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1 Introduction

Let (M, g) be a compact Riemannian manifold of dimension n >3 . For a fixed point p in
M, we define a function p, on M as follows

[ disty(p,x), x€B(p,dy),
Pp(X)—{(S, xe M\ B(p,d,), .

where J, denotes the injectivity radius of M.
Let h and f be two regular functions on M. Consider on M\ {p} the following Hardy-
Sobolev equation:

h(x) 2" -2
u— u=f(x)ul* *u, (Efn)
where Agu = —div(V,u) is the Laplace-Beltrami operator and 2* = -2 is the Sobolev

critical exponent.
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As one may notice, when dropping the singular term % from equation (Ey ) and
P

putting h= ﬁScalg, where Scal, is the scalar curvature of (M,g), one falls in the cele-

brated prescribed scalar curvature equation whose origin comes from the study of confor-
mal deformation of the metric to prescribed scalar curvature. A smooth positive solution
u of the prescribed scalar curvature equation provides a conformal metric ¢’ = = g with
scalar curvature the function f; when f is constant we fall n the famous Yamabe equa-
tion. The prescribed scalar curvature equation is largely studied and lot of results have
been obtained. For those interested, good comprehensive references may be the books [1]
and [2]. Equation (Ef,) can be, then, seen as a singular prescribed scalar curvature equa-
tion.

The case where the function p,, in equation (Ey ), is of power 0 <y <2 and f=1, has
been studied in [3] and is related to the study of conformal deformation to constant scalar
curvature of metrics which are smooth only in some geodesic ball B(p,d) (see [3,4]). Note
that the author in [3,4] considers also equation (E f,h), with f =1, and shows existence of
a solution on compact manifolds.

In this paper, we are interested in proving the existence of multiple solutions of equa-
tion (Efy). The tool used is a classical theorem from critical point theory (see Theo-
rem 4.2 below). Note that the main difficulty in applying this theorem lies in satisfy-
ing the compactness assumption under which the critical points exist. This difficulty is
due mainly to the presence of Sobolev exponent and Hardy potential. More explicitly,
presence of Sobolev exponent and Hardy potential renders non-compact the inclusions
H}(M) C Ly M and H; (M) C L(M,p,?) (see Section 2 for definition of the notation). This
leads us to analyze compactness of Palais-Smale sequences which can be done by means
of of a Struwe type decomposition formulas of Palais-Smale sequences.

2 Notation, useful results and statement of the main result

In this section, we introduce some notation and results that are useful in our study.
We denote by D2(IR"),(n>3), the Euclidean Sobolev space which is the closure space
of C,(IR"), the space of functions u with compact support in R”, with respect to the norm

Huupl,zmz,// Vu|2dx.
]I{n

Let K(1,2) denote the best constant in the sharp Euclidean Sobolev inequality

(/n|u]2*dx>2]*§l<(n,2) </ ”|w\2)%.

The explicit value of K(7,2) has been obtained in [5] and [6] (see also [2, Theorem 5.3.1])

4
2/n’
n

K(n,2)= W
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where w,, is the volume of the unit sphere S" C R"*L. It is well known that the extremal
functions for the above Euclidean sobolev inequality are the family of functions

n—2

wrx)=un-2) (o) T e @)

which classify all positive solutions of the Euclidean equation (see [7])
Au=u>"1. (2.2)

Let (M,g) be a compact Riemannian manifold. Denote by B(g,7) the geodesic ball of
center g € M and radius r and by B(r) C R" the Euclidean ball of center 0 and radius r.

Let g € M. Denote by exp, the exponential map at g which, for 0 <r <Jg, where J;
stands for the injectivity radius of (M,g), defines a diffeomorphism from B(r) to B(q,r).

Let H2(M) be the Sobolev space defined as the completion of C*(M) with respect to
the norm

2 2 2
HuHH%(M):/M(|Vgu| +12)do,.

The manifold M is compact, the Sobolev space H?(M) is then compactly embedded in
Ly (M) for g <2*=-2% and continuously for g =2".

It is known that for any u € H?(M), there exists a constant B > 0 such that(see [8,
Theorem 4.6])

é%
</M]u\2*) §K2(n,2)/M]Vgu\zdvg+B/Mu2dvg. (2.3)
Let p, be the function defined by (1.1) and denote by LZ(M,ijZ) the weighted space

of functions u such that —;‘; is integrable. It is a Banach space endowed with norm
P
) 2
ull5,2= | —5-dog.
2,0, M P% 8

In [3], the author proved the following Hardy inequality: let (M,g) be a compact
Riemannian manifold, for every & > 0 there exists a positive constant A(e) such that for
any u € H3(M),

2
u 5 ) 5
/Mp%dvg <(K (n,—2)+s)/M\Vgu] dvg+A(e)/Mu dog, (2.4)
with K(n,—2) being the best constant in the Euclidean Hardy inequality

