19)
c2 vi _ (Siur,ur) 2 1"
2 1< <z2 2 3.20
C1 vo = (Squr,ur) — 1 » (3.20)
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Combining (3.18), (3.19), (3.20), we have

1 2 2 -1
! 9)7(1 <A(P.
G2 (1 &) FEP (g ) <AB:S)
C1 1%) Cz 1
< . .
<@g 7)1 ). B2
We denote the left and right sides of inequality (3.21) by Amin and Amax, then by choosing
0=0y= p e v + T we have

Amax —Amin Amax — Amin k—1 x—1
AMRy) (- , (ol ey
( 2) ( )\max"’)\min /\max+/\min) < k+1 K+1>

We now analyze how x =x(6]) changes with 67, where

A
K(0]) =300 =

The derivation of x(67) is

(2(G-2)-2@-8)da-o)

(@rPara-Bra-oarg )

K (67)=

then we know the minimum value of x(47) is attained at 67 =0 or 67 =1 according to the
symbol of the coefficient. However, in both the two cases, the N-N algorithm deterio-
rates to D-N algorithm. Although, we can choose a 61 near 1 or 0 and it seems that the
convergence rate benefits from the discontinuous coefficients, we take it as an asymptotic
convergence behaviour and we prefer D-N algorithm. In fact, we may choose

VA S S Vi N
VRSV AR TS

so that
max{ =1 } +1

C2’C1

<
min{&, & }+1’

which is independent of v; and v».
The proof of D-D algorithm is similar to that of N-N algorithm by setting

(S+: \/E 5+: \/ﬁ
Vntymt P Jut

This completes the proof. O
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Remark 3.3. From the analysis above, we find that the jump of discontinuous coefficients
could accelerate the iteration when using the D-N algorithm and the R-R algorithm in
the case of two subdomains as the ratio of the smaller coefficient to the larger one (v1 /1>
when 11 <1,) dominate their convergence rates. By contrast, the N-N algorithm and the
D-D algorithm could not benefit from the ratio because the norms of (21,02, need to be
controlled by each other.

4 The case of many subdomains

In this section, we further consider how the discontinuous coefficients influence the con-
vergence behaviours of these domain decomposition methods and wether the previous
properties still hold in the case of many subdomains with red-black partition.

Figure 3: The red-black partition of () into 4 x4 subdomains. The grey blocks denote the black domains and
the white blocks denote the red domains. The black dots are cross points.

4.1 Preconditioned systems

The algorithms in the case of many subdomains in this paper rely on a red-black partition,
so we first introduce the geometric settings. Partition the domain () into two classes of
nonoverlapping subdomains ()g,()g. The red domain is denoted by Qg =J();, i€ Ag and
the black domain is denoted by Qg =JQ);, j € Ap, where Ag,Ap are the sets of subscripts
of subdomains which belong to class (g, (), respectively. The size of subdomains is H.
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The intersection of subdomains in the same class is either empty or vertex. The interface
is I':=0QrMNdp. The vertexes of subdomains, which do not belong to 0(), are called the
cross points. 7Ty, is the triangulation same as the case of two subdomains. We assume that
the subdomains boundaries do not cut through any element in 7.

Based on the geometric settings, some function spaces are defined. Let W € H}(Q)
be the P1 conforming finite element space. Then let Wi,k € AR NAp,Wg, Wz be the spaces
which include the functions of W restricted to O, Qr, Q. WO,Wg,Wg are the subspaces of
Wi, Wg, Wp that functions of WO,WIg,WBQ have vanishing traces on 9(),0(Q)g,0Q)p, respec-
tively. The space on the interface I' is defined to be Vi =W|r. We also denote Vi:=W/|5q,.
Besides, V contains functions in Vr who vanish at each node on cross points.