2
/deng(n,—z)Z/ Vuldx,  ueCP(RY).
Rn ‘}ﬂ R"
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The constant K(11,—2) is equal to 25 and is not attained.
If u is supported in some ball B(p,d), 0 <J < J,, then there exists a positive constant
K(s (71, —2)

uZ
" 40 gK(;(n,—Z/ Y ul?do,, 2.5)
/Bma)p% § >B<p,é>‘ guldog

with Kj(n,—2) goes to K(n,—2) as J goes to 0.
On the Euclidean space IR”, the author in [9] considered the equation

A

Au—Wu:Mﬁu, A>0, (2.6)
and proved that for 0 < A < (nf)z = & nl,fz)/ Eq. (2.6) has a one parameter family of
radially symmetric positive solutions

UA,w(x):wanUA <%>, w>0, xeR", (2.7)

where

11)\—1 %_1
UA(x):(n(n—Z))nf<a/\|x|> ,  x€R",

1+’x|2a/\

where a, = \/1—AK2(n,—2). Note that for A =0, we meet the functions we defined by
(2.1). Furthermore, if we denote by S, the infimum

. R x
Sy= inf 5 ,
ueD12,u#0 o *
|u|~ dx
R

then the functions defined by (2.7) are extremal for this infimum. That is

2 wié
Vw —A—2= |dx
/]R" (‘ /\,é" \x2>

A (2.8)

. 2
([ orea)

Sy=

Moreover, it follows from [9] that
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Let i and f be smooth functions on M such that f is positive everywhere on M and
1—h(p)K(n,—2)%>0. Denote by D* the constant

o Snp)? _ (1=h(
(

(2.10)

n—2 n-2

n(f(p)) = n(f(p)) * K*(n2)

A weak solution of (Ef) is a function u € H?(M) such that

/(g(vgu,vgv)—hzuv>dvg—/ f()|[ul* 2uvdog=0, VoveH}(M).
M 07 M

Weak solutions of (Ef) are in C®(M\{p}). In fact, let u € H} (M) be any weak solution
of (Ef ). for >0 small, put Ne = M\ B(p,¢) and consider the problem

—MU: ) [o)* %o X
Agv (pp(x))z f(x)]o] , €N,

i 2.11)
v’aB(p,e) —u’aB(p,e)/
v € HZ(Np).

Since u is weak solution of the above problem, then by [2, Lemma 6.2.9], u € C®°(N).
Since ¢ are arbitrary, we get that u € C*(M\ {p}).
Let ], denote the energy functional defined on H?(M) by

1 h 1 .
Jrn(u) :E/M (]Vgu\z—p%u2> dvg—z—*/Mf(x)]u\z do. (2.12)

The functional J, is a C? functional on HZ(M). Its Fréchet derivative is given by

(D]f,h)(u)'UZ/M (g(Vgu,ng)—:zuv> dvg—/Mf(x)|u]2**2uvdvg.

p

A critical point of the functional [, is a function u € Hf (M) such that (DJs)(u)-v=
0,Yv € HZ(M). Weak solutions of equation (E 1) then coincide with critical points of the

functional J ;. Now, put
h
Voul>——u?|d
/M<| gU| pzu ) Vg

= 2inf 4 5
ucH; (M),u#0 o 2¥
d
(f, foluP o)

Denote by &, the functional

h
En(u) :/M (\Vgu|2—p2u2> do. (2.13)

p
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The functional &, (u) is said to be coercive if there exists a positive constant A > 0 such
that &, (u) > /\H”H%{Z (M)° If &, (u) is coercive, by Sobolev inequality (2.3) and positivity of
1
the function f, we get u > 0.
In [3], the authors showed, by the classical variational method, the existence of weak
solution of (Ef ), with f =1, under the condition

_ 2(y —
pet h(g{;g)’ 2 (1 h(p)K2(n,2)

1
n

:\m

(nD*) .

In Proposition 4.1 below, we extend this existence result to equation (Ef;) and we prove
the existence of a weak solution under the condition

LR 2T

(F(p)™ K2(n,2)

Now, for further use, we recall the notion of Lusternik-Schnirelmann category. For
more details, the reader may consult, for example, the book [10].

Let X and Y be two topological spaces. The Lusternik-Schnirelmann category Caty (X)
of a X with respect to Y with X CY is the least integer k <oo such that there exists an open
covering of U; of X with each U; is contractible in Y. If X =Y, we put Catx(X) = Cat(X).

In this paper, we prove the following main result

Theorem 2.1. Let (M,g) be a compact Riemannian manifold of dimension n. Let f and h be two
smooth functions on M such that f is positive everywhere on M and the function h is such that
the operator &y, defined by (2.13), is coercive. Suppose that the following conditions are satisfied

(@) h(p)>0,1=h(p) 5= 2)2>0
(b) n=dim(M)>2+32,a=, /1-h(p) 57,

(c) Scalg(p) >0, (Agh)(p)—3h(p)Scaly(p) >0,
(d) sup,cpf (x)=f(p), (Bgf)(p)—3f(p)Scalg(p)>

Then, equation (Ey,) admits at least Cat(M) weak solutions u with 0< J¢,(u) <D* and at least
one weak solution u with J ¢ (u) > D*.

3 Compactness of Palais-Smale sequences

Consider again the energy function [ (defined in (2.12))

]fh 2/ (’Vgu‘z )dvg 2*/f dZ)g, MGH%(M).
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A Palais-Smale sequence u,, (P-S in short) of J;;, at a level d is a sequence that satisfies
]f/h(um) —d and D]f,h(um)go —>O,V§0 € H%(M)

The functional J, is said to satisfy P-S condition at level 4 if each P-S sequence at
level d is relatively compact. Let us introduce on D¥?(R") the functionals

_1 2 1 2
_E/]Rn]Vu| dx 2—*/]Rn|u] dx, and

o) =3 ([ [Vupax—ip) [ Lax) L2

Let0<r< % be a constant and denote by 7, a cut-off function on IR” such that

“dx. (3.1)

0<#,<1,7,=1 on B(r) and #5=0 on R"\B(2r). (3.2)

We state a theorem which is similar to Theorem 3.1 in [11]. This theorem describes the
asymptotic behaviour of P-S sequences of the functional Jy .

Theorem 3.1. Let (M,g) be a compact Riemannian manifold with dim(M)=n>3. Consider on
M the distance function p, defined by (1.1) and let h be a continuous function on M that at the
point p € M, it satisfies 0 <h(p) < ﬁ

Let u,, be a P-S sequence of the functional J ¢ at level d. Then, there exist k € IN, sequences

J

Ri, >0,Ri, T 0, £ €N sequences T, > 0,7, o 0, converging sequences Xy, — xo #pinM,a

solution u € H2( ) of (E ), solutions v; € D1 2(]R”) of

Au—}|l(|2)u f(p)|u* 2u, xeR”, (3.3)

and nontrivial solutions v; € DY?(R") of (2.2) such that up to a subsequence

k
 =u+)_ (R},) 2 5 (exp, " (x))oi( (R},) "exp, (%)

i=1

2—

¢ i\ 2-n i
L e )Py e )W G

with Wy, —0 in Hy (M), and

k ‘ L
Tpa(ttm) =T )+ 3 Joo (00) + Y- (F(30)) 2" T () Ho(1). (3.5)
i=1 j=1
Proof. The proof is identical to the proof of Theorem 3.1 in [11]. O

A direct consequence of the above theorem is the following corollaries.
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Corollary 3.1. Suppose that sup. ., f(x)=f(p). Let un be a P-S sequence of [f, at a level d.
Then, if 0 <d < D*, the sequence i, converges, up to a subsequence, strongly in H3(M), to a
non-trivial critical point of J¢ .

Proof. By the above theorem, there exists a critical point u of J 1, @ sequence of solutions
v; of (2.6) and sequence of non trivial solutions v; of (2.2) such that up to a subsequence,
equalities (3.4) and (3.5) hold.

Suppose that u =0. Since every solution v of (3.3) satisfies [« (v) > D* and for every

solution v of (2.6) satisfies J(v) > (supxer(x)l) ) we get by (3.5) that
]f,h(um)zrnin< 1 — ,D*) =D",
(supyepf(x)) 2 K"(n,2)
which is a contradiction. O

Corollary 3.2. Let uy, be a P-S sequence of [, at level D*. Then, up to a subsequence, either uy,
converges strongly to a nontrivial critical point u of ¢, or there exists a sequence of functions
Wy € H2 (M) such that wy, — 0 strongly in H> (M) and

Uy = Wi+ (f(P)zTTn) Pp.Rs

where ¢, r,, is the function

n2 <aqu (dg(p,x))“> it

Py, =(n(n—=2)) R0+ (dg<P/-x))2u

with a=+/1—h(p)K2(n,—2) and dy(p,x) the distance from p to x.

Proof. By (3.5), we can have

D*=Jfu(u)+Jw(v)+0(1),
with v a solution of (3.3). Then, either u#0 and v=0, or u=0 and

e (exp, (x))0((Rm) " exp, ' (x))

2—n
2

Uy =W+ (Ry)

with v a positive solution of (3.3). As the solution v can be written as v(x)=(f(p)) = B(x),
such that ¢ is positive solution of (2.6) with A=h(p), we get

st =+ (Ru) 2" (F(p)) % 1 (exp, (x))B((Rr) " exp, (x))

=wn+(f(p))* 1r(exp, " (X)) Uiy r,, (exp, " (1)),
where Uy, g, is defined by (2.7). Then,

i =W+ (F(P)) T P O
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4 Construction of solutions

In this section, we construct weak solutions of (Ey;) as critical points of the functional
J¢n- Let us cnsider the Nehari manifold N, 1 associated to the functional J¢ ,