We then introduce some bilinear forms and operators in the case of many subdo-
mains. Define the bilinear form on the subdomain (), k€ AR UAg by

Elk<uk,7)k):/0 vy Vu-Vor  Yug,o, € Wg.

k

Define local discrete harmonic extension operator Hy : Vi — Wj as follows:

ak(Hkur,vk) =0, VUkGWO,
Hkur =ur, on F,

where ur € V.. Here we also note that the constant coefficient v, does not affect the result
Hyur. The local Schur complement operator S: Vi — Vi is defined as follows:

(Skur,vk) =ar(Hiug, Tevk) Vo€ Vg,

where Ty is an arbitrary extension operators. We may see that Sy is a symmetric and
positive semi-definite operator, therefore it may induce a semi-norm of Vj, i.e. H%k =
(Sk-,-) (f 9Oy NOQY # ¢, Sk will be positive definite and it induces a norm).

Based on the local bilinear forms and operators, we could define global operators.
Define the bilinear form on Qg by

(ZR(MR,Z)R): Z Vugr-Vor VYug,og € Wg.
ke AR O

Define discrete harmonic extension operator Hg : Vr — Wg as follows:

ﬂR(HRur,UR):O, VUREWI(%,
HRur:ur, onT.

Then the Schur complement operator Sg : Vr — Vr could be defined, i.e.

(Srur,vr) =ar (Hgur,Tror) VoreVvr,
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where Tr: Vr — Wr is an arbitrary extension operator. From the geometric settings, we
may see that () consists of (), k€ Agr and they are connected by cross points. Therefore,
Sg is a symmetric and positive definite operator and it induces a norm of Vr, i.e. |- ]2R =
(Sg+,-). Similarly, we may define ag(-,-),Hp and Sg. The Schur complement operator of
the whole subdomains is defined as the sum of Si and Sg, that is, S=Sg+Sp.

At last, we give the definitions of Schur complement operators of V,. Define S: V —
V as follows:

(Sup,up)=min  (Su,u),
ueVr,ulr,=ua

where I'y denotes the degrees of freedom on I' except cross points. From the minimiza-
tion property and the fact that S is symmetric and positive definite, we know that S is
also a symmetric and positive definite operator and it induces a norm of V. Similarly,
Sz,Sp could be defined and they hold the same properties as S.

Now we are in a position to introduce algorithms in the case of many subdomains.
We use the following Schur complement system in this paper:

§Mr :fA-

The D-N algorlthm and N-N algorlthm could prov1de preconditioners for this system,
which are P DN = SBl and P vy = DrSR DR+DBS 1Dg, respectively. Here, Dg,Dp are
scaling operators.
The system of flux is
FA=d,

where F=S;'+5;1, d=5;" fg— S fr. For the flux system, the D-D algorithm provide a
preconditioner P[;[l) =DgrSrDr+DgSgDsg.
Similar to the case of two subdomains, the system of Robin boundary data gr is

Ggr=((78I+S5) (YRI—Sp) " (v5I—Sr) (YR I+Sk) ")gr = f*
and the R-R preconditioner is Prr=(vrI—Sg)(v5I+Sp)~"
The right hand sides fa,d, f* will be illustrated in detail in the last subsection.
4.2 Condition number estimate

In this subsection, we analyze the condition numbers of these preconditioned systems.
For simplicity, we consider the red-black checkerboard case, i.e.

V(X)_ VR, Vx€eQg,
N vg, Vx€Qgp,

then the scaling operators Dg and Dp will be 641 and 831, respectively. We also assume
that vg <vjg.
As to D-N algorithms and R-R algorithm, we have following conclusions.
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Theorem 4.1. For the D-N algorithm, we have

Hy2\ ~
(Spup,un) < (Sup,up) < <1+C <1+log%) > (Spup,up)  Vup € Va.
Therefore, the condition number of D-N algorithm is bounded as follows:
~ H\2
aS) < R — .
K(Ppy8) <14+C, (1+10g : )
Proof. Suppose

(Supup)=min  (Su,u)=(Sur,ur) = (Sgur,ur)+ (Spur,ur),
MEVF,Mh"A:MA

then the lower bound may be obtained by the definition of Sg, i.e.

(§BuA,uA>: min  (Sgu,u) <(Sgur,ur) < <SuA,uA>
llEVr,ller:uA

On the other hand, suppose

<§BMA/UA>: min <SBM,u>:<SBﬁr,ﬁr>,
MEVF,Mh"A:MA

then
(Sup,up) < (Siiy, fir) = (Sgiir, iir) + (Spiir, ir).