Niw={ueH}(M)\{0}, DJs;(u)-u=0}. (4.1)
It is easy to see that this manifold defines a natural constraint set for the functional J¢, in

the sense that a P-S sequence of ], on Ny, is also a P-S of ], on Hf (M). Moreover, if h is
such that [,,(|Vgu|?—Zu2?)dv, >0 for all u € H>(M)\ {0}, then we have sup,. o (fu) =tou

P
with
anz
h
Veul?——u? |d
/M <| st p%u ) s
3
ul? dv )
(o
and t,u € Ny . Consider the projection ®: Hj (M) \ {0} — Ny, defined by
anz
/ ]Vgu|2—£2u2 dog
5 u. (4.2)
(Ll
M

2
2*
dvg)
We have the following existence result

Proposition 4.1. Let f and h two smooth functions on M such that f is positive everywhere on
M. Under the following conditions

t():

7

d(u)=

1. The functional &,(u) = [,, (|Vgu|2— %Lﬂ) doy is coercive,
2. h(p)>0, 1—h(p)K*(n,—2) >0,
3. sup,emf(x)=f(p),
4. u< (nD*)7,
there exists a non trivial critical point of [ .

Proof. Put d =inf N J#n- By applying the Ekeland variational principle, we can obtain a
P-S sequence on N, at level d which is also a P-S sequence u,, on H2(M). ltis clear that
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d>21y2>0. Let ue H?(M)\ {0}, then by homogeneity of

h
/M <|Vgu]2— p2u2> do,

Ih(”) = 4 2 ’

()

since ®(u) € Ny, where ®(u) is defined by (4.2), we get that

In(u) = In(@(u)) = (n] g, (P(u)))* = (nd) .

Thus we get that j1> (nd )% and hence d=1 12 which means that, under the last condition
of the corollary, that d < D*. Hence the sequence u, converges, up to a subsequence,
strongly in H} (M) to a non trivial critical point of J . O

In searching other critical points of the functional ], we apply the following classical
theorem (see for example [10,12]).

Theorem 4.1. Let | be C' real functional defined on a C! Banach manifold N. For c €R, put
Jo={ueN:J(u)<c}. If ] is bounded from below on N and satisfies the P-S condition, then it
has at least Cat(]°) critical points in J°.

Moreover, if N is contractible and Cat(]J¢) >1 then there exists at least one critical point u¢ J°.

The main difficulty in applying Theorem 4.1 above is that the P-S condition for the
functional [, is not satisfied for any energy level because of the presence of the critical
exponent 2* and the critical singular term. We construct a subset of the manifold Ny, on
which the P-S condition is satisfied and then apply Theorem 4.1 on this subset to obtain
critical pints of the functional J .

In the following part, we combine ideas from [13] and [14]. First, by the well-known
Nash embedding theorem, without loss of generality, we can assume that the Riemannian
manifold M is embedded in some Euclidean space RN.

Let M, be the set

M, ={xcRN:d(x,M)<r}.

Define the radius of the topological invariance s of M by
rm=sup{r>0:Cat(M,)=Cat(M)}.
Let X, be the subset of N, #,n defined by
Ye={ucNgy:st. D*—g(e) <Jru(u) <D*, forsome g(e) >0, with g(e) —0ase—0}.

By Corollary 3.3, the P-S condition is satisfied in the set . To prove the main theorem,
we construct two continuous maps Z,: M — X% and :X.— M,,, such that the composition
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BoZ, is homotopic to the identity. This leads, by the Lusternik-Schnirelmann properties
(see [10] for example) that Cat(%;) > Cat(M). Thus, by applying Theorem 4.1 on the set
L, we obtain at least Cat(M) critical points of the functional | £pin Ze.

Finally, we end the proof of the main theorem by proving the existence of another
critical point u ¢ X. This can be done by constructing a set P, that contains Z,(M) and is
contractible in NV nnJ C for C; such that 0 < Ce < D*.

First, we have to prove that the set X is not empty. This is achieved in Lemma 4.1
below.

Let0<é< %g be a constant and let ¢ be a smooth cut-off function defined on R such
that0<¢p <1, ¢=1on (—9,0) and ¢=0on R\ (—25,29).

For a given € (0,1) let us consider on M the functions

n—2

e z
) =CO0 ) (o)
where
C(n,a):(azn(n—Z))¥, and a:\/l—h(p)K(n,—Z)z with0<h(p)<K(n’1_2>2. (4.3)

By [15, Lemma 3], for each ¢ € (0,1), the function ¢.(x) belongs to the Sobolev space
H2(M). We prove the following

Lemma 4.1. Suppose that

(a) n=dim(M) >2—|—%, a=+/1—h(p)K(n,—2)%,
(b) Scalg(p) >0, (Agh)(p)—%h(p)Scaly(p) >0,
(©) f(p)=sup,enf(x), (Agf)(p)—5f(p)Scals(p)>0.

Then, there exists a function g (&) >0 with g(e) — 0 as e — 0 such that for € small

D*—g(e) <Jn(P(¢e)) <D". (4.4)
Proof. Put
an+1 * tun+1
I :/0 Ayt
and
n-2
U(x)=C(n,a) LI xeR" (4.5)
- 7 1+|x|2a 7 7 .

where a and ¢(n,a) are defined by (4.3).
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By [15, Lemma 4], for n > %+2, we have the following expansions

/M\ngbgyzdvg: /]R ”\VU\de—$SCalg(p)Cl(n,a) IR 4o (), (4.6)
with
Cy(n,a)= (ng2>zc(n,a)2wn,1 {(1—01)2”(;?;)2%“(1_“2)
+(1+”)2a(;i§>2—2} 47)
/. (ng s 2dog=h(p) | N’lj;dx+c2(n,u) o1
<21n(Agh)(p) 61nh(p)Scalg(p)>€2+o(£2), (4.8)
with

Cao(n,a)=C(n,a)*w,_, <2+ an—2 an+2 2)

a(n—2)+2 + a(n—2)—
[ FI0 dog=£(p) [ UG dx+Clmn)

( (8ef)(p)— g F(p)Sealy <p>)zz"+le2+o<82>, (4.10)

and

e|*'d 72%: U(x)[* dx b 1— Cln.a)w,
([ floPaoe) ~ = (50 [ U ax) { TRy AT
(e )= 3 ISealy(p) ) 11 o). @)
Now, put
A= Catn0) 5 B (p) ~ goh(p)Scale(p)) +615calg<p>c1<n,a>] e,

Cln,a)n-1 [( ()~ () Seal <p>] e,

oo o)

B=
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By assumptions of the Lemma, we have A >0 and B >0. Put

h(x)
/M (|vg¢8|2_ (pp(x))z(:§> dvg. (4.12)

(o)

Using the expansions (4.6), (4.8) and (4.11), we get

Cn(p) L dx
e e
RR"

E(Gbs):

E(‘PS) =

+ A |2+ ABet+o(eh). (4.13)
- 3
u*d
([ Fou o)
Now, using the fact that
uZ
fo (IPUP=Hp) i Yt oy g
/R X/ _d (h((i’if)(n(z”;'( 22); —(nD"E. (@14
N 7 " n,
([ Fo 1 o) I
Since A >0 and B> 0, by taking
2
K(e) = <]VU]2—h(p)l;l’2>dx+ A |20, @15
R 3

and by writing

(n1(D(g0))) " =22 AL

we get that for ¢ small
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Now, by (4.15), we have

2
n

((nD")

A
+ z e2+o(e?).
u*d
([ fou o)
Finally, by taking
2
g(s):g(nD*)$ B <]VU!2—h(p)|l;C[‘2>dx+ A - | &
" , g
up*d
([ Fo I o)
+0(e%), (4.16)
we get the desired conclusion. O

41 The map Z;

In this subsection, we construct a continuous map Z,: M — .. For a fixed point g€ M, we
put r;(x) =disty(g,x), x € M and let ¢, z be the function

a a—1 31
gz (x) =C(n,a)g(rs(x)) (%) , >0, (4.17)

where a and c(n,a) are defined by (4.3). For e € (0,1), define a function Z.: M — N, by

Ze(q)=((1 _52)4’;9,8 +82<Pq,8)‘
Let us prove the following lemmas
Lemma 4.2. The function Zo: M— N f,n 1S continuous.

Proof. By continuity of the projection @ : Hj (M) (u)\{0} — Ny, in order to prove the
continuity of the function Z¢(q), we need to prove the continuity of the function ¢, with
respect to q. We proceed as in the proof of [13, Proposition 4.2]. Let g; be a sequence of
points of M that converges to g and prove that

Pg;e = Pg,e in H?(M) as q;—1q-
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Put A;=B(q;,26)NB(q,20). Since q; — q there exist j, such that A; #@ for all j > j,. Then,
for g; close to g we have

/ |‘Pq] ) —ge(x )|2d0g

- /exp @1 900) (@, () epio 2
o 2 2 _
~C(na) [ g o8 X5 P (U, = U exy 2)) P gt 4

]

2
sy U Py ) 105 @ 20) =1, 0Py (1) P [t 02

+2/equl(Aj)’7q,5qu,s|(Wq,é—ﬁqj,é)(equ(z)ﬂ’( —Uy) (exp,(2))] \/mdz]

n_q
er,(x)7 1\ 2
uq,s(x)=<"( ) > ,  geM.

€20 41, (x)2

where

Using the fact that Uy, — U, and 14, — 774, pointwise together with the boundedness of

fequfl(A]») U%, (exp,(2))1/[8exp(z) [dz, We get that
/ |4’q, ) —Pge(x )|2d0g—>0-

Of course, outside the set A}, |, M4, |pg,,(X) = Py,e(x)[*dvg —0. Similarly, the same conclu-
sion holds for [,,|Ve¢g.e(x) = Vge(x)|*doy. O

Lemma 4.3. Suppose that

(a) n=dim(M) >2—|—%, a=+/1-h(p)K(n,—2)2,
(b) Sealg(p)>0, (Agh)(p) —%h(P)Scalg(P) >0,

(© f(p)=sup,enf(x), (Agf)(p)—3f(p)Scals(p) = 0.
Then, I, (q) € L for all g € M.