229

(4.1)

(4.2)

(4.3)

Therefore, to prove the upper bound, we need to control (Sgiir,iir) by (Sgiir,ir). Let

ITy: Vi — Vr be the linear interpolation operator on the coarse grid, where ITyv(x)

for any cross point x. Then by Lemma 3.1 and Lemma 3.3 in [?], we have

(Switr,iir) =Y vi| Hiir|f g,

1€EAR
< Y vi(|Hi(ar —Tgar) [ o, + | Hdlgir i o)
1€EAR
<Cwg ) Y, (H(flr )HHl/z )+|ﬁr(xz‘jo)—ﬁr(xij1)|2>
iEARJEN;

<Cwr ), ) (H iy — HH“F)HHl/z )Hﬁr(xjio)—ﬁr(xjﬂ)!z)

]EABIEA

2
<Crg Z U]fl (1—|—10g%) <S]‘111“,111">
jens

HN\2, =
SCV <1+1 gl’l) <SBur,1/lr>.

=o(x)

(4.4)
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Combining (4.3) and (4.4), we get the upper bound. The estimate of condition number is

as follows:
/\maX(PDi,S)

H\2
1—|—C 1+log— ) .
)\min(PB}\]S) ( h)

K(PpAS) =

This completes the proof.

O

Theorem 4.2. For the R-R algorithm, we assume yg > Cvgh~land 0< vg <cvgH, then it holds

that
¢(Prrg,8) < (Gg,g) =C ( o <1+10g ) ><PRRg,g>-
Thus,
(PM%G)<C<1+ (1+log h) )

Proof. For the preconditioned system, we have the following estimates,

B4 TRTY i +’)’
I8 g -+ L0 g2, < (Prng,g) < L2 g+ 21T o
YR R YR R
and
TR+7B ’YR+’YB ’YR+’YB (’YR+’YB)
gl 8k, < (Gg.8) < 52 g 8k
(2+5)’Y 8lsy T ’YR &lsg &8 ’YR 85 T ’YR &lsg

where 6 >0 is an constant independent of /1, H. For the details, we refer to [5].
By (4.6) and (4.7), we may get the upper bound estimate, i.e.

'YR+'YB 'YR+'YB
(Gg.8) < g3, + 2088 op
R R
YR+YB VR
=T <2+CV (1+log -~ )>|g!sB

H
<C <1+ 'R (1 +log—)2> (PRRS,8)-
VB h
The L? norm of ¢ on the interface may be estimated by trace theorem, i.e.

18116,50, <CH|MiglT o,+CH | Higll§ 0, 1€AR,

Summing over all the subdomains, we get

Igll§r <CH(|HrgH 0, +1H881 0,) +CH (I Hrgll5 0, +1H5815,0,)
<CH '(|Hrgli QRHHBg’l 0p)s

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)

(4.10)
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by using Poincaré inequality and the fact that H < H~!. Then by the choice of g,y and
assumption vg < vg, the lower bound could be obtained as follows,

Y8y 2, 2(0R+7B) | 2
PRR/ S_ 4+ ——
(Prrg,8) ,YRHgHO,A 7 1815,
VR 2(yr+rB
<CR (gl o + Mgy + 278 o
YR TR

1 VR 2(yr+78) 5
<C—lg% +(C +
’YR’g‘SR ( VBYR ’ﬁa )’g‘sg

(2+9)r VR TR }
<max{ C———24+—.——— 3(Gg,
{ YR+YB vp YrR+7YB (Cg:8)

<C(Gg.8)- (4.11)
The condition number is then bounded by using (4.8) and (4.11). O

Remark 4.1. We may find that D-N algorithm and R-R algorithm could still benefit from
the jumps of the discontinuous coefficients. If vg < v, the condition numbers will be
bounded by a nearly constant, that is,

k(PpiS) <1+ 0(e),

and
K(PraG) <C(1+0(e)),

where e =&,
VB

Remark 4.2. For the case that coefficients are piecewise constants in red and black do-
mains, the condition number bounds will become