Proof. First, if g=p, we have Z,(p) =®(¢p,) and the conclusion follows from Lemma 4.1.
If g # p, let 6 > 0 be small enough so that B(g,26) NB(p,26) =@. In this way, the functions
¢p,e and ¢, ¢ are of disjoint supports. Put

I((1_£2)4’p,8+€24’q,6) (4.18)
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h
:/M <’vg(<1_€2)4’v,€+€24’q,€))‘2_ 1%((1_32)¢p,£+€247q,8)2> do,.

Then, we have

I((1—€)Ppeteye)

h h
:(l—SZ)Z/M <‘Vg(l)p,g|2_r%¢p,g> d0g+€4/M <IVg¢q,g’2_ r%(l)q,g) d’()g.

We point out that by considering a normal geodesic coordinate system around the point
g and following the proof of [15, Lemma 4] the expansion (4.6) remains the same for the
point g, i.e.

1 (n—2)+1
/M]Vg%,g\zdvg:/w\VLI\de—6—n5calg(q)C1(n,a)IZ : e2+0(e?),
with ¢q(n,a) is defined by (4.7). Then,
4 2 4 2 4
Vpyeldog=e* [ [TUPdx+o(e)
¢ | VadgelPdog=e* [ |VUPdx-o(e)

Moreover, always by considering a normal geodesic coordinate system around the point
g, we have

co tpa(n—2)+1
/ h(x)4>§gdvg:C(n,a)2wn,1 h(q) gz/ (tzdt_i_o(ga(nZ))’
M ’ 0

7 G P o B
with w,,_1 is the volume of the unit sphere S"~! CR". Since a(n—2) >2, we get that
h(x)
4 2 (4
€ /Mr%gbqlgdvg—o(s ).

Hence, we obtain

I((1_£2)¢p,8+€24’q,8)) (4.19)

h
:(1—82)2/M (!Vg¢p,g\2—r2¢§,€> dvg+s4/Rn]VU]2dx+o(e4).
p

On the other hand, since the functions ¢, and ¢, are of disjoint supports, we have

_2
¥

</Mf’(1_82)¢P'8+82¢’1:€|2*d0g>

2
T

(=0 [ gyl dog 67 [ flgyel? dog)
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Here again, by considering a normal geodesic coordinate system around g, we get (see
[15, Lemma 4])

[ F10nal? dog=f) [ UG des Cln)? 0,01 51 (865) ()= 1 F(@)Seals (o))
2 4 o(e2). (4.20)
Then, since 2* > 2, we get that
2x2* 2% _ 4
2 [ Fly ¥ dog=o(e).

We get then

2

([ 10t uldn ) " =a-2)2( [ flgePdo,) ~olet) @
Thus, by (4.18), (4.19) and (4.21), we get

h(x) 5 :
/ Vgpel®— 2%,6) dog [VU[*dx
3 M< (op () + / et o(e)

(o)’ ()

Hence, by (4.12), (4.13) and (4.14), we get

(n]f,h <I£))

N . [VU|*dx
(nJrn(Ze))" = (nD*)n —K(e)+ | AB+ K - |t +o(et),
2*
(f (4) )
with C(¢) is defined by (4.15). Hence, we conclude that Z, € X as in Lemma 4.1. O

4.2 The map B:X; — Mpg,,.

In this subsection, we construct a map pB:%¢ — Mg,,. For this aim, we introduce the
barycenter function g: Ny ; —R" defined by

/M(xﬂi—zﬂ)fulz*dvg

] Flul dvg

The function § is well defined as 1 #0 for all u € Ny, and the manifold M is embedded in
some Euclidean space RYN. We prove some properties of the function 8 through a series
of lemmas:

(u) =
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Lemma 4.4. We have

imp(Ze(q)) =4.

e—0

Proof. We begin with case q= p. By homogeneity of the function , we have

/xf"l’peF dvg
/f|4’p8| dvg

B(Ze(p) =B(¢pe) =

Then
/xf|¢p8|2*dvg /Pf|4’p£|2*dvg /|x Pm‘f’ps, dvg
|B(Ze(p))—pl= - :
/f‘fppe /f"l’pe’ dog /f“l’pe‘ dog

For the numerator, we have

ay a—1 3-1
J r PG 0 dg =) [y 0y x) <+(2>> doy

We repeat the same calculation as in Lemma 4.3, we get
| x=plfGs

For the dominator, we have already

1

( (8ef)(p)— o F(p)Sealy <p>>
-(C(n,a))2 wn,112”+183+0(8 ). (4.22)