~ H\2
K(PE}\,S) <1+4Cé¢ (1—|—logﬁ) ,

K(PEI%G) < C<1 +é<1 +logE>2>,

h
where
SOE Y
B R
Theorem 4.3. For the N-N algorithms, we have
K(plg}vs‘T)gc(Hlog%)z (4.12)

by choosing suitable Dg and Dp.
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Proof. According to the definitions, we have

<§uA,uA> = min  (Su,u)={(Sur,ur)=(Sgur,ur)+ (Sgur,ur)
llEVr,ller:uA

> (Sgup,up) -+ (Spuin,up).

Then we estimate the lower bound of eigenvalues of Py, (Sr+Sp) instead of Pﬁll\lg . Since
Sr,Sp are both positive definite operators, it holds that

(Puna(Sk+SB)ua,ua)
= ((3R)2+(65)2) {utmsun) + (85)2(SR St ttn) + (65)2(S5  Sriun )
> ((6R)2+(85)?) (s ua),

therefore,
(68 (8)2) (1a,un) < (PykSua,ua). (4.13)

As 5k +6% =1, it holds that (6%)2+ (%)% > 3. The lower bound is obtained.
We then estimate the upper bound. By using (4.4), we have

(Sup,up) < <1+C (1+10g%)2><§BuA,uA>, (4.14)
(SuA,uA> <1+C (1+10g%)2><§RuA,uA>. 4.15)

Combining (4.14), (4.15), we get
aF v v H\2
APRAS) < (6124 (02 +C((0R) 2+ (028 ) (1+log 7 ) - (416)
R VB

Similar to the case of two subdomains, if we set (5}{ =1 or 0, the method becomes D-N
algorithm actually. This is not a good choice. One of the optimal choices could be

sh—— VYR st VVB
R VR+VE P iR+

then the upper bound, independent of vg,vp is obtained as follows,

~ H\2 H\2
A(Pl,8) < YRYVE ) <1—|—logﬁ> §C<1—|—log%> . (4.17)

(VVR++/VB)?
Combining (4.13) and (4.17), we get the conclusion (4.12). O
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The conclusion and the proof of D-D algorithm is similar to that of N-N algorithms.

We have analyzed four kinds of domain decompositions in the case of many subdo-
mains with red-black partition. Similar to the case of two subdomains, we find that they
have two kinds of different behaviours. Why there is such a difference? Intuitively, the
D-N algorithm and R-R algorithm use information of half the subdomains to precondi-
tion the whole system while energy norms of Qg and () are controlled by each other in
the N-N algorithm and D-D algorithm. Therefore, in these special cases, D-N algorithm
and R-R algorithm may perform very well as they fully take advantage of the ratio R but
N-N algorithm and D-D algorithm do not have such a good property. In fact, N- N algo—
rithm and D-D algorithm are more applicable in general cases by choosing appropriate
weights and their condition number bounds may be independent of the discontinuous
coefficients. For the details, we refer to [4,6] and references therein.

4.3 Implementation of the algorithms

In the subsection, we will describe the implementation of the preconditioned systems
and right hand sides.

We first illustrate the implementation of S,Sk and Sp. Reorder the vectors of un-
knowns into the following form:

T__ T T__ T T_(,T T T
MR—<u§2 u£ u(T:), uB—(u? u£ ug), u —(uI Up uc),

then we have
A A Arc up f1
Apt Aan Aac | (ua | =\ fa]-
Acr Aca Acc) \uc fc

The systems of ug,up are similar. The Schur complement system on I', is as follows:
Sup= fas
where

1
c A Arc Ara
S=Aaa—(Aar Anc) (Acz Ace Acy)’

-1
7 Aqr AIC> ( f 1>
=fr—(A A .
fa=fa—(Aar Aac) <ACI Ace 2
Similarly, we may get Sg,Sp. In the following, we should know how S and §1§1,§§1 act
on a given vector u,. To determine Su,, we first solve the following coarse problem

and

Sccuc=fc,

where
Scc=Acc—AciA; Are,
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and )
fo=Acaun—AciAj A,
Then we need to solve subdomain Dirichlet problems with boundary data given by ux

and uc, and finally obtain Sua. Sgrua,Spua could be obtained in the same way. To com-
pute S Lu,, we need to solve the following problem,