[ 100 dog=1p) [ Juf e (5000 (0)-

(C(n,a))* wy_1 1" 1e 4 o(e? ).

o f(p)Seal <p>)

By letting ¢ — 0, we get that lim, 0 f(Z:(p)) =p.
Now, for g # p, we choose ¢ small enough so that B(4,26) N\B(p,26) =@ in such way
that the functions ¢, . and ¢, . have disjoint supports. Then, similarly as above, we have

B < / lx—p|f(x _52)47p,8+€24’q,€‘2*d0g
—q| < .
/ flx 1-¢ 4’p£+5 4’6/6’2 dog

Since the functions ¢, . and ¢, . have disjoint supports, we have

J e PLEGI =€) 2l dog
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—(1=E [ [r=plf ()[4 eldog+ 2 [ x—plf()]gy dog
A= [ Fr=plf ) 9Fldvg e [ [r—qlf(x)lgyel* dog
e g p| /M ()| ? do. (4.23)

By (4.20), (4.22) and the expansion

=gl gl dog=er(a) [ U dx (3 (800 0) - g f(p)Scaly (o))
(C(n,a))* w1 I3 4 o(e3),

the three terms of right-hand side of inequality (4.23) tend to zero as € goes to zero.
Besides, by (4.10), (4.11) and (4.21), we have

/f |(1—&)Pppe+EPoel” dvg—>f / |U|? dx as e —0.
Therefore, we get

|B(Ze(q)) —q| —0as e—0.

Lemma 4.5. For any € (0,1) and for every u, € X, we have

e Pl 0> =)D (S50,

where Sy, is defined by (2.9) with A =h(p).

Proof. Suppose by contradiction that there exist 7, € (0,1) , a sequence ¢, —0 as m — oo
and a sequence u,, = ug,, €2, such that

T o < =) () (S50 a2

By proceeding as in [13, Lemma 5.4], we can assume that D, , J7u(tm) — 0 as m — co.
Since D* —g(em) <J¢n(um) < D*, for some g(e,) >0 and g(e;,) — 0 as m— oo and since the
manifold N, ,n defines a natural constraint for the functional ] (see [10]), we can assume
that u,, is a P-S sequence of | Fnat level D*. Thus by Corollary 3.2, up to a subsequence,
either u,, converges strongly in Hf (M) to nontrivial critical point u of Jf, or there exists
a sequence of reals R,, —0 as m— co and a sequence wy, € H?(M) that converges strongly
to 0 in H?(M) such that

Um = (f(P))%¢p,Rn, + W (4.25)
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Suppose that u,, converges strongly in H?(M), up to a subsequence, to a nontrivial criti-
cal point u € H} (M) of ;. Then, u satisfies [, f|u|* dvy=nD* and

n

* 2-n n
10 0 < =000 £ (S 426)
Let 6 >0 be a constant and define functions w,,: R" — R

on (%) = (em) 2 1s(enx)u(exp, (enx)),

where 7; is defined in (3.2).
It is known, see [1, Theorem 1.53] (see also the proof of [1, Lemma 2.24]), that in the
normal geodesic coordinates (B(p,é),exp;l ), for every e € (0,1), we can have

(1—¢)"dx <dvg < (1+¢)"dx.

We proceed as in the proof of [11, Lemma 3.3] (see also the proof of [13, Lemma 5.7]) to
show that (DJs)(vm) 9 —0, Vo € DV2(R") as m — oo. Then,

]oo(vm):f(np)/w 0|2 dx+0(1) > D" = (f(p))i(sh(’”)>g, (4.27)

where o, is defined by (3.1).
On the other hand, by continuity of f on p and by (4.26), for m large, we have

m z*d :/
B(O,é)f(p)’v ’ * B(0,e16)

1 . e “
< —— xuzdvﬁ—i/ ul* do
<= /B g Nt g [l dog

(1—7,)nD* € ‘
<
- (1-g)n +(1—8)”/B<p,ema>|u

£ (1) s (x)u(exp, (x)) [ dx

2*clvg.

Then, we can easily see that for € small, there exists a small positive constant 7, such that
e <o and

b0 (P1oml” dx < (1= (0 —1))nD" +o(1),

so that, by (4.27), we get the contradiction.

Now, suppose that up to a subsequence, u,, is such that (4.25) is satisfied. By using
the inequality

(a+b)2* > a2 b7 4202 42 g a>0,b>0,

and by using the fact that w,, — 0 strongly in H?(M) together with (4.24), we obtain

S 190 40 < (1= 00) F(P) (S15) (1), (4.28)
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Put €, = R;; — 0 as m — 0. Thus, by using the expansion (4.11), we have

[ 1100 ¥ dog=F(p) [ IUP dx—(C(ma)* w1131

( (8ef)(p) — o F(p)Sealy <p>)<s¢n>2+o<<e’;n)2>.