Al AR AR\ (Wi
AEI AEA Aﬁc wa | =1 ua |- (4.18)
Agl AEA Aléc wc 0

By eliminating the unknowns of type I and A, we get the coarse problem

5§ ccwc= fc/
where .
~ AR AR\ T /AR
SR :AR . AR AR ( 11 IA) ( IC>,
CcC cC ( CI CA) Aﬁl AﬁA Aﬁc
and

- AR ARNT /g
fR —_ (AR AR < I IA> < ) .
C ( CI CA) AEI AEA UA

After solving wc, we may substitute it into (4. 18) and solve local problems, then w, is the
desired vector S L1a. The implementation of S; 5! is similar.

Then we 111ustrate the implementation of Sg and Sg. We take Sk as an example. Re-
order the vectors up into the following form:

T
uf=(uf"ul ).

AR A%) (u?>_<ff>
<A§1 a8 ) e ) =R ) (®.15)

By eliminating the interior component, we have

Then we have

Srur= fr,
where
Sp= AIEF - AIEIAI AIF/
and
fr=fE-ARAR AR
Sp, fp are obtained in the same way.

The implementation of Sg and Sp acting on a given vector is realized by Gaus-
sian block elimination. And the implementation of Slgl,Sgl,(’yRM%—SR)*l,(’yBM%—
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Sg) 1, (yrM—Sg) ! acting on a vector may follow the same way of Sz* with the right
hand side in the following form,

T
g =0 g 8
as they act on vectors of Vr.

Now the only thing left is the right hand side of R-R system. In fact, the R-R algorithm
should be treated carefully and the system after simplification is

M{((7rM—S5)~" = (7eM-+58) ™) ) Mgk =M(7xM—S5) " fis + M(7RM+5) " fr,

and PEI% =(vr+78)(ysM+Sp) "1 =M™, where M is the mass matrix of Vr.
So far, the implementation of the algorithms is completed.

5 Numerical experiments

In this section, we perform some numerical experiments to verify our conclusions. We
consider the following diffusion problem with zero Dirichlet boundary condition,

—V-(v(x)Vu)=f inQ, (5.1)

where Q= (0,1)2 and f=—2(x?>+y*>—x—y).

We first test the case of two subdomains with (4,0}, symmetric with respect to I' =
{31x(0,1),ie. 01=(0,3) x(0,1), 2 =(3,1) x (0,1). The iteration stops when the relative
error is less than tol =10~8. The weights of N-N algorithm and D-D algorithms are set to
be optimal and the Robin parameters of R-R algorithm are y; =v,/h and 7, =v1.

Table 1 and Table 2 show the numbers of iterations of different algorithms with sev-
eral groups of parameters. 6,,; denotes the optimal 6 mentioned above. We may find that

Table 1: Numbers of iterations of D-N algorithm and N-N algorithm with different parameters.

, y , D-N N-N
o Oopt 1/2 1 Oy 1/3 2/3
1072 102 1/16 1 27 3 1 18 16
10~% 10* 1/16 1 27 1 1 17 17
106 10 1/16 1 27 1 1 17 17
1072 102 1/32 1 27 3 1 18 16
107% 10* 1/32 1 27 1 1 17 17
10=¢ 10 1/32 1 27 1 1 17 17
1072 102 1/64 1 27 3 1 18 16
104 10* 1/64 1 27 2 1 17 17
106 10 1/64 1 27 1 1 17 17
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Table 2: The numbers of iterations of D-D algorithm and R-R algorithm with different parameters.

o ) D-D R-R

Oopt  1/3 2/3 Oopr 1/2 1
1072 10% 1/16 1 18 16 2 27 2
1074 10* 1/16 1 17 17 1 27 1
1076 10° 1/16 1 17 17 1 27 1
1072 102 1/32 1 18 16 2 27 2
1074 10* 1/32 1 17 17 1 27 1
1076 10° 1/32 1 17 17 1 27 1
1072 10> 1/64 1 18 16 2 27 2
1074 10* 1/64 1 17 17 1 27 1
1076 10° 1/64 1 17 17 1 27 1

Table 3: The numbers of iterations with different discontinuous coefficients.

" D-N N-N D-D R-R

r,b, I, r; I, I; I, I; I
1071 10! 4 4 11 14 11 14 5 5
1072 102 2 2 11 14 11 14 2 2
0% 10° 2 2 11 14 11 14 2 2
074 104 1 1 11 14 11 14 1 1
0% 10° 1 1 11 14 11 14 1 1
0 10 1 1 11 14 11 14 1 1

if we choose the optimal 6, D-N algorithm, N-N algorithm and D-D algorithm converge
in one step which corresponds to the zero convergence rate in Theorem 3.1. For D-N
algorithm and R-R algorithm, if 0 is set to be 1, the convergence rate will thoroughly rely
on the ratio 1 /1, and the data in Table 1 and Table 2 confirm the conclusion because the
iteration counts decrease with the jump in the coefficient increases. For N-N algorithm
and D-D algorithm, we find that the iterations are not affected by the discontinuous coef-
ficients v1,1v, which supports the theoretical results. Besides, we note that all of them are
independent of mesh size h.

In the second experiment, we test the case of two subdomains with )1,(), nonsym-
metric. The first interface I'; is set to be {1} x (0,1) and the second case is [, ={3} x (0,1).
The mesh size h is fixed to be 1/64. The relaxation parameter is always the optimal one
of symmetric case. The other settings are the same as the previous experiment.

In Table 3, the convergence of the different methods is shown for different coeffi-
cient ratios in nonsymmetric case. The D-N algorithm and R-R algorithm with optimal
8 converge very quickly. This is because their convergence rates are dominated by the
coefficient ratio and the smaller the ratio is, the faster the iteration converges. For the
N-N algorithm and D-D algorithm with optimal weights, the convergence rates are in-
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Table 4: The numbers of iteration for 8 X8 subdomains with vg =vg=1.

D-N N-N DD RR
15 8 7 15
17 10 8 17
19 11 9 19
21 13 10 21

64 23 14 11 23

8 5 o nfiz

Table 5: The numbers of iteration for case of many subdomains with vg =vg=1 and fixed % =8.

NxN D-N N-N D-D R-R
4x4 9 5 4 10

8x8 17 10 8 17
16x16 20 10 8 20
24x24 20 10 8 20
32x32 20 10 7 20

Table 6: The numbers of iteration for 8 X8 subdomains with different discontinuous coefficients.

vg vg DN N-N D-D R-R
108 107! 4 17 14 4
102 1072 2 17 14 2
102 1073 2 17 14 2
104 107* 1 17 14 1
10° 107> 1 17 14 1
106 107 1 17 14 1

dependent of the discontinuous coefficients. In addition, by comparing the numbers of
iteration with I';,I'2, we may see that the influence of using different interfaces is little.

At last, we test the case of many subdomains with coefficients red-black checkerboard
distribution. We use the PCG method and the terminal precision is chosen as 10~°. The
weights of N-N algorithm and D-D algorithm are optimal and the Robin parameters
YR, VB are set to be 16vp /h and vr H/2, respectively.

Table 4 shows the corresponding iteration numbers of the four algorithms when the
mesh is refined. The slight increases of the iteration numbers explain that the condition
number is growing slowly as % increases. Then we fix the degrees of freedom in each
subdomain, that is, % is a constant, we get the results in Table 5. We may see that the
iteration number of each algorithm is stable which reflects that the iteration numbers
rely only on %

The results in Table 6 corresponds to the numerical experiment with fixed numbers
of subdomains, fixed ¥ =8 and increasing jumps of the coefficients. We may see that the



238 X.Na and X. Xu / Commun. Comput. Phys., 35 (2024), pp. 212-238

iteration numbers of D-N algorithms and R-R algorithm decrease rapidly as the jumps
increase which confirms our theory and the iteration numbers of N-N algorithms and
D-D algorithm are stable.
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