As the function U is a positive solution of (2.6) with A=h(p), we get

], F1pes ¥ dog= () (S1)E +olem).

21

Recall that the function ¢ is supported in B(p,26), then by choosing J small (so that

0 <L), we obtain by (4.28)

F(P)(Sn(p)) 2 +olem) < (1=70) f(p) (Su(p)) 2 +o(1).

Hence, by letting m — oo, we get the contradiction
F(P)(Suip)E < A=70)f(P) (Su(p)) 2.
Lemma 4.6. For € small, B(u;) € M;,, for all u, € L.

Proof. Let u, €%, by Lemma 4.5, we get that for any v € (0,1)

.
oS )5 S

: =(1=7).
/Mf‘”s,z dog "
Recall that
={xeR":d(x,M)<ry}.
By (4.29), we obtain
/ x—p)flue|* dog
/ Fluel dog

xX— u:|% do / xX— u:|% do
Sy F PVl oo PP g

2% 2%
€ d / Fel d
] fluf? dog [ fluel* doy
u:|% do
/ o J Tl 0
[

<24 Diam(M) [ 1-

(4.29)
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< rTM-l—Diam(M)'y,

where Diam(M) is the diameter of M. Thus, by choosing v small, we get the conclusion.
O

5 Proof of the main result

Proof. By Lemmas 4.3 and 4.6 the maps Z.: M — X, and f:0, — M,,, are well defined.
Moreover, by Lemma 4.4 the composition foZ.:M—M,,, is well defined and is homotopic
to the identity. Thus, by the properties of Lusternik-Schnirelmann category, Cat(%;) >
Cat(M). Since the Palais-Smale conditions are satisfied in the set £, by Theorem 4.1
there are at least cat(M) critical points of the functional J¢ .

It remains, to achieve the proof of the theorem, to prove that there exists another
critical point u with It n (1) >D*. For this task, following [13], we construct a set P, which
is contractible in Ny, Al

Put ¢, = (1—€*)pye+€* ¢y and define the set
Qep={(1-t)pe+te’p,1, te[01]}.
Consider P, ;, the projection of (), on the Nehari manifold N, Fh
P ={®(wet), Wer€0}.
We notice immediately that Z.(M) C P, and Py is contractible in H?(M). Put

ce= sup Jru(P(wer)).
t€[0,1)

We show that 0 < c. < D*. We have already, by Lemma 4.3, that c; > J ¢ (®(¢e,)) > 0.
Let w, ¢ € Q). Then, we have

2 —(1_\2 2 2.12 2
/M\vgwg,ty dog=(1—1) /M\vg%y dog+ 12 /M|vg4>p,%y do,
—|—2t(1—t)£6/Mg(ng)g,Vgcpp%)dvg.

By (4.6), we have
1 1 1
/M |vg¢p,% |2d’0g:‘/’Rn |vu|2dx_ &Scalg(p)Cl (Tl,a)[fln—"_l <82) ) <82> .
Then,
1
812/M|vg¢p,g|2dvg:_@Scalg(P)Cl(ﬂ,a)IZ”HSlOJrO(Sm):0(58),
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and

86

< | |Ve@e|-[Veop1|d
< [, IVs0el-1 V50 ldvg

1 1
2 2
g( /M|vg¢g|2dvg> (&2 /M|vg4>iyzdvg) —o(eh).

/Mg(ng)g/vg¢%)dvg

Then, we get

/M\vgws,tyzdvg:(1—t)2/M\vggogyZdvngo(e‘*). (5.1)

Similarly, we get

—w?, dv,=(1—t — @ do,+o(e*).
/ p% et g ( ) p% € g ( )

Besides,

/Mf|w€,t|2*dvg:/Mf|(1—t)gog+t86(pp’%|2 do,

2(1—t)2*/Mf|(p8|2*dvg+t2*s6xz*/Mf|cpP,%|2 do,.
As before, by (4.10) we have
[ 716, dog=£(p) [ |U(x) dx
C(n,a)* LN ! Scal g1 L !
+C010 w1 ( 5 (M) (p)— o f(p)Sealg () ) 19 S0 ).
Then, we can easily see that
o2 /]\/If|q>p%|2 dog=o(e*).
Then
[ Fleesl? dog= [ f11-Dgettep,,) [ dog= (107 [ Flool dvg+o(e).

Hence, we get

h
2 2
_/M|ngg,t] dvg_/Mp%wS'tdvg

(”]f,h(q)(we,t))) o

(fgo)

=N
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h
2 2 4
</ |V eqe|~dog / %gogdvg+o(s )

(] floang) ote)

Then, the conclusion [, (®(we,+) < D* follows as in Lemma 4.3 and thus 0 <c. < D*.
Now, since Cat(X¢) > Cat(M) >1 and the (P-S) condition, with levels in the interval

10,D*|, is satisfied (see Corollary 3.3), by Theorem 4.1 there exists another critical point u

of J¢n with D* <] f,h(u) and the proof is complete. O
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